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Abstract—This work proposes the development of a control
strategy based on the use of `1-norm penalty to the cost of Model
Predictive Control (MPC) scheme for autonomous vehicles. The
resulting control strategy will then be called sparse predictive
control or sparse controller, because of the type of action
considered. The vehicle is modeled using a discretized version
of single integrator model expressed in Cartesian coordinates
for a linear formulation, and a discretized version of unicycle
model expressed in polar coordinates for a nonlinear formula-
tion. Simulation results are provided to validate and evaluate
the viability of the proposed control strategy in relation to
the optimization parameters and constraints as applied in a
known environment inhabited with given obstacles. A comparison
analysis to quadratic or conventional cost function of MPC is also
conducted. Based on the results from simulations, the feasibility
of the proposed control strategy for vehicle motion control is
shown as well as the effect of the selection of the cost weights that
configure the controller. Furthermore, it can suggest that sparse
controller is a better alternative to a conventional implementation
of MPC, especially on the basis of minimizing the cost incurred
during the process, resulting to a minimal fuel consumption.

Index Terms—Sparsity, Model Predictive Control, Receding
Horizon Control, Mobile Robot, Obstacle Avoidance.

I. INTRODUCTION

There is a rapid increase of interest on Autonomous Ve-
hicles (AV), that includes airborne, space borne, ground, and
submersible. In an AV, it is appropriate to ask what will be
the way to control a vehicle for a given obstacle avoidance
situation. This assessment can be done in the context of
Model Predictive Control (MPC), one of the modern control
methods. The development of these modern control concepts
can be traced back to the works of Kalman in the early
1960’s [1], [2]. Kalman formulated in his two ground-breaking
papers a precise design for the optimal least squares transient
control problem and later on became to be known as Linear
Quadratic Regulator (LQR) and Linear Quadratic Gaussian
(LQG). These works became a standard approach to solve
control problems in a wide range of application areas [3].
But it made a less significant impact on control technology
development in the process industries. These failures can be
traced to:

1) its incapacity to deal with constraints
2) its incapacity to solve process nonlinearities
3) its uncertainty in modeling
4) uniqueness of its cost function
5) cultural reasons.

Because of the these shortcomings, it led to the development
of a more advanced control method. In the late 1970’s,

various papers were released showing applications of MPC
in the industry. Two of the most well-known papers were
from the works of Richalet et al. [4] presenting MPC as
Model Algorithmic Control (MAC) and of the Shell Oil
company engineers Cutler and Ramakter [5] for their work on
Dynamic Matrix Control (DMC) initially intended for its use
in petroleum refineries. However, the earliest patent appears to
be granted to Martin-Sanchez in 1976, who called his method
simply Adaptive Predictive Control [6]. An adaptive MPC
technique approach developed by Clarke et al., Generalized
Predictive Control (GPC) [7], [8], has also received consid-
erable attention. The term "predictive" appears in the name
of GPC because of the application of minimum variance in
predicted values on the finite future time. Additionally, the
term "predictive" also appears in MPC since the objective
function is given in predictive values on the finite future time
that can be computed by using the model [9].

In recent years the MPC landscape has changed drastically.
Although some other options are considered, such as the so
called Economic MPC [18], currently, the typical MPC formu-
lations are commonly structured with quadratic cost function,
both in the input and output cost. The choice is mainly due
to its simplicity and to the possibility of making use of the
properties from the LQR. Even though MPC have already
been implemented in many ways and widely studied for AV,
it is also of great interest to develop such controllers that
will guarantee desirable path planning while considering fuel
efficiency or minimality in the control effort. This proposition
could be achieved by implementing the sparsity on its cost
function. The use of `1-norm regularization in the sparsity
formulation is typically known to force many elements in the
control set to be equal to zero. As a result, it takes a little
effort in control(that is, more fuel-efficient for vehicles) by a
substantial margin compare to the other regularization terms.

In this dissertation, sparsity is incorporated with MPC to
develop a control strategy which will be later called the sparse
predictive control or sparse controller. Sparsity has become a
significant topic of researchers in various fields. It has been
successfully applied to some real-world applications, mostly
in the fields of image processing and computer vision [10]. In
the field of controls, modifications of conventional quadratic
MPC methods have been developed to obtain spatially or
temporally sparse control signals. One paper presented two
stabilizing `1-regularized MPC controllers for redundantly-
actuated Linear Time-Invariant (LTI) systems, by means of
terminal constraint set and terminal cost[11]. However, the
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paper only focuses on the investigation of theoretical basis in
enhancing optimality, enlarging the domain of attraction, and
minimizing conservativeness of the candidate terminal con-
trollers. Another literature examines the effectiveness of sum-
of-norms regularized with a numerical example for controlling
a drone [12]. Though the paper gives a good modification of
the conventional cost function of MPC, it emphasizes only the
use of the euclidean norm to sparsify the solution.

The objective of this thesis is to develop a control strategy
and study the implementation of the `1-norm, as well as the `2-
norm in the regularization term or the control input cost. Then,
a comparison of the performance of both implementations will
be performed, enough to explain and deduce a conclusion
on the sparsity idea. Both controllers are also simulated in
an environment containing obstacles with different shapes
to examine the extent of their capacities to handle hard
constraints.

II. MODEL PREDICTIVE CONTROL BACKGROUND

MPC is a form of control scheme based on iterative, finite-
horizon optimization problem to obtain for the current control
action using the current state of the plant as the initial state
[13]. This current state is used to make predictions of future
values of the states or outputs. Then the optimization yields a
sequence of optimal control moves (that is, manipulated input
changes) so that the predicted response moves to the set point
in an optimal manner [14]. In other words, it is used to predict
a sequence of input control changes so that the output tries to
follow the target or minimize the difference between them.
Shown in Fig. (1) is the basic principle of MPC. According to
a receding horizon strategy of this sequence of control values,
only the first is actually applied to the plant and the process is
repeated again obtaining a different optimal control sequence.

Figure 1. Model Predictive Control Basics (adapted from [14])

All MPC algorithms have the same basic elements or
requirements for its implementation. They will only vary on
the chosen options of the designers to modify one of these el-

ements giving rise to different algorithms. These requirements
include but not limited to the following:

1. Mathematical model of the plant
2. Cost function
3. Constraints
4. Prediction Model
5. Obtaining the control law
Further details are provided in the following sections for

every requirement.

III. LINEAR SPARSE PREDICTIVE CONTROL

In most cases the actual mathematical model of a system is
represented as an approximation to a linear model. Consider
a linear plant model in its discrete-time state-space represen-
tation

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k)
(1)

The representation from eq. (1) can be extended accordingly
with a given prediction horizon, H. The result will be called
as the prediction model with a generalized form for the state
variable, x:

x(k + 1|k) = Ax(k|k) +Bu(k|k)

x(k + 2|k) = A2x(k|k) +ABu(k|k) +Bu(k + 1|k)

x(k + 3|k) = A3x(k|k) +A2Bu(k|k) +ABu(k + 1|k)+

Bu(k + 2|k)

...
...

x(k +H|k) = AHx(k|k) +AH−1Bu(k|k)+

AH−2Bu(k + 1|k) + · · ·+Bu(k +H − 1|k)
(2)

By introducing the vector X which contains the set of n
state variables to be considered, and the vectors Ŷ and U
which are the set of future outputs and inputs, respectively

Ŷ =


y(k + 1|k)
y(k + 2|k)
y(k + 3|k)

...
y(k +H|k)

U =


u(k|k)

u(k + 1|k)
u(k + 2|k)

...
u(k +H − 1|k),

X =


x1(k|k)
x2(k|k)
x3(k|k)

...
xn(k|k)


Using the generalization of eq. (2), the prediction at sampling
instant k is then expressed as

Ŷ = WU + ΓX (3)

where the matrices W and Γ are defined as

W =


CB 0 0 . . . 0
CAB CB 0 . . . 0
CA2B CAB CB . . . 0

...
...

...
. . .

...
CAH−1B CAH−2B CAH−3B . . . CB





Γ =


CA
CA2

CA3

...
CAH


Various MPC algorithms propose different cost functions for

obtaining the control law. The general aim is that the future
outputs (Ŷ ) on the considered prediction horizon must follow
a determined reference or setpoint r, and at the same time, the
control effort u necessary for doing so should be penalized.
The conventional cost function for MPC formulation is written
as:

J =

H∑
i=1

‖y(k+i|k)−r(k+i|k)‖2Q + ‖u(k+i−1|k)‖2R (4)

In order to obtain the values u(k + i − 1|k) in a fixed
horizon, where i = 1, 2, ...,H , it is necessary to minimize
the cost function in (4). Assume that a full measurement of
the state x(k) is available at the current time k. Then for
event (x, k) (i.e. for state x at time k), a receding horizon-
based strategy is implemented by introducing the following
optimization problem written on the following form

minimize
xk+H
k ,uk+H−1

k

J(x(k), u(k)) (5)

subject to

x(k + 1) = Ax(k) +Bu(k)

u(k + i) ∈ U, i ∈ [0, H − 1]

x(k + i+ 1) ∈ X, i ∈ [0, H − 1]

(6)

where H is the prediction horizon, xk+Hk = [x(k + 1), x(k +
2), .., u(k+H)]T , uk+H−1k = [u(k), u(k+1), .., u(k+H−1)]T ,
and J(·) is the objective function or the cost function. U and
X are the sets of admissible values for the control and for the
state, respectively. In (5), it tries to minimize the cost function
subjected to different constraints found in (6).

In the context this thesis, the constraints are expressed as
linear and nonlinear inequalities. The nonlinear constraints are
detailed in (III-B) which are intended for obstacle concern.
Introducing the vector Zk = [Ŷ U ]T that contains the set
of future outputs and inputs, the mathematical optimization
problem in (5) and (6) can be modified as

min
Zk

‖MyZk − Ȳ ‖2Q + ‖MuZk‖pR
s.t. [I −W ]Zk = ΓX[

I
−I

]
Zk ≤

[
Zmax
−Zmin

]
h(MyZk) ≤ 0

(7)

where Ȳ is a set of reference points defined as

Ȳ =


r(k + 1|k)
r(k + 2|k)
r(k + 3|k)

...
r(k +H|k)

 ,

and My and Mu are selection matrices which extract from the
vector Zk the inputs and outputs, respectively. The last two
constraints represent the bound for control input and output
constraints, and the nonlinear function for obstacle constraints,
respectively. Note that the p is either the `1-norm which is for
the sparse controller or `2-norm which is for the quadratic
controller.

After obtaining the control law or the set of optimal values
for control, only the first element is applied for the current
state. In the following sample, the state is measured again.
Afterwards, the whole process is repeated at the next time
interval in a receding horizon fashion obtaining a new set of
control inputs.

A. Single Integrator

For the linear implementation, the single integrator is used
as the plant or vehicle model. In a single integrator model, the
motion of the vehicle is given by

ẋ = u (8)

where ẋ = [x1, x2]T and u = [u1, u2]T are the control vectors.
The discretized equivalent for this model can be defined as

x1(k + 1) =x1(k) + Tsu1(k)

x2(k + 1) =x2(k) + Tsu2(k)
(9)

where Ts is the sampling time. Thus, the state-space represen-
tation of this model can be written as

x(k + 1) =

[
x1(k + 1)
x2(k + 2)

]
A =

[
1 0
0 1

]
B =

[
Ts 0
0 Ts

]
C = A

B. Obstacle Constraints

The encoding of obstacle constraints assumes that the shape
of every obstacle follows that of the shape of `p-norms. The
geometrical interpretations in 2-D space of these different
norms can be shown in Fig. (2).

Figure 2. Different Norms Geometric Interpretations in 2D Space. The
figures in (a), (b), and (c) correspond to the graphs of `1, `2, and
`∞-norms, respectively.

The equation for each of the norms can then be formulated
as

‖x− C‖1 = |x1 − c1|+ |x2 − c2| = dsafe (10)

‖x− C‖2 = (x1 − c1)2 + (x2 − c2)2 = d2safe (11)

‖x− C‖∞ = max{|x1 − c1| , |x2 − c2|} = dsafe (12)



Furthermore, the vehicle representation is taken into account
in formulating the constraints for a multi-vehicle scenario or
it can be interpreted as a moving obstacle. The constraint can
be formulated as√

(x− c1)2 + (y − c2)2 = dsafe (13)

where dsafe is the allowable distance between the vehicle
being studied and the vehicle being a moving obstacle with
center at C(c1,c2).

IV. NONLINEAR SPARSE PREDICTIVE CONTROL

In a nonlinear sparse predictive control formulation, the
system is described or approximated by a nonlinear discrete-
time model . The vehicle model used for this demonstration
is the unicycle model. This model assumes that a vehicle has
one steerable drive wheel as shown in Fig. (3). Moreover,
this model ignores balancing concerns and it is assumed that
the motion of the vehicle cannot slip laterally so that the
translational velocity is in the direction of heading, i.e. a pure
rolling contact between the wheels and the ground.

Figure 3. The Unicycle Model (adapted from [15])

The state equations of this model is then given by [16]

ẋ =vcosθ

ẏ =vsinθ

θ̇ =w

(14)

where state [x, y, θ]T describes the position and orientation of
the center of the vehicle, and the control inputs denoted by
u = [v, ω]T are the linear and angular velocities, respectively.

It is important to discretized the model (14) as required in
the MPC formulation. Considering a sampling time Ts and
a sampling instant k, the discretized equivalent equations for
this model can be expressed as

x(k + 1) =x(k) + Tsv(k)cosθ(k)

y(k + 1) =y(k) + Tsv(k)sinθ(k)

θ(k + 1) =θ(k) + Tsw(k)

(15)

or, in a compact formulation,

x(k + 1) =fd(x(k),u(k)) (16)

As proposed in [17], the polar coordinate transformation
yields a smoother trajectory and also eliminates the steady-
state error effectively. By doing so, the following state trans-
formation to polar coordinates from the Cartesian coordinates
is presented, assuming that the reference or goal point is in the
origin (xg, yg, θg) = (0, 0, 0) and point (x, y) is the center of
gravity of the vehicle:

e =
√
x2e − y2e

φ =tan−1(
ye
xe

)

α =φ− θ

(17)

where xe = x - xg and ye = y - yg . Letting X = [e φ α]T and
defining a compact formulation as

X(k + 1) =fd(x(k),u(k)), (18)

By expanding this formulation to the future,

X(k + 1|k) = f(x(k|k),u(k|k))

X(k + 2|k) = f(x(k + 1|k),u(k + 1|k))

...
...

X(k +H|k) = f(x(k +H − 1|k),u(k +H − 1|k))

(19)

the prediction model can be formulated as

X(k + i+ 1|k) = fd(x(k + i|k),u(k + i|k)), i ∈ [0, H − 1]
(20)

For a nonlinear sparse controller, the cost function to be
minimized can be written as

J(k) =

H∑
i=1

XT (k + i|k)QX(k + i|k) + R |u(k + i− 1|k)|

J(k) =

H∑
i=1

‖X(k + i|k)‖2Q + ‖u(k + i− 1|k)‖1R .

(21)
On the other hand, the cost function of quadratic controller
will take the form

J(k) =

H∑
i=1

XT (k + i|k)QX(k + i|k) +

uT (k + i− 1|k)Ru(k + i− 1|k)

J(k) =

H∑
i=1

‖X(k + i|k)‖2Q + ‖u(k + i− 1|k)‖2R .

(22)

For simplicity, both controllers will have the combined form
as

J(k) =

H∑
i=1

‖X(k + i|k)‖2Q + ‖u(k + i− 1|k)‖pR (23)

where p = 1 is for the sparse controller and p = 2 is for the
quadratic controller.



Another cost function to consider in this demonstration is
the addition of terminal cost in the objective function in (23),
which will be mostly used for the simulations to minimize
the convergence error of the controllers. The modified cost
function is given by

J(k) = Ω(X(k +H|k)) +

H∑
i=1

‖X(k + i|k)‖2Q +

‖u(k + i− 1|k)‖pR

(24)

where Ω((X(k + i|k))(k +H|k)) = XT (k +H|k) P X(k +
H|k). The terminal weight factor P = N*Q, where N is an
arbitrary number.

The mathematical optimization problem can therefore be
stated as

min
x,u

J(k)

s.t. x(k + i+ 1|k) =fd(x(k + i|k),u(k + i|k))

umin ≤ u ≤umax
h(x) ≤0

(25)
where h(·) represents the nonlinear function for the obstacle
constraints. The same scheme with the linear MPC still holds
to obtain the control law.

V. RESULTS OF NONLINEAR SPARSE PREDICTIVE
CONTROL SIMULATIONS

It is presented in this section the results obtained from the
nonlinear controllers implementation. Simulations are obtained
from using the fmincon solver in MATLAB to solve for the
optimization problem. Throughout this section, the following
control variable constraints are chosen as follows:

umin =

[
−0.47m/s
−3.77 rad/s

]
, umax =

[
0.47m/s

3.77 rad/s

]
and the sampling period used is Ts = 0.1s.

A. Validations

The first results are for the validations of a working con-
trollers in a free environment, meaning that there are no
obstacles present. The weighing matrices used are

Q =

1 0 0
0 1 0
0 0 0.5

 , R =

[
0.1 0
0 0.1

]
which means that equal penalties are given to the position
states, half of the penalty is imposed in the orientation, and
the control effort is penalized less. Throughout the whole
validation, the cost function used is in the form of (23), unless
stated otherwise.

To begin with, different initial positions are considered:
(x0, y0, θ0) = a) (−2, 2, π2 ), b) (2, 2, π2 ), c) (2, 0, π2 ), d)
(2,−2, π2 ), e) (−2,−2, π2 ), and f) (−2, 0, π2 ). Each of the
positions is assumed to be occupied by a vehicle. Each vehicle
is tasked to reach the set point or the goal point located in the

origin (xg, yg, θg) = (0, 0, 0), with subscript g denotes the
goal point. The trajectory results are shown in Fig. (4) with
prediction horizon H = 5.

Figure 4. Trajectory plots for the quadratic and sparse controllers using the
unicycle model

It can be deduced from Fig. (4) that both controllers satisfy
the objective to perform in an obstacle-free environment. It
is noticeable, however, that the trajectories of both controllers
slightly differ from each other but is understandable. Further-
more, it is visible that some final points (labeled as red dot(·)
of the sparse controller do not converge well to the goal point
or the origin.

Another interesting thing to investigate is the capability of
the controllers to steer regardless of the initial orientations.
With this, the initial orientations to be performed are the
following: a) θ0 = 0, b) θ0 = −π2 , c) θ0 = π, and d)
θ0 = π

4 with the same conditions from the previous case.
The results of this demonstration are shown in Fig. (5). It is
assumed that both controllers converge to the origin.

Figure 5. Trajectory plots for the quadratic and sparse controllers using the
unicycle model with different initial orientations. Results obtained with the
following initial orientations: a) θ0 = 0, b) θ0 = −π

2
, c) θ0 = π,

and d) θ0 = π
4

.

It can clearly demonstrate that the controller developed can
performed regardless of the initial positions and orientations.

As noticed earlier in Fig. (4), the convergence of the
sparse controller is not so desirable. To minimize the error of



convergence of the sparse controller, it is proposed to increase
the prediction horizon. Shown in Fig. (6) and Fig. (7) the
results of these changes on both controllers.

Figure 6. Trajectory plots with H = 10

Figure 7. Trajectory plots with H = 20

It can be observed that increasing the prediction horizon
will minimize the convergence error of the sparse controller.
Furthermore, as the prediction horizon increases, the trajectory
of sparse controller tends to behave as the quadratic controller.

In an attempt to reduce or eliminate the convergence error,
modification on the cost function is also suggested. This
modification is given in (24). For this modification, the weight
factor Q remains constant, meaning, it is time-invariant. The
terminal state is penalize with a weight factor P = N*Q.
For this experiment, different numbers of N are chosen to
be simulated. These numbers are: a) N = 1, b) N = 5, c)
N = 10, and d) N = 50. These values are simulated with H
= 10 and the results are all displayed in Fig. (8), considering
only the sparse controller.

Notice how the terminal state converges in the origin as the
terminal weight factor P is increased by tuning the value of
N . It can be seen that at a certain value of N , the trajectory
generated will start to change. In Fig. (8d), this change can be
observed. Note also that the terminal state of some vehicles
for this value of N tends to become unsteady, meaning a
fluctuations can be seen as the vehicle tries to settle in the
goal point.

Figure 8. Trajectory plots for a different cost function of sparse controller
Results obtained with the following N: a) N = 1, b) N = 5, c)
N = 10, and d) N = 50.

Though it is verified in here that adding a terminal cost will
indeed improve the convergence of the terminal state, recall
that a careful choice of weight factors, not only the terminal
weight factor, is still a concern. Nevertheless, the addition of
terminal cost is recommended in the context of this thesis to
solve the issue in convergence error for the nonlinear sparse
controller, and hereby be carried out in the remainder of this
section.

B. Obstacle Avoidance Problem

The final results are intended for a situation where obstacles
are considered in the environment. The vehicle is simulated to
start at point (x0, y0, θ0) = (−2, 2, π2 ) and is tasked to steer at
point (xg, yg, θg) = (0, 0, 0). For this demonstration, a circular-
shape obstacle is considered and is centered at point (xb, yb)
= (−1, 1). Fig. (9) shows the trajectories for both quadratic
and sparse controllers utilizing the cost function in (24) with
parameters: prediction horizon H = 20, and weight matrices
R = diag(1,1), Q = diag(1,1,0.5) and P = 20 ∗Q.

Figure 9. Trajectory for sparse and quadratic controllers with obstacle.



As shown, the sparse controller is able to handle the
obstacle constraint, the same with the quadratic controller.
The trajectories with the obstacle can be described as the
path taken by the vehicle when it traverses the environment.
Upon detecting the obstacle in its way to the origin, it keeps a
distance away from the it and changes its direction of heading.

The cost over time is shown in Fig. (10), while the control
effort and individual state plots are shown in Fig. (11).

Figure 10. Cost over time for a higher penalty on the control cost.

Figure 11. Control effort and state plots for a higher penalty on the control
cost.

The total cost calculated from (10) for the sparse controller
is 12500 while 13300 is calculated for the quadratic controller.
With these figures, it can be said that the sparse controller
minimizes more the cost incurred during the whole process
with a satisfactory performance comparable to the quadratic
controller.

Figure 12. Trajectories of different horizons in obstacle avoidance.

To demonstrate the importance of the prediction horizon
in obstacle avoidance scenario, different values of horizon

lengths are considered. Fig. (12) depicts the result of perform-
ing different horizons with weight matrices Q = diag(1,1,0.5),
R = diag(0.1,0.1), and P = 20 ∗ Q. The figure implies that
larger prediction horizons are required to ensure a smooth
maneuver by giving the vehicle more information on a look
ahead basis, thus planning its path earlier upon detecting the
obstacle.

For a multiple obstacles demonstration, assumed that the
environment is occupied by 2 obstacles represented as circles.
The resulting trajectory is shown in Fig. (13).

Figure 13. Trajectories of both controllers in obstacle-free and multiple
obstacles problem.

The trajectories of both controllers in a free environment
are also provided. As it can be seen, both controllers can also
be applied in a multiple obstacles scenario where the obstacles
are represented as a disc or circle. The control efforts of both
controllers in multiple obstacles are revealed in Fig. (14).

Figure 14. Control Effort of both controllers for multiple obstacles problem.

It is seen that the control effort for sparse controller has
more stabilized region than the quadratic one. This stabilized
region can be illustrated by the nature of the `1-norm penalty
or sparsity, where it penalizes the number of nonzero elements
and force many elements to be equal to zero. As a conse-
quence, it can also be noticed that fluctuations of control values
are minimal for sparse controller compare to the quadratic
controller.

C. Evaluation of the Effect of Parameters on the Cost

The results presented in this section are done in an environ-
ment with one obstacle just like the environment as shown in
Fig. (9). The purpose of this section is to present the results



of fine tuning significant parameters such as the prediction
horizon, and weight matrices.

To check the effect of prediction horizon to the cost function
of nonlinear sparse predictive control algorithm, the following
fixed parameters are used as shown in Table (I).

Parameter Value

Q

1 0 0
0 1 0
0 0 0.5


R

[
0.1 0
0 0.1

]
P 20*Q

Table I
Fixed Parameters for Cost vs. H evaluation.

Different prediction horizons are considered to determine
its corresponding total cost. These horizons are the following:
H = 10, H = 20, H = 30, and H = 40. Fig. (15) depicts
the cost over time of the horizon choices.

For the purpose of this evaluation for the effect of horizons
on the cost of both controllers, fixed parameters assigned
remain as is. In the figure, the trajectories of the cost can
be seen as exponentially decreasing. The corresponding total
cost incurred by both controllers in each defined horizon is
also shown. It can be inferred that increasing the prediction
horizon will make the process more costly. However, for this
demonstration at a certain point, the increase of the total cost
is only minimal or is not clearly seen. This can be justified
by the minimization problem defined. Since the aim here is to
approach the origin, the values in higher horizons are smaller
ones thus these values do not really contribute to the totality
of cost.

Figure 15. Cost over time of different horizons used.

To determine the effect of weight matrices Q, R, and P
to the cost function of nonlinear sparse predictive control
algorithm, the prediction horizon is fixed at H = 20. Only
one case per weight matrix will be considered. It is assumed
that a higher value on every weights is enough to learn the
significant effect of these weights.

For the effect of weight factor Q, which penalizes the
deviation of the state from the goal point, the following

weight matrices are considered: Q =

10 0 0
0 10 0
0 0 0.5

, R =[
0.1 0
0 0.1

]
and P = 20*Q. Fig. (16) shows the comparison

of the cost over time between the result as seen in Fig. (15)
with H = 20 and with the new defined matrix Q.

Figure 16. Cost over time of the change of matrix Q.

It can be seen that a huge difference has been calculated
as a consequence of penalizing the position about 10 times
higher. The difference can also be approximated as 10 times
more of the former result.

Evaluating the effect of weight factor R, which penalizes the
control effort, the following weight matrices are considered:

Q =

1 0 0
0 1 0
0 0 0.5

, R =
[
0.5 0
0 0.5

]
and P = 20*Q. Again,

the only change from Fig. (15) is the weight factor R with
5 times the penalty now on the inputs. Comparison result is
shown in Fig. (17).

Figure 17. Cost over time of the change of matrix R.

Comparing the values shown in the figure, a slight change
occurs. This can be analyzed by recalling the constraints on
the control inputs, which are only small values. Furthermore,
even though the change is 5 times of the matrix R in Fig. (15),
it is still half the penalty(0.5) of a whole. For demonstration



purposes, the only change is with matrix R and increasing this
penalty will result to inability of the vehicle to steer.

Since the cost function used also has an additional terminal
cost with weight factor P , the following weight matrices are

used for evaluation: Q =

1 0 0
0 1 0
0 0 0.5

, R =
[
0.5 0
0 0.5

]
and P

= 40*Q. Again, the only change from Fig. (15) is the weight
factor P with two times the penalty now on the terminal cost.
Result is shown in Fig. (18).

Figure 18. Cost over time of the change of matrix P .

Comparing the values indicated in the figure, a big differ-
ence is also observed in relation to the change in matrix Q
previously. This increase can be explained with penalizing the
quadratic nature of the terminal cost.

VI. RESULTS OF LINEAR SPARSE PREDICTIVE CONTROL
SIMULATIONS

This section shows the results obtained from using a lin-
ear system in a defined environment with different types
of obstacles. The optimization problem is still solved using
the fmincon solver in MATLAB. After the selection of
parameters process, the following parameters are chosen for
the demonstration: H = 10, Ts = 0.1s, Q = diag(20,1), R =
diag(10,1). The control inputs are bounded by −5 ≤ ui ≤ 5
in every iteration. Furthermore, to make the movement of the
vehicle more realistic, the position is constrained by[

xk−1 − 2
yk−1 − 2

]
≤

[
xk
yk

]
≤

[
xk−1 + 2
yk−1 + 2

]

The output variables are represented as [x, y]T , which is
equivalent to the states [x1, x2]T . Resulting trajectory is shown
in Fig. (19). Note that the trajectory of the sparse controller
is adjusted so it will look like settling in the goal perfectly. In
real simulation, the trajectory produced by sparse controller
does not converge in the goal point (with minimal gap only).

Figure 19. Position plots for the quadratic and sparse controllers

Results for the control inputs of both controllers are pre-
sented in Fig. (20) while the results for the outputs are shown
in Fig. (21).

Figure 20. Control inputs plots for the quadratic and sparse controllers

Figure 21. Position plots for the quadratic and sparse controllers

The difference between the two controllers can be shown in
different trajectories produced. In sparsity, it is expected that
the control set will contain few non-zero elements. Even if
it is applied in a receding horizon method, the characteristic
of sparsity will still be visible as a whole. As shown in Fig.
(20), the control inputs’ trajectory of sparse controller tends to
immediately cut the control as opposed to a decaying trend of
a quadratic controller at a later time, k. This aspect of sparse
controller is more desirable than the quadratic controller since
it minimizes more the control effort, thus yielding a better fuel
performance if it relates to vehicles. However, this difference



is not so evident if one looks into the position plot in Fig. (21).
But by looking into the y-position, one can justify that at some
point, the sparse-controlled vehicle will accelerate more than
the quadratic-controlled one.

Solving for the total cost of the sparse controller in the
presented example, the following result is provided:

J`1 =

N=100∑
k=0

(ŷk+i − ri)TQ(ŷk+i − ri) +R|uk+i−1|

= 9.56x104

(26)

Furthermore, the total cost for the quadratic controller is
calculated as

J`2 =

N=100∑
k=0

(ŷk+i − rk)TQ(ŷk+i − rk) + (uk)TR(uk)

= 1.11x105

(27)
Comparing the result, notice that the quadratic controller
is more costly than the sparse controller by a substantial
percentage or margin of

%difference =
J`2−J`1
J`1

× 100 = 16.1%

VII. CONCLUSION

The aim of this thesis is to develop a control strategy utiliz-
ing the Model Predictive Control (MPC) scheme and sparsity
for vehicles modeled as linear, as well as nonlinear systems.
MPC is a control strategy that generates the control action by
solving an optimization problem in a finite receding horizon
principle, with the measured state as the initial state, that
can handle the state and input constraints directly. The main
components of the MPC algorithm include the performance
measure or the cost function. In this work, the conventional
cost function of MPC is modified by applying the idea of
sparsity, which penalizes the the number of nonzero elements
in the control sequence. This modification resulted to what is
known, in the context of this thesis, as the sparse predictive
control strategy.

The results suggest that the sparse predictive control de-
veloped is better, if not as good as the quadratic controller.
Though a significant issue is found in sparse controller for
its incapacity to reach the goal point as desired, but this
drawback is addressed by adding a terminal cost in the
objective function. Fine tuning of parameters will also help
solve the problem without affecting the solution of the sparse
controller, but the parameters chosen might not be suitable
for the quadratic controller for comparison purposes. The
result for the sparse controller is shown to stabilize more
the movement of the vehicle after reaching the goal point.
The control effort in the entire process or journey is able to
demonstrate the nature of sparsity, thus believing to minimize
the fuel consumption if it relates to a real world scenario.
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