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VERSION A

INSTRUCTIONS

• The test has 5 questions, each one valued 0.7.

• The test is solved in these sheets.

• In the multiple choice questions the unanswered options are valued zero points, and the wrong
answers have negative value.

• The written answers must be properly justified and the calculations presented.
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1. The comutator of two elements x and y of a group is the element [x, y] = x−1y−1xy.
Prove that, if ϕ : G → H is a homomorphism of groups, then for all x, y ∈ G we have
ϕ([x, y]) = [ϕ(x), ϕ(y)].

2. Which of the following options define a homomorphism ϕ : D12 → Z/12Z? Justify your
answers succinctly in the given spaces (unjustified answers will have zero value):

ϕ(r) = 2
ϕ(s) = 6

ϕ(r) = 6
ϕ(s) = 6

ϕ(r) = 0
ϕ(s) = 0



3. Signal with X all the true statements (there can be more than one):

CQ8({1,−1, i,−i}) = {1,−1, i,−i}

NQ8({1,−1, i,−i}) = Q8

NQ8({i}) = Q8

CQ8({i, j}) = {1,−1}

NQ8({i, j}) = {1,−1, k,−k}

Z(Q8) = Q8

4. Letting r and s be the usual generators of D12, signal with X all the true statements (there
can be more than one):

〈r〉 ∼= Z6

〈r2〉 ∼= Z3

|r3| = 3

〈sr3〉 ∼= Z3

〈r4〉 ∼= Z2

|r5| = 6

〈sr2〉 ∼= Z2

5. Let G be the group of rigid motions (rotations) of a cube whose faces are squares Fi ⊂ R3

(n = 1, . . . , 6), and let
X =

{
{F1, F2}, {F3, F4}, {F5, F6}

}
be the set formed by the three pairs of opposing faces. Consider the action of G on X which
is defined for each g ∈ G by

g · {Fi, Fi+1} = {Fj, Fj+1}

whenever the rotation g transforms the set Fi ∪ Fi+1 into Fj ∪ Fj+1. Which of the following
groups is isomorphic to the kernel of this action?

(a) Z/2Z× Z/4Z
(b) Z/2Z× Z/2Z
(c) Z/4Z
(d) Z/2Z
(e) {1}

Justify your answer carefully on the other page of this sheet (unjustified answers will have zero
value).


