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Neural field equations (NFE) are models that describe the spatiotemporal evolution of variables
such as synaptic or firing rate activity in populations of neurons. The complexity of such models
implies the intervention of several numerical methods to obtain a solution for the equations. The
accuracy of such methods and the physiological meaning involved has been studied by many experts
and has evolved greatly. However, due to the importance of simulations in real world problems, as
robotics or medicine, the time consumption of this algorithms plays a very important role. In this
thesis we describe a model and its numerical implementation to solve this kind of equations. We
will discuss some of the numerical methods used and their properties. In order to contribute to a
faster algorithm we will explore the usage of different programming languages and investigate ways
to upgrade the implementation. Finally we will perform some simulations to confirm the accuracy
of the algorithm and dive into a real problem of working memory.

I. INTRODUCTION

Neuroscience is an amazing multilevel and multidis-
ciplinary subject comprising morphological, functional
and physical studies of the central nervous system. The
understanding of the biological basis of learning, mem-
ory, behavior, perception and consciousness has been de-
scribed by Eric Kandel as the ultimate challenge of the
biological sciences [7]. To understand the fundamen-
tal properties of neurons and neural circuits it combines
physiology, anatomy, molecular biology, developmental
biology, cytology, psychology and, on what concerns us,
mathematical modeling.

One of the first attempts at developing a continuum ap-
proximation of neural activity can be attributed to Beurle
in the 1950s [2]. This was followed by the work of Grifith
in the 1960s, who also published two books that are still
considered to be interesting reading [5] [6]. However, it
were Wilson and Cowan [13], Nunez [10], [11], [12] and
Amari [1] in the 1970s who provided the formulation for
neural field models that is used today.

Paul Nunez was one of the first to realize the impor-
tance of modeling the long range cortico-cortico connec-
tions for generating the all important α-rhythm of EEG
(an 8-13 Hz frequency) [10]. Moreover, he recognized
that because the cortical white matter system is topo-
logically close to a sphere that a model that respected
this (with periodic boundaries) should naturally produce
standing waves [11], [12].

In [1], Amari used a simple model that has sufficient
generality as far as the mechanism of localized excitation
patterns formation concerns. In this work he has shown
three types of dynamics which occur in single-layer ho-
mogeneous neural fields with lateral inhibitory connec-
tions. In double-layer homogeneous neural fields, he has
also shown the mechanism of dynamic patterns formation
such as oscillatory and traveling waves.

A. Basic elements of Neuronal Systems

The elementary processing units in the central ner-
vous system are neurons, that is, electrically excitable
cells that receive, process, and transmit their informa-
tion through electrical and chemical signals. Neurons
are connected to each other in an intricate pattern. A
tiny portion of such a network of neurons is sketched in
Figure 1. The cortical neurons and their connections are
packed into a dense network with more than 104 distinct
cell bodies per cubic millimeter.

FIG. 1. On the left side we have a reproduction of a drawing
of Ramn y Cajal shows only a very small portion of neurons
in the mammalian cortex that he observed under the micro-
scope (from [15]). On the right, a signal transmission from a
presynaptic neuron j to a postsynaptic neuron i.

A typical neuron can be divided into three function-
ally distinct parts, called dendrites, soma, and axon (see
figure 1). The dendrites play the role of the input device
that collects signals from other neurons and transmits
them to the soma. The soma is the central processing unit
that performs an important non-linear processing step:
If the total input arriving at the soma exceeds a certain
threshold, then an output signal is generated. Finally
the axon is the output device, which delivers the signal
to other neurons.

We refer to the sending neuron as the presynaptic cell
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and to the receiving neuron as the postsynaptic cell. The
site where the axon of a presynaptic neuron makes con-
tact with the dendrite (or soma) of a postsynaptic cell is
the synapse.

B. Mathematical Framework of NFE

Each cubic millimeter of cortical tissue contains ten
thousands, on average, of neurons. This suggests that
a description of neuronal dynamics in terms of an aver-
aged population activity, instead of on the single-neuron
level, is more appropriate. Furthermore, the unfolded
cerebral cortex of humans covers a surface of 22002400
cm2 , but its thickness is, on average, only 2.5 to 3.0
mm. So this thickness can be despised and the cerebral
cortex will be treated as a continuous two-dimensional
sheet of neurons. We assume that all neurons have simi-
lar properties, that the connectivity is homogeneous and
the coupling strength of two neurons is a function of their
distance only.

The synaptic input current to a given neuron depends
on the level of activity of its presynaptic neurons and on
the strength of the synaptic couplings. So we assume that
the amplitude of the input current is simply the presy-
naptic activity scaled by the average coupling strength
of these neurons. Therefore the total input current is the
result of:

I ′(x, t) =

∫
K(| x− y |)S(V (y, t))dy

Here, V (x, t) is interpreted as a neural field represent-
ing the local activity of a population of neurons at posi-
tion x and time t. The firing rate function is represented
by S. The most usual choice for this is a Heaviside step
function. In this case a neuron fires maximally or not
at all, depending on whether or not synaptic activity is
above or below some threshold.

Often referred to as the synaptic footprint or con-
nectivity function, K represents the average coupling
strength of two neurons as a function of their distance.
Typically this function reflects global excitation (K > 0),
global inhibition (K < 0) or local excitation.

In order to complete the definition of the model, we
need to specify a relation between the input current and
the resulting membrane potential. The input potential is
thus given by a differential equation of the form

τ
∂V

∂t
= −V +RI ′ +RIext

with τ being the time constant of the integrator and Iext

an additional external input. In the following we work
with unit-free variables and set R = 1. All together we

obtain the field equation:

τ
∂V

∂t
(x, t) = −V (x, t)+

∫
K(| x−y |)S(V (y, t))dy+Iext(x, t)

(1)

II. NEURAL FIELD EQUATION

A. Problem Statement

Having explained the complexity of such model we will
now be concerned with the numerical solution of the
integro-differential equation (1), which we re-write in the
form:

c
∂

∂t
V (x̄, t)= I(x̄, t)− V (x̄, t) (2)

+

∫
Ω

K(| x̄− ȳ |)S(V (ȳ, t))dȳ,

t ∈ [0, T ], x̄ ∈ Ω ⊂ R2

where the unknown V (x̄, t) is a continuous function V :
Ω× [0, T ]→ R, representing the neural activity. I, K, S
are given functions that will represent the external input,
the connectivity function and the firing rate function,
respectively and c is a constant. Throughout this text
by | x̄ − ȳ | we mean ‖ x̄ − ȳ ‖2. We are searching for a
solution of this equation with initial condition

V (x̄, 0) = V0(x̄), x̄ ∈ Ω

We will also consider the delayed case, where τ(x̄, ȳ) >
0 denotes the delay, which represents the time needed by
the electrical signal to move between x and y. In this
case the equation takes the form

c
∂

∂t
V (x̄, t) = I(x̄, t)− V (x̄, t) (3)

+

∫
Ω

K(| x̄− ȳ |)S(V (ȳ, τ(x̄, ȳ)))dȳ,

t ∈ [0, T ], x̄ ∈ Ω ⊂ R2

With initial condition

V (x̄, t) = V0(x̄, t), x̄ ∈ Ω, t ∈ [−τmax, 0]

where τmax = maxx̄,ȳ∈Ωτ(x̄, ȳ). By integrating both
sides of (3) with respect to time on [0, T ], we obtain the
Volterra-Fredhom integral equation:

cV (x̄, t) = V0(x̄) +

∫ t

0

(
I(x̄, s)− V (x̄, s)

+

∫
Ω

K(| x̄− ȳ |)S(V (ȳ, s− τ(x̄, ȳ)))dȳ
)
ds,

t ∈ [0, T ], x̄ ∈ Ω ⊂ R2

For the equations (3), the authors of [3] have analyzed
the existence, uniqueness and stability of the solutions.
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B. Numerical Approach

In this section we will describe briefly the numerical
approach introduced by [8] to solve (2) and (3).

C. NFE without delay

1. Time discretization

Let’s again consider the equation (2) in the form

c
∂

∂t
V (x̄, t) = I(x̄, t)− V (x̄, t) + k(V (ȳ, t)),

t ∈ [0, T ], x̄ ∈ Ω ⊂ R2

where k denotes the nonlinear integral operator defined
by

k(V (x̄, t)) =

∫
Ω

K(| x̄− ȳ |)S(V (ȳ, t))dȳ

Let ht > 0 be the stepsize and define

ti = iht, i = 0, . . . ,M, T = htM

and

Vi(x̄) = V (ti, x̄) ∀x ∈ Ω, i = 0, . . . ,M.

The partial derivative will be approximated by the fol-
lowing backward difference, for this we will consider two
prior solutions in time,

∂

∂t
V (x̄, ti) ≈

3Vi(x̄)− 4Vi−1(x̄) + Vi−2(x̄)

2ht
(4)

the discretization error for this approximation will be dis-
cussed later on. Considering Ui as the approximate so-
lution of (2) and from (4) and (2) we finally obtain the
implicit scheme

c
3Ui − 4Ui−1 + Ui−2

2ht
= Ii − Ui + k(Ui), (5)

i = 2, . . .M. (6)

Having the schema set, to initialize it we will need two
previous iterations in time: U0 and U1. The first will be
the initial condition V0, that is U0 ≈ V0 and the second
will be obtained using a one-step method. We will discuss
this in the actual implementation chapter.

2. Space discretization

In general, (5) cannot be solved analytically, therefore,
there is need for numerical approximation of its solu-
tion. With this purpose a mesh for space discretization
is needed.

Instead of limiting the mesh to [−1, 1] × [−1, 1], as
per [8], we will assume that Ω is a generic rectangle:

Ω = [a, b] × [c, d]. Let’s introduce a uniform grid of
points (xi, xj) such that xi = a + ih, i = 0, . . . , nx,
and xj = c + ih, i = 0, . . . , ny, where h is the dis-
cretization step in space. In each subinterval [xi, xi+1]
we introduce k Gaussian nodes: xi,s = xi + h

2 (1 + εs),

i = 0, 1, . . . , nx − 1, where εs are the roots of the kth

degree Legendre polynomial, s = 1, . . . , k. The same
approach is considered for xj and we shall denote Ωh

the set of all grid points (xis, xjt), i, j = 0, . . . , n − 1,
s, t = 1, . . . , k. A Gaussian quadrature formula to evalu-
ate the integral

∫
Ω
f(u, v)dudv will have the form

Q(f) =

nx−1∑
i=0

ny−1∑
j=0

k∑
s=1

k∑
t=1

ω̃sω̃tf(xis, xjt), (7)

with ω̃s = h
2ωs, where ωs are the standard weights of a

Gaussian quadrature formula with k nodes on [−1, 1], s =
1, . . . , k. A quadrature formula of this type has degree
2k − 1 and, therefore, assuming that f has at least 2k
continuous derivatives on Ω, the integration error of (7)
is of the order of h2k . Note that the total number of
nodes in the space discretization is k2n2.

Let us denote by Uh a vector with N2 entries, where
N = nk, such that

(Uh)is,jt ≈ U(xis, xjt);

then the finite-dimensional approximation of k(U) may
be given by

(kh(Uh))mu,lv=

nx−1∑
i=0

ny−1∑
j=0

k∑
s=1

k∑
t=1

ω̃sω̃t (8)

×K(‖ (xmu, xlv)− (yis, yjt) ‖2)S((Uh)is,jt)

By replacing k with kh in (5) we obtain the following
system of nonlinear equations:

Uh − 1

1 + 2ht

3c

kh(Uh) = fh (9)

where kh(Uh) is defined by (8) and

(fh)is,jt = f(xis, xjt),

with f defined by

fi(x̄) =
(

1 +
2ht
3

)−1(
Ii +

c

ht
2Ui−1(x̄)− c

2ht
Ui−2(x̄)

)
(10)

For the computation of fh we have to evaluate the
iterates Ui−1 and Ui−2 at all points Ωh. We denote the
vectors resulting from this evaluation by Uh

i−1 and Uh
i−2,

respectively. Then, we want to solve (9) at each time
step of our numerical scheme, which is a system of N2

nonlinear equations.
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III. IMPLEMENTATION

A. Code structure

The code has the following structure. First we intro-
duce the input data: stepsize in time and in space, initial
condition U0 , error tolerance for the inner cycle, required
number of steps in time. Following, there is an outer cy-
cle that computes each vector Uh, given Uh

i−1 and Uh
i−2,

according to the multistep method (5). In order to initial-
ize this cycle, besides Uh

0 we need Uh
1 , which is obtained

by the explicit Euler method. We compute

Uh
1 = U0 +

ht
c

(I0 − U0 + kh(U0)). (11)

At each step in time we must solve the nonlinear system
of equations (5), which as suggested above is obtained by
means of the fixed point method until the iterates satisfy

‖ Uh,(n) − Uh,(n−1) ‖∞< ε

for some given ε. This is the inner cycle of the scheme
and ε is the error tolerance. To start the inner cycle we
use an initial guess which is obtained from Uh

i−1 using
again the Euler method:

Uh,(0) = Ui−1 +
ht
c

(Ii − Uh
i−1 + kh(Uh

i−1)).

Note that at each step of the inner cycle it is necessary
to compute the function kh at all the grid points. From
the computational point of view, this means that we must
evaluate N2 times a quadrature rule of the form (7), with
N2 nodes. The greatest part of the computing time is
spent in this process. In order to improve the efficiency of
the numerical method, we apply the following technique,
proposed in [14] for the solution of two-dimensional Fred-
holm equations.

Assuming that the function V is sufficiently smooth,
we can approximate it by an interpolating polynomial of
a certain degree m:

pmi = cos
( (2i− 1)π

m

)
, i = 1, . . . ,m (12)

We will replace the solution Vi by its interpolating
polynomial at the Chebyshev nodes in Ω. If Vi is suf-
ficiently smooth, this produces a very small error and
yields a very significant reduction of computational cost
since when computing k(Ui) we have only to compute m2

components, one for each Chebyshev node on Ω. For this
we compute the matrix M such that

Mi,j = Q(V (pmi , p
m
j , t), i = 1, . . . ,m, j = 1, · · · ,m

where Q is the approximation of the integral k, obtained
by means of the quadrature (7), and pmi are the Cheby-
shev nodes, defined by (12). Then we have to perform
the matrix multiplication

Λ = CMCT ,

where C is the matrix defined by

Cij = ci−1(pmj ), i = 1, . . . ,m, j = 1, . . . ,m;

here ck(x) represents the scaled Chebyshev polynomial
of degree k,

ck(x) = δk cos(k arccos(x)), k = 0, 1, . . . ,

with δ0 = 1/ 2
√
n, δk = 2

√
2δ0, k = 1, . . . ,m − 1. The

matrix Λ contains the coefficients of the interpolating
polynomial of the solution (expanded in terms of scaled
Chebyshev polynomials). We compute

T = PT ΛP, (13)

where P is the transformation matrix, given by

Pij = ci−1(x(j)), i = 1, . . . ,m, j = 1, . . . , N

Here x(j) represents each Gaussian node: x(j) = xi,s if
j = ik + s. Finally, the vector Ui for the next time step
(of size N2) is obtained by copying T , row by row.

B. Complexity and Error

Error Assuming that the partial derivatives ∂iV (x,t)
∂it ,

i = 1, 2, 3 are continuous on a certain domain Ω× [0, T ],
the local discretization error of the approximation, given
by (4) has the order of O(h2

t ). Concerning the space
discretization, the error has two components: one result-
ing from the application of the discretization scheme (9),
and the other resulting from the polynomial interpola-
tion. The order of the approximation depends, on both
cases, on the smoothness ofU,K, S and I functions. If the
functions S, K and Ui satisfy certain smoothness condi-
tion, the discretizations scheme (9) has order 2k in space,
where, recall, k is the number of Gaussian nodes at each
subinterval.

It is not possible to obtain a closed expression of the
global error for an arbitrary value of j due to the com-
plexity of the numerical method. However, the multistep
scheme is zero-stable, which means that it will be stable
for a sufficiently small value of ht. If this condition is
satisfied, we have

‖Ei,j‖ (1− 2ht
3c

(1 + L1)) ≤ 4

3
‖Ei−2,j‖+

1

3
‖Ei−2,j‖

+O(h2k), i = 2, 3, ...

Complexity The algorithm for computing each it-
erative of the fixed point method, in the case that we
are using the Chebyshev nodes interpolation technique,
requires m2 applications of the quadrature form, other-
wise N2 applications are required. Each iteration on the
quadrature implies N2 evaluations of the integrand func-
tion, so at this point for each iteration in time we have
m2N2 function evaluations. From (III A), and since the
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FIG. 2. Performance results: the graphic of the time (in
minutes) that each implementation took to solve equation [5]
for ten steps in time. The input functions and parameters are
the same used on Example 1 of section IV A. Note that the
total of nodes is N = 4 ∗ n. represents.

involved matrices have dimension m×m, the total num-
ber of arithmetic operations is O(m3). Since, by con-
struction, m << N , the complexity of this part of the
computations is much lower than that of the previous
one. We also have the matrix product (13) which results
in complexity of O(mN2). In conclusion, the complexity
of each iteration is O(N2m2). Finally, on what regards
the two cycles, the outer one, obviously, depends on the
number of steps in time that we apply, Note that the
total of nodes is N = 4 ∗ n.and on the inner cycle the
number of iterations of the fixed point method at each
time step is typically two to four.

C. Choosing a programming language

After some investigation on the advantages and dis-
advantages of several programming languages and in or-
der to learn which programming language is, in fact, the
most suitable and efficient for our problem, we have de-
veloped the algorithm in Python (with and without some
upgrades) and in Julia.

We started by implementing the algorithm in Python.
However, the results did not show a major time con-
sumption gain. In order to take advantage of Python’s
extensive libraries and functionalities, we have made us-
age of Cython, which is an optimizing static compiler for
Python and an extended language that allows to use both
C and Python at the same time. However, the major up-
grade of the implementation was obtained by choosing
the Julia programming language. The results are shown

in figure 2.

D. Upgrades on the algorithm

There are other possible changes to be made within
the implementation of the algorithm that make differ-
ence on time consumption. The first issue that we could
address is the calculations of the integral, more precisely
the value for the kernel K. Although the approximate
value of the integral, that is (8), is use for each node at
any moment in time, we know that K represents the in-
teraction between nodes and that, this interaction, does
not depend on the moment ti. This means that by the
time the mesh is defined we can also define an array con-
taining all the interactions. Although this represents a
big effort at the beginning of the algorithm we won’t be
repeating calculations at each moment in time, we will
only be repeating the access to the array, which repre-
sents significant less effort. Note that the kernel function
can be heavy to solve in some examples, needing itself
numerical methods for solving.

The results with this upgrade were positive as ex-
pected. It implies an average of a 2 times faster algo-
rithm, see figure 3.

Another implementation strategy that we can apply
concerns the firing rate function. As explained before this
function is usually an Heaviside function or similar to it.
That means that, for many values of S, if the potential is
lower than a certain threshold we have S(U) = 0. Well,
this function is used on the most time consuming part of
the algorithm, that is the calculation of the integral. Let
us recall equation [8]

If the value of S((Uh)is,jt is zero, there is no need
to calculate K(‖ (xmu, xlv) − (yis, yjt) ‖2) (from equa-
tion [8]) which implies either calculating (‖ (xmu, xlv)−
(yis, yjt) ‖2 and the kernel or, in the case that the first
upgrade is already implemented, accessing the kernel ma-
trix

IV. SIMULATIONS

A. Numerical tests

Example 1 Let’s consider the following input func-
tions

K(| x̄− ȳ |)= K(x1, x2, x3, x4) (14)

= exp(−λ(x1 − y1)2 − λ(x2 − y2)2)

where λ ∈ R+, the firing rate function as S(x) =
tanh(σx), σ ∈ R+ and the external input as

I(x, y, t) = − tanh
(
σ exp

(
− t

c

))
b(λ, x, y) (15)
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FIG. 3. Time (in minutes) that each implementation took to solve equation [5] for ten steps in time. The input functions and
parameters are the same used on Example 1 from IV A. Note that the total of nodes is N = 4 ∗ n. Before (B) and After (A)
correspond to the performance of the algorithm algorithm before and after the upgrade, respectively. On the left figure, the
upgrade consists on building the node interactions array prior to any calculation or loop. On the right, the upgrade consists
on building the node interactions array prior to any calculation or loop.

where

b(λ, x1, x2)=

∫ 1

−1

∫ 1

−1

K(x1, x2, y1, y2)dy1dy2 (16)

=
π

4λ

(
Erf(

√
λ(1− x1))

+Erf(
√
λ(1 + x1))

)(
Erf(

√
λ(1− x2))

+Erf(
√
λ(1 + x2))

)
where Erf represents the Gaussian error function. The
initial condition will be V0(x̄) ≡ 1 and, finally, the exact
solution for this problem is

V (x̄, t) = exp
(
− t

c

)
.

In the figures 4, 5, 6 and 7 we can see the graphical
representation of the input functions for this example.
We have chosen ht = 0.01, 0.02 and 0.04 for this simula-
tion and the other input parameters are µ = λ = c = 1.
Since c = 1 and, from figures 4 and 5, we can easily see
that Kmax = 1 and Smax ≤ 1, very close to 1. We have
the condition ht <

3
2 which our chosen values satisfy.

In 8 we can see the approximate solution at different
moments. Looking at the color map in figure 8 we can
tell V is not constant within the mesh, it has a concave
geometry. However it can be neglected since it has the
same order as the error et, see table I.

From previous section, we expect the method to be
convergent, with convergence order O(h2

t ) + O(h2k). In
all of these examples, k is set to be k = 4 which means
that each sub-interval has 4 nodes. That leads us to
a convergence order of O(h2

t ) + O(h8) and since O(h8)
is much smaller than O(h2

t ), it will be neglected. We

ought to analyze the result of et(2ht)
et(ht)

which resulted in

the following ratios: e0.04(0.02)
e0.04(0.01) ≈ 3.57; e0.08(0.02)

e0.08(0.01) ≈ 3.92

FIG. 4. Kernel function K(|
x̄− ȳ |) as defined in (14).

FIG. 5. Function S, defined
as S(x) = tanh(σx), σ ∈ R+.

FIG. 6. I(x, y, t) as defined in
(15), at t = 0, 0.01, 0.02, 0.1

FIG. 7. Initial condition V0,
defined as V0(x̄) = 1.

and e0.08(0.04)
e0.08(0.02) ≈ 3.55. As expected the ratios are close to

4 which supports the second order convergence.
Example 2 In this example, the kernel function has

the same form as the previous ones, the firing rate func-
tion is S(x) = x and the external input function, repre-
sented in figure 8,

I(x, y, t) = − exp
(
− t

c

)
β(λ, µ, x, y) (17)

where
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FIG. 8. Solution U(x, y, t), at t =
0.01, 0.05, 0.1, 0.15, 0.3.

t et(0.01) et(0.02) et(0.04)

0.01 4.98e-05 - -

0.02 6.66e-05 1.98e-04 -

0.03 7.25-05 - -

0.04 7.46e-05 2.66e-04 0.78e-03

0.05 7.55e-05 - -

0.06 7.60e-05 2.91e-04 -

0.07 7.64e-05 - -

0.08 7.68e-05 3.01e-04 1.07e-03

0.09 7.71e-05 - -

0.1 7.75e-05 3.06e-04 -

TABLE I. Table containing the discretization error et for ht =
0.01, 0.02 and 0.04, from t = 0 until t = 0.1, from example 1.

β(λ, x1, x2) =

∫ 1

−1

∫ 1

−1

exp
(
− λ((x1 − y1)2 + λ(x2 + y2))

−µ(y2
1 + y2

2)
)
dy1dy2

where Erf represents the Gaussian error function. Set-
ting the initial condition, represented in figure 8, as

V0(x1, x2) = exp
(
− µ(x2

1 + x2
2)
)

(18)

we have the exact solution

V (x1, x2, t) = exp
(
− t

c

)
exp(µ(x2

1 + x2
2)).

ht ‖ et ‖∞
0.0025 5.07e-06

0.005 2.02e-05

0.01 8.02e-05

0.02 3.14e-04

TABLE II. Table containing the error et for ht =
0.0025, 0.005, 0.01 and 0.02, at t = 0.1, from example 2.

We started by using ht = 0.0025, 0.005, 0.01, 0.02 and
generating the solution within the time interval [0, 0.01].

FIG. 9. External input func-
tion I(x, y, t) defined in (17),
at t = 0, 0.01, 0.1

FIG. 10. Initial condition
V0(x, y), defined in 18, for
x, y ∈ Ω = [−1, 1]× [−1, 1].

Again the usage of the interpolation does not compro-
mise the results and we choose to use N = 24 and
m = 12. We can verify, from table II, the second or-
der convergence of the numerical method by calculat-

ing the ratios e0.02(0.01)
e0.01(0.01) ≈ 3.91, e0.01(0.01)

e0.005(0.01) ≈ 3.97 and
e0.005(0.01)
e0.0025(0.01) ≈ 3.98.

The top of figure 11 we can see, as expected, the decay
of the potential towards zero. In order to see the impact
of introducing some delay on this simulation we use the
approach described in section ?? with v = 1. The result
is shown on figure 11. Comparing the two examples, see
figure 11, we can see the effect of the delay as this latest
case takes more time to reach the zero solution.

B. Working memory simulation

In this section we will use the algorithm described in
the previous sections to simulate a simple practical ex-
ample, inspired by [9] and [4] of application of neural
field equations: working memory. Working memory is
defined as the capacity to transiently hold sensory infor-
mation to guide forthcoming action or, in practical terms,
the temporary storage of information within the brain.
Dynamic neural field models with a kernel of lateral inhi-
bition type support a bump that is initially triggered by
an external stimulus. The activity remains self-sustained
after stimulus removal due to the recurrent interactions
in the network.

With this simulation we want to see how a sequence of
inputs can generate a stable multibump solution. This
kind of simulations are motivated by recent studies sug-
gesting that populations of cortical neurons may encode
in their firing pattern simultaneously the nature and the
timing of sequential stimulus events. In this particu-
lar case, we will look at the inputs to the field to be
light signals of different colours that occur at different
times. Therefore, our 2-dimension model varibales, (x, y)
will represent the continuous dimensions colours and the
elapsed time. With this approach we expect that the
bump solution contains the information on the colour
and the time of the event.

Let us start by introducing the input functions for this
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FIG. 11. Approximated solution at different moments. On the top figures without delay and
on the bottom with delay.

problem. As mentioned before the kernel, K, will be of
lateral inhibition type, that is

K(m,n) = A exp(−kd(m,n))(ksin(a1r) (19)

+cos(a1d(m,n))),

where (m,n) ∈ [0, 40]× [−20, 20] and d(m,n) =‖ m−
n ‖2. A, a1 and k are certain positive constants that
define the shape of the kernel. In simple terms, A defines
the amplitude of the waves, a1 the frequency and k the
way they propagate, see figure 12. For the signal function
we defined

S(v) = H(v − b), (20)

where b > 0 is a certain threshold and H represents the
Heaviside function, see figure 12.

The function I represents the external input as be-
fore. For this case, I(x, y, t), with (x, y) ∈ Ω = [0, 40] ×
[−20, 20] and t ∈ R, is defined by

I(x, y, t) =

n∑
i=0

Ii(x, y, t), (21)

where I0 is a traveling wave:

I0(x, y, t) = α0 exp(−γ0(x− vt)2), (22)

FIG. 12. In this picture we have the representation of the
Kernel function K(x, y) with x, y ∈ Ω = [0, 40] × [−20, 20].
In the left top we consider a1 = 1 and k = 0.8, in right top
figure, a1 = 1 and k = 0.1 and in the bottom left a1 = 4
and k = 0.8. For the three cases we have A = 0.02. Finally,
on the right bottom, we have a representation of function S,
defined as in 20.

and the remaining inputs, for i > 0, correspond to peaks
with center at Ci:

Ii(x, y, t) = αi exp(−γi(x− Ci)
2), (23)

where Ci ∈ [−20, 20]. For initial condition we will
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consider V (x, y, 0) ≡ 0.
For this precise example, we will combine the inputs

described before and set them to be active for t ∈ [0, 1.5],
see figure 13, that is

I(x, y, t) =

{
I0(x, y, t) + I1(x, y, t) t ≤ 1.5

0 t > 1.5

FIG. 13. Surface plot of the external input function I(x, y, t)
with x, y ∈ Ω = [0, 40] × [−20, 20] at t = 0.15. This function
includes two inputs, one travelling wave and one bump on
y = 0. The parameters used are described in Example 1.

Note that these inputs are transient, that is, they re-
main during a short time period and then vanish. The
first image shows both inputs, the second also shows both
inputs but the travelling wave has advanced. The peak
coordinates of the bumps contains the information about
the colour and the time interval of a specific event.

Example 1 Let us consider K with A = 0.5, a1 =
1.5 and k = 0.3, which makes the kernel function to be
more similar to the third image of figure 12. Let us also
consider α0 = α1 = 0.2, γ0 = γ1 = 1, C0 = 0 and
b = 0.05.

As we can see in figure 14 the results represent well the
effect of the external input function. It is also possible
to see that the propagated waves vanish as they get far
from the external input peaks, which was the expected
behaviour having into account the chosen K.

Example 2 For this example we consider the same
parameters for K and S but introduce a new input func-
tion.

I(x, y, t) =


I0(x, y, t) + I1(x, y, t) t ≤ 1

I0(x, y, t) + I1(x, y, t) + I2(x, y, t) t ≤ 2

0 t > 2

The results are as expected, the propagation of the
waves is equal to the previous example but we can see a
new peak. In figure 15 picture A, we see the first input
for y = 10, that started at t = 0. In picture B. of 15
we can now see both inputs and, as expected, the peak
corresponding to y = −10 is yet lower than the previous
one. Although the intensity of those inputs are the same,
the exposure time for y = 10 was bigger and, therefore, in
the long term, the peak of this input will be a bit bigger

in the solution, see for example for t = 40 in figure 15.

V. CONCLUSIONS

The complexity of the NFE models and their inputs
functions is undeniable. To reach a satisfactory perfor-
mance , in terms of accuracy and time consumption, of
this algorithms is a challenge.

One of the main goals of this work was to explore the
concepts of neural field equations by making usage of an
existing model and its numerical approximation. Some
simulations were performed and the results corresponded
to the expected behaviour. However due to the complex-
ity of these models and of the input functions and their
parameters, is it not always possible to achieve a satis-
factory graphical simulation.

In what concerns the usage of the different program-
ming languages there are several aspects to be concerned
with. Since we are studying mathematics and numer-
ical methods, for the academic purpose we are usually
not concerned with the memory usage or with the imple-
mentation code. Usually we only take into account the
accuracy and speed of the algorithm. However, for the
big goal that is having those type of methods included
into software for robotics, those are two topics that we
can not escape. There are a lot of conventions on how
to code for software development, one important thing is
that the code can be understood by any reader at any
time. Some times this can generate an impasse between
an efficient algorithm and a readable one. The usage of
the memory is also a big issue for this type of algorithms.

The major conclusion regarding the implementation
really relies on the context of problem in two different
ways. The first one is the purpose of the implementa-
tion. If we aim to only perform simulations for academic
purpose a tool like Julia and the notebook are great to
use. However, maybe it is too recent and not yet fully
explored to be considered for concrete applications, that
is software development. As a next step on this study, C
and C++ should be considered since it is still the fastest
language. For future work on this manner it would be
also good to explore this algorithm alongside an applica-
tion. For that purpose, python would be a great choice,
since it has already many tools available. We have dis-
cussed some advantages and disadvantages on the usage
of such programming languages and presented some prac-
tical results concerning the time consumption. In this
matter, Python seems to be a better option than Matlab
but did not show the major difference that we intended.
That was clearly obtained when choosing Julia.

The second way is to study the concrete problem. We
added some tips to make the algorithm faster by know-
ing the context of the problem and what K and S mean.
However we can investigate deeper into a concrete exam-
ple. For example, in the working memory simulation we
know where we expect the bump to be and where we do
not expect to have any changes. With this knowledge we
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FIG. 14. Surface plot of the solution V (x, y, t) with x, y ∈ Ω = [0, 40]× [−20, 20] at t = 0.1 (on the left), t = 2.5 (on the middle)
and t = 5 (on the right). With parameters described in IV B, in example 2.

FIG. 15. Surface plot of the solution V (x, y, t) with x, y ∈ Ω = [0, 40]× [−20, 20] at t = 0.1 (on the left), t = 2 (on the middle)
and t = 5 (on the right). With parameters described in IV B, example 1.

can choose, for example, a more appropriate mesh. This
mesh could be thinner where the bumps should be and

wider in the remaining mesh. With this we can reduce
the number of grid points.
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