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Kolmogorov’s Lagrangian similarity law revisited
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Kolmogorov’s similarity turbulence theory in a Lagrangian frame is assessed with new direct numerical
simulations of isotropic turbulence with and without hyperviscosity, which attain higher Reynolds
numbers than previously available. It is demonstrated that hyperviscous simulations can be used to
accurately predict the second order Lagrangian velocity structure function (LVSF-2) in the inertial
range, by using an original new procedure. The results strongly support Kolmogorov’s Lagrangian
similarity assumption and allow the universal constant of LVSF-2 to be computed with a new level
of confidence with C0 = 7.4 ± 0.2. Published by AIP Publishing. https://doi.org/10.1063/1.4993834

I. INTRODUCTION

Turbulence arises in the motion of fluids and plasmas and
is crucial for a range of diverse problems in astrophysics, geo-
physics, biology, and engineering. Almost all the existing body
of knowledge on turbulence is linked to the celebrated similar-

ity theory of Kolmogorov,1,2 which can predict the statistics of
the velocity field u

i

(~x, t) at fixed positions ~x (Eulerian frame).
When the turbulent motion is responsible for the trans-

port of particles, a Lagrangian similarity theory is usually
invoked,2,3 which is used to predict many aspects of cloud
formation, combustion, pollutant dispersion, and planet for-
mation.4 It is therefore surprising that, in contrast with the
Eulerian similarity theory, even the most basic results from
Kolmogorov’s Lagrangian similarity theory have not yet been
confirmed by either numerical simulations or experimental
data.5,6

The key variable of interest here is the nth-order
Lagrangian velocity structure function (LVSF-n),
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(~x0, t + ⌧)�u
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(~x0, t) is the velocity increment
along a particle trajectory, ~x0 is the initial particle position, t

is a given time instant, ⌧ is the elapsed time, and the line “ ”
represents an averaging operation. Statistical stationarity and
isotropy imply that the probability density functions (PDFs)
of �u

i

(i = 1, 2, 3) are equal and independent of ~x0 and t, and
u

i

= 0.
The Lagrangian similarity theory makes exact predictions

for the LVSF-n, for time lags within an “inertial range region”
such that ⌧⌘ ⌧ ⌧ ⌧ ⌧L, where ⌧⌘ = (2s
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is the autocorrelation veloc-
ity function. Specifically, it predicts that D

n

L

(⌧) ⇠ ⌧⇠n , where
the scaling exponent is ⇠

n

= n/2. In particular, for the LVSF-2
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self-similarity yields,

D

2
L

(⌧) = C0"⌧, (2)

where C0 is a universal constant, " = 2⌫s
ij

s

ij

, is the dissipation
rate, and ⌫ is the kinematic viscosity. This law is believed to
be universal because it is linear in " and thus no intermittency
corrections are required.

Until now, and after decades of research, numerical or
experimental verification of Eq. (2) has proven elusive. The
importance of this law cannot be overemphasised, as it makes
the basis of virtually all the computations routinely used for
turbulent particle transport predictions.4

The validity of Eq. (2) has been put into question in several
studies7 because, as is often claimed, Eq. (2) is only based on
dimensional arguments and does not follow from solid theoret-
ical considerations. It has been difficult to settle this important
issue because of the lack of available experimental and numer-
ical data with sufficient accuracy at sufficiently high Reynolds
numbers, since the existence of a range with ⌧⌘ ⌧ ⌧ ⌧ ⌧L,
which is required to observe Eq. (2), strongly depends on these
two conditions being simultaneously met.

Despite this, the linear scaling implied by Eq. (2) has
been supported in several studies. Phenomenological argu-
ments connecting Eulerian and Lagrangian statistics do lead to
Eq. (2) obtained as a rephrasing of the “fourth-fifths law.”8–11

Furthermore, parameterisation of the Lagrangian structure
functions using Batchelor’s model support the idea of a lin-
ear scaling plus finite-Reynolds number effects.12 Finally,
analyses of single-particle Lagrangian velocity data using the
Hilbert-Huang transform have shown empirical evidence for
a linear scaling in time in the inertial range as implied in the
LVSF-2.13

In the present work, we carry out new (Newtonian and
hyperviscous) direct numerical simulations (DNSs), at higher
Reynolds numbers than previously available, and we demon-
strate that the hyperviscous simulations can be used to accu-
rately predict the inertial range scaling laws of the LVSF-2.
The new simulations, together with a novel analysis of the
LVSF-2, allow us to present strong new evidences supporting
of Kolmogorov’s Lagrangian similarity theory and to establish
a new estimate of the universal constant C0.
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II. DIRECT NUMERICAL SIMULATIONS

Several DNSs of statistically stationary (forced) isotropic
turbulence in a periodic box with sizes 2⇡ including point
particles (tracers) were carried out using a classical pseudo-
spectral code, previously used in Refs. 14 and 15 (and ref-
erences therein), to numerically integrate the hyperviscous
Navier-Stokes equations,16–18
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where u

i

and p are the velocity and pressure fields, respectively,
while f

i

is an artificial forcing, which is uncorrelated with the
velocity field and delta-correlated in time.14

h is the order of
the hyperviscosity and ⌫

h

is the corresponding hyperviscosity
(⇢ is the fluid density). The Navier-Stokes equations are recov-
ered for h = 1, while h , 1 corresponds to the hyperviscous
simulations.

Classical pseudo-spectral schemes are used for spatial
discretisation and a 3-stage, 3rd-order Runge-Kutta scheme
is used for temporal advancement while de-aliasing is done
with the 2/3 rule. The simulations are carried out in a three-
dimensional periodic box with equal sizes L

box

= 2⇡, and the
domain is discretised in the physical space using N uniformly
spaced grid points in each direction, resulting in a mesh size
of �x = �y = �z = L

box

/N, resulting in a total of N

3 grid
points.

The velocity field is transformed into the Fourier space by
using the three-dimensional direct Fourier transform,
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and the inverse transform is defined by
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where~x and~k are the discrete coordinates in the physical space
and the discrete wave numbers, with components k

i

= ±n

i

= 0, 1, 2, . . . , N/2, i = 1, 2, 3, respectively, with �k = 2⇡/L
box

= 1 (i is the imaginary unit). The temporal evolution of

the Fourier coefficients of the velocity field is given by the
transformed Navier-Stokes equation,
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where D
N

i

(~k, t) = ik
j

Mu
i

u

j

(~k, t) is the non-linear term from the
Navier-Stokes equations and D

f (~k, t) is an artificial forcing to
sustain the turbulence, which is uncorrelated with the velocity
field and delta correlated in time, where the forcing described
in Ref. 19 is used.

In all the simulations, the total power input forcing P,
which on average equals the viscous dissipation rate P = ", is
equal to P = 10 (m2 s 3), and the forcing is imposed on the
first 2 wavenumbers and is concentrated in the wavenumber
k

f

= 2.
Table I summarises the several DNSs carried out in this

work. The number of tracked particles N

p

increases with N,
attaining N

p

= 1, 2 ⇥ 106 tracers for the biggest DNS. The
particle tracking uses the same (3rd-order) Runge-Kutta time-
stepping scheme in the Eulerian DNS, where a cubic inter-
polation is used to interpolate the velocity into the particle
positions. The code relies on the 2DECOMP&FFT library
(http://2decomp.org) to handle the multi-core communication
and three-dimensional Fourier transforms.15

A set of 6 Navier-Stokes DNSs (h = 1) were carried out
with Reynolds numbers of up to Re� = 381 and resolutions
of kmax⌘ ⇡ 1.1, essentially to demonstrate that hyperviscosity
does not affect the Lagrangian statistics in the inertial range.
As discussed in Refs. 20–22, this resolution is sufficient to
recover the inertial range (and many small scale) turbulence
statistics; however, in the present work, these simulations are
primarily used as a reference for the hyperviscous simulations.
A total of 5 hyperviscous DNSs were carried out with h =
8, and a hyperviscosity obeying the relation ⌫

h

(N/2)2h�t ⇡
0.5, where �t is the time step of the simulations.16,17 The
Reynolds numbers of the hyperviscous simulations is given by
Re� = C8(k

d

/k
f

)
2
3 , where C8 = 50 and k

d

is the peak enstrophy
wavenumber.

TABLE I. Parameters of the DNSs without (h = 1) and with (h = 8) hyperviscosity: number of grid points (N3); Reynolds number based on the Taylor micro-scale
(Re�); kinematic viscosity (⌫); resolution (kmax⌘); wavenumber corresponding to the maximum enstrophy in the hyperviscous simulations (k

d

); ratio between
the integral and Kolmogorov time scales (⌧

L

/⌧⌘ ); location of the peak maximum of D

2
L

(⌧) (⌧⇤0 ); maximum of
f
D

2
L

(⌧)/("⌧)
g

(C⇤0); location of the inertial range

peak maximum of ⇣ 02(⌧) (⌧⇤⇤0 ); ⇣2(⌧) for ⌧ = ⌧⇤⇤0 (↵); maximum of
f
D

2
L

(⌧)/("⌧) · (⌧/⌧⌘ )
g

(C⇤⇤0 ).

N

3
h Re� ⌫ kmax⌘ k

d

⌧
L

/⌧⌘ ⌧⇤0/⌧⌘ C

⇤
0 ⌧⇤⇤0 /⌧⌘ ↵ C

⇤⇤
0

323 1 24 0.1 1.1 . . . 3.4 3.7 2.0 . . . . . . . . .
643 1 50 0.04 1.1 . . . 5.2 3.8 3.0 . . . . . . . . .
1283 1 88 0.015 1.0 . . . 7.7 4.0 4.0 . . . . . . . . .
2563 1 131 0.0071 1.2 . . . 12.2 4.2 4.4 . . . . . . . . .
5123 1 228 0.0025 1.1 . . . 17.7 4.4 5.1 11.0 ± 1.0 0.77 ± 0.02 7.8 ± 0.4
10243 1 368 0.001 1.1 . . . 27.5 4.9 5.3 11.0 ± 1.0 0.84 ± 0.01 7.3 ± 0.2
1283 8 276 . . . . . . 24 13.5 4.0 5.2 . . . . . . . . .
2563 8 450 . . . . . . 54 22.1 4.3 5.7 8.5 ± 1.0 0.83 ± 0.02 7.6 ± 0.4
5123 8 701 . . . . . . 105 35.9 4.4 6.0 8.5 ± 1.0 0.88 ± 0.01 7.4 ± 0.2
10243 8 1102 . . . . . . 207 54.4 4.7 6.3 8.5 ± 1.0 0.91 ± 0.01 7.4 ± 0.2
20483 8 1744 . . . . . . 412 84.1 5.4 6.7 8.5 ± 1.0 0.95 ± 0.01 7.4 ± 0.2

http://2decomp.org
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In order to show that hyperviscosity does not affect the
energy transfer mechanism in the inertial range, we analyze
the energy transfer flux in the Fourier and physical spaces.
Figure 1(a) shows the non-linear energy transfer flux ⇧(k)
defined by

⇧(k) = �
⌅

k

0
T (k 0)dk

0, (7)

where T (k) is the energy transfer function,

T (k) = 4⇡k2
D
<
(Du

i

⇤(~k, t)DN
i

(~k, t)
)E
|~k | , (8)

where< represents the real part and the brackets hi |~k | represent
a shell averaging operation, i.e., an average taken from wave
numbers with magnitudes k � �k/2  k  k + �k/2 (with
�k = 1). More details are given in Ref. 14.

Kolmogorov’s similarity turbulence theory implies that
for wave numbers k in the inertial range, the kinetic energy
flux is equal to the viscous dissipation rate,

⇧(k) = ". (9)

In agreement with Eq. (9), Fig. 1(a) shows that when the
non-linear energy transfer flux ⇧(k) is normalised by the vis-
cous dissipation rate ", there is a range of wave numbers
where this quantity is constant, for both the Newtonian and the
hyperviscous simulations. Moreover, as the Reynolds number
increases, this wave number region of constant energy flux con-
siderably extends. This region, where the energy production
and dissipation are not felt, represents then the inertial range
region where we will investigate the Lagrangian turbulence
characteristics. The fact that the energy flux is not affected by
hyperviscosity in the inertial range had been observed before

in Refs. 16–18, where similar profiles of ⇧(k)/" have been
obtained.

Figure 1(b) shows the 3rd-order Eulerian velocity struc-

ture function (�uk(r))3 for the higher Reynolds number sim-
ulations, where �uk(r) =

�
~u(~x +~r, t) � ~u(~x, t)

� · �~r/|~r |� is the
velocity difference for a separation distance r in the longitudi-
nal direction. According to the (Eulerian) Kolmogorov similar-
ity theory, the 3rd-order velocity structure function (EVSF-3)
obeys the celebrated “4/5 law,”

(�uk(r))3 = �4
5
"r, (10)

for separations r in the inertial range. This “4/5 law” is

the physical space counterpart of Eq. (9) since (�uk(r))3

can be seen23 as a measure of the energy-flux density at
scale r.

It is well known that Eq. (10) is very difficult to observe22

due to the requirement of very high Reynolds numbers; how-
ever, several of the present simulations are able to capture this
law as attested in Fig. 1(b), which closely resembles similar
results described in Ref. 22. Again it is clear that hyperviscos-

ity does not affect (�uk(r))3, and thus the energy flux, in the
inertial range.

III. LAGRANGIAN STATISTICS FROM HYPERVISCOUS
SIMULATIONS

By concentrating the viscous dissipation on a small range
of high wavenumbers near the maximum kmax, hyperviscous
simulations substantially increase the extent of the inertial
range region compared to “Newtonian” (h = 1) DNSs, thus

FIG. 1. (a) Non-linear energy trans-
fer flux ⇧(k) and (b) Eulerian 3rd-

order structure function (�uk (r))3 nor-
malised by the viscous dissipation rate,
for the higher Newtonian and hypervis-
cous simulations listed in Table I. The
horizontal line in (b) is at 4/5.



105106-4 M. Barjona and C. B. da Silva Phys. Fluids 29, 105106 (2017)

representing much higher Reynolds numbers.16–18 A related
effect shown in Fig. 1(a) is the spectacular increase of the
extent of the constant energy flux region. Recently, hypervis-
cous simulations were used to study the shape of the energy
spectrum in viscoelastic turbulence,24 and here, we show that
this technique can be used to study in detail the Lagrangian
statistics of turbulence for inertial times ⌧⌘ ⌧ ⌧ ⌧ ⌧

L

.
The realisation that hyperviscosity can be used to study the
Lagrangian statistics in the inertial range is an innovative
aspect of the present work, which should not be surprising.
Recall that in virtually all similar DNS studies, the large scales
are also forced and thus are not an exact solution of the Navier-
Stokes equations; however, this does not prevent the study of
turbulence statistics in the inertial range. Hyperviscous sim-
ulations have been used before to study specific aspects of
Lagrangian turbulence, such as Richardson’s law of particle
dispersion.25

Table I shows that the hyperviscous DNS with 20483 grid
points attain a Reynolds number of Re� ⇡ 1700, which is
much higher than in previous numerical studies,5,26,27 and, as
we will see below, allows for the first time to directly observe
the Lagrangian Kolmogorov similarity. Specifically, extensive
validation tests have shown that for ⌧⌘ ⌧ ⌧ ⌧ ⌧L, Lagrangian
statistics from Navier-Stokes (h = 1) and hyperviscous (h =
8) simulations at the same Reynolds number are virtually
equal.

Figure 2(a) shows the Lagrangian correlation function
⇢(⌧) for the velocity components (u, 3, 4) in the Newtonian
and hyperviscous simulations corresponding to N

3 = 2563. The
agreement between the Newtonian and hyperviscous results is
very good, and moreover, all the correlations exhibit a clear
exponential decay as predicted in Ref. 28. Furthermore, ⇢(⌧)
obtained for u, 3, and 4 is very similar, which shows that the
forcing does not impose any significative level of anisotropy
in the present simulations.

Figure 2(b) shows D

2
L

(⌧) normalised by "⌧, obtained
with Newtonian and hyperviscous simulations, for increasing

Reynolds numbers. D

2
L

(⌧)/"⌧ exhibits a maximum that
increases with the Reynolds number, and we define as C

⇤
0 this

maximum and as ⌧⇤0 its location, i.e., C

⇤
0 = max

f
D

2
L

(⌧)/"⌧
g

= D

2
L

(⌧⇤0 )/"⌧⇤0 .
First, in both cases, a slope of +1 is obtained in the interval

⌧ < ⌧⌘ as expected28 (see also Fig. 5). Second, for ⌧ > ⌧
L

,
a slope of 1 is recovered, again as expected since ⇢(⌧) van-
ishes (see Fig. 5). Third, the peak value of D

2
L

(⌧)/"⌧ (here
defined as C

⇤
0) increases with the Reynolds number, regardless

of whether the simulations are Newtonian or hyperviscous.
Finally, the exact location of the peaks (⌧⇤0 ) also shows the
consistency of the hyperviscous results, i.e., the Newtonian
simulations; this peak occurs at a time lag ⌧⇤0 , which is slightly
higher than that in the hyperviscous simulations, but since
this peak is in the transition between the dissipative and inte-
gral time scales, the slight smaller location of the peak in
the hyperviscous simulation is actually consistent with the
decrease of the width of the dissipative length scales in these
simulations.

The definitive demonstration that hyperviscous simula-
tions can accurately predict the Lagrangian statistics at iner-
tial time lags is shown in the next figure. Figure 2(c) shows
the constant C0 defined in Eq. (2) for the Newtonian and
hyperviscous simulations, as a function of the Reynolds num-
ber, for Re�  800, together with the empirical relation
C

⇤
0 = 6.5/ (1 + 70/Re�) from Ref. 26, which is used here only

to compare the present results with C0 obtained in previous
numerical simulations. It is clear that C

⇤
0 computed from the

Newtonian and hyperviscous simulations are virtually equal
for the same Reynolds number. Moreover, the present val-
ues of C

⇤
0 have excellent agreement with previous numerical

simulations.5

The above results clearly demonstrate that hyperviscous
simulations can accurately recover the shape of the LVSF-2
(in the inertial range); however, the next set of results also
demonstrates their ability to capture also complex dispersion
(two particle) statistics.

FIG. 2. (a) Lagrangian correlation
function for u

i

= (u, 3, 4) for the
Newtonian (symbols) and hyperviscous
(lines) DNS with N

3 = 2563. The func-

tion e

� ⌧
L

T

L is also added for comparison;
(b) normalised LVSF-2 for some New-
tonian and hyperviscous simulations
listed in Table I at increasing Reynolds
numbers; (c) evolution of C

⇤
0, defined

as the peak value of D

2
L

(⌧)/"⌧, as a
function of the Reynolds number, for
several Newtonian and hyperviscous
simulations, compared with the empir-
ical relation C

⇤
0 = 6.5/ (1 + 70/Re�),

from Ref. 26 and with numerical results
from Ref. 5.



105106-5 M. Barjona and C. B. da Silva Phys. Fluids 29, 105106 (2017)

Fixed scale statistics have been used in many Lagrangian
turbulence studies25,29 because they are free from scale
overlap effects that may “contaminate” some classical
Lagrangian statistics. The key quantity here is the exit time
T⇢(r

n

), defined as the time needed for a particle pair initially
separated by a distance r

n 1 to arrive at a new distance r

n

,
related by

r

n

= ⇢n

r0, (11)

where r0 is the initial distance between the particle pair and
⇢ is an arbitrary parameter larger than 1.

It has been shown29 that the probability density function
of the mean separation distance P⇢,r

n

(T ) is self-similar and
tends asymptotically to

P⇢,r
n

(T ) ⇠ exp *,�k(1 � ⇢� 2
3 )

T

T⇢(r)
+
- , (12)

with k = 2.72, for particle pairs that separate slowly T⇢(r) >
T⇢(r).

Figure 3 shows the probability density function (PDF) of
the exit time T⇢(r

n

), for ⇢ = 1.25 and for an initial distance of
r0 = 1.25⌘, for Newtonian and hyperviscous simulations with
N

3 = 5123. Again we see that the Newtonian and hyperviscous
simulations are virtually equal. The collapse of all the PDFs
attest the self-similarity of P⇢,r

n

(T ) for T⇢(r) > T⇢(r), and
furthermore, the results display excellent agreement with the
theoretical prediction of Eq. (12).

Final evidence of the accuracy of the present hypervis-
cous simulations to recover two particle (dispersion) statistics
can be observed also regarding the particle pairs that separate
rapidly, i.e., for T⇢(r) < T⇢(r). As discussed in Ref. 29, the
PDF of T⇢(r) for T⇢(r) < T⇢(r) is not self-similar, and this fact
stems from intermittency effects.25,29 Assuming as estimate of
the exit time T⇢(r) ⇠ r/u

r

, where u

r

is the relative velocity for
a given scale r, and by using the multifractal formalism, it is
possible to predict that the inverse moments of T⇢(r) of order
n scale as25,29

FIG. 3. Probability density function of the exit time T⇢(r
n

), for r0 = 1.25⌘
with ⇢ = 1.25 for different separations r

n

. Results are shown for both the
Newtonian and hyperviscous (HV) simulations with N

3 = 5123. The crosses
represent Eq. (12).
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where ⇣(n) is the scaling exponent of the Eulerian velocity
structure function of order n. Equation (13) can be recast as
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where ⇣(3) = 1 has been used, as predicted by the “4/5 law”
for the Eulerian 3rd-order velocity structure function, in agree-
ment with Fig. 1(b) for both Newtonian and hyperviscous
simulations.

Figure 4 displays the inverse moments of order n = 1, 2,

and 4 of the exit time T⇢(r), as a function of
⇣
1/T⇢(r)

⌘3
, for

different initial separations for both hyperviscous and Newto-
nian simulations. There is excellent agreement for the different
curves, showing that the scaling exponents are independent of
the initial distance and are not affected by the hyperviscos-
ity. Furthermore, the theoretical predictions of the scaling law
in Eq. (14), computed using the She-Leveque formula,30 are
also displayed, showing good agreement between the present
results and the multifractal predictions. This impression is sub-
stantiated by the results shown in the inset of Fig. 4, where it

is visible that the scaling exponents for
⇣
1/T⇢(r)

⌘3 ⌧ 1 are
equal to the multifractal predictions for both Newtonian and
hyperviscous simulations.

The remarkable agreement between the Lagrangian statis-
tics from Newtonian and hyperviscous simulations, for inertial
time lags, allows us to use hyperviscous simulations to study
the Lagrangian self-similarity in turbulent flows, as discussed
in Sec. IV.

FIG. 4. Inverse moments of the exit time of order n = 1, 2, and 4 as functions

of
⇣
1/T⇢(r)

⌘3
, with ⇢ = 1.25, for {r0, Re�} = {1.25⌘, 228} (green “+”);

{2.5⌘, 228} (purple “x”); {1.25⌘, 701} (blue solid line); {2.5⌘, 701} (red
dashed line). The black dotted-dashed lines have constant slopes predicted by
the multifractal formalism.29 Inset: slope of the inverse moments of the exit

time of order n = 1, 2, and 4 as functions of
⇣
1/T⇢(r)

⌘3
, with ⇢ = 1.25, for

{r0, Re�} = {1.25⌘, 228} (green “+”); {2.5⌘, 701} (red dashed line). The
black dotted-dashed lines have a constant value corresponding to the value of
the slope predicted by the multifractal formalism.29



105106-6 M. Barjona and C. B. da Silva Phys. Fluids 29, 105106 (2017)

IV. SELF-SIMILARITY OF THE LAGRANGIAN 2ND
ORDER STRUCTURE FUNCTION
A. The classical procedure to obtain C0

The new DNSs were used to assess whether the 2nd order
Lagrangian velocity structure function (LVSF-2) obeys the
Lagrangian self-similarity relation predicted by Kolmogorov
in the form of Eq. (2). The Reynolds numbers attained in the
biggest of these simulations are Re� ⇡ 1700, which is much
higher than previously available.27

In order to prove the Lagrangian self-similarity, two con-
ditions have to be fulfilled: (i) D

2
L

(⌧) normalised by "⌧ must
display a plateau, with a universal constant C0 = D

2
L

(⌧)/("⌧)
and (ii) the same constant must be observed for the three (3)
velocity components, since inertial range isotropy is assumed.

Figure 5 shows the LVSF-2 as a function of the time
lag ⌧ in logarithmic coordinates, for several Reynolds num-
bers/simulations. Regarding condition (i), it is possible to see
that after the peak value of D

2
L

(⌧)/"⌧ at ⌧/⌧⌘ ⇡ 4, there is a
region between 5 . ⌧/⌧⌘ . 30 and 80 (higher upper limits for
the higher Reynolds numbers), where a new slope, less steeper
than 1, is observed. It is clear that this secondary slope tends
to ⇡0 (plateau) as the Reynolds number increases, an interest-
ing feature that had not yet been observed before. Specifically,
for the simulation with Re� = 1744, in the zone after the peak,
a slope of 0.05 is observed, and thus, requirement (i) is not
yet fulfilled.

The requirement (ii) was assessed by analyzing an
anisotropy parameter e, previously used in Ref. 31 and defined
here as

e =

���
D
C

⇤
0

E
�max

⇣
C

i

0

⌘ ���D
C

⇤
0

E , (15)

where, max
⇣
C

i

0

⌘
is the maximum value of �u2

i

(⌧)/("⌧) for
i = 1, 2, 3, and

D
C

⇤
0

E
=

1
3

⇣
C

⇤1
0 + C

⇤2
0 + C

⇤3
0

⌘
. (16)

It follows from this definition that if the inertial range statistics
of the three Eulerian velocity components are equal (perfect
isotropy), �u2

1(⌧) = �u2
2 = �u

2
3, then C

⇤1
0 = C

⇤2
0 = C

⇤3
0 and thus

e = 0. The higher the value of e the stronger the anisotropy
level in the flow. The results obtained indicate that smaller
anisotropy is recovered for the higher Reynolds number cases

with e = 0.013, 0.006, and 0.006, for the simulations with
Re� = 701, 1102, and 1744, respectively, which shows that
virtually perfect isotropy is recovered for the high Reynolds
number cases and attests that one of the basic assumptions of
Kolmogorov’s Lagrangian self-similarity is indeed observed
here.

B. Reassessment of empirical laws used
to obtain C0(Re�)

The results from the high Reynolds numbers obtained
with the new hyperviscous DNS can be used also to refine
the existing empirical laws previously developed to obtain C

⇤
0

as a function of the Reynolds number. In Ref. 26, the data
available were used to determine the coefficients a and b for a
scaling curve with the form

C

⇤
0 = �0/ (1 + �1/Re�) , (17)

where in that case the values of �0 = 6.5 and �1 = 70 were
obtained. Considering a similar curve, but using only points
for Re > 400 taken from Ref. 5 and from our data, we obtain
�0 = 7.0 and �1 = 113. Figure 6 shows the comparison of the
two curves where one can see that the present data suggest a
higher value of the asymptotic value of C

⇤
0. We also considered

adjusting the present data to a curve of the form

C

⇤
0 = �0/

⇣
1 + �1/Re

�2
�

⌘
. (18)

In this case, instead of simply minimising the square of the
residuals of the interpolative function, we have used the least
squares procedure to minimize the residuals of both the inter-
polative function and of its inverse. As a result, we obtained
�0 = 7.6, �1 = 18.9, and �2 = 0.65. Since it is based on higher
Reynolds numbers than before, and due to the small associ-
ated error, Eq. (18) can be considered to be the best existing
approximation for C

⇤
0.

C. A new procedure to obtain C0

The previous results show that the LVSF-2 nearly exhibits
the predicted inertial range plateau to a degree not previously
observed; however, they do not allow one to finally establish
the value of the universal constant C0, unless one is pre-
pared to risk something as crude as extrapolating the data
using Eq. (18). There are however a couple of interesting
observations that one can gather from a close inspection of

FIG. 5. Lagrangian velocity structure
function of order 2 (LVSF-2), nor-
malised by "⌧, as a function of the
time lag⌧ for several Reynolds numbers
from the Newtonian and hyperviscous
simulations (listed in Table I).
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FIG. 6. LVSF-2 constant C0, obtained from the new hyperviscous simula-
tions (listed in Table I) and computed as C

⇤
0, i.e., the peak value of D

2
L

(⌧)/"⌧,
compared with the empirical relation (Eq. 17) from Ref. 26, and new empir-
ical curves obtained with the present new data using Eqs. (17) and (18),
respectively.

the LVSF-2, which shed new light on this challenging old
problem.

To describe these observations, Figs. 7(a)–7(d) show the
LVSF-2 and its (logarithmic) first and second derivatives
defined as

⇣2(⌧) =
d(log(D2

L

(⌧)))

d(log(⌧))
(19)

and

⇣ 02(⌧) =
d(log(⇣2(⌧)))

d(log(⌧))
, (20)

respectively.

Figure 7(a) shows D

2
L

(⌧) normalised by 2u

02 and allows
one to observe the emergence of three different power law
regions associated with the dissipative (+2), inertial (+1), and
large (0) time scales; however, the emergence of the iner-
tial range plateau is more clearly seen by analyzing the first
derivative ⇣2(⌧), which is shown in Fig. 7 [(b)-hyperviscous,
(c)-Newtonian].

The curves show a characteristic change of shape around
⌧ ⇡ 10⌧⌘ for all simulations, and interestingly, the slope of
⇣2(⌧) [i.e., ⇣ 02(⌧)] following this point tends to decrease as
the Reynolds number increases, indicating a tendency for a
plateau. Notice that the point where this happens (which we
name ⌧⇤⇤0 ), being one order of magnitude larger than ⌧⌘ , is
certainly more likely to carry information regarding the inertial
time scales than the point near ⌧⇤0 ⇡ 4⌧⌘ , typically used in
previous studies to assess C

⇤
0 where the viscous effects are

still probably felt. The inertial range plateau in D

2
L

(⌧), if it
exists, will be observed in ⇣2(⌧) through a range of values of
⌧ where ⇣2(⌧) ⇡ 1.

This issue can be assessed by looking into the second
derivative of D

2
L

(⌧), ⇣ 02(⌧), shown in Fig. 7(d) for the hyper-
viscous simulations. One can see that all the curves display a
peak near ⇣ 02(⌧) ⇡ 0 at ⌧ = ⌧⇤⇤0 , and the inertial range plateau
in D

2
L

(⌧), if it exists, would be observed as a range of values of
⌧ where ⇣ 02(⌧) = 0 (⌧⇤⇤0 is defined as the location of this peak,
i.e., ⇣ 02(⌧⇤⇤0 ) = 0).

Using the observations made above, we are now able to
compute the value of the universal constant C0, directly from
our data. We define a power ↵ such that one can write

D

2
L

(⌧) = C0✏⌧

 
⌧

⌧⌘

!↵�1

. (21)

With this definition, it follows from Kolmogorov’s Lagrangian
similarity that for inertial range time lags ⌧⌘ ⌧ ⌧ ⌧ ⌧L and

FIG. 7. Second order Lagrangian
velocity structure function, D

2
L

(⌧)
(a), and its first ⇣2 [(b)-hyperviscous,
(c)-Newtonian], and second ⇣ 02
(d) (logarithmic) derivatives, as a
function of the time lag ⌧, for all the
higher Reynolds simulations used in
the present work.
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FIG. 8. Lagrangian velocity structure
function of order 2 (LVSF-2), nor-
malised by "⌧( ⌧

⌧⌘
)↵�1, as a func-

tion of the time lag ⌧ for several
Reynolds numbers from the Newtonian
and hyperviscous simulations (listed in
Table I). The curves collapse at C

⇤⇤
0 =

7.4 ± 0.2.

in the asymptotic limit of infinite Reynolds numbers, ↵ ! 1.
We now note, from the discussion of Figs. 7(a)–7(d), that this
asymptotic result is concomitant with ⇣2(⌧⇤⇤0 ) ! 1 so that, in
this limit (Re� ! 1), one can write

↵ = ⇣2(⌧⇤⇤0 ), (22)

and therefore, in the limit of Re� ! 1 (for ⌧⌘ ⌧ ⌧ ⌧ ⌧L), the
universal constant C0 can be computed through

C

⇤⇤
0 = max

f
D

2
L

(⌧)

(✏⌧)

 
⌧

⌧⌘

!1�↵g
. (23)

Finally, we define ↵ = ⇣2(⌧⇤⇤0 ) for all our (finite Reynolds
number) simulations, thereby extending the definition in
Eq. (22).

Table I lists the values of ⌧⇤⇤0 and ↵ = ⇣2(⌧⇤⇤0 ) obtained for
the simulations with the higher Reynolds numbers. Because
of some (very small) “numerical noise” in the statistical con-
vergence around ⌧⇤⇤0 [see Fig. 7(d)], we use the following
procedure to obtain ⌧⇤⇤0 and ↵: (i) we start by determining
⌧⇤⇤0 by inspecting ⇣ 02(⌧) around its maximum, in a window of
width 2⌧⌘ , centred at ⌧⇤⇤0 . For consistency, we have taken the
same value of ⌧⇤⇤0 for the same type of simulation, i.e., we
take ⌧⇤⇤0 /⌧⌘ = 11 ± 1 and ⌧⇤⇤0 /⌧⌘ = 8.5 ± 1 for the Newtonian
(h = 1) and the hyperviscous (h = 8) simulations, respectively;
(ii) we compute ↵ from ↵ = ⇣2(⌧⇤⇤0 ). The variation of ↵ shown
in Table I is due to the window described above.

The definitions given by Eqs. (22) and (23) allow a pre-
cise assessment of Kolmogorov’s Lagrangian similarity the-
ory. Indeed, the simultaneous validity of the two conditions:
(i) ⇣2(⌧) = 1 and (ii) ⇣ 02(⌧) = 0 demonstrates the Lagrangian
similarity. By definitions ⇣2(⌧⇤0 ) = 1 and ⇣ 02(⌧⇤⇤0 ) = 0 and by
inspecting Table I, one observes that as the Reynolds number
increases ⌧⇤0 ! ⌧⇤⇤0 (and ↵ ! 1).

In the limit of infinite Reynolds number, the universal
constant C0 defined in Eq. (2) can be computed by

C0 = lim
↵!1

C

⇤⇤
0 = lim

↵!1

D

2
L

(⌧⇤⇤0 )
⇣
✏⌧⇤⇤0

⌘
 
⌧⇤⇤0

⌧⌘

!1�↵
. (24)

Using the values of ↵ obtained in Table I and by replacing
these in Eq. (23), we obtain C

⇤⇤
0 = 7.4 ± 0.2 for all the

higher Reynolds number simulations, i.e., with Re� & 700 (see
Table I). It is important to stress that all the higher Reynolds
number cases tend to exactly the same value, which attests

that with the present simulations, we have attained a perfect
convergence of the value of C

⇤⇤
0 and thus,

C0 = lim
↵!1

C

⇤⇤
0 = 7.4 ± 0.2. (25)

Figure 8 shows the argument of Eq. (23) for the higher
Reynolds simulations used in the present work (Newtonian
and hyperviscous). It is clear that an inertial range is observed
since all the curves collapse for time lags near ⌧⇤⇤0 . Specifically,
the width of the inertial range plateau, i.e., the interval of time
lags in which Eq. (23) is greater than 99% of its peak value,
is tremendously increased here compared with the plateau
associated with C

⇤
0 = D

2
L

(⌧⇤0 )/("⌧⇤0 ), which is obvious when
comparing Figs. 5 and 8. As expected, the curves collapse at
C0 = C

⇤⇤
0 = 7.4 ± 0.2, and it is noteworthy that ↵ defined

through Eqs. (22) and (23) is precisely the value that maxi-
mizes the width which is now the clearly visible inertial range
plateau.

D. An empirical relation for ↵

Kolmogorov’s Lagrangian similarity theory holds if
lim

Re!1 ↵ = 1. In order to evaluate the asymptotic value of
↵, we can use an interpolation function of the type

FIG. 9. Values of ↵ for the present simulations with ⌧⌘/⌧
L

> 15 (listed in
Table I). Results from Ref. 32 and the interpolation curve given by Eq. (26)
are also shown.
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TABLE II. Parameters of former reference DNSs from Refs. 5, 32, and 33: number of grid points (N3); Reynolds
number based on the Taylor micro-scale (Re�); kinematic viscosity (⌫); viscous dissipation rate ("); ratio between
the integral and Kolmogorov time scales (⌧

L

/⌧⌘ ); location of the peak maximum of D

2
L

(⌧) (⌧⇤0 ); maximum of
D

2
L

(⌧)/("⌧) (C⇤0); location of the inertial range peak maximum of ⇣ 02(⌧) (⌧⇤⇤0 ); ⇣2(⌧) for ⌧ = ⌧⇤⇤0 (↵); universal
constant of the LVSF-2 computed through Eq. (23) (C⇤⇤0 ).

ID N

3
Re� ⌫ " ⌧

L

/⌧⌘ ⌧⇤0/⌧⌘ C

⇤
0 ⌧⇤⇤0 /⌧⌘ ↵ C

⇤⇤
0

DNS-S1 10243 390 4.37 · 10�4 1.43 32.2 5.1 5.5 11.0 ± 1.0 0.83 ± 0.02 7.8 ± 0.4
DNS-S2 20483 650 1.732 · 10�4 1.38 52.4 5.6 6.0 11.0 ± 1.0 0.89 ± 0.01 7.3 ± 0.2
DNS-S3 40963 1000 6.873 · 10�5 1.44 76.1 6.6 6.2 11.0 ± 1.0 0.92 ± 0.01 7.4 ± 0.2

↵ = ⇠0/ *,1 + ⇠1/
 
⌧

L

⌧⌘

!⇠2+
- (26)

and a similar procedure as the one used to compute �0, �1,
and �2. With this procedure, we obtain ⇠0 = 0.99, ⇠1 = 4.3,
and ⇠2 = 0.95, and, as is clear in Fig. 9, there is good agree-
ment between the interpolation function and both our data and
the data from Ref. 32. The predicted asymptotic value for ↵ is
0.99 which is extremely close to the predicted value by Kol-
mogorov’s Lagrangian similarity theory (↵ = 1), which gives
us yet another evidence supporting the existence of a linear
scaling for the second order structure function. Notice that in
Eq. (26), we assume a dependence of ↵ with ⌧

L

⌧⌘
instead

of a dependence with the Reynolds number. This choice is
explained by the fact that Newtonian and hyperviscous sim-
ulations with similar Reynolds numbers have different values
of ↵, which is something that does not occur for simulations
that present the same value of ⌧

L

⌧⌘
. We believe that this is

related to the anomalous scaling resulting from insufficient
scale separation between integral and dissipative scales.

Clearly the “empirical” procedure used above to estimate
↵ based on Eq. (26), like the ones based on Eqs. (17) and
(18), is not rigorous and cannot be used as a reliable method
to determine the asymptotic values of ↵ and C0. However,
if one uses Eq. (18) to estimate the asymptotic value of the
Reynolds number that would lead to C

⇤
0 = 7.4, we obtain

Re� ⇡ 24 000. This value is not far from the typical value of
Re� ⇡ 30 000, which is often claimed to be the value of the
asymptotic Reynolds number needed to observe C

⇤
0 in some

references (e.g. Ref. 5). Furthermore, we note that C

⇤
0 obtained

in Ref. 5 using acceleration spectra (for their highest Reynolds
number) is C0 = 7.2, which again is consistent with the present
results.

Even though the present results cannot definitely prove
Kolmogorov’s Lagrangian similarity theory, in particular,
regarding the LVSF-2, they certainly provide a stronger sup-
port for its validity than had been observed thus far and allow
the computation of the universal constant C0 with a new degree
of certainty.

V. COMPARISON WITH OTHER NUMERICAL RESULTS

In Sec. IV C, we showed that C

⇤⇤
0 converges to a con-

stant value for Reynolds numbers higher than a threshold of
about Re� & 700, which is much smaller than the asymptotic
Reynolds number needed to converge C

⇤
0 (Re� & 30 000). In

this section, we show that the value of C

⇤⇤
0 = 7.4 ± 0.2 obtained

here using a new procedure encapsulated in Eq. (23) can also
be recovered by using other state of-the-art DNS data available
in the literature and leads to the same values of C

⇤⇤
0 ⇡ 7.4.

All the DNS parameters from the literature used here are
summarised in Table II. In order to estimate ↵ from these
data, we assumed that the value of ⌧⇤⇤0 is similar to the value
obtained in our DNS, i.e., around 11⌧⌘ , with a margin error of
1.0⌧⌘ . The reference DNSs used here are discussed in detail in
Refs. 5, 32, and 33.

The LVSF-2 for the DNS with the parameters listed in
Table II is plotted in Fig. 10, normalised by "⌧ and "⌧( ⌧

⌧⌘
)↵�1.

This figure shows that the plateau of C

⇤⇤
0 is much wider than the

plateau observed for C

⇤
0. Moreover, for high Reynolds num-

bers, the curves collapse at C

⇤⇤
0 = 7.4 ± 0.2, which is also the

value observed in Fig. 8. This again clearly supports the uni-
versality of C

⇤⇤
0 , since lim↵!1 C

⇤⇤
0 = C0, and again predicts

C0 = 7.4 ± 0.2.

FIG. 10. Lagrangian velocity structure function of order 2 (LVSF-2) nor-
malised by "⌧ (solid) and by "⌧( ⌧

⌧⌘
)1�↵ (dashed), for all simulations with

parameters listed in Table II.

FIG. 11. Lagrangian velocity structure function of order 2 (LVSF-2), nor-
malised by "⌧( ⌧

⌧⌘
)1�↵ in a log-linear scale for Newtonian (dashed) and

hyperviscous (solid) simulations. DNS-S2 and DNS-S3 are taken from the
literature (see Table II).
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Finally, Fig. 11 displays (in log-linear scales) all curves
for which C

⇤⇤
0 has a margin of error of only 0.2. The figure

allows one to compare the present (Newtonian and hypervis-
cous) results with results obtained with other reference DNSs.
Even if a clear plateau is not observable in this figure, it shows
that the previous conclusions are indeed valid. Specifically, the
present Newtonian DNSs agree with the previous DNS data,
and the new hyperviscous DNSs all tend to the same value of
C

⇤⇤
0 = 7.4 ± 0.2.

VI. CONCLUSIONS

Kolmogorov’s similarity theory in a Lagrangian frame-
work has been disputed for many years.7 The theoretical result
of the second order Lagrangian velocity structure function
(LVSF-2) described in Eq. (2) has often been at the center
of this debate because of the extreme difficulty in obtaining
the universal constant C0. This has often been attributed either
to low Reynolds number effects or to a possible flaw in Eq. (2).
In the present work, this issue is analyzed by using new New-
tonian and hyperviscous direct numerical simulations (DNS)
transporting millions of tracers. The new hyperviscous DNSs
attain a Reynolds number of Re� ⇡ 1700, which is the highest
Reynolds number attained so far in numerical investigations
of Lagrangian turbulence. It is shown that these hypervis-
cous simulations can be used to accurately compute several
Lagrangian statistics, such as the LVSF-2, for inertial range
time lags.

Starting from simple observations of the LVSF-2, we
develop a new procedure to assess Kolmogorov’s Lagrangian
self-similarity. The new procedure is then able to compute the
universal constant defined in the LVSF-2, which is obtained
with a new degree of confidence, giving C0 = 7.4 ± 0.2. Fur-
thermore, it is shown that the new procedure is able to assess
the Lagrangian self-similarity (and recover C0) for Reynolds
numbers higher than Re� & 700, i.e., it is much smaller than
the asymptotic Reynolds number of Re� & 30 000 usually
assumed to be needed in order to compute C0.

The new procedure is also able to demonstrate that
previously published results yield exactly the same self-
similar behaviour of the LVSF-2 (for inertial range time lags)
and that they yield exactly the same universal constant C0.
The new results show an unprecedented strong support for
Kolmogorov’s Lagrangian similarity turbulence theory.

Future work will involve assessing the effects of time fil-
tering in the resulting Lagrangian statistics in the same vein as
in Cerutti and Meneveau,34 due to its relevance for large-eddy
simulations (LES) involving particle transport.
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