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Resumo

O motivo para o uso de clustering é encontrar padrões nos dados. Idealmente, estes algoritmos devolvem

os grupos de elementos corretos, porém, esse objectivo nem sempre é alcançado. Portanto, a estrutura de

clustering escolhida pelo algoritmo deve ser avaliada, e um bom critério a seguir na validação de clusters

é que objetos na mesma partição devem estar próximos. Por outro lado, diferentes clusters estão de

preferência notavelmente distantes, respetivamente uns aos outros.

A informação que pode ser obtida da analise dos padrões nos dados tem o potencial para ser útil em

virtualmente qualquer área. Nesta dissertação, o foco é numa ferramenta criada em 2019, chamada AliClu,

que combina alinhamento de sequências médicas com clustering de forma a analisar dados longitudinais.

O nosso objetivo é aprimorar o aspecto de validação de clustering do AliClu, através do uso de métricas

de avaliação. Adicionalmente, iremos trabalhar no sentido de automatizar a geração das sequencias de

tratamentos, que são os elementos dos clusters extraidos do dataset Reuma.pt. Finalmente, fazemos uma

contribuição para a comunidade de clustering e interessados em geral, por intermédio de uma biblioteca

de Python a que chamamos clusterval, que permite o acesso ao processo de clustering de forma fácil.

O trabalho aqui apresentado segue dois critérios principais para validação de clusters (external e in-

ternal), que serão introduzidos com o respetivo conhecimento relacionado. Seguidamente, a biblioteca

clusterval é introduzida e o seu funcionamento explicado. No mesmo capítulo, descrevemos a automa-

tização da representação visual dos clusters finais. Adicionalmente, é feita uma experiência extensiva a

partir dos indices descritos, usando conjuntos de dados sintéticos e reais.

Palavras-chave: clusterval, clustering, indices de validação de clusters, AliClu
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Abstract

Clustering is concerned with finding patterns in a given data. Ideally, clustering algorithms output the

correct clusters of elements, although not always that is achieved. The clustering structure chosen by

the algorithm should then be evaluated, and a good criterion to follow when doing cluster validation is

that objects in the same partition should be close to each other. On the other hand, different clusters

are noticeably distant in respect to each other.

The knowledge that can be obtained from the data patterns has the potential to be useful in virtually

any area. In this work we focus on a tool created in 2019, called AliClu, that combines alignment of

medical sequences with clustering to analyse longitudinal data.

Our goal is to enhance the clustering validity aspect of AliClu through the use of evaluation metrics.

Furthermore, we will work on automating the generation of the patients sequences. Finally, we make a

contribution to the clustering community and broaden interest as well, by making the clustering process

easily available, in the form of a Python library which we call clusterval.

The work we present follows two main criteria for clustering validation (external and internal), which

will be presented with respective background. Following, the clusterval package is introduced and, its

functionality explained. In the same chapter we explain the automation behind the clusters visual rep-

resentation. Additionally, an extensive experiment is made with the described indices, making use of

synthetic and real-world datasets.

Keywords: clusterval, clustering, cluster validation indices, AliClu
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Chapter 1

Introduction

1.1 Motivation

The principal motivation for this thesis is the project started in [1], which presents a method that

combines Temporal Needleman-Wunsch [2] and agglomerative clustering [3]. Although quality work was

made, after reading and understanding what was done, it should be possible to build a stronger and more

reliable algorithm with the goal of achieving the best results possible. One way that can be done is by

developing the clustering validation aspect.

Something which is important to keep in mind when clustering data is that the model does not possess

any information about patterns or categories in the data. The clustering algorithm will try to find the

best partition of the data so that in each of data groups formed we get very similar data points, in

terms of its attributes and features [4]. There is a variety of clustering algorithms currently available,

each with input parameters that we can vary in order to obtain the best structure. As a consequence

of experimenting with these variations, we are likely going to have to consider more than one possible

partition. In case we want to choose only one of the possible clustering results, we have to understand

which one represents better our problem context. At this step of the clustering process is where clustering

validation measures can be introduced, and this is precisely the subject of this work.

In the literature, numerous clustering validity indices exist that we can use to evaluate the results of a

clustering algorithm. Understanding the indices is of great value because some might be better suited for

specific clustering algorithms, others can be very computationally expensive, and some work well with a

particular type of data. The more knowledge we have on the many ways that are available to analyze the

resulting clusters the more efficient will be the work done and will lead us to generating more accurate

insights.

However, most of the clustering indices are not easily accessible for usage, which would be of immense

value to the potential users, since many times they have to write these indices from scratch. Most

libraries for clustering contain some indices to evaluate clustering, but in some cases having more insights

could make a difference. Therefore, with this work, we expect to also address this lack of readily available

clustering validity measures in the scientific programming world, more specifically in the Python language.
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The audience for this thesis and tool here presented includes the pattern recognition and data analysis

communities, who should view it as a summarization of current methods and presentation of a usable

tool, and to the broader community of scientific professionals, who should view it as an introduction to a

mature field that made many contributions in computations for a vast number of areas, with the addition

of a tool that might be of great interest.

1.2 Objectives and Contributions

Our goal with this work is to improve the results and give more robustness and confidence to AliClu

by increasing the number of clustering validation indices (CVIs) used. Furthermore, given the fact that

the visualization of the final clusters is very important to end users, allowing them to implement the

data analysis information in their work, we will automatize the representation of the resulting partitions

through graphs. Moreover, we have the goal of providing the community with numerous metrics to

evaluate clustering results, hence, we propose constructing a Python library with clustering validity indices

that is readily available, easy to use and reliable. Available at https://github.com/Nuno09/clusterval.

1.3 Thesis Outline

We will go through the previous work done on clustering and validation methods as well as a presentation

of the AliClu tool in Section 2. Section 3 presents in detail the contents of the library and how to use

it, along with a description on the representation of the final clusters, resulting from AliClu. Section 4

shows the results obtained when using the libraries methods on synthetic, real-world datasets and the

Reuma.pt dataset. Finally, in Section 5 we will share some conclusion on the work done.
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Chapter 2

Related Work

2.1 Overview of Clustering

Webster dictionary [5] defines “Cluster Analysis“ as “a statistical classification technique for discovering

whether the individuals of a population fall into different groups by making quantitative comparisons of

multiple characteristics“. An example of what clustering tries to achieve is shown in Figure 2.1. The

objective is to develop an automatic algorithm that will discover the natural grouping (Figure 2.1b) in

the unlabeled data (Figure 2.1a).

Therefore, clustering can be defined as the problem of determining the structure of clustered data,

without prior knowledge of the number of clusters or any other information about their composition [6].

(a) Input data. (b) Desired clustering.

Figure 2.1: (a) Clustering starts with a set of unlabeled points and (b) tries to detect the clusters in the data.

The development of data clustering methods has been a multidisciplinary feat [3]. Computer scientists,

biologists, taxonomists, medical researchers, and others who gather data and analyse it have in some way

contributed to clustering methodology.

Many books have been published about data clustering [7], a classic one is [8], which talks about

the advances of electronic data processing and shows how to make use of the increasingly available data

to compute similarities between taxa and, therefore, segregate them according to those calculations [9].
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Other books [3] contain very deep description, analysis and discussion of many cluster analysis algorithms.

There are different approaches to clustering and can be best described with the help of the hierarchy

shown in Figure 2.2 [10]

Clustering can broadly be divided into two groups: Hierarchical and Partitional.

Hierarchical Partitional

Clustering

Density BasedDistance Based Model BasedDivisiveAgglomerative

Figure 2.2: Hierarchy of clustering approaches.

Furthermore, we can also analyse it from the perspective of membership level, clustering can be

classified as hard or fuzzy. In hard clustering (traditional approach), each object belongs to one and only

one cluster, while in fuzzy clustering, each object has some degree of membership in each partition. The

latter method arrives from the notion that in some real-world contexts, there is not precisely defined

criteria of membership and ambiguity arises in some cases. Despite being a very interesting method to

study it will not be covered in this work, but the reader is encouraged to read [11].

2.1.1 Hierarchical Clustering

Hierarchical clustering algorithms produce a nested series of partitions. The clustering structure obtained

can be represented as a dendrogram, like the one shown in Figure 2.3b. The algorithms that produce the

clustering structure follow one of two approaches: Agglomerative clustering, which follows a bottom-up

approach, in the sense that the algorithm begins with partitions of single objects that are successively

merged until a termination condition is met, or only one cluster remains. Alternatively, we can use

Divisive clustering, which will start with all objects belonging to one unique clustering that will be split

at every iteration of the algorithm until a stopping criterion is satisfied, or what is left is single object

clusters.

Regardless of the approach taken, merging and splitting of elements follows the similarity between

each of the clusters. Lets take the set D that contains n objects, x0...xn. From it we can produce a

proximity matrix P with n rows and n columns that indexes the degree of similarity between any two

objects [12, 13].

When considering the calculation of the similarities, it is natural to view it as a distance problem.

Considering that each data point possesses several continuous attributes, the most similar objects will

be the ones that have the closest values when comparing their attributes. Consequently, we also need to

define a way of measuring the attributes distances, for instance, we can use metrics from the Minkowski

family, like the simple Euclidean distance defined in Eq. 2.1.
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Cluster 1

A
B

C

D

E
F

G

Cluster 4
Cluster 3

Cluster 2

(a) Data points form 3 clusters.

A B C D E F G

(b) The dendrogram obtained with single link hierarchical
clustering.

Figure 2.3: Hierarchical clustering measures the similarity between each point and builds a structure based on
calculations that represent the relation between each data point or group of points. Following an observation of
the dendrogram (b), the same can be cut in 3 clusters (the cut is represented by the dashed line).

d(xi,xj) = (
d∑

k=1
(xi,k − xj,k)2)1/2

= ‖xi − xj‖2.

(2.1)

Euclidean distance works well for compact or isolated clusters and tends to favor hyperspherical-shaped

clusters of equal size [14]. The drawback to the use of Minkowski metrics is that large-scaled features tend

to dominate the others. One solution for this problem is the normalization of the continuous features.

Another example of a metric to compute distances between objects is the Mahalanobis distance, but

because it requires the computation of the inverse of the sample covariance matrix, this metric can turn

out to be computationally expensive, although a way to use it while not being too demanding on resources

is presented in [14]. Note that, the calculation of distances is an element that belongs to both hierarchical

and partitional clustering.

Firstly, the hierarchical algorithm produces a proximity matrix that will represent the data. At each

iteration, the algorithm performs merging or division of clusters (depending on the approach adopted)

and afterward updates the proximity matrix. The goal of clustering is to form partitions of the data,

which implies that at some moment, we are not just considering the distance between data points but

also from one cluster to another. Cluster distance calculation can still use the similarity measures we

talked about before, but first, we need to choose the linkage criteria. In this choice lies one of the aspects

where algorithms differentiate.

Most hierarchical clustering algorithms are variations of the advances made in the 60’s with single-

link clustering [15], complete-link clustering [16], and minimum-variance [17]. What differentiates them

is the method used to calculate the distance between a newly formed cluster c1 and another cluster c2.

Following, we show each method we will consider in our work.
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The single link method takes the similarity between two clusters as the minimum distance between

all pairs of patterns drawn from the two clusters:

single(c1, c2) = min
x1∈c1,x2∈c2

D(x1, x2), (2.2)

where D is the distance between elements x1 and x2 in clusters c1 and c2, respectively. This notation is

the same for the following equations.

In the complete link the distance between two clusters takes the maximum of all pairwise distances

between patterns in the two clusters:

complete(c1, c2) = max
x1∈c1,x2∈c2

D(x1, x2). (2.3)

The average link considers the distance from one cluster to another as the mean distance between

elements of each cluster:

average(c1, c2) = 1
‖c1‖

1
‖c2‖

∑
x1∈c1

∑
x2∈c2

D(x1, x2). (2.4)

Centroid link measures the distance between the centroid of one cluster and the centroid of another

cluster:

centroid(c1, c2) = D

(
1
‖c1‖

∑
x1∈c1

x1,
1
‖c2‖

∑
x2∈c2

x2

)
. (2.5)

Ward’s method uses the Ward variance minimization algorithm, which measures how much the

sum of squares will increase if we merge two clusters.

ward(c1, c2) =
∑

x1∈c1

(x1 − r1)2 +
∑

x2∈c2

(x2 − r2)2 −
∑

y∈c12

(y − r12)2, (2.6)

where r1, r2 are the centroids of c1 and c2 , respectively, and r12 is the centroid of the two clusters merged.

Thus far, we have reviewed the basis of hierarchical clustering, which can have some limitations

with dataset sizes, resources and outliers. Most recent advances can handle large datasets much better,

examples being CURE [18], which is able to explore more sophisticated cluster shapes and also with

reduced computational complexity, BIRCH [19] for robustness to outliers and ROCK [20] based on the

idea of links between objects, instead of distance.
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2.1.2 Partitional Clustering

A partitional clustering algorithm obtains a single partition of the data instead of a clustering structure,

as described in the previous subsection. Hierarchical techniques are popular in biological, social, and

behavioral sciences because of the need to construct taxonomies. Partitional are more frequently used in

engineering applications where single partitions are important [3]. Moreover, partitional algorithms have

advantages when dealing with large datasets for which the building of a dendrogram by a hierarchical

algorithm would be computationally expensive and even hard to read by the human eye. One restriction

that partitional algorithms impose is the choice of the number of desired output clusters.

Partitional algorithms assign the data to k clusters without any hierarchical structure by optimizing

some criterion function. Looking at the clustering taxonomy (Figure 2.2), there is at least three types of

partitional algorithms.

The most intuitive and frequently used criterion function is the Error Square, based on the use of the

distance between objects. The general idea of these types of algorithms is to obtain the partition which,

for a fixed number of clusters, minimizes the square error. Suppose we want to organize a set of objects

xj , j = 1, ..., N , into k subsets C = C1, ..., Ck. The error squared criterion J then is defined as:

J(C) =
k∑

i=1

N∑
j=1
‖xj − ci‖2. (2.7)

The most popular algorithm that uses Error Squared is K-means [21]. The basic steps for K-means

are as follows:

1. Initialize k centroids randomly or based on previous knowledge, each centroid representing a cluster;

2. Assign each object in the dataset to the nearest cluster Ck;

3. Recalculate the positions of the k centroids, based on the mean position value of the current

partitions;

4. Repeat steps 2-3 until there is no change in the centroids or convergence is achieved for the error

squared function.

K-means is popular much thanks to being very easy to implement, and its time complexity is O(n),

where n is the number of objects in the dataset. Despite its wide array of applications, K-means is not

exempt of drawbacks. One of them, already mentioned earlier, is that the algorithm requires the input

of the number of clusters k beforehand, which is not always possible to know accurately in real-world

applications and in turn will require some parameter experimentation. Another problem is that it is very

influenced by the starting conditions (randomly chosen centroids and initial partitions), the convergence

centroids vary with different initial points. A solution to this is to run the algorithm many times with

random initial partitions.

Many other algorithms have been proposed, each tackling one or more of the weak points of K-means.

Going in detail over all would require single focus on K-means, which is not the purpose of this work, hence

the reader can look up ISODATA [22], PAM [23], and K-medoids algorithm [24] for more information.
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Previously in this chapter we mentioned fuzzy clustering, and inside this approach we want to make a

notable reference to the Fuzzy C-means algorithm, or in other words, the fuzzy version of hard clustering

method, K-means. This is particularly useful when the boundary between the clusters is ambiguous. The

procedure of fuzzy C-means [25] is similar to K-means, with the addition of a partition matrix U = uij ,

uij ∈ [0,1] and
∑K

i=1 uij = 1 that is calculated using the following equation:

uij = 1/
k∑

l=1
(‖xj − ci‖
‖xj − cl‖

), (2.8)

where uij is the membership of data point xj in cluster Ci. The error square function J is updated from

Eq. (2.7) to the following:

J(U,C) =
k∑

i=1

N∑
j=1

uij‖xj − ci‖2, (2.9)

where the points membership uij is considered.

The overall steps for Fuzzy C-means (FCM) are:

1. Set a value for the number of clusters k and initialize the centroids C;

2. Calculate or update the membership matrix U using Eq. (2.8);

3. Compute the new centroids for the clusters using the updated matrix U ;

4. Repeat steps 2-3 until there is no change in the centroids or convergence is achieved for the error

squared function.

FCM, like k-means, suffers from initial partition dependence, as well as sensibility to noise and out-

liers. There is in the literature methods addressing this issue. For instance, in [26] an estimation is made

on the centroids of the initial partition. [27] studies a method for carrying out fuzzy clustering without a

priori assumptions on the number of clusters in the dataset. Finally, [28] introduces a modification that

increases robustness to outliers.

From a probabilistic perspective, as described in [29], data objects are assumed to be generated

according to several probability distributions. Data points in different clusters were generated by different

probability distributions. They can be derived from different types of density functions (e.g., multivariate

Gaussian or t-distribution), or the same families, but with different parameters. If the distributions are

known, finding the clusters of a given data set is equivalent to estimating the parameters of several

underlying models. Suppose the so called mixing probability P (Ci) for cluster Ci, i = 1, ..., k and the

conditional probability density p(x|Ci, θi), where θi is the unknown parameter vector. Then, the mixing

probability density for the whole dataset is expressed as:

p(x|θ) =
k∑

i=1
p(x|Ci, θi)P (Ci), (2.10)
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where θ = (θ1, ..., θk), and
k∑

i=1
P (Ci) = 1. As long as parameter θ is decided, we can calculate the

posterior probability for assigning a data point to a cluster, using Bayes’s theorem. Parameter θ can be

estimated using maximum likelihood estimation (ML).

Unfortunately, since the solutions of ML cannot be obtained analytically in most circumstances, an

iteratively sub optimal approach is required, the most popular one being the Expectation-Maximization

(EM) algorithm [30]. EM divides the dataset into two parts, for each data point xj , xj={xj
g, xj

m}, in

which xj
g represents the observable features and xj

m = (xj1
m, ..., xjK

m) is the missing data, where xji
m

chooses a value of 0 or 1 according to weather or not xj belongs to component (cluster) i. Thus, the

complete data log-likelihood is:

l(θ) =
N∑

j=1

k∑
i=1

xm
ji log[P (Ci)p(xg

j |θi)]] (2.11)

The EM algorithm will generate a series of parameter estimates for θ. One of the disadvantages of

EM is its sensitivity to the selection of initial parameters.
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2.2 Overview of Clustering Evaluation Metrics

In this section, our focus will be on discussing methods to validate the clustering resulting from applying a

clustering algorithm to a dataset. We can find in the literature two main methods: internal and external

validation [31], [32]. Although in some previous work there is also distinction of a third approach, relative

validation [33], but seems like nowadays the community leans more to the first two methods and for the

purpose of this work we will do the same.

At the turn of the 60s, coming from the work done in [34], some methods for comparison of den-

drograms start to arise, for instance, the cophenetic index [35] measures the connectness of data points

in the clusters by representing their linkage by “levels“, the index increases the less “levels“ it takes to

connect all points. With the goal of addressing the dependence of the results on the clustering algorithm

used, in [36] some statistical criteria is presented for that analysis, such as entropy, average distance from

nearest cluster center and coefficient of belongingness. In [37], it is presented a mathematical criteria

and related statistical theory for finding the “best“ partition, for instance, some of the criteria is the

minimum pairwise distance considering all partitions, and a measure for scatterness using a total scatter

matrix of the N dataset points.

Very important advances in the area of clustering evaluation came in the 70s. Firstly, [38] proposed

the first objective method for clustering validation, with the Rand index, that like many new indicies after

it, compares two different clustering results based on the similarity between pairs of points. A couple

of years after the Dunn index [39] follows, expanding the idea of pairwise comparison to evaluate two

clusterings. Davies and Bouldin [40] introduced a new idea and from it a new index (DB index) which

considers the dispersion inside the clusters and also the distance between the clusters, the advantage of

this approach is that it is less dependent on parameters given, and like we mentioned before, this is one

of the biggest drawbacks of unsupervised learning and clustering in general.

From the developments we talked about so far, many other indices were derived, each trying to improve

the quality of the clustering produced and reducing the drawbacks from previous work.

The foundation of most of the clustering validation indices (CVI) is the comparison of clusterings, one

way to reach the conclusions is by using statistical tests, consequently, there is the need of producing many

results in order to get an accurate estimate of the “best“ clustering, and most of the methods presented

use some kind of random sampling of results, particularly the Monte Carlo method is very useful and an

interesting experiment with it can be found in [41], where 30 different indices were compared.
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A Monte Carlo experiment is every experiment that relies on repeated random sampling to obtain

numerical results. In a very broad way, for our problem context a monte carlo experiment will follow this

steps:

1. For a given dataset, perform data clustering;

2. Set a maximum number of iterations for the experiment;

3. Produce a random sample from the original dataset and perform clustering;

4. Using a CVI, compare the original clustering with the new one and save the value;

5. Repeat steps 3-4 until the monte carlo maximum iterations are reached.

Variations for an experiment like this include comparisons of clustering algorithms, of different initial

parameters or using several different CVIs for comparison.

The first group of CVIs we can choose from is called external validation measures, and it is based

on the comparison of partitions, the partitions that are used for the comparisons are the one generated

by the clustering algorithm, a partition generated from running the clustering algorithm on a random

sample of the dataset, or a given partition of the data (or a subset of the dataset). A second approach is

called internal validation, which is based on calculating properties of the resulting partitions, such as

compactness of the clusters, separation and roundness. In the sequel we will describe the fundamentals

for each of the two cluster validity approaches and list the several indices that will be part of our work.
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2.2.1 External Clustering Validation Measures

The idea behind this approach is to test against the randomness of the clustering results. In order to

evaluate the resulting structure, we use statistical tests, more specifically the average. The metrics that

we use for this approach will evaluate the resulting clustering C, by comparing it to the clustering of a

random subset the data, P .

Let us introduce the contingency matrix that is represented in Table 2.1, which contains information

on the clusterings overlap. Each entry nij indicates the number of elements that are common to cluster

Ci and Pj

Partition C

Partition P

C1 C2 ... Ck′
∑

P1 n11 n12 ... n1k′ n1.
P2 n21 n22 ... n2k′ n2.
. . . ... . .

Pk nk1 nk2 ... nkk′ nk.∑
n.1 n.2 ... n.k′ n

Table 2.1: The contingency matrix

The information in the contingency matrix can be transformed into a pairwise mismatch agreement

between the clusters, shown in Table 2.2.

Partition C

Partition P

Number of pairs In the same cluster In different clusters Sums

In the same cluster a b a+ b

In different clusters c d c+ d

Sums a+ c b+ d M

Table 2.2: The mismatch matrix

The entries a, b, c and d represent counts of pairs among all distinct pairs of the clusters overlap. We

can interpret a and d as agreements between the two configurations, and b and c as disagreements between

the two clusterings C and P . Following, we present twelve external vaildation indices for which higher

values correspond to better clustering structures, unless the oposite is mentioned. Moreover, most of the

indices use the terms from the mismatch matrix in Table 2.2 and new terms will be properly described.
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• Adjusted Rand index [42] :

The adjusted Rand index is the “corrected for chance“ version of the Rand index [38]. The index

is given by:

AR = a+ d− nc

M − nc
, (2.12)

where, using the contingency matrix from Table 2.1, nc is given by:

nc =
n(n2 + 1)− (n+ 1)

∑
n2

i· − (n+ 1)
∑
n2
·j +

∑∑ n2
ij

n

2(n− 1) . (2.13)

This index gives the overall concordance between two partitions, taking into account that the

agreement between partitions could arise from chance alone.

• Jaccard index [33]:

The index is calculated using:

J = a

a+ b+ c
. (2.14)

It is very similar to Rand index, however, it disregards the pairs of elements that are in different

clusters (d in the mismatch matrix) for both clusterings.

• Fowlkes and Mallows index [43]:

The index is given by:

FM =
√

a

a+ b
.
a

a+ c
. (2.15)

Fowlkes and Mallows proposed to calculate partitions dissimilarities based on the geometric mean

between precision ( a
a+b ) and recall ( a

a+c ).

• F-Measure [44]:

The following expression defines the index:

F = 2a
2a+ b+ c

. (2.16)

F-measure provides a combination of precision and recall in one metric, similarly to Fowlkes and

Mallows.
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• Adjusted Wallace index [45]

Firstly, lets define the Wallace coefficients [46], based on the terms from Table 2.2:

AWC→P = a

a+ b
, (2.17)

which gives the probability of two pairs being in the same cluster of P , when they belong to the

same cluster of C.

Whereas the probability of two pairs being in the same cluster of C, when they belong to the same

cluster of P is given by:

AWP→C = a

a+ c
, (2.18)

The Adjusted Wallace index is defined using:

AWC→P =
WC→P −Wi(C→P )

1−Wi(C→P )
, (2.19)

where Wi(C→P ) is the expected Wallace coefficient under independence and is computed as:

Wi(C→P ) = 1− SIDP , (2.20)

where SIDP is the Simpson’s index of diversity of the clustering P given by:

SIDP = 1− 1
n(n− 1)

K∑
j=1

n.j(n·j − 1), (2.21)

where the terms come from the contingency matrix in Table 2.1.

• Kulczynski index [47]

The Kulczynski dissimilarity score is given by:

K = 1
2

(
a

a+ c
+ a

a+ b

)
. (2.22)

• Phi index [48]

Phi coefficient is a classical measure of association between two variables, in the case of this problem,

two partition. The index is given by:

Phi = ad− bc
(a+ b)(a+ c)(b+ d)(c+ d) . (2.23)
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• Rogers-Tanimoto index

Another popular measure of similarity, which is described as:

RT = a+ d

a+ d+ 2(b+ c) . (2.24)

• Sokal-Sneath index [48]:

One version of Sokal-Sneath metrics is given by:

SS = a

a+ 2(b+ c) . (2.25)

• Hubert index [42]:

The Hubert’s index used is the normalized version of the original metric, represented by Γ and can

be defined as:

Γ =
[(1/M)

∑N−1
i=1

∑N
j=i+1(X(i, j)− µx)(Y (i, j)− µy)]

σxσy
, (2.26)

where µx, µy, σx, σy are the respective means and variances of X,Y matrices. The index takes

values in the interval of -1 and 1.

Rewriting to use the mismatch matrix we get:

Γ = Ma− (a+ b)(a+ c)√
(a+ b)(a+ c)(d+ b)(d+ c)

. (2.27)

• Variation of Information index [49]:

This measure makes use of the concepts of entropy and mutual information, both presented in detail

in [50]. It is defined as:

V I = [H(C)− I(C,P )] + [H(P )− I(C,P )], (2.28)

where H(C),H(P ) are the entropy of clustering C and entropy of partition P , respectively, and

I(C,P ) is the mutual information between C and P .

Using the contigency matrix we get:

V I = −
∑

i

pi log pi −
∑

j

pj log pj − 2
∑

i

∑
j

pij log pij

pipj
, (2.29)

where pij = nij/n, pi = ni./n, pj = n.j .

V I measures the amount of information that is lost or gained from C to P , hence a lower value for

the index represents a better clustering.
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• Van Dongen index [51, 52]:

The measure is based on the maximum intersections of clusters. To find intersections between C

and P we make use of the contingency table from Table 2.1.

Van Dongen measure is then given by:

V D =

2n−
∑

i

max
j
nij −

∑
j

max
i
nij

/2n. (2.30)

Logically, a good clustering is one where intersections between clusters is minimal, which is indicated

by a lower value of Van Dongen.
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2.2.2 Internal Clustering Validation Measures

As the goal of clustering is to make objects within the same cluster similar and objects in different clusters

distinct, internal validation measures are often based on the following two criteria:

• Compactness. This measures how closely related the objects in a cluster are. Some metrics mea-

sure this based on variance. Lower variance indicates better compactness. In addition, numerous

measures estimate the cluster compactness based on distance, such as maximum or average pairwise

distance, and maximum or average center-based distance.

• Separation. This measures how distinct or well-separated a cluster is from other clusters. For

example, the pairwise distance between cluster centers and the pairwise minimum distances between

objects in different clusters are widely used as a measure of separation. Also, measures based on

density are used in some indices.

Following, we will define the eight internal validation indices we will use for our work.

• Dunn index [53], [39]

Dunn calculates the minimum distance between clusters to measure the intercluster separation and

the maximum diameter among all clusters to measure the intracluster compactness. The index is

defined for a given number of clusters:

D(nc) = min
i=1,...,nc

{
min

j=i+1,..,nc

(
diss(ci, cj)

maxk=1,...,nc
diam(ck)

)}
, (2.31)

where diss(ci, cj) is the dissimilarity function between two clusters ci and cj defined as:

diss(ci, cj) = min
x∈ci,y∈cj

d(x, y), (2.32)

where x and y are elements in cluster ci and cj , respectively.

In Eq. (2.31), diam(c) is the diameter of a cluster, which may be considered as a measure of

clusters’ dispersion. The diameter of a cluster C can be defined as follows:

diam(C) = max
x,y∈C

d(x, y), (2.33)

where x and y are elements belonging to cluster C.

If the dataset contains compact and well-separated clusters, the distance between clusters is ex-

pected to be large and the diameter of the clusters is expected to be small. Thus, based on the

definition in Eq. (2.31), we may conclude that larger values indicate a better clustering.
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• Davies-Bouldin index [40]

This measure computes the average similarity between each pair of clusters, therefore a lower value

indicates a high dissimilarity between clusters, which is desirable.

The similarity metric is defined as:

Rij = (si + sj)/dij , (2.34)

where si, sj are the measures of dispersion of clusters Ci and Cj , respectively, and dij the distance

between the two centroids.

Then the index is defined as:

DB(nc) = 1
nc

nc∑
i=1

max
i=1,...,nc,i6=j

Rij . (2.35)

• SD validity index [54]

It’s based on the concept of average scattering, which indicates the compactness within the clusters

and defined as:

Scat(nc) = 1
nc

nc∑
i=1

‖σ(ci)‖
‖σ(X)‖ , (2.36)

where ci is the center of cluster i, X is a data set and σ(ci), σ(X) are the variance of cluster i and

variance of dataset X, respectively.

Additionally, SD considers the total separation of clusters, which indicates the separation between

the clusters defined by the following equation:

Dis(nc) = Dmax

Dmin

nc∑
k=1

(
nc∑

z=1
‖ck − cz‖

)−1

, (2.37)

where Dmax = max(‖ci − cj‖)∀i,j ∈ 1, 2, 3, ..., nc is the maximum distance between cluster centers.

Dmin = min(‖ci − cj‖)∀i,j ∈ 1, 2, 3, ..., nc is the minimum distance between cluster centers.

Now we can define the index based on Eq. (2.36) and Eq. (2.37) defined as:

SD(nc) = αScat(nc) +Dis(nc), (2.38)

where α is a weighting factor to normalize the two terms of the equation calculated using:

α = Dis(max nc). (2.39)

The nc that minimizes the index can be considered the optimal value for the number of clusters in

the dataset.
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• SDbw validity index [55]

Like SD index, it evaluates both criteria for “good“ clustering (i.e., compactness and separation)

and can be calculated using:

SDbw(nc) = Scat(nc) +Dens_bw(nc), (2.40)

where the first term, which measures compactness, is equal to Eq. (2.36). The second term evaluates

the inter-cluster density and a low value indicates a better separation. The inter-cluster density

can be defined as follows:

Dens_bw(nc) = 1
nc(nc − 1)

nc∑
i=1

 nc∑
j=1,i6=j

density(uij)
max{density(ci), density(cj)}

 , (2.41)

where ci, cj are, respectively, the center of clusters i and j, uij the middle point of the line segment

defined by the clusters’ centers ci and cj . The term density is defined as:

density(u) =
nij∑
l=1

f(xl, u), (2.42)

where nij = number of tuples that belong to clusters ci and cj i.e., x1 ∈ ci ∪ cj represents the

number of points in the neighbourhood of u. Such neighbourhood is calculated using:

f(x, u) =

0, if d(x, u) > stdev

1, otherwise
, (2.43)

where f(x, u) is a hyper-sphere with center u and radius as the average standard deviation of the

clusters, stdev.

The nc that minimizes the above index can be considered as an optimal value for the number of

clusters present in the dataset.
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• CVNN index [56]

The Clustering Validation index based on Nearest Neighbors (CVNN), is a validation measure based

on the notion of nearest neighbours, and complements some of the already existing measures.

Similar to previous internal metrics, it is generally based on 1) inter-cluster separation and 2)

intra-cluster compactness. For the separation step the idea is that, if an object is located in the

center of a cluster and is surrounded by objects in the same cluster, then it is well separated from

other clusters and thus contributes little to the inter-cluster separation. If an object is located at

the edge of a cluster and it is surrounded mostly by objects in other clusters, then contributes a lot

to the inter-cluster separation. The measurement is given by the following equation:

Sep(nc, k) = max
i=1,2,...,nc

1
ni

ni∑
j=1

qj

k
, (2.44)

where k is the number of nearest neighbours, ni is the number of objects in ith cluster Ci, and qj

is the number of nearest neighbours of the jth object in Ci that are not in Ci. Note that a lower

value of Sep indicates a better clustering separation.

To measure the compactness within the clusters, we compute the average pairwise distance between

objects in the same cluster, which is given by:

Comp(nc) =
∑

i

 2
ni · (ni − 1)

∑
x,y∈Ci

d(x, y)

 , (2.45)

where ni is the number of objects in the ith cluster Ci, and x and y are two different objects in Ci.

Note that a lower value of Comp indicates a better clustering separation.

Based on the above equations we can define the CVNN index as:

CV NN(nc, k) = Sepnorm(nc, k) + Compnorm(nc, k), (2.46)

where the first term is defined by:

Sepnorm(nc, k) = Sep(nc, k)
(maxncmin

≤nc≤ncmax
Sep(nc, k)) . (2.47)

The second term of Eq. (2.46) is defined as:

Compnorm(nc) = Comp(nc)
(maxncmin

≤nc≤ncmax
Comp(nc)) . (2.48)
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This index takes form from the summation of the inter-cluster separation and the intra-cluster

compactness. Because the terms have different ranges, they need to be normalized like in Eq.

(2.48) and Eq. (2.47). Note that a lower value for CVNN indicates a better clustering result.

• PBM index [57]

The PBM index (acronym constituted of the initals of the names of its authors, Pakhira, Bandy-

opadhyay and Maulik) is calculated using the distances between the points and their cluster centers,

and the distances between the cluster centers themselves.

For a measure of the inter-cluster separation, let us denote by DC the largest distance between two

cluster centers:

DC = maxi,j∈ncd(ci, cj), (2.49)

where ci and cj are the centers of clusters i and j, respectively.

On the other end, considering the within clusters compactness, let us denote by EC the sum of the

distances of the points of each cluster to their center, using:

EC =
nc∑

k=1

∑
i∈Ck

d(xi, vk), (2.50)

where xi is a point in cluster Ck and vk is the center of cluster k.

Lets denote ET as the sum of the distances of all the points to the center of the entire dataset that

can be defined as:

ET =
N∑

i=1
d(xi, GC), (2.51)

where where xi is a point in the dataset and GC is the center of the dataset, calculated using the

average of all cluster centers.

The PBM index is defined as:

PBM =
(

1
nc
× ET

EC
×DC

)2
, (2.52)

where the first term is used to eliminate the chances that the second term becomes to small, and a

lower value of nc is preferred, meanwhile, for the second and third terms higher values are desired,

which indicates better compactness and separation, respectively. Note that a higher value for PBM

indicates a better clustering result.

• Silhouette index [58]

Each cluster will be represented by a so-called silhouette, which is based on the comparison of its

tightness and separation. This index shows which objects lie well within their cluster, and which
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ones are merely somewhere in between clusters. The maximum average silhouette value might be

used to select an “appropriate“ number of clusters. The index can be represented as follows:

S = 1
nc

nc∑
i=1

(
1
ni

∑
x∈Ci

b(x)− a(x)
max[b(x), a(x)]

)
, (2.53)

where b and a functions are defined in the following way:

b(x) = minj,j 6=i

 1
nj

∑
y∈Cj

d(x, y)

 , (2.54)

a(x) = 1
ni − 1

∑
y∈Ci,y 6=x

d(x, y), (2.55)

where function b(x) calculates the average distance of object x to all other objects of a cluster

Cj , j 6= i and selects the minimum of those values. Function a(x) computes the average dissimilarity

of object x to all other objects of its cluster Ci.

A good clustering will have objects of a cluster very distant from other objects in different clusters,

then a high value of b is preferred. Moreover, a lower value of a indicates compact clusters.

• Xie-Beni index [59]

The Xie-Beni improved index (XB) defines the intercluster separation as the minimum square

distance between cluster centers, and the intracluster compactness as the maximum square distance

between each data object and its cluster center. The optimal cluster number is reached when the

minimum of XB is found.

We consider the improved version from [60], which is defined as:

XB =
maxk=1,..,nc

∑nk

j=1
(‖xj−ck‖)2

nk

mini,l 6=i(‖ci−cl‖)2
, (2.56)

where xj is the j element in cluster k, ck is the center of cluster k, nk is the number of elements in

cluster k, while ci and cj are the centroids of clusters i, j ∈ nc, respectively.
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2.3 AliClu

Given the increasing availability of electronic medical records (EMRs) with longitudinal data, this data

can be used for making clinical decisions so that physicians can choose personalized treatments for the

patients. The work done sets out with the goal of finding an efficient way to cluster patients based on

their temporal information from medical appointments. It is proposed the application of the Temporal

Needlman and Wunsch algorithm [2], a modified version of the original Needleman and Wunsch [61],

to align discrete sequences with the transition time information between symbols. This symbols may

correspond to a patient’s therapy, overall health status, or any other discrete state. The obtained TNW

pairwise scores are then used to perform hierarchical clustering. To test the performance of the method,

synthetic datasets were generated by continuous-time Markov chains. For datasets with 2 clusters and

that were very well separated, the method successfully found the correct clusters with percentage of

correct decisions above or equal to 80%. The tests with the Reuma.pt dataset were done in a non-

automatic manner, i.e., the results of clustering were analysed individually. It was discovered 18 clusters

in the biological sequences where successful separation based on the events and temporal information

between them was achieved.

This is a very promising tool to analyse longitudinal patient data and unravel patterns that exist in

clinical outcomes. Nevertheless, the validation of the resulting clusters, being a very important step in

identifying the correct patterns, is not getting enough focus. Only external validation measures are con-

sidered and are not very extensive. Furthermore, AliClu results were only considered for non-automatic

analysis, we look forward to having a more optimistic automatic approach. Therefore, we propose to add

on top of AliClu, more CVIs. Hopefully, the new information that will be gathered can make the cluster

decision process more automatic and trustworthy.

One last contribution we wish to give, concerns the visualization of the clusters. In previous work,

the generation of the patients sequence was done manually, but being a repetitive process and also a

fairly important one given the fact that this representation is what gives values to end users, we built a

function that produces said clusters.
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Chapter 3

Implementation

3.1 Clusterval

The clusterval package for python provides an implementation of all the indices described in the preceding

sections and can be found in a github repository: https://github.com/Nuno09/clusterval.

The package evaluation of a clustering of data follows different steps, relative to which type of vali-

dation method it is using. For external validation:

1. Set the range of k to be tested;

2. Perform clustering on the data for k clusters;

3. Set the range of bootstrap samples to produce;

4. Generate a random sample from the original dataset;

5. Perform clustering of the sample, using the same k;

6. Calculate the values of each index;

7. Repeat step 5 until the limit of bootstrap samples has been reached;

8. Save the average values of the indices for the current k;

9. Repeat from step 4 with new k, until the max k value is reached;

10. Each index takes a vote on the number of clusters that gives the best index value. The majority

answer is defined as the number of clusters for the dataset;
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The internal validation steps:

1. Set the range of k to be tested;

2. Perform clustering on the data for k clusters;

3. Calculate the values of each index for the number of clusters k;

4. Repeat from step 2 with new k, until the max is reached;

5. Each index takes a vote on the number of clusters that gives the best index value. The majority

answer is defined as the number of clusters for the dataset;

In the next subsection we can see the tables that describe the indices available in the package, with

information on the name to use, the values range and the rule for the best value.

3.1.1 External Indices

Index Name in clusterval Range Rule

Adjusted Rand AR [-1,1] max

Jaccard J [0,1] max

Fowlkes and Mallows FM [0,1] max

F-Measure F (0,1] max

Adjusted Wallace AW [-1,1] max

Kulczynski K (0,1] max

Phi Phi (-1,1] max

Rogers-Tanimoto RT (0,1] max

Sokal-Sneath SS (0,1] max

Hubert H (-1,1] max

Variation of Information VI [0,2log max(K, K’)] 1 min

Van Dongen VD [0,1) min

Table 3.1: External clustering validation Indices.

1K = nc from partiton C and K’ = nc from partition P .

26



3.1.2 Internal Indices

Index Name in clusterval Range Rule

Xie-Beni index XB (0,+∞) min

Dunn index Dunn (0,+∞) max

Davies-Bouldin index DB (0,+∞) min

SD index SD (0, +∞) min

SDbw index SDbw (0, +∞) min

CVNN index CVNN (0, +∞) min

PBM index PBM (0,+∞) max

Silhouette index S (0,+∞) max

Table 3.2: Internal clustering validation indices.

3.2 Usage of clusterval

The clusterval package for Python can be installed by getting the stable version from the Python software

repository, PyPi, with the following instruction:

pip install clusterval

Alternatively, the development version can be pulled from GitHub:

pip install git+https://github.com/Nuno09/clusterval.git

The package requires at least Python 3.8 and the tests were performed using Python 3.8.5

on a Linux machine running the Ubuntu distro.

Once the package is installed, it can be loaded in a Python environment like so:

from clusterval import Clusterval

Let’s import some datasets from the sklearn package and load iris:

from sklearn.datasets import load_iris, make_blobs

data = load_iris()[’data’]

We are now able to use the full capabilities of the package.

The code below will create a Clusterval object that, for an input dataset, partitions the data in a

default range of possible clusters (2-8 if not specified), using hierarchical agglomerative clustering

following the ward criteria (if not specified). It calculates various CVIs across the resulting clustering,

which will help make the decision on the correct number of clusters. The evaluate method is where the
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calculations happen and can receive either a n-dimensional array or a distance matrix. Note: if given a

distance matrix, K-means algorithm cannot be applied because it requires knowledge of the data points

features. Moreover, some CVIs that need this information will not be calculated.

c = Clusterval() → creates object

c.evaluate(data) → evaluates the dataset, calculating the CVIs

In the following subsection we will go over all the possible commands and parameters for the package.

3.2.1 Available commands

The clusterval package produces Clusterval objects that can be used to perform clustering evaluation of

any list-type dataset inputed.

The initialization of the instance with empty parameters means that some default attributes will be

assigned, but they can also be specified upon creation. The possible attributes are:

Parameter Description Default value

min_k Integer that sets the minimum number of clusters to test. 2

max_k Integer that sets the maximum number of clusters to test. 8

algorithm String that sets the clustering algorithm to use. Hierarchical clustering with ward linkage.

bootstrap_samples Integer that sets the number of bootstrap samples simulated 250.

index String (or list of strings) containing the CVIs calculate. All CVIs (tables3.1 and 3.2).

Table 3.3: Available clusterval parameters.

The range for the number of clusters to be tested is given by attributes min_k and max_k, which

have default values of 2 and 8, respectively.

The clustering algorithm to be used is given by algorithm and the possible values are ’single’, ’com-

plete’, ’centroid’, ’average’ and ’ward’, for hierarchical clustering, and ’kmeans’ for partitional clustering.

Hierarchical clustering with ward linkage is the default.

The algorithm runs a bootstrapping simulation (bootstrap_samples) to produce the results, ideally

it should be the highest possible value, keeping in mind that a higher value means a longer running time.

By default it is set to 250 simulations.

Finally, we can set the indices that we want to consider in the evaluation. The options are listed in

tables 3.1 and 3.2, and the value should be equal to the ones in the ’Name in clusterval’ column. Note

that the desired indices should be inputed as strings or a list of strings, e.g, ’Dunn’,’S’,’AR’ or, instead,

[’Dunn’, ’S’, ’AR’]. Moreover, it is also possible to choose all possible indices (’all’), the subset of external

indices (’external’) or the subset of internal indices (’internal’). The default value for the attribute index

is ’all’.

After creating the clusterval object with the desired attributes, in order to make clustering evaluation

we need to call the evaluate method. This method will perform clustering on the dataset that was

passed, which can be a n-dimensional array or a distance matrix. Keeping in mind that when
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passing a distance matrix, K-means clustering is not possible and some indices that depend on feature

knowledge will not be calculated. These indices are XB, SD, SDbw, PBM and DB.

From the resulting clustering it will calculate the validation indices. The method can be called like

so:

c.evaluate(data)

The method will output the predicted number of clusters, as well as information on the parameter

values used.

To see more information about the evaluation there is the command:

print(c.long_info)

And the output will look similar to figure 3.1.

Figure 3.1: Long information output for clusterval

From 3.1 we can obtain a lot of information on the clustering evaluation such as all values for the ini-

tialization attributes (algorithm, min_k, max_k, bootstrap samples and indices to compute),

in addition to the final selected number of clusters, the frequency that a certain number of

clusters was selected by a CVI, the indices values for each cluster number, and finally, the

best partition for the selected number of clusters.

It’s also possible to visualize the dendrogram produced by the hierarchical clustering 2. To see the

visualization, use the command:

c.plot()
2In linux systems, the installation of the library “python3-tk“ might be needed.
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There is also the possibility of using the package with other clustering algorithms other than the ones

included. To do that we make use of the functions: calculate_external and calculate_internal.

First import the functions:

from clusterval import calculate_external, calculate_internal, Clusterval

For external validation it is needed to input two partitions. The first generated by the clustering

algorithm on the dataset and the second generated from applying clustering on a random subset of the

dataset. Moreover, it is optional to provide the desired CVIs to calculate (see Table 3.1). Following is an

example:

calculate_external(partition_C, partition_P, indices=[’all’])

The function returns a dictionary mapping CVI to its value.

For internal validation we need to input the clustering structure obtained from the clustering algo-

rithm, these should be in a Python dictionary format where keys are number of clusters and values are the

partitions, in list format, e.g., taking D = {d0, d1, d2, d3, d4}, for k=2, the clustering algorithm produces

a partition like [[d0, d1, d2], [d3, d4]], hence, one entry of the dictionary will be {k : [[d0, d1, d2], [d3, d4]]}.

Moreover, it is needed to input the distance (pairwise) matrix for the dataset. If inputing already a

distance matrix, please note that this needs to be in a dictionary format with pairs as tuples being the

keys and the distance between those pairs, the values, e.g., d0, d1 ∈ D, then the dictionary for this pair

will be {(d0, d1) : d(d0, d1)}.

The library provides a method to calculate the pairwise matrix from the dataset, already producing

the mentioned dictionary, the user only needs to add the following in code or python environment:

c = Clusterval()

distance_dict = c._distance _dict(dataset)

With this information it will be possible to calculate the internal CVIs:

calculate_internal(clustering, data=dataset, distance_dict=distance_dict)
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3.3 AliClu - clusters visual representation

As described in Section 2.3, AliClu takes a longitudinal dataset and analyses it’s clustering structure.

The tests done were with Reuma.pt as input, which consists of treatment information on rheumatoid

arthritis patients. One example of a cluster formed by AliClu, with 2 elements, can be seen in Table 3.4.

id_patient coded_sequence

3948652 0.H,187.F,785.Z

69331060 0.F,1109.Z

Table 3.4: Patient’s sequences belonging to one cluster after AliClu analysed Reuma.pt

The sequences are interpreted in chain, with each symbol representing a treatment (“Z“ meaning the

end of treatments) and the numbers the time in days between one treatment and the next. Therefore,

the first patient start with treatment “H“, which stays for 187 days, after which starts treatment “F“,

that lasted 785 days and concluded the sequence for this patient. Patient with id=69331060, had only

one treatment, “F“, in a time interval of 1109 days.

This description follows a chain, that can be translated into a graph scheme, where the nodes are the

treatments and the edges direct from one treatment to the next. The edges carry weight that is equal to

the time in days from one node to the next.

Our solution is to create a graph for each patient inside each cluster and merge them, resulting in a

“average“ graph for the specific cluster. We chose to consider this notion of average graph because in

theory, the objects in the same cluster share many similarities, therefore, the treatment will be similar.

A function “print_nodes“ that handles the graph generation was added in AliClu’s code and can be seen

in https://github.com/Nuno09/AliClu/blob/master/Code/print_results.py.

For the cluster represented in Table 3.4, the respective graph is shown in Figure 3.2.

H F187 Z947

Figure 3.2: Graph representing the cluster in Table 3.4.

Note that, both sequences have a transition from state “F“ to the final state “Z“, and the average

time being 947. Since the first patient start with a transition from “H“ to “F“, that information is added

to the graph.
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Chapter 4

Results

In this chapter we will give a demonstration of the library being used to evaluate the clustering results

of various synthetic and real-world datasets.

We will first describe the experimental setup for obtaining the results, followed by the results achieved

by using synthetic datasets. Next, we also compare the CVIs using 10 real datasets drawn from UCI

repository [62]. Finally, we present the results obtained when using AliClu with clusterval, to evaluate

the Reuma.pt dataset. In any case, it is important to note that results based on real datasets should

be analyzed with caution since these datasets are usually intended to be used with supervised learning

and, therefore, are not always well adapted to the clustering problem. On the other hand, the synthetic

datasets avoid many problems found with real datasets. For instance, in synthetic datasets categories

exist independent of human experience and their characteristics can be easily controlled by the experiment

designer.

4.1 Experimental setup

The synthetic datastes were created with the goal of covering all possible combinations of 5 factors:

number of clusters (K), dimensionality of the data (dim), noise, cluster density (dens) and cluster

overlapping (overlap).

Every dataset generated will consist of at least 200 samples, while the maximum number of samples

is set at 500. Datasets will vary depending on the values of the 5 factors listed before. They can have

either 2, 4 or 8 clusters. Dimensionality will take values 2, 4 and 8, while noise can be at 10% level.

Clusters can also be of different sizes, we can define a ratio of 1 for symmetric clusters or a ratio of 4,

where one cluster will be 4 times more dense than the rest. In the case of testing for overlap between

clusters we will vary the standard deviation of the dataset, a value of 1.5 (good separation) or a value of

5.0 (overlap) are considered. Table 4.1 shows the possible values.
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Parameter Value

No samples 200-500

K 2,4,8

dim 2,4,8

noise 0, 0.1

dens 1, 4

overlap 1.5, 5.0

Table 4.1: Parameter values used for the synthetic datasets generation.

Moreover, we will use clusterval with 4 different clustering algorithms, 3 hierarchical ones (single,

complete and ward) and 1 partitional (kmeans). Although the package also works with centroid and

average linkages, those were not considered because readability and presentation of six algorithms would

be difficult.

Considering all factors we get 72 possible combinations. From each we will create 5 datasets, which

gives us 360 synthetic datasets. Multiplying by 4 possible clustering algorithms we end up with 1440

configurations to be considered.

Figure 4.1 shows one example of 4 two-dimensional datasets we have used.

Figure 4.1: Two-dimensional plots of four synthetic datasets used in the experiment. (a) Shows a “normal“
dataset with no cluster overlap, no density asymmetry and no noise. (b) Shows a similar dataset with high
cluster overlap. (c) Shows a dataset with cluster density asymmetry. (d) Shows a dataset with noise.

The 10 real-world datasets compared are listed in Table 4.2. In this case, since we cannot change

characteristics of the datasets, comparison is based on the algorithms used for clustering, hence we

consider 40 configurations.
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Dataset No instances No attributes Classes

Breast tissue 106 9 6

Ecoli 336 7 8

Glass 214 9 7

Haberman 306 3 2

Iris 150 4 3

Parkinsons 195 22 2

Vehicle 846 18 4

Vertebral column 310 6 3

Wine 178 13 3

Yeast 1484 8 10

Table 4.2: Real datasets from UCI repository.

4.2 Synthetic datasets

The overall results for the synthetic datasets are shown in Figure 4.2. The figure shows the percentage of

correct results (from the 1440 tests) for the number of clusters from each validation metric, sorted from

best to worst performing. From the figure, we can see Xie-Beni achieves the best result, 45% success rate.

PBM, Dunn and CVNN also show a similar result, 44%, 42% and 41%, respectively. These four metrics

are the only that achieve a higher result than 40%. It is noticeable to see that internal indicies perform

better than most external indices, with the six best metrics being six out of eight internal validation

indices. It is also interesting to see that all external CVIs have very similar results, with the exception

of the Adjusted Rand which holds the lowest success rate from all CVIs (6%).
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Figure 4.2: Overall results for the test with synthetic datasets.
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Following we will show a similar figure for every parameter that was experimented. We will keep the

figures ordered by the CVIs shown in Figure 4.2, so that we can see if a parameter influences the success

rate of the CVIs, which would be signaled by an increasing graph.

Firstly, let’s consider Figure 4.3 with respect to the number of clusters in the dataset. We can observe

that all CVIs, except AR, do better when the number of clusters is two, which is expected. The average

result for k=2 is 71,5%, which drops to 11,1% for k=4 and to 5.4% for k=8. Clearly, the CVIs have

difficulties guessing the right number of clusters when this parameter increases and we can not choose

one of the metrics as the best in this regard, although internal indices perform relatively better.
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Figure 4.3: Results for the synthetic datasets, by cluster number.

With respect to dimensionality (Figure 4.4), we can notice an interesting trend. In general, the results

get better with an increase in the number of features in the dataset. All indices, except of SDbw and

AR, perform better with dim=8, which is unexpected since complexity is being added. Furthermore, we

would like to highlight PBM, which seems to not be very sensitive to the number of features present, with

38% success rate for dim=2, 47% for dim=4 and 48% when the number of features is 8. On average, the

success rate for dim=2 is 22.9%, for dim=4 it is 27.4% and for dim=8 it is 37.7%. We can also conclude

that dimensionality does not affect significantly the overall trend.

Focusing on the results from the noise level experiment (Figure 4.5), we can say that the addition of

noise to the dataset does not affect the CVIs performance severely where we see a drop on the average

success rate of 2.7% when introducing noise (from 30.7% to 28%). In fact, some indices (XB, CVNN,

AR) look to be more successful with a 10% noise addition. The overall trend is also kept.

With respect to the density of the clusters, Figure 4.6 shows that it does not affect with severity

the results, with some exceptions (PBM, SD). Like with noise, a small drop happens when introducing

cluster density, in this case of 4.5% (31.6% to 27.1%). The overall trend is also mostly kept.

Focusing on cluster overlap, Figure 4.7 tells us that when we compare well separated clusters with

overlapped clusters the average results decrease by 13.3% (from 36% to 22.7%). Notable exception are

the Van Dongen index (VD), which is barely affected by the change in the cluster structure, Variation
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Figure 4.4: Results for the synthetic datasets, by dimensionality.
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Figure 4.5: Results for the synthetic datasets, by noise level.

of Information (VI) and Adjusted Rand (AR) that performed slightly better on datasets with overlap.

Internal indices continue to perform better than external ones and the trend is more or less unaffected.

Finally, Figure 4.8 shows how the clustering algorithm used in the experiment affects the performance

of the indices used. Although no clear pattern can be found, it seems that the choice of algorithm does

not have a big effect on the overall results since the decreasing of the graph is still maintained, with

the exception of Davies-Bouldin (DB). The best average results are obtained when using the K-means

algorithm (32.5%), followed by ward algorithm (31.5%), complete (26.8%) and single (26.5%). Moreover

we can conclude that single algorithm produces weak results for Silhouette (S) and Davies-Bouldin (DB),

when compared with the other algorithms.
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Figure 4.6: Results for the synthetic datasets, by cluster density.
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Figure 4.7: Results for the synthetic datasets, by cluster overlap.

4.3 Real-World datasets

In this section we show the results obtained for 10 real datasets (main characteristics in Table 4.2). We

followed a similar style to the one from synthetic datasets, but since we have no control over the design,

only one factor is analysed: the clustering algorithm used.

First, in Figure 4.9 we show the overall results for the real datasets. A quick comparison with the

synthetic datasets (Figure 4.2) shows that there has been some changes in the rankings of the indices,

the most glaring one being PBM going from second to last in order of success rate. Notably, the external

indices in general maintain the same positions and results, while the internal validation metrics continue

achieving the best results, except the already mentioned PBM nut also CVNN and Dunn. It is of note

that the Silhouette performance remained consistent, with 28% for synthetics and 30% for real datasets.
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Figure 4.8: Results for the synthetic datasets, by clustering algorithm.

S jumped from rank 6th for synthetics to 1st for real world datasets. DB index had a similar behaviour

and is 2nd for real datasets. While in synthetic results we see a 29.3% average success rate, for real

datasets it drops to 20.1%.

Regarding the clustering algorithm used, Figure 4.10 shows that the results follow the overall trend.

Noticeably, the algorithm chosen does not carry any influence when using external CVIs, with exception

of Hubert statistic. PBM index could only guess correctly the number of clusters when using single

linkage hierarchical clustering. Furthermore, ward is the algorithm that provides the best results on

average with 22% success rate, followed by k-means (20.5%), complete (19.5%) and single (18.5%).
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Figure 4.9: Overall results for the real-world datasets experiment.

The results look to be rather poor, but perhaps looking at the average values of each index will gives

some more insight. For example, Table 4.3 shows the index values for each real datatset, with indication

39



S DB XB SD Phi J AW VD F VI K FM RT SS Dunn CVNN H AR S_Dbw PBM
0

5

10

15

20

25

30

35

40
Su

cc
es

s r
at

e 
(%

)
Single
Complete
Ward
Kmeans

Figure 4.10: Results for the real-world datasets, by clustering algorithm.

of the number of clusters selected (NC), the index value for that NC and the value for the correct NC.

In Table 4.3 we can see the results when using single-linkage hierarchical clustering. A pattern that can

be seen in all datasets is that, with very few exceptions, the external indices chose NC=2, and upon

comparing the values of the NC chosen and the value for the correct NC we see that both are either

equal or very close together, but since the algorithm is choosing the first best value it will always choose

2. In the case of internal indices, the true value and the chosen value are also many times close. In the

case of single-linkage the indices that guessed correctly were DB for Glass dataset, Haberman almost

all (except CVNN, SDbw, DB and S, all with close values), H, Phi, CVNN and PBM guessed correctly

for Iris and for Parkinsons all, except CVNN and PBM, chose the correct NC. Also stands out the high

values given by PBM index for some of the datasets. In this cases the the clusters compactness is rather

low and clusters are also very far from each other, resulting in high values for EC and ET for Eq. (2.52).

Moreover, the maximum distance between clusters is also very high, contributing to the values observed.

Following we will present a similar table for each clustering algorithm results.

Table 4.4 shows the index results for complete-linkage. Considering all datasets, external indices

choose NC=2 as the best result, with the exception of AR. Internal indices give similar results to single-

linkage. For the datasets with NC=2 (Haberman and Parkinsons) most indices guessed correctly, much

thanks to the bias shown by external indices. AR, CVNN and S guessed correctly for Iris. In the case

of the Vehicles dataset, AR gives the same value for NC=3 and the true value (NC=4). SD chooses

correctly the NC for the Vertebral dataset and AR for Wine dataset. For the Yeast dataset (NC=10),

AR has the same value for NC=5 and the true value, and CVNN has very close values between NC=11

and NC=10.

Table 4.5 shows the results for Ward-linkage hierarchical clustering. We can see again that the

majority of external CVIs will select NC=2 for all datasets, exceptions are AR, VD and VI. On the other

hand, internal CVIs perform generally better and many times, when not choosing the correct number of

clusters, the value given and the true value are very close. SDbw and S guess correctly for Glass, most
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0

0.
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0.
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02

5
0.
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0.
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0.
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00
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7
0.
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Table
4.4:

R
esults

for
com

plete-linkage
hierarchicalclustering.

A
R

F
M

J
A
W

V
D

H
F

V
I

K
P
hi

R
T

SS
C
V
N
N

X
B

SD
bw

D
B

S
SD

P
B
M

D
unn

B
reast

tissue
N
C
=
6

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

7.0
2.0

2.0
2.0

2.0
3.0

4.0
2.0

N
C

1.0
1.0

1.0
1.0

0.0126
1.0

1.0
0.0471

1.0
0
.0353e −

4
1.0

1.0
1.2659

0.0358
0.8558

0.0179
0.9753

0.001
30737824621.0059

3.3504
Value

0.9999
0.7781

0.6365
0.5671

0.2276
0.5807

0.777
0.4297

0.7792
0.00251e −

4
0.6569

0.4683
1.2668

0.5861
3.9167

0.2535
0.6474

0.0017
21169659897.027

0.0852
True

value

Ecoli
N
C
=
8

3.0
2.0

2.0
2.0

2.0
2.0

2.0
13.0

2.0
2.0

2.0
2.0

3.0
2.0

9.0
2.0

2.0
2.0

2.0
2.0

N
C

1.0001
0.5558

0.3839
0.0554

0.3541
0.0488

0.5547
0.2602

0.5569
0.00197e −

7
0.3556

0.2376
0.8279

0.5448
1.2501

0.4846
0.4309

23.8457
0.1525

0.1131
Value

1.0
0.2491

0.1272
-0.0878

0.5652
-0.1818

0.2253
0.8937

0.2757
−

0.00088
−

7
0.2433

0.068
1.4669

0.9528
1.2607

0.7665
0.3208

33.3466
0.0481

0.0867
True

value

G
lass

N
C
=
7

2.0
2.0

2.0
2.0

2.0
4.0

2.0
2.0

2.0
2.0

2.0
2.0

6.0
2.0

2.0
2.0

10.0
2.0

3.0
8.0

N
C

1.0
0.9519

0.907
0.8952

0.049
0.7935

0.9512
0.1642

0.9527
0
.0378e −

6
0.8447

0.8298
0.6287

0.4125
1.0681

0.3683
0.5204

3.0753
10.6288

0.2335
Value

1.0
0.8786

0.7832
0.7557

0.1701
0.7324

0.8783
0.4103

0.8789
0
.0185e −

6
0.767

0.6441
1.4854

0.825
1.3606

0.6064
0.4182

4.2837
7.081

0.2163
True

value

H
aberm

an
N
C
=
2

6.0
2.0

2.0
2.0

2.0
3.0

2.0
2.0

2.0
2.0

2.0
2.0

3.0
2.0

2.0
2.0

2.0
4.0

4.0
2.0

N
C

1.0001
0.9054

0.8256
0.8028

0.11
0.5794

0.904
0.2534

0.9069
0
.0606e −

7
0.7574

0.7046
0.7901

0.503
1.0583

0.4831
0.414

1.2729
273.096

0.0674
Value

1.0
0.9054

0.8256
0.8028

0.11
0.5414

0.904
0.2534

0.9069
0
.0606e −

7
0.7574

0.7046
1.05

0.503
1.0583

0.4831
0.414

1.2773
156.1184

0.0674
True

value

Iris
N
C
=
3

3.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

3.0
2.0

7.0
2.0

3.0
4.0

4.0
8.0

N
C

1.0002
0.5857

0.4139
0.1537

0.3479
0.1464

0.5853
0.5486

0.5861
0
.0152e −

6
0.4019

0.2611
0.9211

0.4077
0.6644

0.3283
0.5534

11.0139
22.7123

0.1529
Value

1.0002
0.2868

0.1638
-0.2079

0.5363
-0.2936

0.2814
0.8831

0.2924
−

0.0317e −
6

0.2108
0.0893

0.9211
0.4769

0.8796
0.3764

0.5534
11.0604

18.2166
0.1033

True
value

Parkinsons
N
C
=
2

5.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

6.0
2.0

7.0
2.0

2.0
2.0

3.0
2.0

N
C

1.0003
0.9396

0.884
0.877

0.0569
0.6304

0.9384
0.186

0.9407
0
.0457e −

6
0.8111

0.7922
0.4601

0.2573
2.1823

0.2369
0.6623

0.1088
43628.8918

0.3069
Value

1.0
0.9396

0.884
0.877

0.0569
0.6304

0.9384
0.186

0.9407
0
.0457e −

6
0.8111

0.7922
1.0

0.2573
5.9713

0.2369
0.6623

0.1088
39996.9435

0.3069
True

value

Vehicles
N
C
=
4

3.0
2.0

2.0
2.0

2.0
2.0

2.0
20.0

2.0
2.0

2.0
2.0

13.0
2.0

12.0
2.0

2.0
2.0

5.0
20.0

N
C

1.0
0.664

0.4954
0.2806

0.2707
0.2384

0.6621
-0.1637

0.6659
0.000247

e −
7

0.4531
0.3298

0.5297
0.2417

5.5044
0.2172

0.6634
0.2151

194017.3308
0.136

Value

1.0
0.3048

0.1769
-0.2064

0.4928
-0.2757

0.3003
0.9488

0.3093
−

0.000283
e −

7
0.2181

0.0971
0.8529

0.5687
5.7079

0.3816
0.4944

0.2232
182207.1983

0.0417
True

value

Vertebral
N
C
=
3

5.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

12.0
2.0

2.0
2.0

2.0
3.0

2.0
2.0

N
C

1.0001
0.9952

0.9904
0.9939

0.0261
0.7628

0.9952
0.0648

0.9952
0
.0652e −

6
0.9829

0.9811
1.471

0.0988
0.9835

0.0494
0.9304

0.354
44659.3307

1.7066
Value

1.0
0.7893

0.6498
0.5506

0.191
0.433

0.7868
0.4152

0.7919
0.00283e −

6
0.5891

0.4831
1.8569

0.4455
2.5764

0.3222
0.6195

0.354
28377.3439

0.0843
True

value

W
ine

N
C
=
3

3.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

7.0
2.0

2.0
2.0

2.0
2.0

8.0
9.0

N
C

1.0003
0.6102

0.4362
0.1426

0.2982
0.1138

0.6068
0.5134

0.6137
0.06183e −

7
0.388

0.2795
0.3738

0.2333
0.8684

0.2273
0.6588

0.0846
885517.8082

0.0656
Value

1.0003
0.3336

0.199
-0.2721

0.4784
-0.2935

0.331
0.8177

0.3363
−

0.1554e −
7

0.2127
0.1108

0.636
0.4692

1.1407
0.3665

0.5381
0.0916

428035.2159
0.0227

True
value

Yeast
N
C
=
10

5.0
2.0

2.0
2.0

2.0
2.0

2.0
27.0

2.0
2.0

2.0
2.0

11.0
2.0

2.0
2.0

2.0
2.0

2.0
3.0

N
C

1.0
0.9971

0.9942
0.9961

0.0211
0.7616

0.9971
-0.5733

0.9971
0.00191e −

7
0.9893

0.9884
0.8363

0.2952
1.1252

0.2095
0.7043

37.7372
0.1924

0.3454
Value

1.0
0.1628

0.0844
-0.3224

0.5921
-0.5375

0.1553
1.1909

0.1709
−

0.000062
e −

7
0.1219

0.0441
0.8486

1.5559
1.3928

0.9663
0.3276

62.3918
0.0278

0.0539
True

value
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CVIs are correct about Haberman and Parkinsons, AR, CVNN and PBM output the correct NC for Iris,

regarding Vertebral column dataset, XB, DB, S, SD, PBM and Dunn give the correct result, for Wine

dataset AR and SDbw are correct, finally for Yeast dataset, AR and CVNN are the two CVIs that come

closer to NC=10, with the first having equal value (NC=4) and true value, and CVNN choosing NC=9

but having very close value to the true value.

Finally, Table 4.6 shows the results for K-means clustering algorithm. Again we can observe that the

majority of external indices chooses NC=2, and internal CVIs come closer to true values. For datasets

Haberman and Parkinsons, the overall results continue to be good, due to the fact that external CVIs

show a bias for NC=2. AR, CVNN, SD, PBM and Dunn guess the correct number for Iris. Regarding the

Vertebral column dataset, XB, DB, S and PBM output the correct number of clusters, for Wine dataset

only AR, and, finally, for Yeast dataset, CVNN is able to guess the correct number of clusters.

4.4 Reuma dataset

In this section, we repeat the experiment I that is described in the paper about AliClu [1], which consists

on performing alignment with sequences created with the patient treatment history found on Reuma.pt

dataset. The goal of this experiment is to try to find similarities between patients based on different

variables and, ultimately, be able to stratify them according to their similarity regarding the disease and

treatment evolution. The difference in our replication of the experiment is that we have more clustering

validation indices (CVIs) that could help us decide on the best clustering structure and an automatic

function that generates the chain of treatments for each cluster. Like the previous work, the most relevant

results will be presented.

Reuma.pt [63] is a Portuguese rheumatology database developed by the Portuguese Society of Rheuma-

tology (SPR) that follows rheumatics patients nationwide, with the goal of monitoring disease progression

and assuring treatment efficacy and safety. It includes mostly patients with rheumatoid arthritis (RA),

ankylosing spondylitis (AS), psoriatic arthritis (PsA) and juvenile idiopathic arthritis (JIA) being treated

with biological therapies or receiving synthetic disease modifying anti-rheumatic drugs (DMARDs). Data

has been gathered since 2008 in 21 Rheumatology Departments assigned to the Portuguese National

Health Service, 2 Military Hospitals (Lisboa and Porto), 1 public-private institution and 6 private cen-

ters. Patient data is being collected in a regular basis, more or less every three/six months.

The dataset provided for this study comes from two centres and only contains patients diagnosed with

RA. In total there is information about 426 patients and 9305 appointments. For each patient several

variables are measured and calculated during time such as age, disease duration, gender, medical scores,

patient questionnaires, active therapies and others. More detailed information on the dataset can be

found in [1], or even more in [63].

The algorithms in AliClu were used to create the sequences and the parameters used for the clustering

processed were bootstrap_samples=250, min_k=2, max_k=20, all CVIs will be considered and we will

vary the algorithm used. If any parameteres are changed it will be indicated.

From previous work we know that negative gap values do not produce good results, therefore we focus
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Table
4.5:

R
esults

for
w
ard-linkage

hierarchicalclustering.

A
R

F
M

J
A
W

V
D

H
F

V
I

K
P
hi

R
T

SS
C
V
N
N

X
B

SD
bw

D
B

S
SD

P
B
M

D
unn

B
reast

tissue
N
C
=
6

7.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

7.0
2.0

2.0
2.0

2.0
3.0

7.0
2.0

N
C

1.0004
1.0

1.0
1.0

0.0143
1.0

1.0
0.0519

1.0
0
.0330e −

4
1.0

1.0
1.1184

0.0358
0.8558

0.0179
0.9753

0.0018
42484339254.6111

3.3504
Value

0.999
0.5617

0.3863
0.2177

0.335
0.2685

0.5563
0.5576

0.5672
0
.0012e −

4
0.4717

0.2401
1.1793

0.4037
3.8481

0.2445
0.6768

0.002
36464035150.7726

0.1727
True

value

Ecoli
N
C
=
8

3.0
2.0

2.0
2.0

2.0
2.0

2.0
13.0

2.0
2.0

2.0
2.0

7.0
2.0

13.0
2.0

2.0
2.0

2.0
13.0

N
C

1.0
0.5643

0.3918
0.0649

0.3408
0.0562

0.563
0.2873

0.5655
0.00227e −

7
0.3591

0.2437
0.7881

0.5652
1.3238

0.4891
0.4288

21.4332
0.1456

0.1071
Value

1.0
0.1073

0.0444
-0.1368

0.696
-0.4526

0.085
1.1473

0.1355
−

0.000262
e −

7
0.1224

0.0227
1.1144

1.6949
1.5632

0.9828
0.231

37.2734
0.0408

0.0817
True

value

G
lass

N
C
=
7

9.0
2.0

2.0
2.0

3.0
4.0

2.0
2.0

2.0
2.0

2.0
2.0

5.0
3.0

7.0
2.0

7.0
3.0

6.0
4.0

N
C

1.0001
0.8967

0.8121
0.7869

0.1502
0.7369

0.8963
0.3412

0.8972
0
.0193e −

6
0.7717

0.6837
0.7031

0.6681
1.0301

0.5887
0.4597

7.5725
10.005

0.1335
Value

0.9999
0.5926

0.4184
0.2493

0.3071
0.2916

0.5896
0.6234

0.5956
0.00743e −

6
0.4805

0.2648
0.9702

1.1535
1.0301

0.6527
0.4597

8.772
9.0722

0.0884
True

value

H
aberm

an
N
C
=
2

3.0
2.0

2.0
2.0

2.0
2.0

2.0
12.0

2.0
2.0

2.0
2.0

4.0
2.0

9.0
2.0

2.0
2.0

6.0
6.0

N
C

1.0001
0.5356

0.3646
0.0087

0.3878
0.0075

0.5339
0.4239

0.5373
0.000448

e −
7

0.3367
0.2232

0.7231
0.5988

1.1163
0.4777

0.3976
1.7637

227.2767
0.0464

Value

0.9998
0.5356

0.3646
0.0087

0.3878
0.0075

0.5339
0.5653

0.5373
0.000448

e −
7

0.3367
0.2232

1.0294
0.5988

1.3791
0.4777

0.3976
1.7637

126.2456
0.0221

True
value

Iris
N
C
=
3

3.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

3.0
2.0

6.0
2.0

2.0
2.0

3.0
2.0

N
C

1.0002
0.5264

0.3566
0.0029

0.3876
0.0026

0.5257
0.5686

0.5271
0.00267e −

7
0.3345

0.217
0.9743

0.2617
0.697

0.1918
0.7219

10.7094
25.3669

0.3389
Value

1.0002
0.3352

0.1964
-0.1186

0.524
-0.17

0.3283
0.8428

0.3422
−

0
.185e −

7
0.2587

0.1089
0.9743

0.4144
0.7918

0.3892
0.5602

10.7598
25.3669

0.1128
True

value

Parkinsons
N
C
=
2

3.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

8.0
2.0

4.0
2.0

2.0
2.0

4.0
2.0

N
C

1.0001
0.9463

0.8966
0.8911

0.0563
0.6704

0.9455
0.182

0.9472
0
.0481e −

6
0.8316

0.8126
0.4577

0.2325
1.7744

0.2215
0.694

0.108
50462.6458

0.2643
Value

1.0
0.9463

0.8966
0.8911

0.0563
0.6704

0.9455
0.182

0.9472
0
.0481e −

6
0.8316

0.8126
1.006

0.2325
5.941

0.2215
0.694

0.108
42827.9141

0.2643
True

value

Vehicles
N
C
=
4

3.0
2.0

2.0
2.0

2.0
2.0

2.0
20.0

2.0
2.0

2.0
2.0

5.0
2.0

13.0
2.0

2.0
3.0

5.0
8.0

N
C

1.0
0.5648

0.3928
0.0834

0.3499
0.0749

0.5639
-0.2892

0.5657
0
.0000751e −

7
0.3678

0.2445
0.8188

0.2907
5.6209

0.2411
0.6309

0.1892
218169.7858

0.0805
Value

1.0
0.2476

0.1371
-0.245

0.5189
-0.364

0.2407
1.0488

0.2548
−

0.000383
e −

7
0.1832

0.0737
0.8677

0.6086
5.6501

0.4356
0.4425

0.1964
146478.8882

0.0451
True

value

Vertebral
N
C
=
3

4.0
2.0

2.0
2.0

2.0
2.0

2.0
12.0

2.0
2.0

2.0
2.0

2.0
3.0

4.0
3.0

3.0
3.0

3.0
3.0

N
C

1.0
0.6758

0.5091
0.3156

0.2784
0.2758

0.6741
0.4332

0.6776
0
.0158e −

7
0.472

0.3422
1.037

0.4409
1.7297

0.3151
0.6314

0.4025
34218.4527

0.0979
Value

1.0
0.6501

0.4813
0.2906

0.2972
0.2712

0.648
0.5461

0.6523
0
.0156e −

7
0.4698

0.3187
1.9889

0.4409
2.563

0.3151
0.6314

0.4025
34218.4527

0.0979
True

value

W
ine

N
C
=
3

3.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

2.0
2.0

8.0
2.0

3.0
2.0

2.0
4.0

7.0
2.0

N
C

1.0002
0.5705

0.3979
0.0801

0.3354
0.0693

0.569
0.5433

0.572
0
.0618e −

7
0.3654

0.2485
0.2957

0.2373
0.9933

0.2293
0.6609

0.1148
1031483.5847

0.0716
Value

1.0002
0.2962

0.1713
-0.2393

0.527
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Figure 4.11: Dendrogram of single-linkage hierarchical clustering with gap = 0.0 and Tp = 1.00.

only on gap values that are positive.

We divided our experiments in two groups: 1) automatic generation of results, i.e., generation

of clusters, CVIs analysis and final result, and 2) semi-automatic generation of results, i.e., making

ourselves the decision on the number of clusters and final partition, based on our analysis of a range of

clustering results and its associated CVIs.

The tests consisted on performing hierarchical clustering using the five variations mentioned earlier

in Subsection 2.1.1. There was no test for partitional clustering K-means because the dataset used is not

an n-dimensional one, but just a sequence of events for each patient (e.g. Table 4.7). Therefore, there is

no possibility of calculating cluster centroids, which is what K-means is based in.

patient_id Temporal sequences

33496 0.B,156.C,314.D,1696.Z

33499 0.B,148.Z

Table 4.7: Prefix-encoded temporal sequences for patients 33496 and 33499.

4.4.1 Automatic results

Regarding the automatic results, for the Average and Single linkages, clusterval chose two as the number

of clusters for tests tp=0.25 and tp=1.00. While for tp=2.00, single link chooses again k=2, but average

link ouputs k=7. For this two clustering algorithms, when the results is a two cluster structure, it is

generated one very small partition (1-8 elements) and a very big one with all other elements. An example

of the type of cluster structure from these results is Figure 4.11, that as said before does not show any

well defined form.

The average values from the CVIs can be seen in Table 4.12. The values for different k are very

similar, when rounding to five decimal points, which makes it hard to decide on the best number of

clusters. Although, we can see that most indices have the best value for k=2, hence why clusterval chose

that as the cluster number.

In order to help understand the results chosen we can also look at the average standard deviation
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Figure 4.12: Average clustering indices values for dendrogram of Figure 4.11

Figure 4.13: Standard deviation of AR versus number
of clusters for the dendrogram of Figure 4.11

Figure 4.14: Standard deviation of H versus number of
clusters for the dendrogram of Figure 4.11

of the CVIs, for example for Adjusted Rand and Huberts indices, represented in Figures 4.13 and 4.14,

respectively. We can observe that the two indices offer opposite preferences for the number of clusters,

when considering the standard deviation of the values. Adjusted Rand is in line with the output of

clusterval (k=2), however, Huberts index suggest that higher values for the number k represent better

configurations, and this also is accurate with the average values for H in Table 4.12.

Regarding the Tp values, we notice that when set to 1.0 and 2.0 the result is fewer clusters, from 2

up to 7, which results in clusters hard to read due to how big the graph gets, also, we noticed many

repeating events in different clusters which makes them not very distinct. The information given from a

small number of clusters brings virtually no value to be applied in the real world.

For the automatic tests, the most interesting results were given by complete-linkage and ward-linkage

hierarchical clustering. We can see in Figure 4.15 the resulting dendrogram for complete-linkage, which

already shows a bit more structure than the one from Figure 4.11.

The algorithm selected k=20 as the cluster number and we can see the average values of the indices

for each k in Table 4.15. External CVIs have better values for high number of clusters, in the range of

15 to 20 and can be confirmed that k=20 is the maximum for most, hence the output of the algorithm.

Regarding internal CVIs, CVNN and S have better values for k=7, with k=5 and k=6 also close.

Dunn is in line with the results for external CVIs. The standard deviations versus k values shown in

Figure 4.17 supports the average results for CVNN and S, with k=7 being relatively low compared to

most other cluster numbers. Due to this opposing results, it is not obvious which k is the best. Analysing

the resulting clusters we could see that each seems to be distinct, i.e., containing one event or chain, for
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Figure 4.15: Dendrogram of complete-linkage hierarchical clustering with gap = 0.3 and Tp = 0.25

Figure 4.16: Average clustering indices values for dendrogram of Figure 4.15

example, cluster 1 which separates the event “H->F->Z“ from all others, or cluster 20 with all “A->H-

>Z“ events. Although, some of the clusters still look to be relatively long and with many connections, as

is the case for cluster 14 with 21 patients and 5 events related. The clusters for the selected k (20) can

be seen in Appendix A.1.

Figure 4.17: Standard deviation of AR versus number of clusters for the dendrogram of Figure 4.15
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On the other hand, for Ward-linkage hierarchical clustering the algorithm chooses the dendrogram

show in Figure 4.18. It seems to represent a more well defined cluster than the complete link and the

algorithm chose k=20 as the best number of clusters.

Figure 4.18: Dendrogram of ward-linkage hierarchical clustering with gap = 0.4 and Tp = 0.25

The average values for the indices are shown in Table 4.19 and the vast majority of indices have better

values for high values of k (more than 17), although values are generally not very far from each other,

similar to the results seen for complete linkage.

Figure 4.19: Average clustering indices values for dendrogram of Figure 4.18

Moreover, the standard deviation shown in Figure 4.20 is lower for values of k between 10 and 12,

although other values for the number of clusters also also have low standard deviations. Again, the

algorithm does give a valid answer, in line with the values here presented, although other values of k also

represent a good structure. The number of clusters chosen was 20 and analysing each cluster individually

we again notice a good separation of the events, with most being well contained, others big due to long

sequences, like cluster 5 and 14. Moreover, in comparison with the complete-linkage results, clusters have

more elements/patients and cluster 20 is the same for both with sequence “A->H->F“.

The clusters for the chosen k (20), can be seen in Appendix A.2.
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Figure 4.20: Standard deviation of AR versus number of clusters for the dendrogram of Figure 4.18

4.4.2 Semi-automatic results

The second part of the experiment consisted in running the same previous tests but instead of letting the

algorithm choose the number of clusters we will do it ourselves.

Most clustering algorithms tend to form few and large clusters that don’t seem to carry much in-

formation. Much like the automatic results, complete-linkage and ward-linkage hierarchical clustering

generated the most interesting cluster structures. Firstly, we can see in Figure 4.21 the dendrogram

chosen for complete link. Looking at the average index values in Table 4.22 we can see that almost all

indices have better values for high k number (range of 16 to 20), with exceptions of internal CVIs, CVNN

and S (range 9 to 12). The standard deviation for two of the indices was checked in order to give more

insight, but looking at Figures 4.23 and 4.24 the values are similar for the cluster number in the said

ranges. In the end, k=20 was chosen because it was creating more simple sequence chains that seem to

hold more information in the problem context. In comparison with automatic results, complete-linkage

differs slightly on the cluster sequences, both in time and states, with the semi-automatic one having

subjectively harder to read chains due to being longer. Moreover, cluster 20 is the same for both.

In the Appendix A.1, a representation of the clusters is shown.

Figure 4.21: Dendrogram of complete-linkage hierarchical clustering with gap = 0.7 and Tp = 0.25
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Figure 4.22: Average clustering indices values for dendrogram of Figure 4.21

Figure 4.23: Standard deviation of AR versus number
of clusters for the dendrogram of Figure 4.21

Figure 4.24: Standard deviation of H versus number of
clusters for the dendrogram of Figure 4.21

Finally, from ward link we can see the dendrogram in Figure 4.25. By analysing the index values from

Table 4.26 we see that k in the range 16 to 20 has the best index values for every CVI (ignoring k=2,

which is not desirable for being to general) and the standard deviations of two of the indices versus the

number of clusters, represented in Figures 4.27 and 4.28, shows that there is not a value in that range

that stands out, making the decision of the final number of clusters hard. Nevertheless, following the

indices results, k=16 has the best results for the vast majority of the considered CVIs, therefore it was

chosen as final k. In comparison with the automatic results, ward-linkage has bigger graphs, which is

expected due to having bigger and less clusters. Furthermore, cluster 20 is the same for both approaches.

In the Appendix B.2, a representation of the clusters is shown.
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Figure 4.25: Dendrogram of ward-linkage hierarchical clustering with gap = 0.2 and Tp = 0.25

Figure 4.26: Average clustering indices values for dendrogram of Figure 4.25

Figure 4.27: Standard deviation of AR versus number
of clusters for the dendrogram of Figure 4.25

Figure 4.28: Standard deviation of H versus number of
clusters for the dendrogram of Figure 4.25
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Chapter 5

Conclusions

5.1 Conclusion Remarks

We proposed an increase in the number and variety of clustering validation indices to be used by AliClu,

with the goal of giving more robustness and automation to the method. To achieve this, we built a tool,

named clusterval, that serves the purpose of clustering validation. With 20 metrics included, 12 with an

external validation approach and 8 with an internal one, clusterval has the potential to be useful when

doing clustering of data, where the partitions produced should be in some way evaluated in order the

unravel the clustering structure that best represents the hidden patterns.

In order to test the performance of clusterval, synthetic datasets were generated. Data points were

randomly assigned to clusters with some variation in parameters for each partition, namely the number

of clusters, dimensionality, density, overlap and noise. In total, 1440 different datasets were generated.

The results shown in Section 4.2 tell us how each validation metric performs. For the overall of the

datasets generated, XB, PBM, Dunn and CVNN acheived the best results, with 45%, 44%, 42% and

41%, respectively, and the average success rate of all CVIs was 29.3%. When looking at the influence of

the number of clusters in the dataset, the results were quite good for k=2, with 71.5%, but a big drop was

observed for k=4 and k=8, with 11.1% and 5.4%, respectively. Interestingly, when the datasets have a

higher number of features (dimensionality), the results were better for dim=8, with 48% average success.

Noise level and density of custers do not seem to have a big influence on the results with only a decrease

of 2.7%. and 4.5%, respectively. When introducing overlap we see a decrease of 13.3% on the average

success rate. Moreover, we applied 4 different clustering algorithms, 3 of them from the hierarchical family

(Single, Complete, Ward) and one from the partitional family (k-means). There is some algorithms that

seem to affect more some of the CVIs (e.g. Silhouette and Davies-Bouldin perfom very poorly with

Single-linkage hierarchicalclustering), but overall the choice of algorithm does not produce unexpected

results.

The methods were further tested with 10 real-world datasets and in more detail Reuma.pt dataset.

The real-world datasets were chosen with the goal of having a good variety of configurations, some small

and others large, some datasets having many features and other few, same for the number of clusters.
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Even though, the datasets are not specific for the clustering problem, but rather for classification, we

tested the tool for each, with different clustering algorithms. The results reported in Section 4.3, in

comparison with the synthetic datasets, have poorer results on overall, with some indices performing

better for the real-world datasets, but also others performing worse. The average success rate considering

all datasets and all clustering algorithms used was 20.1%, which is very poor. Further analysing the

individual scores for each CVI we can identify that the values chosen are very close to the true values for

the number of clusters, sometimes even equal. Hence it shows that a completely automatic approach to

cluster validation can lead to misleading results.

In the experiment with Reuma.pt, clusterval was implemented with the AliClu tool [1] and two tests

were conducted: 1) automatic generation of the results, and 2) semi-automatic generation of the results,

where the user takes the final decision. The dataset used was the same as in [1] for experiment I, and we

tested for values of gap = [0.0, 0.1], Tp = 0.25, 1.00, 2.00 and 5 hierarchical clustering algorithms.

For the automatic tests, single, average and centroid linkage produce very unstructured partitions for

every gap and Tp, with the resulting clustering being very few clusters with extremely long sequences.

Complete and ward linkage algorithms lead to the most interesting results, the number of clusters selected

by both was k=20, and the resulting clusters were easily interpreted, events are contained and seem to

carry useful information for the problem context. The clusters generated can be seen in Appendix A.

For the semi-automatic tests, similarly to automatic tests, single, average and centroid linkage cannot

achieve easily interpreted results with the hierarchical dendrograms having no structure. For complete

linkage, the final analysis of the CVIs and dendrogram lead us to choose k=20 (like automatic) and for

ward linkage, k=16. The clusters generated can be seen in Appendix B.

We noticed that the bigger cluster, for the clustering structures chosen, is always the same, with 150

patients and sequence “A->H->Z“. The difference between the other clusters being the distribution of

the remaining patients.

5.2 Future Work

In conclusion, the addition of more clustering validation indices thanks to the clusterval tool does provide

useful results, with well separated and contained clusters, for the Reuma.pt dataset. And more impor-

tantly in a more automated fashion. The development of the sequence graphs generation also eases the

appliance of the methods and provides end users with a readily working model.

Although, the synthetic and real-world datasets tests suggest that a fully automatic approach is not

able to produce results that shows its effectiveness, hence a more iterative process is recommended.

Despite this, there is room for improvement. For instance, making the algorithm not choose directly the

best scores for the CVIs, but rather take into account the problem context or have the voting system for

the CVIs assign different weights to those metrics.
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Appendix A

Reuma.pt clusters (automatic run)

A.1 Complete link, g=0.3, tp=0.25, 20 clusters
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A.2 Ward link, g=0.4, tp=0.25, 20 clusters
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Appendix B

Reuma.pt clusters (semi-automatic

run)

B.1 Ward link, g=0.2, tp=0.25, 16 clusters
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B.1.10 Cluster 10 - 20 patients
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B.2 Complete link, g=0.7, tp=0.25, 20 clusters
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