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Abstract

Abduction is a process through which we can formulate hypotheses that justify a set of observed facts,
using a background theory as a basis. Eventhough the process used to formulate these hypotheses may
vary, the innerent advantages are universal. It approaches real life problems within fields like medicine
and criminality, while maintaining their usefulness within more theoretical subjects, like fibring of logic
proof systems. There are, however, some setbacks, such as the time complexity associated with these
algorithms, and the expressive power of the formulas used. In this thesis, we tackle this last issue.

We study the notions of consequence system and of proof system, as well as provide relevant ex-
amples of these systems. We formalize some theoretical concepts regarding the Resolution principle,
including refutation completeness and soundness. We then extend these concepts to First-Order Logic.
This representation of logic system was chosen for three main reasons: to maintain a certain degree
of uniformity throughout the entire thesis; to allow a connection between abduction and the fibring of
heterogeneous proof systems; to provide a simple and straighforward manner in which to represent the
logic systems needed to demonstrate some important results. Equipped with these theoretical results, we
formalize and implement an abduction algorithm for First-Order Logic formulas in Mathematica, based on
an already existing algorithm.

We explore the applications of this algorithm regarding some pratical issues and some theoretical
notions. Namely, since this new algorithm accepts formulas not only contained within Description Logic,
but also First-Order Logic, it gives way to a better representation of concrete problems, and consequently
to a better chance of obtaining correct answers. More, it gives way to the automatization of the fibring of
proof systems, through its application to the computation of an abduction function for proof systems.
Keywords: Consequence System, Proof System, Abduction Algorithm, TCHF Reasoning Framework,
Resolution

1. Introduction

Abduction algorithms are procedures that formu-
late hypotheses that justify a set of observed facts,
using a theory as a basis. They are rooted on
the concept of abduction, in particular Logic-based
abduction, first introduced in general terms by
Charles Peirce as one of the components of his
Theory of Inquiry. This notion denotes a type of
reasoning, different from inductive and deductive
reasoning, that instead of starting by the hypothe-
ses with the goal of reaching a conclusion, it starts
with the conclusions in order to determine hypothe-
ses.

With the evolution of computer studies, the inclu-
sion of abduction reasoning within fields like com-
puter science and artificial intelligence research
has been an open problem within the scientific
community. Many algorithms, like the ABox ab-
duction for Description Logic described in [6] by
Klarman et al. and the THEORIST logic program-
ming system for First-Order Logic (without quanti-

fiers), detailed by Poole in [7], have tried to sim-
plify this process, while at the same time expand-
ing the universe to which it can be applied. Several
progresses have been made, in particular in more
recent years. Namely, the complexity of the logic
systems used has increased from simple Proposi-
tional Logic to more advanced Description Logic
and First-Order Logic, and selection criteria, i.e.
methods through which the best hypotheses are
chosen, have been refined.

According to several articles and books, the
complexity of an abduction algorithm depends on
the selection criterion chosen to sort the hypothe-
ses, on the types of formulas used and on the pro-
cesses used to build the hypotheses. In the article
[3] by Eiter et al., the most efficient selection cri-
terion studied uses Propositional Logic formulas in
definite Horn Clause form and a very basic selec-
tion criterion in which all preliminary solutions are
considered to be good hypotheses. In regards to
the formulation of hypotheses, one of the most effi-
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cient methods developed, as stated by Genesereth
et al. in [4] and by Rodrigues et al. in [8] uses spe-
cific inference rules, namely Resolution and Fac-
toring.

A different subject that we think has a connec-
tion with these algorithms is fibring of logics, in par-
ticular heterogeneous fibring. In theoretical terms,
this kind of fibring is a meta-logical constructor that
joins two logic systems presented in different man-
ners (for example, one of the systems is a Hilbert
calculus and the other one is a sequent calcu-
lus) into one. The usefulness of fibring has many
strands. Two of them - transference results, i.e.
the study of the preservation of properties from
the original systems, and the added possibility of
mixing symbols of both logic systems within the
same formulas, increasing their expressive power
- are worth highlighting. One of the few articles
discussing these issues is [1] by Sernadas et al..
In this article, the logic systems adopted - conse-
quence system and proof system - are purposely
very generic in order to facilitate this process of fib-
ring of logics. As we will see, this generic repre-
sentation will be very useful and, as such, we will
use it throughout this work.

One of the results presented in the article is the
abductability within proof systems. It portrays the
idea that it is possible to define an abduction func-
tion for a certain type of proof systems. More,
it was shown that if two proof systems have an
abduction function, then their fibring (which was
proven to also be a proof system) has an abduction
function as well, dependent on the original maps.
Taking into consideration this result, one can eas-
ily conclude that these functions play relevant roles
not only in the computation of the abduction func-
tion for the fibred system, but also in the definition
of fribring itself.

With all this is mind, we want to develop an
abduction algorithm for First-Order Logic formu-
las that computes hypotheses using a Resolution
mechanism, taking into account the guiding princi-
ple of Occam’s Razor in terms of selection criteria.
Moreover, we want to implement this algorithm in a
simple computing system, in order to facilitate the
user-computer interaction.

Furthermore, considering proof systems and
their fibring, we want to connect this algorithm to
the definition of an abduction function for proof sys-
tems, with focus on the First-Order Logic case,
since this is the scope of the algorithm proposed.
More, in order to maintain a uniform view of both
subjects throughout this work, we adopt the logic
systems described in [1], including some based in
Hilbert calculi, even in the discussion of the the-
oretical concepts behind the computational proce-
dures.

2. Basic Notions
The following concepts were mainly adopted from
[1] and [10], with a few changes made so that our
work remains uniform throughout. For space pur-
poses, the definition of underlying concepts men-
tioned within some of these definitions is omitted,
as well as other references to other articles probed.

Definition 1. (Language and Formulas)
Let L(C,Ξ) be the free algebra over signature
C = {Ck}k∈N generated by the set of schema
variables Ξ = {ψn| n ∈ N} i.e. c ∈ L(C,Ξ) if
c ∈ C0; ψn ∈ L(C,Ξ) if ψn ∈ Ξ and c(ϕ1, ..., ϕk) ∈
L(C,Ξ) if c ∈ Ck and ϕ1, ..., ϕk ∈ L(C,Ξ). We call
L(C, ∅) = L(C) the language and its elements for-
mulas.

The schema variables are only used to build
schematic rules, which in turn can be used to de-
velop schematic derivations. At any stage, the
schema variables can be substituted by formulas.
When this happens, we drop the nomenclature
”schematic” from the concepts of schematic rules
and schematic derivations.

Example 1. The signature of Propositional Logic,
CPROP , is defined as follows: CPROP0 = Prop ∪
{⊥,>}; CPROP1 = {¬}; CPROP2 = {⇒,∧,∨};
CPROPk = ∅, for k > 2. Prop is the set of propo-
sitional variables denoted by indexed lower case
letters of the form ci, where i ∈ N. The language
of PROP is L(CPROP) = L(CPROP , ∅).

Definition 2. (Set of Terms - Term)
The set of terms, denoted by Term, is defined re-
cursively as follows: ci ∈ Term if ci ∈ χ; xi ∈ Term
if xi ∈ C ; fj(t1, ..., tn) ∈ Term if fj ∈ Fn and
ti ∈ Term, for i = 1, ..., n. χ is a countable infi-
nite set of variables, denoted by ci, where i ∈ N;
C = F0 is a countable set of constant symbols, de-
noted by xi, where i ∈ N; Fi are countable sets of
function symbols, denoted by fj, with a fixed arity
i, and where j ∈ N, operating over terms;

Definition 3. (FOL Atom and Literal)
A FOL atom is a formula of the form P(t1, ..., tn) or
>, where P ∈ Pi, where Pi are countable sets of
predicate symbols of arity i ∈ N, denoted by upper
letter cases like P, Q, W, and ti ∈ Term. A literal in
FOL is an atom (positive literal) or a negation of an
atom (negative literal). The set of literals in FOL is
denoted by LIT.

Example 2. The signature of FOL, CFOL, is de-
fined as follows: CFOL0 = {⊥,>} ∪ LIT; CFOL1 =
{¬,∀,∃}; CFOL2 = {⇒,∧,∨}; CFOLk = ∅, for
k > 2. The unary operators ∀ and ∃ can only be
applied to variables ci. The language of FOL is
L(CFOL) = L(CFOL, ∅).
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Definition 4. (Consequence System)
A consequence system is a tuple C = 〈C,`〉, where
C is a signature and ` : ℘(L(C)) → ℘(L(C)) is
a map that satisfies the following properties: Ex-
tensivity (Γ ⊆ Γ`); Monotonicity (if Γ1 ⊆ Γ2 then
Γ`1 ⊆ Γ`2 ); Idempotence ((Γ`)` ⊆ Γ`); Closure for
renaming substitutions (ρ(Γ`) ⊆ (ρ(Γ))` for every
renaming substitution ρ, i.e. for every substitution
ρ such that ρ(ϕ) ∈ Ξ if ϕ ∈ Ξ). Γ` = {ϕ| Γ ` ϕ} is
the closure of Γ.

Definition 5. (Consequence System’s Categories)
Let Π ⊆ Ξ, Γ ⊆ L(C). A consequence system
is said to be: closed for substitution if σ(Γ`) ⊆
(σ(Γ))`, for any substitution σ: L(C,Ξ)→ L(C,Ξ);
compact or finitary if Γ` =

⋃
Φ∈℘fin(Γ) Φ`.

A consequence system can also be built using a
simpler mechanism, based on a Hilbert calculus.

Definition 6. (Hilbert Calculus)
A Hilbert calculus is a pair HIL = 〈C,R〉, where
C is a signature and R is a set of rules 〈θ, η〉, with
θ ∪ {η} ⊆ L(C,Ξ), Ξ 6= ∅ and θ finite.

Example 3. (Propositional Logic - PROP)
Propositional Logic can be presented as a Hilbert
calculus, with PROP = 〈CPROP , RPROP〉, such
that RPROP = {〈∅,ψ1 ⇒ (ψ2 ⇒ ψ1)〉,
〈∅, (ψ1 ⇒ (ψ2 ⇒ ψ3)) ⇒ ((ψ1 ⇒ ψ2) ⇒ (ψ1 ⇒
ψ3))〉, 〈∅, ((¬ψ1)⇒ (¬ψ2))⇒ (ψ2 ⇒ ψ1)〉,
〈{ψ1,ψ1 ⇒ ψ2},ψ2〉} and such that CPROP is the
signature introduced in Example 1.

Example 4. (First-Order Logic - FOL)
First-Order Logic can also be presented as a
Hilbert calculus, with FOL = 〈CFOL, RFOL〉,
such that RFOL = {〈∀ci(ψ1 ⇒ ψ2),ψ1 ⇒
(∀ciψ2)〉,〈∅,∀ciψ1(ci) ⇒ ψ1(t)〉, 〈ψ1,∀ciψ1〉} ∪
RPROP where: fv(ψ1) is the set of free variables
in ψ1; if t B ci : ψ1 then we say that t is free for ci
in ψ1; in the first rule, ci /∈ fv(ψ1); in the second
rule, t B ci : ψ1(ci). CFOL is the signature intro-
duced in Example 2. The maps fv and B can be
found in [9].

Definition 7. (Hilbert-derived Formula)
Given a Hilbert calculus HIL = 〈C,R〉, we say that
the formula ϕ is Hilbert-derived from the set of for-
mulas Γ, denoted by Γ `H ϕ, iff there is a finite se-
quence ϕ1, ..., ϕn of formulas, called Hilbert deriva-
tion, such that ϕn is ϕ and for each i = 1, ..., n,
either ϕi ∈ Γ or there exists a rule 〈θ, η〉 ∈ R
and a substitution σ such that ϕi = σ(η) and
σ(θ) ⊆ {ϕ1, ..., ϕi−1}.

Proposition 1. A Hilbert calculus HIL induces a
compact and closed for substitution consequence
system 〈C,`H〉 such that Γ`H = {ϕ|Γ `H ϕ}.

Example 5. The Hilbert calculus FOL =
〈CFOL, RFOL〉 induces a compact and closed
for substitution consequence system CFOL` =
〈CFOL,`FOL〉.

As seen in the definition of consequence sys-
tem, we can use a plethora of consequence rela-
tions. The relevant ones for our work are related to
PROP and FOL. The maps, together with their
properties, were adopted from [2] and [9]. Due
to the nature of this document, we’ll focus on the
FOL case, leaving the PROP case for the more
explanatory thesis.

Definition 8. (Interpretation Structure)
An interpretation structure over CFOL is a triple
I = 〈Dom, ·F , ·P 〉 where Dom 6= ∅, ·F is a map
from the function symbols to functions between the
elements of the domain and ·P is a map from the
predicate symbols to subsets of the domain with
the same cardinality as the set of symbols.

Definition 9. (Y -equivalent)
Let Y ⊆ χ. The assigments µ1, µ2 : χ → Dom into
I are said to be Y -equivalent if µ1(ci) = µ2(ci) for
each ci /∈ Y .

Schema variables do not contain truth values.
As such, before applying these relations, every oc-
curence of schema variables within the formulas
must be substituted by elements of the language
that do not contain these variables.

Definition 10. (Term Denotation Map)
Given an interpretation structure I over CFOL and
an assignment µ into I, the term denotation map
J·KIµ

CFOL
: L(CFOL) → Dom is recursively defined

as follows:

• JciK
Iµ
CFOL

= µ(ci), if ci ∈ χ;

• JxiKIµ
CFOL

= xiF , if xi ∈ C ;

• Jfj(t1, ..., tn)KIµ
CFOL

=

fjF (Jt1K
Iµ
CFOL

, ..., JtnK
Iµ
CFOL

), if fj ∈ Fn and
ti ∈ Term.

Definition 11. (Local Satisfaction)
The relation of local satisfiability of a formula by an
interpretation structure I and an assignment µ into
I is defined recursively as follows:

• I, µ FOL >; I, µ 1FOL ⊥;

• I, µ FOL P(t1, ..., tn) iff
PP (Jt1K

Iµ
CFOL

, ..., JtnK
Iµ
CFOL

) = >;

• I, µ FOL (¬ϕ) iff I, µ 1 ϕ;

• I, µ FOL (ϕ1 ⇒ ϕ2) iff I, µ 1 ϕ1 or I, µ  ϕ2;
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• I, µ FOL ∀ciϕ iff I, µ′ FOL ϕ for every as-
signment µ′ ci-equivalent to µ.

Definition 12. (Global Satisfaction)
The relation of global satisfiability of a formula
by an interpretation structure I is defined induc-
tively as follows: I is said to satisfy ϕ, denoted by
I FOL ϕ, if I, µ FOL ϕ for every assignment µ
into I.

Definition 13. (Entailed Formula)
A formula ϕ over CFOL is entailed by a set Γ of for-
mulas over CFOL, denoted by Γ �FOL ϕ, if, for ev-
ery interpretation structure I over signature CFOL,
I FOL ϕ whenever I FOL γ, for every γ ∈ Γ.

Definition 14. (Sensible to Renaming Interpreta-
tion Structures)
An interpretation structure I ∈ModFOL (the set of
all FOLmodels) is said to be sensible to renaming
if for each renaming substitution ρ, there is a map
βρ : ModFOL → ModFOL such that I FOL ρ(ϕ)
iff βρ(I) FOL ϕ.

Example 6. Using the relation �FOL and only sen-
sible to renaming interpretation structures, we can
define a consequence system for FOL since this
relation satisfies the conditions introduced in Def-
inition 4. This system will be denoted by CFOL� =
〈CFOL,�FOL〉.

The next step consists on the introduction of the
notion of proof systems.

Definition 15. (Proof System)
A proof system is a tuple P = 〈C,D, ◦, P 〉, where C
is a signature, D is the set of possible derivations,
◦ : ℘(D) ×D → D is a map, and P = {PΓ}Γ⊆L(C)

is a family of relations PΓ ⊆ D×L(C) satisfying the
following properties:

• PΓ(d, ϕ) = 1 if d is a derivation of ϕ from Γ,
i.e. an ordered sequence of formulas, where a
formula is entailed by a set of previous ones;

• PΓ(E,Ψ) = 1 if ∀ϕ ∈ Ψ∃e ∈ E : PΓ(e, ϕ) = 1;

• Right reflexivity - PΓ(D,Γ) = 1, ∀Γ ⊆ L(C);

• Monotonicity - PΓ1 ≤ PΓ2 , ∀Γ1 ⊆ Γ2 ⊆ L(C);

• Compositionality -

– ∅ ◦ d = d, ∀d ∈ D;

– if E ⊆ D and ∃Ψ ∈ ℘(L(C)) : PΓ(E,Ψ) =
1 ∧ PΨ(d, ϕ) = 1 then PΓ(E ◦ d,Ψ) = 1;

• Variable exchange - PΓ(D,ϕ) =
Pρ(Γ)(D, ρ(ϕ)), for all renaming substitu-
tions ρ;

• Falsehood - PΓ(∅, ϕ) = 0, ∀ϕ ∈ L(C).

Definition 16. (Proof System’s Categories)
Let Π ⊆ Ξ, Γ ⊆ L(C). A proof system is said to
be: compact, if for every Γ, ϕ, ∃Φ ⊆ Γ finite such
that PΓ(D,ϕ) 6 PΦ(D,ϕ); closed for substitutions,
if PΓ(D,ϕ) = Pσ(Γ)(D,σ(ϕ)), for all substitutions
σ : Ξ→ L(C,Ξ).

Similar to the previous case, we can also
construct proof systems using a Hilbert calculus
like PROP or FOL, obtaining P(PROP) and
P(FOL).

Proposition 2. A Hilbert calculus HIL = 〈C,R〉
induces a compact proof system P(HIL) =

〈C,D, ◦, P 〉 such that D = L(C)∗, E ◦ d = d
π(E)
E

and PΓ(d, ϕ) = 1 iff d is a Hilbert-derivation for ϕ
from Γ. π(e) denotes the last element of sequence
e ∈ L(C)∗, π(E) = {π(e) : e ∈ E}, E ⊆ L(C)∗,
and dπ(E)

E is the sequence obtained by replacing in
d ∈ L(C)∗ the last element of sequence e by se-
quence e.

If we look at the notions of consequence sys-
tem and proof system, we notice that their compo-
sitions are somewhat similar. In fact, it is possible
to create bridges between these two concepts.

Proposition 3. A proof system P = 〈C,D, ◦, P 〉 in-
duces a consequence system C(P) = 〈C,`〉 where
Γ` = {ϕ ∈ L(C) : PΓ(D,ϕ) = 1}.

Proposition 4. A consequence system C = 〈C,`〉
induces a proof system P(C) = 〈C,D, ◦, P 〉 such
that D = {∗}, E ◦∗ = ∗ and PΓ(∗, ϕ) = 1 iff ϕ ∈ Γ`.

These propositions will play important roles in
our thesis. They’ll allow us to connect the two basic
concepts - consequence systems and proof sys-
tems - as well as Hilbert calculus induced systems,
quite freely, while also providing a method to con-
struct proof systems based on consequence rela-
tions.

3. Abduction
We now move on to the main aspect of the thesis -
the development and implementation of an abduc-
tion algorithm. As mentioned before, depending on
the field, the abduction problem can be interpreted
in different ways. Within this article, we’ll use the
following definition.

Definition 17. (Abduction Algorithm)
An abduction algorithm receives as input a theory
and a set of observed facts, and formulates a set of
hypotheses that justify the highest number of facts.

With the development of the new algorithm in
mind, we’ll first analyse an already existing algo-
rithm - Peirce’s algorithm. Then, we’ll develop
and implement our own algorithm, which can be
applied to the more complex language L(CFOL).
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Since this new algorithm operates over formulas
that are not very simple, due to the fact that they
may include constructors like universal quantifiers
and existential quantifiers, we assume that a few
optimization ideas must also be implemented in or-
der to tackle the complexity problem. We’ll resort in
abundance to a proof system induced by the con-
sequence system CFOL`GenRes

.

4. Peirce Algorithm

Algorithm 1 Peirce’s Algorithm

1: procedure PEIRCE(C,T,F,Exp,Comp)
2: if Consistent(T ∪ C) === True then
3: R← CLA(T,C,¬F)
4: R← Resolution(R)
5: if R does not contain the empty set then
6: H←
7: FormulateCandidateHypotheses(R)
8: H←
9: RemoveInconsistentHypotheses(T,C,H)

10: H←
11: SelectGoodHypotheses(T,C,H,F,Exp,Comp)
12: return H

13: else break
14: end if
15: else break
16: end if
17: end procedure

The procedure chosen to be the backbone of our
work was Peirce’s algorithm, developed by Ro-
drigues et al. in [8]. Similar to other abduction al-
gorithms introduced in recent years, this procedure
was built upon the Resolution Principle [4], devel-
oped by Martin Davis and Hilary Putnam (1960)
and later improved by John Robinson (1965). This
algorithm operates over sets of formulas in PROP,
like c1, c2 ∧ c3,¬c4, c5 ⇒ c6.

Summarizing, Consistent determines whether
a set of formulas is consistent or not. CLA trans-
lates a set of formulas in PROP into clausal form.
Resolution applies the Resolution mechanism to
a set of formulas in clausal form. The final three
programs are very straighforward. The first one
constructs the set candidate hypotheses, i.e. the
solutions to our problems. The second one takes
that set and removes the elements that are incon-
sistent with the specificities of the problem. The
third one takes that purified set and selects the el-
ements that satisfy certain conditions. Those ele-
ments are called good hypotheses.

Since Peirce’s algorithm will serve as a basis for
the new algorithm but will not be implemented, we
omit further explanations in this extended abstract,
relegating them for the thesis itself.

5. Peirce’s FOL Algorithm

Algorithm 2 Peirce’s FOL Algorithm

1: procedure PEIRCEFOL(C, T, F, p, ExpPow, Comp)
2: CCLA← CLAFOL(C)
3: TCLA← CLAFOL(T)
4: if TCLA is empty and CCLA is empty then
5: print ”Choose new T and C sets”
6: else
7: if Consistent(TCLA ∪ CCLA, p) ===
True then

8: Fact← CLAFOL(¬F)
9: R ← ResolutionOP(TCLA ∪ CCLA ∪

Fact, p)
10: if R does not contain the empty set

then
11: H∗ ←

FormulateCandidateHypothesesFOL(R, Comp)
12: H∗ ←

RemoveInconsistenHypothesesFOL(TCLA, CCLA,
H∗, p)

13: H∗ ←
SelectGoodHypothesesFOL(TCLA, CCLA, H∗,
Fact, p, ExpPow, Comp)

14: return H∗

15: else
16: print ”The theory set and the

conditions set explain the facts set”
17: end if
18: else
19: print ”The theory set and the condi-

tions set are inconsistent”
20: end if
21: end if
22: end procedure

The idea behind this new algorithm is similar to the
one used within Peirce’s algorithm, but adapted so
that it produces fairly good results in the presence
of sets of FOL formulas, eventhough these results
are harder to obtain and more incomplete than the
ones obtained for PROP formulas. Peirce’s FOL
algorithm includes optimizations in the procedure
ResolutionOP that we think will balance some of
the increased complexity that emerged due to the
adaptation to more complex formulas. Additional
optimizations are mentioned, but are left for future
work.

We’ll implement the algorithm in Mathematica
12.0, a system that operates with Wolfram lan-
guage. This system allows for a simple and very
practical representation of FOL formulas. More,
it already possesses some useful built-in functions
that facilitate the processes in play.
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5.1. Main Idea
The idea behind this algorithm is the following:
given the theory set T , a conditions set C and a
facts set F , we want to create a hypotheses set H
such that

T ∪ C 2FOL F (1)

T ∪ C ∪ {h} �pFOL F,∀h ∈ H (2)

T ∪ C ∪ {h} 2FOL ⊥,∀h ∈ H (3)

{h} 2FOL F,∀h ∈ H (4)

The relation �pFOL indicates that not all but at
least one of the components of F must be entailed
for the relation to be true. We’ve added the last
condition to avoid obtaining facts as hypotheses for
themselves, which is not useful.

5.2. Input
The input sets T,C, F contain formulas in FOL
built accordingly with the induced consequence
system of Example 5. They are composed of for-
mulas in FOL. We’ll also use a TCHF reasoning
framework, different from the more traditional THF
reasoning framework. The addition of set C to our
reasoning framework has multiple advantages. In
a THF framework, if we want to add conditions, we
have to include them in the theory set. This jeop-
ardises the generality of this set, turning it too par-
ticular to the problem in question. With set C in
play, we don’t influence the theory set with extra
sentences. Besides this very important benefit, it
allows an easier representation of two or more in-
stances of abductive reasoning that share a theory
set and a facts set and it allows the explicit defi-
nition of conditions linked to context (space), cir-
cumstances (time), intention, belief, faith, among
others. The nomenclature #2 comes from the fact
that the original framework required its formulas to
be in HF form.

Definition 18. (TCHF Reasoning Framework #2)
A TCHF reasoning framework #2 for abduction is a
tuple 〈T,C,H, F 〉 such that:

• T = {t1, ..., tm} is the theory set denoting
t1 ∧ ... ∧ tm, where ti are formulas in FOL;
it represents the hypotheses that must be as-
sumed as True during the reasoning process
and that do not change depending on the situ-
ation;

• C = {c1, ..., cp} is the conditions set denoting
c1 ∧ ... ∧ cp, where ci are formulas in FOL; it
represents the accepted conditions that must
be assumed as True during the reasoning
process and that may change depending on
the situation;

• H = {h1, ..., hj} is the hypotheses set denot-
ing h1∨ ...∨hj , where hi are formulas in FOL;
it represents the hypotheses that together with
T and C explain the facts represented by F ;

• F = {f1, ..., fq} is the facts set denoting f1 ∧
...∧fq, where fi are formulas in FOL; it repre-
sents the facts that must be explained through
abductive reasoning.

The fourth input parameter is p. This value will
be used in the context of the Resolution principle.
The remaining parameters are related to the selec-
tion criterion used in this algorithm.

Definition 19. (Explanatory Power #2 - ExpPow)
The explanatory power #2 of h ∈ H is the number
of facts it can explain.

Definition 20. (Complexity - Comp)
The complexity of h ∈ H is the number of atomic
propositions that h contains.

Definition 21. (Selection Criterion #2)
Hypothesis h ∈ H is considered to be a good hy-
pothesis if h ∈ {h ∈ {h ∈ H : Comp(h) 6 Comp} :
ExpPow(h) ≥ ExpPow}.

5.3. CLAFOL Procedure
The first procedure - CLAFOL - executes the transla-
tion of the formulas in FOL into clausal form. We’ll
implement a version of the mechanism described
in [4]. This translation is crucial since the Resolu-
tion principle we use can only be applied to formu-
las in clausal form.

We only know how to translate formulas in
PROP into clausal form. However, it is not pos-
sible to translate a formula in FOL into a formula
in PROP. Thus, the path that we propose is the
one where we translate FOL formulas into equi-
satisfiable non-quantified formulas that assume the
structure of PROP formulas, assuming that ev-
ery variable is universally quantified. We’ll denote
these new formulas by FOL∗ formulas.

Below, we present two of the translations -
Skolemization and Clausal - since the first effec-
tively change relation between the initial formulas
and the formulas in clausal form, while the second
results in the clausal form formulas themselves.
The other two transformations - Pre and CNF - only
alter the structure of the formulas, and so we omit
then. They can be found in [5].

Definition 22. [5] (Skolemization translation)
Let ϕ be a matrix of a FOL formula in prenex nor-
mal form. Then Skolemization : FOL → FOL is
the translation defined recursively as follows:

• Skolemization(∃c1...∃cnϕ) = σ(ϕ), where
σ = {c1 → xi1, ..., cn → xin} is a substitu-
tion from the variables to Skolem constants,
denoted by xi, i ∈ N, and such that xi /∈ C ;
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• Skolemization(∃c1...∃cn∀cn+1...∀cmϕ) =
Skolemization(∀cn+1...∀cm(σ(ϕ))), where
σ = {c1 → xi1, ..., cn → xin} is a substitution
from the variables to Skolem constants,
denoted by xi, i ∈ N, and such that xi /∈ C ;

• Skolemization(∀cm+1...∀ck∃c1...∃cn∀cn+1...
∀cmϕ) = Skolemization(∀cm+1...∀ck∀cn+1...
∀cm(σ(ϕ))), where
σ = {c1 → fj1(cm+1, ..., ck), ..., cn →
fjn(cm+1, ..., ck)} is a substitution from the
variables to Skolem functions, denoted by fj,
j ∈ N, and such that fj /∈ Fk−(m+1).

Afterwards, we remove the universal quantifiers,
and assume that every variable is universally quan-
tified. After this step, we’ve translated the original
formulas into FOL∗ formulas.

Definition 23. (Clausal translation)
Let Clausal : FOL∗ → FOL∗ be the translation
defined recursively as follows:

• Clausal(ϕ1 ∨ ... ∨ ϕn) = {ϕ1, ..., ϕn};

• Clausal(ϕ1 ∧ ... ∧ ϕn) =
Clausal(ϕ1), ..., Clausal(ϕn).

The procedure CLAFOL will apply the Pre,
Skolemization, CNF and Clausal translations con-
secutively and in this order.

The final important aspect of this procedure
is the relation of the original formula with the
converted one. As we’ve seen, since this pro-
cess introduces new variables (Skolem constants
and Skolem functions) during the Skolemization

translation, the final formulas won’t be logically
equivalent. Instead, they’ll be equisatisfiable. In
the context of our program, this setback will influ-
ence how we’ll interpret the solutions that we’ll ob-
tain, since technically, they could contain variables
outside our language (and system). Hence, the set
of hypotheses obtained by Peirce’s FOL algorithm
will be denoted by H∗, to simbolize this difference.

5.4. ResolutionOP and MGUFIN Procedures
The second procedure that we’ll describe is
ResolutionOP. This program will recursively apply
a slightly optimized version of a general Resolution
principle.

Definition 24. (Variable Renaming Substitution)
A variable renaming substitution is a map σ: χ →
Term, i.e. it maps a variable to a term.

From this point on, we will assume that any sub-
stitution mentioned is a variable renaming substitu-
tion, until we state otherwise.

Definition 25. (Unifier)
A (variable renaming) substitution σ is a unifier for
Ψ1 and Ψ2 iff σ(Ψ1) = σ(Ψ2).

Definition 26. (More General Unifier)
Let σ1, σ2 be two unifiers. σ1 is said to be as gen-
eral as or more general than σ2 iff there is a substi-
tution σ3 such that σ3(σ1) = σ2.

Definition 27. (Most General Unifier - MGU)
A unifier σ is said to be the most general unifier of
Ψ1,Ψ2 if it is as general as or more general than
any other unifier

Definition 28. (Factor)
Let Ψ be a formula in clausal form, and let σ be the
most general unifier of a subset of the literals of Ψ.
Then Ψ′ = σ(Ψ) is called a factor of Ψ.

Definition 29. (Generalized Resolution Principle -
GRP)
The generalized Resolution principle consists in
applying the generalized Resolution rule GENRES

{Ψ1} {Ψ2}
{σ((Ψ′1\{ϕ1}) ∪ (Ψ′2\{¬ϕ2}))}

where Ψ1,Ψ2 are formulas in clausal form; ρ is a
renaming substitution of Ψ1; Ψ′1 is a factor of ρ(Ψ1)
and ϕ1 ∈ Ψ′1; Ψ′2 is a factor of Ψ2 and ¬ϕ2 ∈
Ψ′2; σ is the most general unifier of ϕ1 and ϕ2;
GenRes(Ψ1,Ψ2) = {σ((Ψ′1\{ϕ1}) ∪ (Ψ′2\{¬ϕ2}))},
which could be empty, is called the general resol-
vent.

Definition 30. (General Resolution Derivation)
A general Resolution derivation of a clause ϕ from
a set of clauses Ψ, denoted by Ψ `GenRes ϕ, is a
sequence of clauses Ψ1, ...,Ψn such that Ψi ∈ Ψ or
Ψi ∈ GenRes(Ψj ,Ψk), where 1 ≤ j and k < i; and
Ψn = ϕ.

Example 7. The refutation system based on the
GRP is the proof system P(〈CFOL∗,`GenRes〉), in-
duced by the consequence system CFOL∗`GenRes

ac-
cording to Proposition 4. The consequence sys-
tem is in turn induced by the Hilbert calculus
HILGenRes = 〈CFOL∗, GENRES〉, as described
in Proposition 1.

Peirce’s FOL algorithm will use this refutation
system as an inner mechanism.

One can notice that the empty set is present.
In this case, it is considered to be False under
any interpretation structure. It’s also important to
mention that the property of closure for variable
exchange of the induced refutation system implies
that these substitutions do not alter the satisfiability
of the formulas.

To determine the MGU of two expressions, we’ll
use the procedure developed [4], which we will
name MGUFIN.

In regards to completeness of the refutation sys-
tem, we’ll use the approach based on Herbrand
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bases, ground atoms and liftings to show that the
refutation system has got this property. The proof
of soundness can be easily achieved through the
use of interpretation structures.

Proposition 5. The refutation system based on
the GRP is sound and complete for FOL, i.e.
Ψ �FOL ⊥ iff Ψ `GenRes ∅.

Finally, concerning decibility, a new problem
arises. If a clause is unsatisfiable, then the GRP
will always derive the empty clause (due to refu-
tation completeness and soundness). However, if
the clause is satisfiable, then there’s no guarantee
that the GRP will ever terminate. For this reason,
we’ve added the paramenter p, which indicates
the maximum number of iterations achieved within
ResolutionOP over a given set of input clauses.
In the situations where p is reached, the initial hy-
potheses set consisting of the tuples of the nega-
tions of the clauses obtained through GRP and,
consequently, the final set H, will be incomplete.

The normal procedure from this point on would
be to compare each pair of sets and check if it’s
possible to apply the GRP, and continue until no
more applications could be done. With the goal of
improving the complexity of this procedure in mind,
we could use some procedures like: the use of
Negative Normal Form within CLAFOL; Pure Literal,
Tautology and Subsumption Elimination; Factoriza-
tion; Unit, Linear and Input Resolution. In this case,
we’ve implemented the Elimination routines.

5.5. Other Procedures
FormulateCandidateHypothesesFOL is used to
create the initial hypotheses. It starts by negat-
ing each ri ∈ R and adding it to H∗. Then,
it adds all combinations (¬ri) ∧ (¬rj) such that
i 6= j and its arity is less or equal than Comp.
This continues until (¬r1) ∧ ... ∧ (¬rk) is added to
H∗. RemoveInconsistentHypothesesFOL is used
to verify whether or not a given hypothesis h ∈ H∗
satisfies conditions (3) and (4) presented in Sec-
tion 5.1. At last, SelectGoodHypothesesFOL ap-
plies the selection criterion #2.

These last two routines take advantage of the
ResolutionOP and its relation to the process
of verifying whether or not a certain formula is
entailed by a given set of formulas. This ability is
justified next, starting with Theorem 1.

Theorem 1. (Deduction Theorem for FOL)
({Γ, ϕ} �FOL ψ) iff (Γ �FOL (ϕ ⇒ ψ)), where ϕ
is a closed formula, i.e. a formula in which every
variable is not free, and ψ is a formula.

Since we assumed that every variable is univer-
sally quantified, it is implied that every formula is

closed. Hence, the theorem is valid. Suppose, for
example, that we want to check if

TCLA ∪ CCLA ∪ {h} �FOL f (5)

where ¬f ∈ Fact and h ∈ H∗. Then we could
compute ResolutionOP(TCLA∪CCLA∪{h}∪{¬f}).
If we obtain the empty clause, i.e.

TCLA ∪ CCLA ∪ {h} ∪ {¬f} `GenRes ∅ (6)

By Proposition 6 and Theorem 1,

TCLA ∪ CCLA ∪ {h} ∪ {¬f} �FOL ⊥ iff

iff TCLA ∪ CCLA ∪ {h} �FOL (¬f)⇒ ⊥ iff

iff TCLA ∪ CCLA ∪ {h} �FOL f (7)

Consistent determines the consistency of the
translated input set TCLA∪CCLA, containing the for-
mulas in clausal form obtained through the pro-
gram CLAFOL. It applies the GRP to the set TCLA ∪
CCLA and verifies if the empty set is achieved. If
such event occurs, by Proposition 6, the set is in-
consistent, i.e. TCLA ∪ CCLA �FOL ⊥.

5.6. Final Theoretical Considerations
The last step is to show that the algorithm does in
fact act as an abduction algorithm, i.e., it produces
a set of hypotheses whose elements satisfy equa-
tions (1), (2), (3) and (4).

Beginning with a TCHF reasoning framework
#2 with H = ∅, we translate T and C into
clausal form, obtaining TCLA and CCLA, and check
whether or not the set TCLA ∪ CCLA is consis-
tent, using ResolutionOP. If it is, we translate the
negated facts into clausal form, and again apply
ResolutionOP. If ∅ ∈ ResolutionOP(TCLA ∪ CCLA ∪
Fact), then

TCLA ∪ CCLA ∪ Fact `GenRes ∅ (8)

By Proposition 6, this is equivalent to

TCLA ∪ CCLA ∪ Fact �FOL ⊥ (9)

By Theorem 1, this implies that

TCLA ∪ CCLA �FOL ¬Fact (10)

Hence, there’s no need to produce a hypotheses
set, since the theory set and the conditions set al-
ready explain the facts set. Assume instead that

ResolutionOP(TCLA ∪ CCLA ∪ Fact) = {r1, ..., rk}
(11)

Then TCLA ∪ CCLA does not explain ¬Fact, and
we’ll produce a hypotheses set with the program
FormulateCandidateHypothesesFOL. The idea
behind this procedure is the following. From (11),

TCLA ∪ CCLA ∪ Fact �FOL
k∨
i=1

ri (12)
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Thus, by Theorem 1,

TCLA ∪ CCLA ∪ {¬
k∨
i=1

ri} �FOL ¬Fact iff

k⋂
i=1

(TCLA ∪ CCLA ∪ {¬ri}) �FOL Fact (13)

On the other hand, from (12), we also know
that TCLA ∪ CCLA 2FOL ¬Fact. Going back to
the idea of the algorithm, we want to find hy-
potheses with maximal explanatory power but min-
imal complexity, and not just hypotheses that ex-
plain all the facts. Hence, instead of taking
H∗ = {

∧k
i=1 ¬ri}, which would explain the en-

tire fact set but have maximum complexity, we
notice that from (13) we can conclude that con-
junctions of {¬ri} together with TCLA ∪ CCLA can
entail a subset of ¬Fact. Hence, we consider
H∗ as being formed of tuples made of these el-
ements. After formulating the hypotheses set,
we remove the inconsistent hypotheses using
RemoveInconsistentHypothesesFOL. This corre-
sponds to removing the hypotheses h ∈ H∗

such that TCLA ∪ CCLA ∪ {h} `GenRes ∅. After-
wards, we determine the good hypotheses using
selection criterion #2, which was implemented as
SelectGoodHypothesesFOL. At last, we translate
the set H∗ into a set H with formulas in FOL, us-
ing a process called reverse Skolemization, which
is also explained in the thesis. Notice that the use
of the relation �FOL when discussing FOL∗ for-
mulas is valid, since FOL∗ is a subset of FOL.

6. Results & Applications
An extended analysis of the results obtained in
terms of examples, of time complexity and of de-
tails regarding the implementation of the various
procedures, can be found in the thesis document.

In terms of time complexity, we’ve noticed an
increase in time complexity proportional to: the
number of formulas within the input sets T and
C; the number of universal quantifiers present
within those sets; the order in which the quanti-
fiers appear (higher when the head quantifier is
∀); the number of conjunctions; the number of
facts; the value of Comp. The value of p only neg-
atively influences the time complexity when the
maximum number of iterations is reached within
ResolutionOP. More obvious results consist on
the fact that the number of solutions mostly re-
duces when ExpPow inscreases, and mostly in-
creases when Comp is augmented. Comparing the
time results with the original algorithm, we can eas-
ily verify that the average running time is higher in
Peirce’s FOL algorithm. This disparity arises due
to the increased number of procedures involved,

as well as the higher complexity of the formulas in
play.

Regarding the solutions themselves, it’s worth
mentioning that this algorithm is not capable of pro-
ducing hypotheses if the input sets do not con-
tain any formulas directly or indirectly related to the
facts. More, the way that the Mathematica system
works makes it impossible to apply this algorithm
directly to axioms and some other False formulas,
since the system automatically translates them to
True or False, representations which are promptly
removed before the main procedure starts. Hence,
we could have the case where new input sets are
required for the algorithm to compute a solution.
The last translation from FOL∗ to FOL is done
manually since it requires the usage of substitu-
tions that can only be defined through a compari-
son between the variables in the initial theory set,
and the variables and constants of the preliminary
hypotheses set.

In terms of expressive power, we have to point
out that the number of situations where our algo-
rithm can be used is also significantly higher than
the original one. In particular, we’re now able to
properly express ideas like ”it’s always the case...”
and ”it’s sometimes the case...”, situations which
we face very frequently in everyday life.

At last, it’s important to distinguish its role con-
cerning more practical applications of this algo-
rithm, for example in the field of medical diagnosis,
of which we present a real problem and obtain its
solution within the thesis.

Finally, we discuss the influence of this algorithm
over our second goal - the automatization of ab-
duction function for certain proof systems - which
can then be used as a stepping stone within the
study of heterogeneous fibring.

Definition 31. (Abduction Function)
Let P = 〈C,D, ◦, P 〉 be a proof system. An ab-
duction function for P is a computable function
Abd : D → ℘fin(℘fin(L(C))) such that for any
Γ ⊆ L(C), if PΓ(d, ϕ) = 1, then there is ∆ ∈ Abd(d)
such that P∆(d, ϕ) = 1 and ∆ ⊆ Γ.

Definition 32. (TCHF Reasoning Framework #2
for P(〈CFOL,`FOL〉))
Let Γ be a set of formulas in FOL, and d =
〈ϕ1, ..., ϕn〉 a Hilbert-derivation within the proof
system P(FOL). Then d′ = (T,C, F ) is induc-
tively defined as follows: F = {ϕn}; if ϕi ∈ Γ
then ϕi ∈ T ; if ϕi is Hilbert-derived from ϕj and
ϕj ⊆ {ϕ1, ..., ϕi−1}, then {ϕj ⇒ ϕi} ∈ C; if ϕi is
ϕn and {ϕj ⇒ ϕi} ∈ C, then ϕj /∈ T .

Suppose that we are given a proof system
P(FOL), induced by the Hilbert calculus FOL,
and a derivation within that proof system - d ∈ D -
such that PΓ(d, ϕ) = 1, where Γ ⊆ L(CFOL) and
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ϕ ∈ L(CFOL). To determine ∆ ∈ Abd(d) such that
∆ ⊆ Γ and P∆(d, ϕ) = 1, we determine d′ and ap-
ply Peirce’s FOL algorithm with ExpPow = 1, since
we want to create hypotheses for a single conclu-
sion ϕ. The output will be a hypotheses set H∗

with formulas in FOL∗. This set must be manu-
ally translated into a set H of hypotheses in FOL,
which in turn must be crossed with the original the-
ory set in order to determine a set ∆ ⊆ Γ such that
P∆(d, ϕ) = 1.

7. Conclusions

The major achievement of this thesis was the de-
velopment and computational implementation in
Mathematica of an abduction algorithm for FOL
formulas within a TCHF reasoning framework #2,
containing intrinsically an implementation of a
translation from FOL formulas to FOL∗ formu-
las in clausal form, a unification algorithm, and
an implementation of a Resolution principle (in our
case the GRP). We’ve also introduced a theoretical
translation of the results obtained from this algo-
rithm back to FOL. The hypotheses obtained are
more useful than the ones presented in [1] in the
sense that they don’t consist of the entire set of hy-
potheses of the original derivation, but instead con-
sist of a finite subset contained in the original set.
The implementation was made not only based on
the original Peirce’s algorithm, but also on structure
of the formulas generated within the proof systems
(and derived theories) defined in Section 2. Yet,
we consider this representation to be fairly generic
in the sense that a vast number of abduction prob-
lems can be ”translated” into formulas contained
within these systems, which in turn can be easily
included in a TCHF reasoning framework #2. The
auxiliary programs developed can also be looked
at as accomplishments on their own. In particular,
the implementation of the GRP can also be used
to compute the value of the relation PΓ(d, ϕ).

Regarding theoretical results, besides the con-
nections already mention in the previous section
and in the previous paragraph, we can also add to
our achievements a compilation of completeness
and soundness results for the main procedures
of the algorithms - Resolution principle and GRP.
The ability to add this algorithm to a pool of previ-
ously developed algorithms to use, for example, in
benchmark testing, is another useful result.

At last, in terms of comparison with other algo-
rithms, to our knowledge there is no official Ab-
duction algorithm built in Mathematica, and thus
we cannot compare the results within this system.
Comparisons with other algorithms are not accu-
rate, since they work over different frameworks,
within different computational systems. As men-
tioned, some work was already made in terms of

benchmark testing, and can be found in [3]. De-
spite not being implemented in the same system,
a rude comparison with the original algorithm al-
lows us to notice that despite the multiple optimiza-
tions implemented, the developed procedure has a
higher average time in theory, for reasons already
explained.
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versity. The Resolution Proof System for
Propositional Logic.

[3] T. Eiter and G. Gottolb. The complexity of
logic-based abduction. Journal of the ACM,
42(1):3–42, 1995.

[4] M. Genesereth and E. Kao. Introduction to
Logic. Morgan Claypool, 2013.

[5] V. Goranko. First Order Logic: Prenex Nor-
mal Form, Skolemization, Clausal Form. DTU
Informatics, 2010.

[6] S. Klarman, U. Endriss, and S. Schlobach.
Abox abduction in the description logic alc.
Journal of Automated Reasoning, 46(1):43–
80, 2011.

[7] D. Poole, R. Goebel, and R. Aleliunas. The-
orist: A logical reasoning system for de-
faults and diagnosis. The Knowledge Frontier,
pages 331–352, 1987.

[8] F. Rodrigues, C. Oliveira, and O. Oliveira.
Peirce: an algorithm for abductive reason-
ing operating with a quaternary reasoning
framework. Research in Computing Science,
148(5):53–66, 2014.

[9] A. Sernadas and C. Sernadas. Foundations of
Logic and Theory of Computations. Instituto
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