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What is cluster analysis?

❒ Cluster analysis is a exploratory technique of multivariate 
analysis

❒ It allows to group observations in homogeneous or compact 
groups relative to one or more common characteristics

❒ Each observation belonging to one cluster is similar to the other 
ones belonging to it and different from all the other ones belonging to 
other clusters

❒ Basically it does pattern recognition and grouping
❒ The clusters should exhibit high internal homogeneity and high 

external heterogeneity
❒ It differs from factor analysis in that cluster analysis groups objects 

whereas factor analysis mainly groups variables
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Objectives in Cluster Analysis

Source: Hair et al (2010)
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Different ways of clustering the same 
set of points

Original points 2 Clusters

4 Clusters 6 Clusters
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3D example
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Cluster versus Factorial Analysis

Explanatory variables form 
clusters of observations 

(individuals)

Explanatory variables inform 
Factors (components) 

Clusters Factors
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Uses of cluster analysis

❒ Applications in many fields
Ø Its uses range from the derivation of taxonomies in biology to psychological 

classifications, to segmentation analysis of markets
❒ Data reduction 

Ø When a large number of observations are meaningless unless classified into 
manageable groups. 

Ø Cluster analysis can perform this data reduction 
§ E.g. Understand the attitudes of population regarding public transport by identifying 

major groups (profiles) within the population

❒ Hypothesis generation
Ø If we wish to develop hypothesis concerning the nature of data or confirm 

previously stated hypothesis
§ E.g. Attitudes towards transport modes could be used to separate individuals into 

segments or logical groups. 
§ The resulting clusters could be profiled for demographic similarities and differences
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Research questions in cluster analysis?

❒ Taxonomy description
Ø Empirical classification of objects. 
Ø In these cases a proposed typology could be compared with the one resulting 

from the cluster analysis
❒ Data simplification

Ø Can give a simplified perspective by grouping observations for further 
analysis

Ø Factor analysis attempts to provide dimensions or structure to variables, 
cluster analysis performs the same task for observations

Ø Instead of viewing all of the observations as unique they can be viewed as 
cluster members and profiled by their general characteristics

❒ Relationship identification
Ø The underlying structure of the data represented in the clusters provides 

means to reveal relationships among the observations
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Conceptual issues and critiques

❒ Strong conceptual framework
Ø There should be always a strong conceptual analysis

§ Why do groups exist? 
§ What variables logically explain why objects end up in the groups they do?

❒ Critiques
Ø Cluster analysis is descriptive, atheoretical and non-inferencial. 
Ø It has no statistical basis upon which to draw inferences from the 

sample to the total population. 
Ø Nothing guarantees a unique solution. 
Ø Cluster membership is dependent upon many elements in the 

procedure, thus many solutions could be obtained by varying one or 
more elements
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Critiques

❒ Cluster analysis will always create clusters, regardless of the 
actual existence of any structure in the data. 
Ø Just because clusters can be found it does not validate their existence. 
Ø Only with strong conceptual support and then validation are the clusters 

potentially  meaningful and relevant.
❒ The cluster solution is not generalizable because it is totally 

dependent upon the variables used as the basis for the 
similarity measure. 
Ø It can be generalized against any statistical technique  but cluster 

analysis is more dependent on the measures used to characterize the 
objects than any other multivariate technique. 

Ø Spurious variables or the deletion of relevant variables can have a 
strong impact on the resulting solution
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Basic questions of cluster analysis

❒ Measuring similarity
Ø Need for a method for simultaneously comparing the clustering variables. 
Ø Several methods are possible

§ Correlation between objects, measure of their proximity (e.g. distance between 
observations)

❒ Cluster formation 
Ø The observations whose similarity is higher should be grouped into a cluster 

(cluster membership of each observation)
❒ Number of groups to be formed 

Ø Fewer clusters implies less homogeneity within clusters
Ø Larger number of clusters has more “within group homogeneity” but is less 

parsimonious
Ø Achieving a balance between the most basic structure and an acceptable level 

of within cluster heterogeneity



Phd in Transportation / Transport Demand Modelling 12/70

Phases of clustering
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How does cluster analysis works? (I)

❒ Similarity  
Ø It is the degree of correspondence among objects across all 

characteristics used in the analysis (dissimilarity measures)
Ø Similarity is determined among each of all observations to enable each 

observation to be compared to each other (proximity)
Ø Dissimilarity will separate observations from each other (distance)

❒ Forming clusters
Ø Hierarchical Procedure 

§ Each observation is started as is own cluster and then combining the two 
closest clusters until all observations are in one cluster. 

§ It is also an agglomerative method since clusters are formed by combining  
existing clusters
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How does cluster analysis works? (II)

❒ Final number of clusters
Ø The hierarchical method leaves several solutions, which one should 

be chosen?
Ø Measuring heterogeneity

§ Any measure of heterogeneity should represent the overall diversity 
among observations in all clusters. 

§ The measure of heterogeneity starts with a zero value (each cluster is 
one observation) and increase to show the level of heterogeneity 
as clusters are combined

Ø Select a final cluster solution
§ By examining the changes in the homogeneity measure to identify 

large increases which are an indication of merging dissimilar clusters
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How does cluster analysis works? (III)

1 2 3

4 5 6

7
8 9
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Hierarchical procedure - Dendrogram

q A hierarchical clustering is often displayed graphically using a 
tree-like diagram called a dendrogram, which displays both the 
cluster-subcluster relationships and the order in which the 
clusters were merged (agglomerative view) or split (divisive view).
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Example of proximity matrix calculation

!"# = %" − %#
' + )" − )#

'

!*+ = 3 − 4 ' + 2 − 5 ' =3.162

Euclidean distance:
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Practical considerations

❒ Only the relevant and meaningful variables should be included for
cluster analysis
Ø That characterize the objects being clustered
Ø Relate specifically to the objectives

AGAIN… GARBAGE – IN – GARBAGE OUT!

❒ Cluster analysis could be dramatically affected by the inclusion of:
Ø Only one or two inappropriate variables
Ø Variables that are not distinctive (do not differ significantly across the 

derived clusters)
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Sample size and outliers

❒ Sample size
Ø Large enough to provide sufficient representation of small groups within 

the population and represent the underlying structure

❒ Outliers
Ø An outlier is a representative element of a small but substantive group? 

Small samples make it difficult to answer this question
❒ Sample size also depends on the research objectives:

Ø Does it requires the identification of small groups within the 
population? => Larger sample

Ø Is the interest only focusing in larger groups (major segments)? 
=> Smaller sample
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Outliers

❒ Cluster analysis is sensible to 
outliers
Ø Truly aberrant observations should 

be removed
Ø Representative observations of 

small segments could be removed 
but noticing that the analysis will 
only accurately represent the 
important segments

❒ Graphic Profile diagram lists the variables along the x-axis and the 
variable values along the y-axis

❒ Outliers could also be identified through measures of similarity (e.g. 
each observation against overall group centroid)
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Measuring similarity (I)

❒ Inter-object similarity
Ø Empirical measure of correspondence or resemblance between objects 

to be clustered
❒ Correlation Measures

Ø Correlating pairs of objects based on several variables. 
Ø High correlations indicate similarity.

§ It doesn´t look at the observed mean value but instead looks at the 
patterns of movement over the variables measured – Similarity of 
profiles

§ Correlation measures are rarely used because most applications put 
emphasis on the magnitudes of the objects instead of on the patterns

§ They could instead be used when the objective is the grouping of variables 
and not of observations. In this case they are more appropriate.



Phd in Transportation / Transport Demand Modelling 22/70

Measuring similarity (II)

❒ Distance measures
Ø Measures similarity as the proximity of observations to one another 

across the variables in the cluster variate. 
Ø They are also a measure of dissimilarity (Distance).

❒ Euclidean distance
Ø Straight line distance

❒ Squared (absolute) Euclidian distance
Ø Better in computational aspects
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Measuring similarity (III)
❒ Minkowski distance

Ø Generalization of the Euclidian Distance

❒ City-block (Manhattan) distance 
Ø Special case of the Minkowski distance were m=1

❒ Mahalanobis Distance
Ø Accounts for the correlation among variables (statistical distance between 

objects) – Not available in SPSS for Cluster Analysis

, where S is an estimate of  the Variance-Covariance matrix of cluster groups
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Measuring similarity (IV)

❒ Cosine Similarity Measure
Ø Measures the proximity between two objects for p vectors  (at least 

interval variables)

❒ Jaccard, Russel & Rao and Measures of binary association 
Ø When there are nominal variables, the measures of metrical distance 

cannot be applied
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Measuring similarity (V)

❒ If two objects are characterized by p nominal dichotomous variables 
(binary)
Ø a is the number of attributes present in both objects
Ø b is the number of attributes present in object i and absent in object j
Ø c is the number of attributes absent in object i and present in object j
Ø d is the number of attributes absent in both objects

❒ Jaccard coefficients 
Ø Similarity

Ø Dissimilarity
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Measuring similarity (VI)

❒ Russel & Rao

Ø Similarity

❒ Johnson and Wichern
Ø Similarity

Ø Dissimilarity
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Standardization

❒ Different distance measures or a change in scale of the variables 
may lead to different cluster solutions. 
Ø It is advisable to test different measures

❒ The distance measures are generally the preferred ones because 
they represent more accurately the concepts of proximity 
(fundamental to cluster analysis)

❒ Standardization
Ø Distance measures are quite sensitive to different scales or magnitudes 

among the variables. 
§ In general the variables should be standardized

Ø Usually the most common standardization is the z score
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Assumptions in cluster analysis

❒ No requirements of normality, linearity and homoscedasticity
Ø Cluster analysis is not influenced by the requirements of normality, 

linearity and homoscedasticity

❒ Sample Representativeness 
Ø The sample used should be truly representative of the entire population. 
Ø The results are only as good as the representativeness of the sample

❒ Multicollinearity
Ø It acts as a weighting process not apparent to the observer but affecting 

the analysis. 
Ø Thus research about substantial multicollinearity should be performed 

prior to the cluster analysis, take measures against it (e.g. reducing the 
number of variables)
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Hierarchical clustering procedures

❒ Series of n-1 clustering decisions (n observations) that combine 
observations into a hierarchy structure (dendrogram)
Ø Agglomerative methods 

§ Each object starts as is own cluster and is successively joined with the 
closest one until only a single cluster remain – most commonly used

Ø Divisive methods
§ Departs from a single cluster which is successively divided

❒ Clustering algorithms hierarchical procedure that determines how 
similarity is defined between clusters in the process
Ø When we have more than one element in each cluster how do we do? 
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Clustering algorithms (I)

❒ Single linkage our nearest neighbor
Ø The distance between two-clusters is represented by the minimum of 

the distance between all possible pairs of subjects in the two 
groups
§ The similarity between clusters is the shortest distance between any 

object in one cluster and any object in the other cluster. 

Ø It is the most commonly used and its very flexible. 
Ø It can define a wide range of clustering patterns. 
Ø When clusters are poorly delineated, it could create problems.
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Clustering algorithms (II)

❒ Complete linkage or farthest neighbor
Ø In this approach, the cluster similarity is based on the maximum 

distance between observations in each cluster. 
Ø Similarity between the clusters is the smallest circle that could 

encompass both of them. 
Ø Eliminates some of the problems of earlier method and has been found 

to generate the most compact clustering solutions
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Clustering algorithms (III)

❒ Average linkage between groups
Ø The distance between clusters is the average of the distances between 

observations in one cluster to all the members in the other cluster.

❒ Average linkage within groups
Ø Similar to the previous method but here the clusters are united in a way 

to minimize the sum of squared errors (minimize variability inside the 
clusters)
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Clustering algorithms (III)

❒ Ward’s Method
Ø The measures of similarity are 

the sum of squares within 
the cluster summed over all 
variables. 

Ø The retained clusters are the 
ones with the smallest values

Ø Easily distorted by outliers

❒ Centroid method
Ø The similarity between two 

clusters is the distance 
between its centroids.

Ø Less affected by outliers
Ø They could produce confusing 

results
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Non-hierarchical
cluster procedures

❒ Main difference between non-hierarchical from hierarchical
Ø Do not involve tree-like construction procedures
Ø Assign objects to a predetermined number of clusters

❒ Two steps approach
Ø Specify cluster seeds

§ Starting points for each cluster could be pre-specified by the analyst.

Ø Assignment
§ Assign each observation to one of the cluster seeds based on similarity.
§ Each observation is assigned to the most similar cluster seed.
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K-means

❒ K-means
1. Cluster partition in the k clusters (k defined by the analyst)
2. Estimate the centroids of each one of the k clusters and calculation 

of the Euclidean distance from each centroid to each object
3. Group the observations in to the clusters which have its centroid 

closest to each observation, return to the previous step until the 
point in which there is no significant variation in the minimum distances 
(or until the number of iteration or the convergence criteria have been 
reached) 
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Advantages of Hierarchical Methods

❒ Simplicity
Ø Simple and comprehensive image of the entire clustering solutions. 
Ø One can evaluate any of the possible clustering solutions

❒ Measures of similarity
Ø Several similarity measures. 
Ø Could be applied to almost any type of research questions

❒ Speed 
Ø Hierarchical methods generate an entire set of solutions efficiently
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Disadvantages of Hierarchical Methods

❒ Misleading
Ø Can be misleading due to undesirable early combinations. Sensible 

to outliers

❒ Outliers are very influential
Ø The reduction of the number of outliers (deletion) might distort the 

solution
❒ Large samples

Ø Not appropriate to analyze large samples
§ Solution: extract a random subsample
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Advantages and disadvantages of 
Non-hierarchical methods

❒ Nonhierarchical methods – Advantages
Ø The results are not so susceptible to outliers, the distance measure

used, and the inclusion of irrelevant or inappropriate variables.
Ø Can analyze extremely large datasets

§ It doesn´t  require the calculation of similarity matrices but only the 
similarity of each object to each cluster centroid.

❒ Nonhierarchical methods – Disadvantages
Ø It does not guarantees optimal solutions.
Ø Not suitable to explore a wide range of solutions based on similarity 

measures, observations included and potential seed points.
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Best way to proceed

❒ Combination approach
Ø First use a hierarchical technique to generate a complete set of 

cluster solutions and establish the appropriate number of clusters
Ø After the elimination of outliers, use a nonhierarchical method

❒ One should analyze and examine the rational behind the 
clusters defined. 
Ø Clusters with small number of observations should be fully examined 

§ Do they represent valid components or simply outliers?
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Number of clusters

❒ It is one of the most critical aspects of cluster analysis
❒ Since there is no statistical inference, several methods have 

been developed.
Ø Ad-hoc procedures that are sometimes complex and must be 

calculated by the analyst
Ø Specific to particular software packages
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Stopping rules

❒ Measures of heterogeneity change
Ø Percentage of changes in heterogeneity
Ø Measures of variance change 

§ Root mean square standard deviation

Ø Statistical measures of heterogeneity change 
§ Pseudo F-test

❒ Direct Measures of heterogeneity
Ø Cubic clustering criterion (in SAS) 

§ Measure of the deviation of the clusters from an expected distribution of 
points (multivariate uniform distribution)
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Interpretation

❒ The profiling and interpretation provide
Ø A way to assess the correspondence of the derived clusters to those 

proposed by prior theory or experience. 
Ø When used in a confirmatory mode, cluster analysis provides a mean 

to assess this correspondence.
❒ The analyst compares the derived clusters to a preconceived 

typology
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Validation

❒ Validating the cluster solution 
Ø Ensure that the cluster solution is representative of the general 

population

❒ Perform cross-validation ALWAYS
Ø Perform cluster analysis on separate (re)samples and assess the 

correspondence of the results

❒ Criterion validity 
Ø Using variables not selected to the cluster analysis but for which there 

are theoretical and relevant reasons that lead to the expectation of 
variation across the clusters
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Example

❒ Use the excel file  “Dados_Aeroportos_Clusters” to build an 
hierarchical and a k-means cluster analysis. 

❒ Use only the metric variables.
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Select the type of cluster 
analysis to perform
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Variables selection

How do we name 
the cases?
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It resumes the analysis steps

If there is a prior idea of the 
number of clusters it could 
be indicated in the cluster 
membership box
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To present the dendogram
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Type of clustering algorithm
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Choice of similarity measure
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Variables normalization
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Saving cluster membership as variables 
(you must indicate a number of cluster for 
classification)
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Proximity matrix 

❒ Squared Euclidean 
distance between 
cases 

❒ How would this 
matrix look like if 
the variables were 
not standardized?
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Agglomeration schedule 

❒ Show the agglomeration order of 
the observations

❒ Cases 14 and 16 are the first to be 
agglomerated
Ø In step 3 the case 11 joins that 

cluster
Ø In step 10, 12 joins the cluster,
Ø In step 11, 15 joins
Ø In step 13, 10 joins
Ø etc…
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Dendrogram

❒ What is observed in the 
previous slide, could be 
also graphically seen here 
in the dendrogram
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How many clusters should be retained

❒ We can test the possible number of clusters to retain by using two 
indicators

❒ Distance  between clusters 
Ø Obtained from the “Agglomeration Schedule” directly in SPPS

❒ When the curve starts 
elbowing, agglomeration 
values don’t change much 
and is a good indicator for the 
number of clusters to retain

5-6 clusters?
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Analysis of variance

❒ The objective is to compare differences between two or more 
groups for single metric dependent variable.

❒ Do the means between the different groups 1 to k differ?
❒ Test of Hypothesis

Ø !": $% = $' =…= $(
Ø !): *+, *- .*-, */ 0ℎ, 2-*345 ℎ65 6 78//,-,+0, .,6+

Ø We want a low p-value in order to reject the null hypothesis that there 
are no differences between groups/clusters/profiles

Ø This is calculated for each variable for clustering



Phd in Transportation / Transport Demand Modelling 58/70

Analysis of variance (II)

Fair fit (no strong overlapping between profiles)
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Calculating the ANOVA

Before calculating the ANOVA we should 
save the cluster estimated in the previous 
hierarchical cluster analysis for 6 cluster 
(classifying all 31 clusters)
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Calculating the ANOVA
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Calculating the R squared (I)

, Where SQC is sum square between clusters and 
SQT is the total sum squares of ALL variable for all 
possible cluster (in this case, 2 to 31)

❒ When the slope in this curve starts to decrease 
we can use that value as the number of clusters 
to be retained
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Calculating the R squared (II)
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Calculating  the R-Squared (III)

❒ When the slope in this curve starts to decrease we can use that value as the number of 
clusters to be retained
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K-Means Cluster Analysis
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Introducing the variables and case labelsDefining the 
number of 
clusters
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Defining the number of iterations
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Saving the cluster membership and the 
distance to the cluster centroids as 
variables
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ANOVA Test and cluster information for 
each case
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Iteration history

❒ In each iteration we can see the changes in the cluster centers. 
❒ It takes five iterations to achieve stability in the cluster centers



Phd in Transportation / Transport Demand Modelling 70/70

Cluster membership
❒ This table allow us to see to which cluster 

each airport belongs, and how far from the 
cluster center it is (Distance).



Phd in Transportation / Transport Demand Modelling 71/70

Final cluster centers

❒ This is the average distance of each variable to every cluster 
center



Phd in Transportation / Transport Demand Modelling 72/70

Distance between cluster centers

❒ Distances between each cluster centers.
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Variables and clusters

❒ The objective is to evaluate 
which variables allow the 
cluster separation

❒ If one variable discriminates 
well the clusters then its 
variability between clusters is 
high and its variability within 
the clusters is small

❒ The F-test null hypothesis is 
“variance within cluster is 
equal to variance between 
clusters”

❒ F =QMC/QME
Ø QMC – Cluster mean 

square
Ø QME – Error means square

❒ Higher F means higher contribution to the clusters definition
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Exercise

❒ Standardize the variables and run again the K-means cluster, 
compare the obtained results and analyze which variables should 
be removed 
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Recommended Readings

❒ Hair, Joseph P. et al (1995) “Multivariate Data Analysis with 
Readings”, Fourth Edition, Prentice Hall - Chapter 9

❒ Maroco, João (2003) “Análise Estatística com  utilização do SPSS”, 
Ed. Sílabo– Capítulo 11


