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Abstract. This paper proposes a Monte Carlo method to compute metrics of complex networks, such as the centrality of nodes in a network. The proposed method uses random walks
over a matrix that represents the network, to calculate functions based on the powers of the
matrix. In particular, several interesting metrics can be derived, such as the inverse of the
matrix multiplied by a vector, corresponding to Katz centrality, and the trace of the inverse
of the matrix. The proposed method aims to be parallel and scalable, in order to deal with
large networks, that may exceed the memory limits of individual machines.
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Introduction

In recent years, the study of networks has received a renewed interest from the scientific community.
It blends with a wide range of areas, with networks emerging for example from social interactions,
biological phenomena, the world wide web, financial networks, and the power grid. It has been
important to model disease spreading, predicting how epidemics progress [1] , analyzing the resilience
of networks, such as the power grid, to failures both random [2] and maliciously targeted [3]. It is
also fundamental in the analysis of social networks, examining the dynamics of personal opinions,
collaboration and habits [4].
One fundamental metric in the study of networks is node centrality. Centrality can be interpreted as how close to the rest of the network it is, how influential it is or how important it is in
establishing connections between other nodes in the network. To meet these different ideas, there are
several formal definitions of centrality [5]. Influence, for example, is important in the study of social
networks, representing the relative importance of individuals in the network over their peers, as well
as in the world wide web, where modern web search engines are based on this metric. This notion
of centrality is made concrete by the Eigenvector Centrality, Katz centrality and Google’s PageRank. The proposed method will compute some important metrics in high performance computing
settings.
The high performance machines now in the service of academia and industry, the supercomputers,
are essentially multiprocessor machines (nodes) interconnected by high speed networks. In order to
explore these parallel oriented machines, there are several frameworks. This work will explore the
academia standards, OpenMP (Open Multi Processing) [6] for multithreading and MPI (Message
Passing Interface) for interprocess communication [7].
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Networks

Formally, a network is a graph G =< V, E >, composed of a set of nodes V , and a set of edges E,
each edge an unordered pair of nodes [5]. Graphs can be represented in the form of a square matrix,
the adjacency matrix, by labeling each node with a number, so that each position of the matrix
represents the edge between the node corresponding to its row number and the node corresponding
to its column number [5]. This convention allows us to represent, if necessary, the direction and
weight of edges.
There are several strategies to store sparse matrices in memory. The Compressed Sparse Row
(CSR) or Yale Format can be used [8], which represents a matrix using three vectors, storing only

the non-zero entries. One vector contains the number of non-zero entries above each row (IA). The
other two have, for each entry ordered left-to-right and top-to-bottom, the column of the entry (JA)
and its value (AA).
In order to generate artificial networks that emulate real networks, several models exist. These
are useful, for example, to test algorithms over networks with well defined properties. This work will
use small world matrices generated with a variation of the Watts–Strogatz method [9] and Kronecker
matrices[10], generated with Graph 500[11].
To characterize a network and its nodes, there is a vast collection of metrics that can be used [5].
Following the notion of centrality as the influence of a node on other nodes in the network, there is
Katz centrality [12]. This notion of centrality can be defined in terms of the adjacency matrix B as
K(α) = (I − αB)−1 1

(1)

with α as an adjustable real parameter [13] and 1 as a vector with 1 in all entries. K(α) is a vector
with each node’s centrality. This parameter α, designated attenuation factor, should be smaller than
1/λ, λ being the largest eigenvalue of B [12]. It allows this centrality to be tuned to extract slightly
different information. Notably, it is shown in [13] that, as α tends to 0, Katz centrality approaches
the value of the degree centrality. Additionally, as α tends to 1/λ−, Katz centrality approaches
the value of eigenvector centrality. It should be noted that this vector with 1 in all entries can be
modified to have different values, giving weights to the contribution of each node to the centrality.
There are a great number of other network metrics based on matrix functions. For example, the
diagonal of the matrix exponential represents the exponential subgraph centrality [14], the trace of
the matrix exponential is known as the Estrada Index [15], and the trace of the third power of the
adjacency matrix yields the number of triangles in a network, which is a useful metric in the analysis
of networks, but difficult to calculate for large graphs [16]. This work will focus Katz centrality and
the trace of the inverse of the matrix, but it would require minor adaptations to focus other of the
many metrics available.
Evolving networks In order to calculate the inverse of a matrix knowing the inverse of another,
we can use the Sherman-Morrison formula[17] or its generalization, the Woodbury formula[18]. Let
us consider an original matrix A, of size N by N , and a second matrix that results from small
modifications to A. As long as we can describe the difference between the two matrices as U V t ,
where U and V are matrices of size n by k, and both the original matrix A and the new matrix
A + U V t are invertible, the new inverse is given by the following:
B −1 = A−1 − A−1 U (Ik + V A−1 U )−1 V A−1

(2)

Using this formula, we can compute metrics based on the inverse of the matrix, for an evolving
network, based in a previously obtained inverse.
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State-of-the-Art Algorithm for Systems of Linear Algebraic Equations

The problem of solving a system of linear equations, can be written in matrix form, considering a
vector x, with the variables, a matrix A with the coefficients of each variable, arranged to represent
one equation per row, and a vector b, with the independent term of each equation [19].
Ax = b ⇒ x = A−1 b

(3)

This allows us to solve the system of linear equations by inverting the matrix and multiplying
by the vector b, as long as we are dealing with a square and invertible matrix. To solve Systems of
Linear Algebraic Equations (SLAE), there are several classes of methods, with a huge number of
variants.
Direct methods Direct methods, such as the Gauss-Jordan elimination [20] or the frontal solver and
its more complex parallel implementation, the multifrontal solver [21], provide an exact solution,
under the limits of the hardware. However, dense matrix operations are involved, incurring in large
storage costs.
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Iterative methods Iterative methods are applied iteratively, resulting in incrementally more accurate solutions, based on an initial guess [22], a rough approximation. Some of the simplest iterative
methods are Richardson’s, Jacobi and Gauss-Seidel methods [19]. The most successful algorithms
are based in the use of Krylov subspaces. These perform matrix-vector operations in each iteration. There is a great number of algorithms under this category, from which we can highlight the
biconjugate gradient method [19], GMRES [23] and BICGstab [24].
Monte Carlo algorithms Monte Carlo methods are a class of algorithms, that rely on repeated
random sampling to approximate solutions to a wide range of problems [25]. To improve the accuracy
of the solution, it is in general necessary to increase the number of random samples taken, the
greater the number, the better the accuracy [25]. Markov Chain Monte Carlo (MCMC) methods
are a subclass of Monte Carlo methods, based on a Markov Chain with a desired distribution as a
stationary distribution [26]. These rely on random walks through a matrix. Monte Carlo methods for
SLAE are essentially split between direct and iterative methods. Direct methods rely solely on the
stochastic component, and the error of its solutions depend on it. Iterative Monte Carlo algorithms
use more traditional iterative algorithms alongside with Monte Carlo components, generating two
types of error, stochastic error and systematic error. The Monte Carlo method is here used in each
iteration of the iterative method, to improve its results and reduce the number of iterations [27].
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Proposed Solution

The proposed solution is based on the method described in [28]. Considering a matrix B, let
A = I − B, where I is the identity matrix. Then
B −1 = (I − A)−1 =

∞
X

Ak

(4)

k=0

as long as, considering λr (A) as the r-th eigenvalue of A, the following is held:
max |λr (A)| < 1
r

(5)

In order to approximate B −1 , the method under study approximates the sum the of first n
powers. The method calculates an approximation R to
R=

n
X

Ak

(6)

k=0

This is a good approximation for a large enough n, since it converges as n tends to infinity.
The method calculates independently each row of each power of the matrix A, using random walks,
similarly to Markov Chain Monte Carlo. In order to calculate the approximation of the l-th row of
Ak , the k-th power of matrix A, the method builds a vector r with the same length as the row,
initially with 0 in all entries, as described in Algorithm 1.
Algorithm 1 Monte Carlo Matrix Inversion
1: function InvertMatrix(B, n, p)
2:
I ← IdentityMatrix(length of B)
3:
A←I −B
4:
for i ← 0 to length of A − 1 do
5:
R[i] ← [0, . . . , 0]
6:
for k ← 0 to n do
7:
R[i] ← R[i] + CalculateRow(A, k, i, p)
return R

A number of ”plays” p start from this row i, each with k steps. A ”play” is no more than a
Markov Chain with an associated numeric value, which, at each step, chooses one entry (Ai,j ) of
3

its current row i, and moves to the row with index j, as described in Algorithm 2. The choice of
entry is made at random, with probabilities for each entry of the row weighted proportionally to
their absolute value.
Algorithm 2 Monte Carlo Power Row Simulator
1: function CalculateRow(A, k, i, p)
. Calculate row i of the k-th power of A
2:
r[0, length of A - 1] ← [0, . . . , 0]
3:
for x ← 1 to p do
. Use p plays in the approximation
4:
value ← 1
5:
currentRow ← i
6:
for y ← 0 to k − 1 do
7:
value ← value × GetRowWeight(A, currentRow)
8:
selectedColumn ← RandomWeightedChoice(A, i)
9:
currentRow ← selectedColumn
10:
r[currentRow] ← r[currentRow] + value
11:
for j ← 0 to length of r do
12:
r[j] ← r[j]/p
return r

A play starts with the value
P of 1 and, at each step, multiplies it by the sum of the values of the
entries in the current row ( j Ai,j ). When a play reaches the end of its k steps, its value is added
to the vector r, at the index of the row it is currently at (ri ). In the end, the values in r must be
divided by the number of plays, yielding an approximation of the desired i-th row of Ak . If a row
of the input matrix has no non-zero entries, and therefore no outbound connections, any random
walk reaching it will terminate there. To speed up computation, the sum of all entries in each row is
initially calculated and stored in a vector. The matrix representation in memory is similar to CSR,
with this added information.
In order to calculate Ak+1 , plays of length k + 1 are used. These, by definition, contain plays of
length k, which can be used in their own right to calculate Ak . This way we can use a significantly
smaller total number of steps, pn steps instead of p(n2 +n)/2. However, this change comes at the cost
of making the approximation of each power dependent on the approximation of the lower powers.
This can lead to larger errors, but experiments showed only a small increase in the error, and a very
beneficial reduction in execution time.
Computation of the centrality When the objective is simply to calculate the product of a vector by
the inverse of the matrix (B −1 v), a vector c, which is the case both in systems of linear equations
and when calculating the Katz centrality of a network, the algorithm can be modified to store
only vectors rather than the full matrix. In the calculation of the centrality, since the vector to be
multiplied contains 1 in every entry, we need only to sum all entries of the resulting vector, when
calculating one row of the inverse, saving memory space.
4.1

Parallel implementation

The goal of this work lies in developing a scalable parallel method. The calculation of each row
is totally independent from the others, and therefore trivially parallelizable by computing them in
different processing units. However, it assumes access to the entire matrix. Should a matrix be too
large for the memory of a single machine, we need to distribute the computation to several machines,
where each machine keeps a part of the matrix in memory. This form of parallelization requires plays
to start in one machine, and be transferred over to another if necessary. Each machine should start
computing the plays belonging to the rows held in memory, and, when they reach a row in the
memory of another machine, send a message with the information of the play to be continued there,
as described in Algorithm 3.
Communication should be performed in parallel with computation, in order to fully use the
available resources. Messages between machines may have a number of plays aggregated in them,
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Algorithm 3 Parallel Monte Carlo Centrality Simulator
1: function Worker(A)
2:
r[0, length ofA] ← [0, . . . , 0]
. Array of numbers
3:
while working do
4:
if incomingMessage( ) then
5:
play ← receivePlay()
6:
else if ungeneratedPlays( ) then
7:
play ← generatePlay()
8:
if play is defined then
9:
processPlay(A, play, r)
10:
for i ← 0 to length of r − 1 do
11:
r[i] ← r[i]/p
12:
return reduce(r)
. Sum the results gathered by all machines
13: function processPlay(A, pl, r)
14:
while pl.stepsLeft > 0 and isInMemory(pl.currentRow) do
15:
pl.stepsLeft ← pl.stepsLeft − 1
16:
pl.value ← pl.value × GetRowWeight(A, pl.currentRow)
17:
pl.currentRow ← RandomWeightedChoice(A, pl.currentRow)
18:
r[pl.startRow] ← r[pl.startRow] + pl.value
19:
if pl.stepsLeft > 0 then
20:
send(pl)

and the receiving end must have a buffer to collect plays to process. These techniques help improve
performance, but must be tuned to the execution in machines with different characteristics.
In each machine, heterogeneous threads are used, where one in each process handles communication tasks such as receiving messages and managing associated buffers, while the others exclusively
process plays.
4.2

Alternative applications

The proposed method bases itself on the calculation of individual rows of powers of a matrix. This
provides flexibility to calculate other matrix functions, such as the exponential, with very small
modifications. This can be useful for computing other network metrics and different definitions of
centrality [13].
The trace of a resulting matrix can be easily computed, by summing only the entries in the
diagonal. This method can also be used to approach the problem of recalculating the inverse after
changes to the original matrix, using the Woodbury formula, as described in Section 2. To apply
this formula to the calculation of the Katz centrality, where the inverse is multiplied by a vector,
we need to store the result of the inverse multiplied by several vectors, each of the columns of the
matrix that describes the changes to the matrix. These can be computed in a single execution.
In order to multiply the inverse of the matrix by an arbitrary vector, we just need to multiply
the result stored at each step (line 18 in Algorithm 3) by the vector entry corresponding to the
current row. In order to compute several vectors at the same time, we need to store results for each
of the vectors, multiplying each by the appropriate vector’s entry. This corresponds to executing
line 18 for each of the vectors, storing the result in separate output vectors. This way, we can, in a
single execution, compute all the vectors necessary to apply the Woodbury formula, or the centrality
according to different node weights.
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Evaluation

The implementation is evaluated under precision and performance. The relevant computation steps
in the Monte Carlo method to calculate the trace and the centrality vector are the same, therefore
they are not analyzed in separate regarding performance, only regarding precision. The topologies
used will be custom small world matrices and Graph500 matrices. As alternatives to compare against,
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a direct method, MUMPS [29] with the multifrontal method, and an iterative method, GMRES
implemented by PETSc [30], will be considered.
5.1

Precision

Precision will be measured by comparing the results obtained with the result of a method capable
of reaching the maximum precision allowed by the machine, which is Matlab’s direct method. When
calculating the vector of centralities, the error of the resulting vector in relation to the reference
vector will be measured based on the relative differences between each corresponding entry. The
presented values are the average of all the rows from this vector of errors, averaged over several
(6) repetitions. To achieve the best accuracy, it is necessary to adjust the number of plays p and
length of the plays n, as described in Section 4, and evaluate the behavior of the method, as these
parameters are adjusted.
The implementation has two sources of error, the number of powers of the matrix calculated n,
and the precision with which each is calculated, controlled by parameter p. The precision of each
individual power is the direct result of sampling, and therefore is an error that can be controlled
√
predictably[31], knowing that the error of the estimate is in the order of 1/ p. The number of
powers computed, related to the length of the random walk, is a source of error as well. This error
grows when the number of powers computed is smaller. Since the power series converges (per the
requirements laid out in Section 4), powers of higher order should have a small impact on the error.
The precise impact depends on the convergence of the particular matrix chosen.

Fig. 1. Relative error of the centrality of the small world matrix with 4096 nodes.

We can observe a similar downwards pattern for all play lengths (Figure 1) when Increasing the
repetitions. We can observe the downwards slope in error as it would be expected of the Monte
Carlo approximation, presenting a good approximation to the expected value of 0.5, in the power of
the trendline. The approximation error can be attributed to the fact we are only computing a finite
number of powers and to the error caused by aggregating the computation of several powers in the
same plays, as described in Section 4.
When the length of the plays is increased, the error reduces (Figure 2), as expected, until the
error caused by the number of repetitions is higher than the error caused by the length of the plays.
The rate at which the error decreases depends on the type of matrix. It is worth noting that, as
long as the number of repetitions allows, the error can be reduced exponentially just by increasing
the play length, as indicated by the expression of the trend-line.
Results in the Graph 500 matrix of size 4819 also present a downwards pattern, although less
pronounced. The relative error is also much smaller, in the order of 100 times smaller. Since these
matrices have a much higher normalization factor, the first few powers will be a lot more impactful
then the others, and increasing the length of the plays will not help. For the same reason, the results
when calculating the trace of the inverse for the Graph 500 matrix have a small relative error, most
of the value is given by the first powers. Increasing the length of the random walks doesn’t show a
clear boost in precision.
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Fig. 2. Relative error of the centrality of the small world matrix with 4096 nodes, using 16000 repetitions.

Fig. 3. Relative error of the trace of the inverse of the small world matrix with 4096 nodes.

In the small world matrices, when calculating the trace, the behavior is similar to when calculating the vector of centralities, but the downwards pattern is less clear (Figure 3). The precision is
greater, and the pattern is influenced by the noise of the random calculations.
MUMPS, being a direct method, computes the result vector with the maximum precision allowed
by the machine.
PETSc has a configurable error threshold. Its results are comparable to the precision achieved
with Monte Carlo, in the less precise error threshold.
5.2

Performance

When scaling the problem size over the same number of processes (Figure 4), the execution time
scales linearly, as expected. Poisson matrices are particularly forgiving, as there is a small number
of connections between rows of the matrix in different processes, reducing communication.
Likewise, when the problem size is kept constant and the number of processes increases, the
execution time drops. The efficiency is not perfect here, as it can be observed in Figure 5, where
the growth of the speedup does not hold for larger numbers of processes. This is to be expected as
adding more processes increases the communication, which slows down the computation. However,
as the objective is to distribute the matrix in order to store it in memory, even with very large
matrices, it won’t be necessary to use that many processes. After the matrix fits in memory of a
certain number of processes, the computation can just be replicated in an embarrassingly parallel
fashion, allowing for a perfect scalability, for large enough problems. A weak scaling analysis of the
algorithm shows a decreasing efficiency as the number of processes increases, since communication
increases as well. When the communication is negligible, such as the Poisson matrix, the efficiency
scales much better.
Graph 500 matrices show similar patterns. While hubs could be a problem for work load balancing, an asymmetric distribution of nodes and the presence of nodes with no outbound connections
compensate for the additional difficulty.
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Fig. 4. Execution time of the implementation while increasing problem size, with different number of processes and threads over small world and Poisson matrices (Mare Nostrum). The type of matrix is stated
first, followed by the number of processes used and then the number of threads per process.

Fig. 5. Speedup of the implementation, compared to the execution with 40 processes, over matrices of size
16M and 12 threads, while increasing the number of processes over small world and Poisson matrices (Mare
Nostrum).

MUMPS encounters problems with scaling using several processes.Increasing the problem size is
equally problematic, as the scaling is far from linear. Furthermore, storing the matrix in memory
quickly becomes a problem for MUMPS, making it impossible to explore large matrices.

Table 1. PETSc execution time while computing the trace of the inverse. Only the first 512 rows are
computed, total serial time is an estimation.
size
1M
4M
16 M
64 M

time (s)
15
91
337
1777

estimated full serial time (s)
30,720
745,472
11,042,816
232,914,944

PETSc’s GMRES implementation is extremely fast calculating the vector of centralities, as it
needs very few iterations in order to calculate it with an acceptable precision. However, in order to
calculate the trace of the inverse, it needs to calculate every row of the inverse. The execution for
each row is completely independent, and as such, can be perfectly parallelized. The times shown
(Table 1) were taken from a single process computing the first 512 rows of each matrix. Since
each row should take approximately the same time to compute, and can be perfectly parallelized,
we can multiply the obtained time in order to get the total processing time. For an error margin
comparable to the Monte Carlo method, the time taken is much larger. For example, over the small
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world network with 16 million nodes, PETSc is estimated to take 11, 042, 816 seconds, using a single
process. Monte Carlo is estimated to take 31, 269 seconds, when using a single process.
When computing the trace of the inverse, the Monte Carlo method shows a clear performance
advantage. Furthermore, the PETSc implementation used encountered some problems with very
large input matrices, while the Monte Carlo method distributes large matrices with ease.
Table 2. Execution time when computing several result vectors.
N vectors Time (s)
1
261.77
2
317.79
4
476.46
8
674.48

As laid out in Section 4.2, the Monte Carlo method can be used to compute the result of the
inverse multiplied by several different vectors, at the same time, in a single execution. The Monte
Carlo method is efficient at calculating several results at the same time, as shown in Table 2. This can
be used to compute weighted centralities according to different sets of weights, in a single execution.
If the objective is to use the Woodbury formula (Section 2), and we need more than a few vectors
to describe the differences between matrices, it is faster to calculate the inverse of the new matrix
from scratch. This is true for a large enough modification, where the time taken to calculate several
vectors will surpass the cost of running the algorithm twice. The use of this technique is still useful
for modifications described by a small number of vectors.
The efficient computation of several results at the same time is a very useful property of the
Monte Carlo method not present in the alternatives. It is shown here that it is efficient to compute
the inverse multiplied by several different vectors, but, perhaps more importantly, the techniques
used can be modified to allow the computation of other matrix functions. This would allow the
Monte Carlo method to, with a single execution, compute several different functions of the input
metric, such as the trace of the inverse and several centrality measures based both in the inverse of
the matrix or in the exponential.
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Conclusion

This work proposed a Monte Carlo method to compute metrics of complex networks, based on
an approximation of the powers of a matrix. From this information, approximations to several
interesting metrics can be derived, such as Katz centrality and the trace of the inverse of the
matrix. This implementation can deal with very large matrices, and surpass individual machine’s
memory limitations. It was tested over different types of networks, with small world properties,
simulating real complex networks, and executed in supercomputers featuring high speed networks
interconnecting nodes with several processors each.
When computing the trace of the inverse, Monte Carlo can be much faster than alternative
methods, for a comparable error. It is also adaptable to other functions that can be obtained by
computing the powers of a matrix, such as the exponential. Additionally, the Monte Carlo computation can be replicated any number of times, increasing the precision in a predictable way and scaling
perfectly. The existing implementation of this method is therefore suitable for very large problems,
where an estimation of the result is desired.
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