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Abstract 

 

Seismic Inversion is a key step in any exploration project and allow us to infer about the spatial 

distribution of a property of interest (e.g., acoustic impedance, porosity) combining well-log information 

and seismic reflection data, to help engineers make reliable decisions during field development. 

However, seismic inversion problems are ill-conditioned, nonlinear and with non-unique solutions, and 

deeply emerged in uncertainty, that propagates along the entire inversion procedure. It is very important 

to consider this uncertainty and be aware of the risks before making any inaccurate decision that might 

jeopardize the exploration project. In opposition to deterministic seismic inversion, geostatistical ones 

do not aim to get a single accurate/”best-fit” solution to describe the subsurface geology, instead 

generate a set of possible scenarios and therefore assess some levels of underlying uncertainty. This 

project proposes a methodology that combines an iterative geostatistical seismic inversion 

methodology, adaptive stochastic sampling and Bayesian inference algorithms for parameter 

optimization and uncertainty quantification. The novelty in this work is the addition of a stochastic 

regionalization of the inversion grid allowing assessing the uncertainty derived from the seismic 

interpretation, previously ignored. To better understanding the impact of stochastic regionalization over 

different geological backgrounds and to broaden the uncertainty envelope over the seismic 

interpretation process, this project is composed by two different approaches. The first assumes linearity 

of the seismic units, therefore optimizing the vertical positioning of the region’s interfaces, the other one 

allows understanding the uncertainty over more heterogenic geological environments, by optimizing a 

set of multipliers for the region’s interfaces (centred at a fixed vertical position). These novel approaches 

were performed in a real case study from an onshore Middle East field and based on the provided 

information (well-log data and seismic reflection data), the retrieved models aim to be more geologically 

consistent using this methodology. Both approaches shown good results of mismatch between retrieved 

models and unconditional hard-data and a tool for future work and different datasets. 
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Resumo 

 

A etapa de Inversão Sísmica é um ponto chave em qualquer projeto de E&P, que permite inferir sobre 

a distribuição especial de uma propriedade de interesse (impedância acústica, porosidade, etc.) 

combinando informação proveniente de diagrafias de poços com dados de reflexão sísmica, de modo 

a auxiliar os responsáveis em processos de tomada de decisão durante a fase de exploração de um 

projeto. Os problemas de inversão sísmica são sintomaticamente não-lineares e sem soluções únicas, 

bem como imersos em incerteza, que se propaga no decurso de todo o processo de inversão. É, 

portanto, de elevada relevância ter em consideração esta incerteza, e estar ciente dos riscos antes de 

tomar qualquer decisão que possa condicionar um projeto de exploração. Em oposição às 

metodologias determinísticas, as abordagens geoestatísticas não têm como objetivo uma única 

solução (a que mais se aproxima da realidade), para descrever a geologia do subsolo. Ao invés disso, 

baseia-se na geração de possíveis cenários e assim avaliar todas as camadas existentes de incerteza. 

Este projeto propõe uma metodologia que combina um processo iterativo de inversão sísmica para a 

geração de modelos estocásticos com uma amostragem adaptativa e algoritmos de inferência 

bayesiana para otimização de parâmetros e quantificação de incerteza. O contributo deste projeto é a 

incorporação de uma regionalização estocástica da matriz de inversão, permitindo avaliar a incerteza 

associada à interpretação sísmica, anteriormente ignorada. Esta nova abordagem foi efetuada num 

caso de estudo real, de um projeto onshore no Médio Oriente, e como base nos dados de poço 

(diagrafias) e de reflexão sísmica, os modelos gerados têm como objetivo principal a consistência 

geológica. De modo a entender o impacto da regionalização estocástica sobre os diferentes panoramas 

geológicos, e de modo alargar o conhecimento da incerteza sobre os processos de interpretação 

sísmica, este projeto é subcomposto por duas abordagens distintas: numa é assumida a linearidade 

das unidades sísmicas, pelo que foi pensado otimizar o posicionamento vertical das interfaces da 

regiões que subdividem os modelos; na outra, de modo a perceber a incerteza sobre ambientes mais 

fraturados/heterogéneos, foi escolhido um conjunto de multiplicadores (de superfície, com posição fixa) 

a serem otimizados. Ambas as abordagens mostraram bons resultados de desvio (misfit) entre os 

modelos gerados e a informação dos poços não-condicionante, bem uma promissora ferramenta para 

próximos estudos e datasets. 
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Chapter 1. Introduction 

 

1.1 Motivation 

 

In the multimillion dollar Oil and Gas industry, reservoir modelling and characterization is a crucial step 

during the Exploration and Production phases. An inaccurate description of the study area can result in 

a loss of voluminous amounts of money, by the corporate and its associates.  

Before taking any decisions, it is important to be aware of the risks. Many are the uncertainties that 

outcome from different stages of an exploration project: from instrumentation or methodological errors, 

scarcity of experimental data to the vague (but sometimes helpful) assumptions. These uncertainties 

cannot be removed but they can be assessed, enabling the engineers to make better decisions. 

In this work, the main focus is the seismic inversion procedure, a well-known technique in the industry 

for more than 40 years. This powerful tool, independently of its variations, is capable of combining the 

information given by the mildly accurate but sparse well-log data, with the well-covered but with lower 

vertical resolution, the seismic reflection data. 

In the Oil and Gas industry, is common practice to make use of deterministic seismic inversion (Cooke 

& Cant, 2010) procedures that generate a single “best-fit” solution, taking this as an undoubtable 

description of the reservoir (lack of uncertainty). To surpass this limitation, seismic inversion techniques 

were extended to a statistical framework, and allowing generation of subsurface models while assessing 

the uncertainty which are driven to assess local uncertainties in the inverse solutions. 

The present project aims to, simultaneously, assess local and global uncertainty and integrate well-log 

data and seismic reflection data, through an iterative geostatistical seismic inversion methodology 

(Global Stochastic Inversion (Soares et al.,2007)). Global Stochastic Inversion (Soares et al.,2007) 

incorporates sequential (co-) simulation techniques (Direct Sequential Simulation)  to generate Acoustic 

Impedance models, taking into account the log information from one single conditioning well and a 3D 

seismic reflection data. 

Recently, Azevedo et al. (2015) proposed a methodology of a multi-scale assessment by integrating 

stochastic adaptive sampling and Bayesian inference (Mohamed et al.,2009) to adjust geological 

parameters, assuming stationarity along the entire inversion grid, which can be a dangerous assumption 

in more heterogeneous depositional environments, and does not reflect the effects of layering. 

This stationarity assumption was relaxed by Nunes et al. (2016) by introducing a regionalization of the 

study area, therefore considering only stationarity at each sub-region, in this case, invariant local 

variogram model and probability distribution. 
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The thesis, inspired by both works of Azevedo et al. (2015) and Nunes et al. (2016), extends both 

methodologies by including uncertainty quantification of the location of the interfaces between each 

sub-region, as well as, the large-scale geological parameters related to the spatial continuity pattern 

(horizontal and vertical variogram range) and the probability distribution of Ip. 

The evaluation of the fitness of each model is performed by quantifying how the synthetic seismic 

reflection data matches the recorded one, and if the inverted Ip models match with the non-condition Ip 

logs, at well locations. A real reservoir from onshore Middle East is used to illustrate the proposed 

method. 

  

1.2 Objectives 

 

This work encompasses iterative geostatistical seismic inversion methodologies coupled with adaptive 

stochastic sampling and Bayesian inference algorithms (for uncertainty assessment) and a stochastic 

regionalization of the study area. 

The main goals of this approach can be summarized by the following: 

• Develop and implement a methodology for stochastic regionalization of the study area; 

• Test the local stationarity assumption in a stochastic regionalization scenario; 

• Assess small-scale spatial uncertainty by making use of iterative geostatistical seismic 

inversion (GSI) and at a large-scale by integrating adaptive sampling and Bayesian 

inference to tune the geological parameters; 

• Generate inverted models that describe the spatial distribution of the petroelastic property, 

and simultaneously, describe the uncertainties related to measurement errors, 

interpretation errors and the differences in scale of the available data (well-log vs. seismic); 

The development and implementation of these new methodologies was performed recurring to 

Epistemy’s Raven (for stochastic optimization and uncertainty analysis), Schlumberger’s Petrel® for 

visualization and interpretation of the results, and Matlab® for code implementation.  

This thesis was promoted by Técnico Lisboa (IST-ULisboa), as part of the Master’s Thesis, with the 

support of CERENA group (Centro de Recursos Naturais e Ambiente) and the Uncertainty 

Quantification Group from the Institute of Petroleum Engineering of Heriot-Watt University, Edinburgh.  
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Chapter 2. Theoretical Background 

 

2.1 Geostatistical Estimation 

 

2.1.1 Spatial Continuity Analysis: Variography 

 

Measuring the spatial continuity of a phenomenon allows us to characterize and quantify the spatial 

dispersion and the directional dependence of a given property (anisotropy) (Soares, 2006). 

The most useful and commonly used tool for measuring the spatial continuity of a variable is the 

semivariogram, 𝛾(ℎ). Experimentally, the semivariogram (Eq. 1) for a lag distance ℎ is defined as the 

average squared difference of values (𝑍(𝑢𝛼) and 𝑍(𝑢𝛼 + ℎ)) separated approximately by ℎ (Deutsch, 

2002): 

 

𝛾(ℎ) =
1

2𝑁(ℎ)
∑ [𝑍(𝑢𝛼) − 𝑍(𝑢𝛼 + ℎ)]2

𝑁(ℎ)

𝛼=1

 
( 1 ) 

 

where, 𝑁(ℎ) is the number of pairs for lag ℎ. 

Semivariogram analysis is helpful in comparing spatial attributes and in designing their adequate 

sampling. For a correct semivariogram estimation, it is required a rigorous appraisal of the sampling, 

variations in mean or geometry of the volume and a sensitivity analysis to variations in azimuth (Yarus 

& Chambers, 1994). 

A variography exercise expresses three important features (Caers, 2011): 

• Range: As the lag ℎ  increases, less correlation is expected, and consequently an increase 

in 𝛾(ℎ) function. At a further point, the increase flattens off and a plateau is reached. The 

point where this plateau is reached is called range, a; 

• Sill: the level (C) of the respective plateau is called sill and is equal to the variance of the 

sample values; 

• Nugget Effect: In some cases, the value of 𝛾(ℎ) at h=0 is not equal to zero, and in this 

perspective, is expected a sudden increase of 𝛾(ℎ) for small h. This term is called nugget 

effect and expresses the small scale variability. Errors in measurements may affect the 

value of nugget effect. 

The direct use of an experimental semivariogram can lead to singular matrices, multiple solutions or 

negative mean-square errors in the kriging system of equations (Yarus & Chambers, 1994). 
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A convenient solution is to use interpolating functions/models for the experimental values of the 

variogram. All of the models are in function of the lag ℎ, and taken into account the values for the sill 𝐶 

and the range 𝑎. 

The most common models are (Yarus & Chambers, 1994): 

• The spherical semivariogram model (Eq. 2): 

 

𝛾(ℎ) = {
𝐶 [

3ℎ

2𝑎
−

1

2
(

ℎ

𝑎
)

3

] , 0 ≤ ℎ < 𝑎

𝐶 , 𝑎 ≤ ℎ

 
( 2 ) 

 

This is one of the most usual models in geostatistics, and it is said to be transitive because it reaches 

a finite sill at a finite range 

• The exponential semivariogram model (Eq. 3): 

 

𝛾(ℎ) = 𝐶 (1 − 𝑒−
3ℎ
𝑎 ) 

( 3 ) 

 

This model approaches the sill asymptotically, and the value of the range 𝑎 is where the semivariogram 

reaches 95% of the sill. 

• The Gaussian semivariogram model (Eq. 4): 

 

𝛾(ℎ) = 𝐶 (1 − 𝑒−3(
ℎ
𝑎

)
2

) 
( 4 ) 

 

For more regular and continuous phenomena, the Gaussian model is the most appropriate because it 

shows a slow increase of 𝛾(ℎ) close to the origin, the sill is approached asymptotically and the range is 

where the model reaches 95% of the sill, as seen in the exponential model. Variables described by this 

model are, usually, spatially more continuous. 

 

• The power semivariogram model (Eq. 5): 

 

𝛾(ℎ) = 𝐶ℎ𝛼 , 0 < 𝛼 < 2 ( 5 ) 
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All the previous semivariograms are transitive, characterized by a range 𝑎, where there is no correlation 

between samples for higher values. However, the power variogram is a non-transitive model, describing 

a continuous growth of 𝛾(ℎ) and does not tend to a sill. This model is adjustable for non-stationary 

phenomena, where there’s no finite variance (Soares, 2006). 

Most depositional environments where is perfectly distinguishable the horizontal layering of the strata, 

the magnitude of spatial continuity between horizontal and vertical direction is quite distinct. Typically, 

the vertical range of correlation is much lower than the horizontal range due to lower lateral distance of 

deposition (Deutsch, 2002). 

This type of environment is characterized by a special class of variogram, and the behaviour of the 

variogram is called zonal anisotropy. 

In zonal anisotropy the sill (variance) is different for different directions in space, so it is not possible to 

transform such a structure into an isotropic semivariogram. The lowest scale (with lowest variance) 

naturally corresponds to the maximum continuity direction, therefore with longer range. 

In cases of zonal anisotropy, like some case studies (with regular horizontal structures), is common 

practice to include only one zonal component, which makes higher contribution in a direction (maximum 

continuity direction) than the perpendicular one. 

 

2.1.2 Simple Kriging 

 

The kriging interpolation technique was first introduced and developed by Georges Matheron, who first 

defined this technique as a way to “find the best linear estimator possible of the grade of a panel, taking 

into account all the available information” (Matheron, 1971), referring to mining-related variables, and 

by “best” he meant minimum variance. 

Before applying the methodology, we must pay special attention to some aspects (Matheron, 1971): 

• The number of samples and the quality of the data at each location; 

• The locations of the samples within the grid. It’s extremely important to avoid clusters, 

and the samples must be evenly spaced to ensure not only a good coverage of the 

study area but also avoid bias; 

• The distance between samples and the points to estimate. The space of uncertainty 

increases for points further away from the samples, so we must ensure a good distance 

between samples and the estimation points to increase the accuracy of the estimation; 

 

In a more applied and broader point of view, the Simple Kriging (SK) technique aims to obtain an 

estimate 𝑥0
𝑠𝑘 (Eq. 6) of an unknown property as a weighted linear combination of the well data values 

(Doyen, 2007): 
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𝑥0
𝑠𝑘 = 𝑚𝑥 + ∑ 𝑤𝑖(𝑥𝑖 − 𝑚𝑥)

𝑛

𝑖=1

 
( 6 ) 

 

Where 𝑚𝑥 is the constant mean of variable 𝑥, the term 𝑤𝑖 represent the kriging weights, 𝑥𝑖 express the 

data values at location 𝑖 and 𝑛 the number of data points. 

A way to obtain the weights 𝑤𝑖 is to solve a system of equations called kriging system (Eq. 7) to reach 

an optimal solution. 

 

Simple Kriging System (Eq. 7 ): 

[

𝐶01 ⋯ 𝐶1𝑗

⋮ ⋱ ⋮
𝐶𝑖1 ⋯ 𝐶𝑖𝑗

] [

𝑤1

⋱
𝑤𝑖

] = [
𝐶01

⋱
𝐶0𝑖

] 

In this case, 

[

𝐶11 𝐶12 𝐶13

𝐶21 𝐶22 𝐶23

𝐶31 𝐶32 𝐶33

] [

𝑤1

𝑤2

𝑤3

] = [

𝐶01

𝐶02

𝐶03

] 

 

 

The elements of the symmetric kriging matrix, 𝐶𝑖𝑗, represent spatial covariances in function of the 

distance vector ℎ𝑖𝑗 between points 𝑖 and 𝑗. The diagonal elements of the matrix, 𝐶𝑖𝑖, are equal to the 

variance of 𝑥. The right-hand matrix is the kriging vector and the elements of the matrix are equal to the 

covariances calculated for distance vectors between data locations and the prediction point location 

(Fig. 1) (Doyen, 2007). 

In addition to the estimate, the kriging practice produces a measure of the prediction error, which is 

called the kriging variance (Eq. 8), 𝜎𝑆𝐾
2 . If we assume a multi-Gaussian distribution and that our 

covariance model is correct, the kriging variance provides a confidence interval for the estimated value 

𝑥𝑆𝐾 (Doyen, 2007). 

𝜎𝑆𝐾
2 = 𝜎𝑥

2 − ∑ 𝑤𝑖𝐶𝑖0

𝑛

𝑖=1

 
( 8 ) 

 

In this perspective, the kriging variance gives us a perception of the quality of the interpolation in several 

areas of the grid as well as the spatial distribution of the data. At well locations the kriging variance is 

zero (𝜎𝑆𝐾
2 = 0), and as the distance to the well locations increases, the correlation between the 

Figure 1- Schematic representation of the Simple Kriging 
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estimated point and the sample points decreases, and the kriging variance tend to be equal to the 

variance of the property (𝜎𝑆𝐾
2 ≈ 𝜎𝑥

2). 

 

2.1.3 Co-Kriging 

 

In order to extent the concept a of the kriging method and surpass some of its limitations (Matheron, 

1971) developed a methodology that allow us to combine the data given by two variables and estimate 

one of them with, as expected, more accuracy. So, in situations where we want to estimate a given 

variable 𝑋, with poor coverage, and we also have a second variable Z with higher sampling density, this 

last one can be incorporated in the estimation model (Soares, 2006). 

To include both variables in the same estimation model, they must be high correlated. The simple 

cokriging estimate (Eq. 9) can present in the following general form: 

𝑥0
𝑐𝑘 = 𝑚𝑥 + ∑ 𝑤𝑖(𝑥𝑖 − 𝑚𝑥) + ∑ 𝑣𝑖(𝑧𝑗 − 𝑚𝑧)

𝑚

𝑗=1

𝑛

𝑖=1

 ( 9 ) 

 

Where 𝑤𝑖 and 𝑣𝑗 are the cokriging weights,  𝑥𝑖 the primary data at location 𝑖, 𝑧𝑗 the secondary variable 

at location 𝑗, 𝑚𝑥 and 𝑚𝑧 correspond to the constant mean values of 𝑥 and 𝑧, 𝑛 and 𝑚 the number of 

primary and secondary data. As in the simple kriging scenario, the weights result from the minimization 

of the estimation variance (𝐸[𝑥0 − 𝑥0
𝐶𝐾]2), complying the condition of unbias.  

This procedure seems suitable in a context of seismic-guided reservoir modelling, where we found 

sparse but accurate well-log measurements of the primary rock property in the grid, as well as a dense 

and regular sampled attribute data, like the seismic reflection data. In these cases, the well-log 

measurements serve as primary variable and the seismic data serve as secondary variable (Fig. 2) 

(Doyen, 2007).  

 

Figure 2- Schematic representation of the Co-Kriging 
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Theoretically, the cokriging estimate produces lower estimation errors than the simple kriging 

procedure. Although, this advantage must be carefully analysed, and consider the cost of modelling 

cross-variograms and co-regionalizations, that often result in approximations and forced adjustments. 

(Soares, 2006). 

 

2.1.4 Collocated Co-Kriging 

 

In a theoretical point of view, the application of the cokriging methodology seems quite easy and 

accurate, however there is a major implementation problem with this method. 

The full cokriging approach to integrate both seismic (with high density sampling) and well data (large 

separation distance and poor sampling) create unstable cokriging matrices due to poor autocorrelation 

between primary variable samples at different locations. 

To overcome this situation, Xu et al. (1992) proposed a simplification of the classic cokriging approach. 

The proposal was to include only one single reading of the secondary variable at the location 𝑢0, instead 

of the entire secondary variable grid. This procedure is called Collocated Cokriging. 

The estimate 𝑥0
𝐶𝐶𝐾 for this methodology can be expressed by (Eq.10): 

𝑥0
𝐶𝐶𝐾 = 𝑚𝑥 + ∑ 𝑤𝑖(𝑥𝑖 − 𝑚𝑥) + 𝑣(𝑧0 − 𝑚𝑧)

𝑛

𝑖=1

 
( 10 ) 

 

Where 𝑧0 is the collocated secondary variable, 𝑤𝑖 and 𝑣 are the cokriging weights, 𝑛 is the number of 

primary data, and 𝑚𝑥and 𝑚𝑧 are the mean of 𝑥 and 𝑧, respectively (Fig. 3). 

 

 

Figure 3- Schematic representation of collocated Cokriging 
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The solution of the simplified normal equations requires the knowledge of (Doyen, 2007): 

• The auto-covariance of the primary variable (𝐶𝑥𝑥(ℎ)); 

• The variance of the secondary variable (𝜎𝑧
2); 

• The local coefficient of correlation between primary and secondary variables (𝜌𝑥𝑧(0)). 

This way, we can build the following collocated cokriging system (Eq. 11), to calculate the weights, and 

the collocated cokriging variance (Eq. 12) (lower than the variance of cokriging method): 

 

[
𝜎𝑥

2 ⋯ 𝐶𝑥𝑧
10

⋮ ⋱ ⋮
𝐶𝑧𝑥

01 ⋯ 𝜎𝑧
2

] [
𝑤1

⋮
𝑣

] = [
𝐶𝑥𝑥

𝑜𝑖

⋮
𝐶𝑥𝑧

00
] 

( 11 ) 

 

 

𝜎𝑐𝑐𝑘
2 = 𝜎𝑥

2 − ∑ 𝑤𝑖𝐶𝑥𝑥
𝑖0

𝑛

𝑖=1

− 𝑣𝐶𝑥𝑧
00 ≤ 𝜎𝑠𝑘

2  
( 12 ) 

 

A notorious benefit of the collocated cokriging approach is the simplicity of the new normal equations, 

that are more stable than the general implementation of cokriging that imposes closely spaced 

redundant secondary data (Doyen, 2007).  
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2.2 Geostatistical Simulation 

 

Due to their complexity, some phenomena cannot be modelled deterministically (single “most probable” 

solution). For this type of structure, stochastic simulation proves to be a powerful tool to describe it 

(Almeida & Journel, 1994). 

Stochastic simulation allows us to generate multiple equiprobable realizations that reproduce the 

sample variability and global statistics such as histograms and semivariograms. This set of realizations 

allows assessing local, spatial and response uncertainty (Robertson, 2002). 

All the decisions and assumptions made during the modelling process have direct impact over the 

resulting realizations and by stochastic simulation methodologies we can explore the space of 

uncertainty because we can visualize the extreme behaviour of the intern and morphological 

characteristics of a given resource (Soares, 2006). 

Among the several stochastic simulation models of spatial phenomena, we can highlight one important 

group: The Sequential Simulation algorithms. 

All the sequential simulation algorithms are based on Monte Carlo simulation technique (Fig. 4) which 

generates realizations of random processes. In these algorithms, is defined a random path to visit all 

the possible locations in the grid once (and only once) and simulating the values through its way. 

 

 

Figure 4- Monte Carlo simulation workflow 
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The most significant sequential simulation algorithms are the Sequential Gaussian Simulation (SGS), 

Sequential Indicator Simulation (SIS) and the Direct Sequential Simulation (DSS) (See Chapter 2.2.1). 

 

 2.2.1 Direct Sequential Simulation (DSS) 

 

Some of the sequential simulation algorithms require a transformation of the continuous variable into a 

binary, in the case of the SIS, or into a Gaussian variable, like the case of SGS (Soares, 2001). These 

transformations can lead to some drawbacks: in the first method, if the number of indicator variables 

(corresponding to the histograms classes) is too high, it will be harder to estimate the variograms of 

each class. In the SGS method, it becomes difficult to reproduce the variograms of the original variable 

when the histogram is very asymmetrical. (Soares, 2006) 

However, in 1994, Journel was successful in using a sequential simulation algorithm (similar to an auto-

regression process) and, at the same time, reproducing the covariance model without any prior 

transformation. The local distributions for the simulations were draw in function of the SK estimates and 

variance (Fig. 5) (Journel, 1994). 

 

Figure 5- Sampling procedure of 𝐹𝑍(𝑧) distribution by intervals defined by the local mean and variance (right). 

The simulate value sampled from the intervals defined by 𝐺[𝑦(𝑥𝑢)𝑆𝐾
∗ , 𝜎𝑆𝐾

2 (𝑥𝑢) ](left) [adapted from Soares (2001)] 

 

Based on the principle first introduced by Journel (1994), Soares (2001) developed an adaptation of his 

work, a methodology named Direct Sequential Simulation, capable of reproducing accurately the 

variogram and histogram of a continuous variable, without any transformation of the original variable. 

In previous approaches of Direct Sequential Simulations, the local cumulative distribution functions are 

centred at the simple kriging estimate 𝑧(𝑥0)𝑆𝐾
∗  , conditioned by the original and previous simulated 
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values, with conditional variance given by the SK variance, 𝜎𝑆𝐾
2 . In the approach proposed by (Soares, 

2001), SK estimate and variance are used not to build the local CDF but to sample the Global CDF. 

The main idea is to select intervals of 𝑍(𝑥) from the global CDF 𝐹𝑍(𝑧) and define a new function 𝐹𝑍
′ (𝑧), 

where we simulate the values of the grid 𝑧𝑠(𝑥0). These intervals are centered at the SK estimate and 

variance of 𝑧𝑠(𝑥0) (Soares, 2006). 

We can define the intervals by selecting a subset on 𝑛  values of 𝑧(𝑥𝑖) in the experimental histogram 

whose mean and variance is equal to the local SK estimate (Eq. 13) and variance (Eq. 14) (Soares, 

2001): 

1

𝑛
∑ 𝑧(𝑥𝑖) = 𝑧(𝑥𝑢)∗

𝑛

𝑖=1

 
( 13 ) 

 

1

𝑛
∑[𝑧(𝑥𝑖) − 𝑧(𝑥𝑢)∗]2 = 𝜎𝑆𝐾

2 (𝑥𝑢)

𝑛

𝑖=1

 
( 14 ) 

 

Another way to define the 𝐹𝑍
′ (𝑧) consists in using a Gaussian distribution and applying a normal score 

transform to the original values 𝑧(𝑥)(Eq. 15):𝑦(𝑥) = 𝜑(𝑧(𝑥)) 

𝑦(𝑥) = 𝜑(𝑧(𝑥)) with 𝐺(𝑦(𝑥)) = 𝐹𝑍(𝑧(𝑥)) 
( 15 ) 

 

And now, instead of using the local SK estimate 𝑧(𝑥0)𝑆𝐾
∗ , we use the Gaussian equivalent 𝑦(𝑥0)𝑆𝐾

∗ , but 

maintaining the previous SK variance to define the new Gaussian CDF (Soares, 2001). 

Furthermore, when we simulate the value for 𝑦𝑠(𝑥0), we must apply the inverse transform in order to 

obtain the value for the 𝑧𝑠(𝑥0) (Eq. 16). 

𝑧𝑠(𝑥0) =  𝜑−1(𝑦𝑠(𝑥0)) 
( 16 ) 

 

We must not be mistaken by this Gaussian transformation, it is just for sampling purposes and not to 

estimate the local CDF as in SGS (Soares, 2001). 

 

2.2.2 Direct Sequential Co-Simulation (Co-DSS) 

 

Imagine now that, instead of simulating just one single variable, we want to simulate, within the same 

loop, two variables (𝑍1(𝑥) and 𝑍2(𝑥)), i.e., simulate a second variable considering the realizations of the 

first one. To do so, we must keep in mind the existence of an underlying relationship between both. 
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We can take as an example the simulation of porosity given the realizations of previous acoustic 

impedance (Ip). In this case the relationship between both can be based on rock physics concepts 

(Azevedo L. , 2013). 

Starting from the principle developed in DSS, Soares (2001) purposed a joint simulation algorithm, 

named Direct Sequential Co-simulation (Co-DSS), that using the DSS method to simulate a first variable 

𝑍1(𝑥) , we can express realizations of a second variable 𝑍2(𝑥) without any transformation of the original 

data and simple to implement. We must state the first variable 𝑍1(𝑥) as the most important and/or more 

spatial continuous (Soares, 2001). 

We can summarize the Co-DSS, in these simple steps: 

1. Define a random path to visit every node in the grid; 

 

2. For every node 𝑥𝑢, simulate the value of it (𝑧𝑠(𝑥𝑢)) using the DSS algorithm (see chapter 2.2.1); 

 

3. Loop until all nodes of 𝑍1(𝑥) are simulated; 

 

4. Simulate the nodes of secondary variable’s grid applying a DSS similar to the previous one but 

instead of using the SK estimate and variance to build the global CDF, it’s used the Collocated 

SK estimate and variance conditioned to neighbourhood data 𝑧2(𝑥𝛼) and the collocated datum 

𝑧1(𝑥𝑢) (simulated in previous steps); 

 

 

5. Loop until all nodes of 𝑍2(𝑥) are simulated. 

 

This method has shown very useful in the GSI methodology (see chapter 2.3.3), where the secondary 

variable is the same (but optimized) as the first one, in order to increase the correlation coefficient in an 

iterative process.  
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2.3 Seismic Inversion  

 

The seismic inversion (SI) has become common practice in the Oil and Gas industry for reservoir 

characterization for more than 40 years, and since then it has been suffering numerous alterations and 

additions. 

The main objective of the seismic inversion is to incorporate both seismic reflection data and 

quantitative rock property (from well-log data) to describe and model the reservoir’s internal 

petrophysical properties (Penderl, 2001). 

Based on the convolution model (see chapter 2.3.1), seismic inversion depends on the information 

given by the wavelet and the acoustic impedance (or some other rock property) model to estimate the 

seismic data profile. 

The wavelet can be extracted from the seismic reflection data, estimated from both seismic and well-

log data, from the seafloor signal or from sparse-spike deconvolution (Yi, et al., 2013). 

The acoustic impedance model can be built, considering the well-log data, from estimation (single “best” 

solution), in the case of a deterministic approach, or by simulation of several realizations, in the case of 

a stochastic approach. In a nutshell, we can lay out the basic principle of seismic inversion (Fig.6): 

 

 

Figure 6 - General Seismic Inversion Workflow 
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 2.3.1 Convolution Model 

 

In order to compare the representation of the subsurface seismic reflection with a simulated/estimated 

one, we must perform a forward modelling, i.e. compute a synthetic seismogram with the information 

provided by an acoustic impedance profile and a representative source wavelet (Fahimuddin, 2009). 

Seismic acquisition and processing methodologies, as well as seismic inversion, are often described 

by means of the convolution model (Eq. 17) that states that the Earth’s response to a source wavelet 

(seismic) 𝑠(𝑡) is a result of the convolution, a particular case of integral transform, between a source 

wavelet 𝑤(𝑡) and the Earth’s impulse response (reflectivity coefficients series) 𝑟(𝑡). We must consider 

the presence of noise 𝑛(𝑡). 

𝑠(𝑡) = 𝑤(𝑡) ∗ 𝑟(𝑡) + 𝑛(𝑡) 
( 17 ) 

 

As previously said, the wavelet can be estimated in many ways but the reflectivity series are geologically 

unknown. This term expresses a sequence of spikes (reflectors) that indicate the position, in time, of 

the different geological structures at the subsurface. The amplitude of each spike is a function of the 

energy reflected back to the receivers during the seismic survey (Sacchi, 2006). 

The reflectivity coefficients (Eq. 18) can be calculated taking into account the Acoustic Impedance (Ip) 

(Eq. 19) if reproduced: 

𝑟(𝑡) =
𝐼𝑝𝑡+1 − 𝐼𝑝𝑡

𝐼𝑝𝑡+1 + 𝐼𝑝𝑡

 
( 18 ) 

and,  

𝐼𝑝 = 𝜌 × 𝑣𝑝 ( 19 ) 

 

where 𝜌 and 𝑣𝑝 are the density of the rock layer and p-wave velocity respectively. If there is a sudden 

change, in depth, in one of these parameters, resulting in a change in Ip, a new spike is added to the 

reflectivity coefficient series. 

 

 2.3.2 Deterministic versus Stochastic Approaches 

 

Seismic inversion problems may vary depending on the approach for the prior assumptions (Azevedo, 

Demyanov, & Soares, 2015), and we can divide the SI into two classes: Deterministic or probabilistic 

approaches. 
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The first one will output one single solution for the rock property model. The most common model-based 

deterministic method is the Generalized Linear Inversion (GLI) that requires the user to supply a single 

initial estimate of the rock property model (e.g. Acoustic Impedance) which is iteratively refined by 

optimization algorithms until a pre-defined match between the synthetic and real seismic data is reached 

(Cooke & Cant, 2010). 

This class of SI lacks reliable uncertainty quantification, and this uncertainty is usually assessed as 

linearized problem around the “best-fit” solution (Azevedo et al.,2015). 

Since the GLI is an iterative process, the updates in the rock property model are made using an error 

trace (Eq. 20) and sensitivity matrix calculation. These updates come from a truncated (linearized) 

Taylor-series approximation of the forward model, and it can be expressed as (Cooke & Cant, 2010): 

𝐹(𝐼) − 𝐹(𝐼𝐺) = 𝑒𝑟𝑜𝑟 𝑡𝑟𝑎𝑐𝑒 =
𝜕𝐹(𝐼𝐺)

𝜕(𝐼𝐺)
(𝐼 − 𝐼𝐺) 

( 20 ) 

 

where 𝐼 is the unknown vector of parameters describing the real profile, IG the user’s “initial guess” for 

the real profile, to be refined, F is the forward model and the term 
𝜕𝐹(𝐼𝐺)

𝜕(𝐼𝐺)
 is the sensitivity matrix (Fig. 7). 

 

Figure 7- GLI workflow 

The other side of the coin is the use of probabilistic inversion, that is a term denoting a set of algorithms 

that combine both stochastic inversion with Bayes Theorem to give more rigorous probabilistic 

estimates of the study properties (Cooke & Cant, 2010). This set of inversions can be divided into: 

Bayesian linearized and stochastic, or geostatistical (Azevedo, Demyanov, & Soares, 2015). 

The first concepts on Geostatistical Inversion were first introduced by Bortoli (1992) suggesting an 

extension of SGS to generate multiple models of Acoustic Impedance with a scale consistent with 

seismic amplitude data (Bortoli et al.,1992). 

In opposition to the deterministic approaches, geostatistical inversion search for several different (but 

equiprobable) inverse models, where the models are chosen by their fitness criteria, the “good fit” are 

kept as output models and the “bad fit” are discarded (Cooke & Cant, 2010). 
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In another perspective, geostatistical inversions use variograms to “prepare” the input property models, 

i.e., they need to ensure that the property models fit the expected spatial patterns. 

Geostatistical Inversion techniques are based on stochastic sequential simulation and co-simulation as 

the model parameters space is perturbed by using Genetic Algorithms (see chapter 2.3.3) as global 

optimizers to converge our inversion problem into a best solution. During the process, in opposition to 

the deterministic approach, we can assess an envelope of uncertainty given some a priori assumptions. 

One new geostatistical inversion technique is explored in Chapter 2.3.3, the Global Stochastic Inversion 

(GSI), where the spatial dispersion and patterns of acoustic impedance (histograms and variograms) 

are reproduced at final Ip volume. 

 

 2.3.3 Global Stochastic Inversion (GSI) 

 

The Global Stochastic Inversion (GSI) is based on a global perturbation method, instead of trace-by-

trace, to minimize a given objective function defined as the mismatch between synthetic and real 

seismic traces (Caetano, 2012). 

In this inversion method several realizations Ip are generated from where reflection coefficients are 

computed. These are then convolved with a known wavelet and compared, in a trace-by-trace basis, 

against the real seismic model. 

In these algorithms, we visit every trace and for all the realizations we retain the “best” simulated trace 

(in an iterative process), for each location, based on the match of an objective function (function that 

measures the similitude between real seismic trace and the synthetic seismogram). The sequential 

process continues until every trace is visited and selected for simulation and transformation (Soares, 

Diet, & Guerreiro, 2007). 

The “best” traces of simulated Ip (that generated the synthetic seismic traces) are incorporated as “real” 

data for the next iteration (Caetano, 2012). 

The GSI method focus on two major points: to use DSS and Co-DSS algorithms to generate and 

transform 3D Ip models, and the application of a genetic optimizer to converge the transformed Ip 

images into a minimum objective function (Soares et al.,2007). 

After that, we can summarize the GSI algorithm into (Fig. 8): 

1. Generation of a set of Ip realizations by using DSS, considering the information given by the 

well-log data; 

2. Generation of a set of synthetic seismogram, by convolving the reflectivity series 𝑟(𝑡) (derived 

from the Ip models) with a representative source wavelet; 

3. Calculate the fitness function between the synthetic seismogram and the real seismic. The 

match between both can be expressed by the local correlation coefficients (CC); 
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4. Compose an auxiliary model by merging the selected “best” parts (cells with higher correlation 

coefficient) of all realizations for each location in the volume. The result is a “Best Ip cube” and 

a “Best CC cube”, composed by the cells with higher CC and respective value; 

5.  In the next iteration, generate a new set of Ip realizations by Co-DSS between both well-log 

and the previous “Best Ip cube”, as secondary variable. The global correlation coefficient of the 

previous Ip image, dictates the affinity criterion to create the next generation of images 

(Azevedo & Soares, 2017); 

6. The iterative loop ends until a given threshold of the objective function is reached or a user-

defined number of iterations. 

By using Co-DSS methodology to transform the 3D Ip models, we are able to generate global Ip images 

with the same spatial pattern, as imposed, without the imposing artificial good fitness in areas of poorer 

seismic quality. In those areas, the final images will reflect high uncertainty (Soares et al.,2007). 

In the traditional appliance of this methodology, one important but sometimes fatal assumption is made: 

there’s no uncertainty related with the variogram model nor the conditioning well data. The variogram 

model is result of an adjustment of a smooth function of a reduced number of parameters that better 

describe the spatial continuity of a given property. 

The well data conditions the generation of the Ip models and there is no place for uncertainty related 

with well placement bias, measurements errors, etc. 

In this thesis, we try to overcome this lack of uncertainty quantification by splitting the study area into 

regions and optimize the parameters related with the spatial continuity and probability distribution to 

better understand the impact over the retrieved models, as well as the parameters related to the 

regionalization of the model. 
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Figure 8- Global Stochastic Inversion workflow 
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2.4 Uncertainty Quantification 

 

In reservoir modelling, the uncertainty quantification allows us to understand the impacts of static and/or 

dynamic features over the final reservoir models, and at the same time, provides the ability to take 

decisions with a known level of confidence. 

Most of the times, these uncertainties come from the lack of data related to the reservoir properties (e.g. 

under-sampled well-log data, poor seismic data), measurement errors and/or the complexity of the 

spatial phenomena. 

In stochastic sequential simulation algorithms, like DSS (used in GSI), assume stationarity along the 

entire inversion grid (Azevedo et al.,2015), and do not take into account the uncertainty in the geological 

parameters referenced by the spatial continuity pattern (e.g. variogram) and in the prior probability 

distribution (defined by mean, standard deviation, and proportion). 

In this perspective, a parameter estimation or inversion procedure is incomplete without an analysis of 

the uncertainty. So, these uncertainties can be explored under a Bayesian framework, and recurring to 

stochastic adaptive sampling algorithms. 

 

 2.4.1 Bayesian Theory 

 

The Bayesian framework combines the information from the data with a priori information on model 

parameters (Duijndam, 1988). The result is a posteriori probability density function of the solution to the 

inversion problem. 

The Bayes theorem (Eq. 21) allow us to determine the posterior probability taking into account the prior 

knowledge and can be expressed by (Mohamed et al.,2009): 

𝑝(𝑚|𝑜) =
𝑝(𝑜|𝑚)𝑝(𝑚)

𝑝(𝑜)
 

( 21 ) 

 

where, 𝑝(𝑚|𝑜) is the posterior probability (probability of the model 𝑚 given the observed data 𝑜), 𝑝(𝑜|𝑚) 

is the likelihood term (probability of the data assuming the model 𝑚 is true), 𝑝(𝑚) is the prior probability 

and 𝑝(𝑜) is a normalizing constant that suggests if the model is well adjusted to the data (the term must 

be small). 

The likelihood term, 𝐿, can be derived from the misfit calculation, or vice versa. The misfit (Eq. 22) can 

be expressed as the negative logarithm of the likelihood term (Eq. 23): 

𝑀 = − log(𝑝(𝑜|𝑚)) = −log (𝐿) 
( 22 ) 
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Or, 

𝐿 = exp (−𝑀) 
( 23 ) 

 

The misfit can be expressed in the least square sense, assuming the measurements are Gaussian, 

independent and identically distributed (Mohamed et al.,2009), (Eq. 24): 

𝑀 = ∑
(𝑞𝑜𝑏𝑠 − 𝑞𝑠𝑖𝑚)𝑡

2

2𝜎2

𝑇

𝑡=1

 

( 24 ) 

 

Where, 𝑇 is the number of observations, 𝑞𝑜𝑏𝑠 are the observed values, 𝑞𝑠𝑖𝑚 are the simulated values 

and 𝜎2 is the variance of the observed data. 

In this case, the standard correlation coefficient formula measures only the sensitivity of seismic phase, 

when the real interest is to have a formula sensitive to amplitude as well (Kreeprasertkul, 2014). 

Therefore, we use a “quasi-correlation coefficient” formula (Angelov, 2009) (Eq. 27), and when the 

seismic amplitude is low, the correlation coefficient is low as well. 

𝑄𝐶 =
2 ∑ (𝑟𝑒𝑎𝑙𝑠 ∗ 𝑠𝑦𝑛𝑠)𝑁

𝑠=1

∑ (𝑟𝑒𝑎𝑙𝑠) ∗  ∑ (𝑠𝑦𝑛𝑠)𝑁
𝑠=1

𝑁
𝑠=1

 ( 25) 

 

The calculation of the quasi-correlation coefficient at each trace is performed by applying the Eq.25 for 

every sample s, between the real and synthetic trace, and summing up the value of the N samples 

within the trace.  

The simulated values (𝑞𝑠𝑖𝑚 ) in the least square formula (Eq.24) assume the value of the quasi-

correlation coefficient, for each trace. 

Since the correlation coefficient is limited between +1 (indicator of perfect match) and -1, seems logical 

the use of the retrieved value as the “simulated value” and the +1 for the “observed value”, to evaluate 

the displacement of the solution to a perfect scenario. However, the least square formula (Eq. 24) 

implies the use of a standard deviation value, and this parameter represents the range of acceptance 

that is assumed (user-defined), i.e., in our case it’s assumed a value for sigma=0.2, this means that 

solutions with a correlation above 0.8 (1 - sigma) are considered as acceptable solutions.  

The final misfit score is a sum of every individual (for every trace location) misfit scores. In the real case 

application shown next the number of traces is 69300. 

The posterior probability 𝑝(𝑚|𝑜) can be calculated using Neighbourhood Algorithm-Bayes (NA-Bayes), 

which is a Markov-Chain Monte Carlo technique that uses Voronoi cells, centered at the sample points, 

to subdivide the parameter space combined with a Gibbs sampler (also known as “heat bath” algorithm) 

to estimate the 𝑝(𝑚|𝑜) density. Inside each Voronoi cell, the value of the 𝑝(𝑚|𝑜)  is assumed as 
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constant which is calculated by the product of the Voronoi cell volume and the likelihood term (𝑝(𝑜|𝑚)) 

(Sambridge, 1999). 

The results of NA-Bayes technique allow us to calculate the posterior distributions for Acoustic 

Impedance models, constrained by seismic and well-log measurements (Delbeq & Moyen, 2010). The 

models with highest ranks, in terms posterior probability, are the ones that “better explain” the real 

scenario. 

 

 2.4.2 Particle Swarm Optimization 

 

When chose to optimize the parameters, in this case referenced to the spatial continuity pattern and 

prior knowledge, we require a stochastic adaptive sampling algorithm to make an exploration of the 

parameter space, based on the misfit values. 

The primary goal of these stochastic adaptive samplers is to minimize the objective function, so we can 

iteratively tune the simulation model parameters to match the real data. 

Exploration of the parameter space is, therefore essential to obtain a diverse set of simulations models. 

There are several stochastic sampling algorithms, such as: Ant Colony Optimization (ACO), Differential 

Evolution (DE), Neighbourhood Algorithm (NA) or Particle Swarm Optimization (PSO) (Hajizadeh et 

al.,2011). 

Each algorithm shows different behaviours and results, some of them show a more explorative 

behaviour (like NA), an ability to jump from one local minimum to another, avoiding getting trapped (like 

PSO and DE) or faster convergence rates (depending on the problem). 

Therefore, the choice of a good stochastic optimizer is not an easy task, and we must take into account 

the type of problem we are approaching and the type of parameter. But, before sampling the parameter 

space, we must reconstruct the posterior probability density function from a limited number of irregularly 

spaced samples (Christie et al.,2005) 

In this particular case, we will focus on particular stochastic optimizer: The Particle Swarm Optimization 

algorithm. 

This particular algorithm has become very popular for history matching problems due to its simplicity, 

and parallel implementation capacity (Mohamed et al.,2010) (Hajizadeh et al.,2011) (Mohamed et 

al.,2009). In this work it’ll be tested its performance in a stochastic inversion problem (particularly the 

GSI methodology) using an optimization software, called Raven®, developed by Epistemy® in the 

Uncertainty Quantification group, in the Institute of Petroleum Engineering (IPE), a research centre from 

Heriot-Watt University, Edinburgh. 
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In the embryonic stages of development, the PSO algorithm was first created to simulate social 

behaviour of bird communities, when flying in flock. 

Then, the principles were extended to a presumable population of particles (termed swarm), placed 

randomly in the search space. It is assigned a random direction to each one, and when they start the 

movement through the search space, each particle’s direction is influenced by its previous success (low 

misfit achievement) and the success of the neighbours in finding regions of lower objective function 

(similar to bird’s quest for food). 

PSO shows itself as “simple, fast and effective with superior global optimization compared to other 

stochastic algorithms” (Mohamed et al.,2010). 

The particle 𝑖 velocity 𝑣𝑖
𝑘 update (Eq. 25), at each iteration 𝑘, is defined as: 

𝑣𝑖
𝑘+1 = 𝜔𝑣𝑖

𝑘 + 𝑐1𝑟1 × (𝑝𝑏𝑒𝑠𝑡𝑖
𝑘 − 𝑥𝑖

𝑘) + 𝑐2𝑟2 × (𝑔𝑏𝑒𝑠𝑡𝑘 − 𝑥𝑖
𝑘) ( 26 ) 

 

 

Where 𝜔 is a user-defined parameter, known as inertial weight,  𝑐1 and 𝑐2 are also user-defined 

parameters which determines the particle’s attraction towards its own best known position (𝑝𝑏𝑒𝑠𝑡𝑖
𝑘) and 

the swarm’s best known position (𝑔𝑏𝑒𝑠𝑡𝑘), 𝑥𝑖
𝑘 determines the current position of the particle, and the 

random numbers 𝑟1 and 𝑟2 [𝑟1, 𝑟2 ∈ (0,1)], weight the particle’s attraction. The user also needs to define 

the number of particles in the swarm, that, for better results, is convenient to choose a number of 

particles higher than the number of parameters (Mohamed et al.,2010). 

The velocity is not allowed to increase indefinitely, it’s bounded by a maximum 𝑉𝑚𝑎𝑥. And the particle 

cannot reach out-of-space areas during it search. 

After calculating the velocity vector for the next iteration, it is possible to obtain the next particle’s 

position (Eq. 26), by adding the velocity term to the previous position: 

 

𝑥𝑖
𝑘+1 = 𝑥𝑖

𝑘 + 𝑣𝑖
𝑘+1 ( 27 ) 

 

The position of the particle is always updated independently of the progress towards the objective 

function. The particle’s personal best is updated if the misfit value in its new current position has a lower 

objective function (higher fitness, lower misfit), otherwise remains with the same value. 

The particle’s movements across the search space stops until a stopping criterion is met (sufficiently 

low misfit value or a user-defined number of iterations) (Mohamed et al.,2010). 

The following figure outlines the PSO algorithm behaviour, reference to the particle’s update: 
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Figure 9- PSO’s Velocity and Position update procedure [from Mohamed, 2010] 
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Chapter 3. Methodology 

 

The main goal of this work is to assess uncertainty of key large-scale geological parameters, in parallel 

to the stochastic inversion procedure. The previous chapters addressed the concepts of adaptive 

stochastic sampling and Bayesian inference, and how these techniques allow to quantify uncertainties 

in model parameters. 

In this chapter, it will be discussed the application of a particular stochastic optimization algorithm, the 

PSO, in regional optimization of the parameters related to the spatial continuity pattern and prior 

knowledge distribution about the probability distribution of the elastic properties of interest. 

This thesis approaches uncertainties at different levels: locally at grid cell scale and at large scale 

geological uncertainty related to the distribution of the Ip and its spatial continuity pattern. 

The local uncertainty is inferred by making use of stochastic simulation techniques, as in global 

stochastic inversion procedure, with perturbation of the model parameter space. 

The large-scale uncertainty is assessed by coupling Bayesian inference and stochastic adaptive 

sampling based on prior uncertainty associated to the parameters that define the spatial correlation 

model (variogram vertical and horizontal ranges) and the ones that define the global distribution of our 

property of interest (mean, standard deviation and proportion of each litho-fluid facies group).  

In this methodology, was also considered a set of parameters to be optimized that define the zonation 

of our study area into smaller sub-regions representing the uncertainty during the seismic interpretation 

process. Two approaches are proposed to accomplish this stochastic regionalization. 

At the end we will end up with a set of parameters that defined the GMM’s used to calibrate the 

probability distribution of Ip, a set of parameters that define the spatial distribution models (variogram 

ranges) and the parameters related to the zonation of the study area. 

After optimization of the whole set of parameters, these will serve as inputs for the GSI algorithm that 

will generate a set of realizations of our petro-elastic property of interest. 

Figure 10 summarizes the proposed workflow, where we distinguish the GSI loop inside the main 

workflow loop. At the end of the main loop, given a stop criterion (number of iteration, for example), we 

are ready to evaluate the uncertainty related to the retrieved models 
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Figure 10 – Proposed workflow 

 

 

3.1 Parameter Uncertainty 

 

A good parametrization is a key aspect for any modelling exercise. And this case, the parametrization 

will allow us to assess uncertainty related to the main topics of this project: large-scale parameters 

(spatial distribution and global distribution) and the seismic uncertainty related to interpretation. 

After several runs and comparing them to the available well-log data, the result is a set of prior ranges 

for each one of the parameters. Since every region has its own geological framework, we need to take 

this into consideration when setting the priors if we want to be geologically consistent, for variogram 

ranges and for probability distributions. 

 

 3.1.1 Variogram Perturbation 

 

The PSO technique allows us to find the “best particle”, i.e., the particle that expresses the best value 

for the objective function (lower misfit).  

This spatial continuity pattern can be defined by a variogram model (see chapter 2.1.1), which can be 

expressed by its range and direction. These parameters are normally assumed to be fixed and known. 

Focusing only in the models that define the vertical and horizontal directions, the PSO will tune the 

range of each direction, assuming a uniform distribution within a reliable range of values (Table 1). 
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Table 1- Uncertainty quantification parameters for Acoustic Impedance variogram ranges 

Property Parameter Abbreviation 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 
𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑅𝑎𝑛𝑔𝑒 $𝑎1 

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑅𝑎𝑛𝑔𝑒 $𝑎3 

 

At the end, the PSO will “search” the values for each variogram range that produce lower misfit, instead 

of using a fixed value. Finally, the uncertainty parameters related to the variogram modelling procedure, 

in this case, the range of influence, can be assessed by generating multiple realizations, with different 

variogram model, retrieved from the available experimental data. The generation of multiple realizations 

allow us, also, to assess the spatial uncertainty related to the acoustic impedance, Ip. 

The Figure 11 bellow, briefly demonstrates the limit values for the range of influence of a vertical 

variogram model: 

  

Figure 11 – Schematic representation of the uncertainty within the variogram ranges (max and min admissible). 
The green line represents the variogram model(s), the blue dots the experimental variogram and the orange line 

is the sill 

 

In this example, it was used a single exponential model, without nugget effect, just to show the extreme 

scenarios of variograms ranges. Some other models (e.g. Spherical) can adjust more accurately to the 

data points. 
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3.1.2 Gaussian Mixture Model 

 

Extending the concept of the workflow used in the variogram perturbation, by integrating stochastic 

adaptive sampling and Bayesian inference, the large-scale geological parameters, defined by the prior 

probability distribution, will be tuned to increase the fitness of the model. 

The stationarity assumption is an intrinsic property of the stochastic simulation algorithms (Azevedo et 

al.,2015), leaving no space for uncertainty. The DSS algorithm states that the marginal distribution of 

the property to be simulated) must be reproduced like the one in the experimental data (well-log). 

Yet, this distribution can be subject to uncertainty (that must be assessed), due to the preferential well 

placement bias (Azevedo et al.,2015), i.e., placed preferably in sand-prone lithologies (pay zones), 

lacking information about the rest of the study area, such as the non-pay zones. 

In a way to contour this problem, Azevedo (2015) incorporated in his workflow a reconstruction of the 

marginal distribution (of Ip) using a Gaussian Mixture Model (GMM). 

Gaussian mixture models are probabilistic models to represent a finite number of subpopulations within 

an overall population, In GMM we consider kernel approximations for each subpopulation, with their 

own mean, standard deviation and proportion (in respect to the other kernels). At the end, the result is 

a probability distribution which is a mixture of multiple Gaussian distributions. 

A finite number of litho-fluid facies (Avseth et al.,2005)can be considered, and each one of them will be 

defined by its mean, standard deviation and proportion (Tab. 2). In the example shown in the next 

chapter, three litho-fluid facies are considered. These three parameters will be optimized using the PSO 

algorithm and the spatial uncertainty will be assessed by generating multiple realizations of Ip. Once 

again, the optimization is guided by the misfit score obtained between the inverted synthetic 

seismogram and the real seismic. 

Table 2- Uncertainty quantification parameters for Acoustic Impedance prior distribution function 

Property Parameter Abbreviation 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 1) 

𝑀𝑒𝑎𝑛 $𝑚𝑓𝑎𝑐1 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 $𝑠𝑖𝑔𝑓𝑎𝑐1 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒  

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 2) 

𝑀𝑒𝑎𝑛 $𝑚𝑓𝑎𝑐2 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 $𝑠𝑖𝑔𝑓𝑎𝑐2 

𝑃𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛 $𝑝𝑓𝑎𝑐2 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 3) 

𝑀𝑒𝑎𝑛 $𝑚𝑓𝑎𝑐3 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 $𝑠𝑖𝑔𝑓𝑎𝑐3 

𝑃𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛 $𝑝𝑓𝑎𝑐2 
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The result is used to estimate the conditioning probability distribution from the well-log data. The 

following figure (Fig. 12) exemplifies the subpopulations of each litho-fluid facies class and its 

representation as individual kernel functions. 

 

Figure 12- Schematic representation of a plausible Gaussian mixture model for litho-fluid facies 

 

3.1.3 Stochastic Regionalization Model 

 

Traditional seismic inversion approaches rely on the assumption of stationarity and no uncertainty 

related to large scale geological parameters such as: variogram model and global probability 

distribution. 

Stationarity can be a misconceived assumption for very heterogeneous reservoirs and where the study 

property is highly dependent on the litho-fluid facies distributions. In more complex spatial patterns like 

a turbidite depositional environment, the traditional stochastic sequential simulations cannot reproduce 

the complexity of these spatial patterns (Nunes et al.,2016). 

However, Nunes et al. (2016) relaxed this stationarity assumption by incorporating a deterministic 

regionalization of the study area and maintain stationary sub-regions, thus having invariant regional 

variogram models and probability distribution. 

Despite the good results, in this framework the sub-division of the study area is fixed and deterministic 

(one single solution) and does not reflect the uncertainty related to the seismic interpretation. 

This thesis proposes to include uncertainty in the parameterization related with the boundaries ot the 

different regions within the inversion grid. 

In the example shown in this thesis to illustrate the method, the study area is fairly homogeneous, and 

it is possible to identify three main seismic stratigraphic units (Fig. 13). Thus, the geological parameters 

to be tuned, assuming an admissible prior interval, are the location of the lower interface of the top 

structure (Surface 1) and the location upper interface of the bottom structure (Surface 2), in a more 

simplistic point of view, the interface that delimitate the seismic unit 2. Or by optimizing a set of 

multipliers that subdivide these surfaces, if we consider a fixed vertical for them (See chapter 3.1.3.2). 
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Figure 13 – Main stratigraphic seismic units 

To asses the uncertainty related with seismic interpretation and seismic unit interfaces locations, we 

proposed two different approaches. One is to assume linearity and homogeneity of the study area and, 

therefore, consider interfaces parallel to the top and bottom of the area. The locations of the interfaces 

are optimized via PSO and the Ip model of each region is simulated (Horizontal Surface Optimization; 

Section 3.1.3.1). 

The second approach does not assume homogeneity of the seismic and/or interfaces. Consider a 

“good-fit” fixed position for the location of surface 1 and 2, we make use of multipliers to make shifts 

within pre-defined regions of these surfaces (Section 3.1.3.2). 

 

3.1.3.1 Horizontal Surface Optimization 

 

Traditional seismic inversion workflows have various ways to infer Ip models by incorporating seismic 

reflection data and well-log data, neglecting uncertainty at local scale. At regional scale, the 

seismic/geological interpretation and/or modelling techniques are anchored to a unique solution, lacking 

uncertainty in this process. 

In this project, the aim is to evaluate the uncertainty related to seismic interpretation and assess at 

regional scale, by optimizing the locations of interfaces, or in other words, generating different 

interpretation models. 

By analysing the dataset’s seismic it is possible to assume a hypothesis of a fairly linear and horizontal 

depositional environment. Therefore, to better distinguish the geological inconsistencies and to assess 

uncertainty at a small scale, we adopt a division of the original value into three seismic units. 

This methodology will allow us to better handle the uncertainty related to the seismic interpretation of 

the three main seismic units. Thus, two new parameters are added to the list of parameters to optimize: 

the vertical location of the first inner surface (surface 1) and the vertical location of the second inner 

surface (surface 2). 
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First the surface’s locations are chosen around the seismic reflection lines with highest amplitude, 

indicating change in wave velocity, density or both. Fig. 14 shows the prior vertical locations (yellow 

lines for surface 1, green lines for surface 2) of the two surfaces parallel to top and bottom, under 

uncertainty (due to the interpretation and resolution limits of the seismic data). 

 

 

Figure 14- Possible vertical locations for both surfaces under uncertainty 

 

3.1.3.2 Surface multipliers optimization 

 

On the previous approach, the first and main assumption is the linearity of the interfaces between 

seismic units. This assumption might be suitable for this dataset, but not the most appropriate in more 

heterogeneous depositional environments, especially in the presence of more complex faulting 

systems. 

In order to test a broader approach, instead of optimizing a set of surface locations, it’s considered fixed 

locations for both inner surfaces (maintaining the separation of the three seismic units) and added 6 

new surface multipliers (3 for each surface). The comprehensiveness of each multiplier was based on 

an interpretation of the top surface of the dataset (Fig 15a). In respect to the depth of the surface, we 

performed a vertical division into three sections. This sectioning it’s propagated to the lower (inner)  

interfaces, thus each multiplier covers different section, as in Fig.15b. 

a) b)Figure 15 a) Top surface display (by depth); b) Top surface sectioning into three distinct sections (blue, green 
and red) 
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In a simpler way, instead of optimizing two surface locations (for three regions), we now optimize 6 

multipliers, that limit 6 different regions of the grid with variable dimensions, as we can see in Fig.16. 

 

 

Figure 16 – Sub-sectioning of the inversion grid, one for each multiplier 
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Chapter 4. Case Study- Application 

 

4.1 Data set description 

 

The proposed methodology was applied to a real case study of a real 3D seismic dataset from an 

onshore reservoir located in a Middle East field. The available dataset includes a set of six wells with 

numerous logs, such as: bulk density, neutron porosity, P- and S-wave velocity, gamma ray and 

Acoustic Impedance (Ip) log. 

Due to differences in vertical resolution between the seismic data and the Ip well-log data, and to keep 

the results as coherent as possible, the Ip well-log data was upscaled into the reservoir grid prior to the 

inversion procedure (to the same order of magnitude of the seismic data).  

From the set of six available wells, only one was used as conditioning data for the iterative geostatistical 

seismic inversion (Fig. 17). The remaining ones were used to estimate the prior distributions for µ and 

σ of the Gaussian mixtures used to approximate the conditional distribution of Ip per region, as well as, 

perform local blind tests to evaluate the performance of the methodology. 

This seems like a reasonable practice because in real datasets, the wells are not randomly placed 

within the reservoir. In most cases, the wells are located in sand-prone areas (pay-zones), and this 

preferential placement can result in a bias of the marginal distributions of the property of interest, 

retrieved from the well-log data when compared with the real property distribution.  

However, when using a restrict number of conditioning wells (Fig.18) we must take into account the risk 

of not reproducing the maximum and minimum value of the property of interest or proportion of 

geological litho-fluid facies. 

The inversion grid has a size of 350x198x49 in crossline, inline, and vertical directions, respectively. 

The vertical dimension of each cell is equal to the sample rate of the seismic data, 4 ms. 

The 3D seismic data has an inline range from 11534 to 12101 with an interval of 25, and a crossline 

range from 6552 to 7392 with an interval of 25 (Fig. 17). In Fig.18 we see a section of the real seismic 

data, which will be used for comparison and match calculation. 
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Figure 17- Seismic grid with available set of wells: W1 (conditioning well), W2,W3,W4,W5. The green area 

indicates the top surface of the reservoir grid, and the pink line represents the vertical well section in further 

figures. 

 

 

Figure 18 – Vertical well section of the real seismic data. The green rectangle indicates the conditioning well 

(W1). 
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As part of the dataset, it is assumed a representative wavelet (Fig. 19) to be used in the iterative seismic 

inversion to create a synthetic seismic data (convolution model). 

 

Figure 19 – Wavelet used in the seismic inversion procedure 

 

4.2 Parametrizations 

 

The proposed workflow ran with 500 iterations, with 5 realizations each, using Direct Sequential 

Simulation, for Ip model generation, and adaptive stochastic sampling and Bayesian inference 

algorithms to tune the large-scale parameters. At the end, we end up with a total of 2500 Ip models. 

For analysis and comparison purposes, in addition to the Ip models, we also have as output of this 

workflow, 500 “best” correlation coefficients models, 500 “best” acoustic impedance models (one per 

iteration) and 2500 inversed synthetic seismograms. 

We can use many different stop criteria, but in this case, the stop criterion is a user-defined number of 

iterations (in this case, 500 iterations). 

Until this moment, excluding the parameters for the regionalization, but considering a subdivision of the 

area into three regions, we end up with a sum of 39 parameters: 

First, the variogram ranges, vertical and horizontal, for each region (Tab. 3): 

Table 3 - Chosen prior ranges for variogram ranges 

 Parameter Distribution Distribution Range 

Region 1 
𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑅𝑎𝑛𝑔𝑒 

𝑈𝑛𝑖𝑓𝑜𝑟𝑚 

[15,45] 

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑅𝑎𝑛𝑔𝑒 [2,10] 

Region 2 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑅𝑎𝑛𝑔𝑒 [20,50] 
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𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑅𝑎𝑛𝑔𝑒 [4,9] 

Region 3 
𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑅𝑎𝑛𝑔𝑒 [10,40] 

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑅𝑎𝑛𝑔𝑒 [3,8] 

 

Finally, the parametrization of the GMM to build the probability distribution of each region, therefore the 

mean, standard deviation and proportion of each Gaussian kernel (Tab. 4): 

Table 4 - Chosen prior ranges for the Gaussian mixture models 

 Property Parameter Distribution Distribution Range 

Region 1 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 1) 

𝑀𝑒𝑎𝑛 

𝑈𝑛𝑖𝑓𝑜𝑟𝑚 

[11000,13000] 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 [1000,2200] 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒  

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 2) 

𝑀𝑒𝑎𝑛 [13000,15000] 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 [500,1500] 

𝑃𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛 [0.22,0.28] 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 3) 

𝑀𝑒𝑎𝑛 [15000,17000] 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 [500,750] 

𝑃𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛 [0.5,0.65] 

Region 2 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 1) 

𝑀𝑒𝑎𝑛 [8000,9500] 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 [1100,1800] 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒  

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 2) 

𝑀𝑒𝑎𝑛 [9500,11000] 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 [1600,2200] 

𝑃𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛 [0.4,0.5] 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 3) 

𝑀𝑒𝑎𝑛 [14500,16500] 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 [300,600] 

𝑃𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛 [0.01,0.07] 

Region 3 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 1) 

𝑀𝑒𝑎𝑛 [11500,12000] 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 [1300,1900] 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒  

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 2) 

𝑀𝑒𝑎𝑛 [12000,13000] 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 [1800,2100] 

𝑃𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛 [0.7,0.8] 

𝐴𝑐𝑜𝑢𝑠𝑡𝑖𝑐 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 

(𝑙𝑖𝑡ℎ𝑜 − 𝑓𝑙𝑢𝑖𝑑 𝑓𝑎𝑐𝑖𝑒𝑠 3) 

𝑀𝑒𝑎𝑛 [13000,14000] 

𝑆𝑡. 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 [650,800] 

𝑃𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛 [0.1,0.5] 

 

For the horizontal surface optimization approach, we define a set of prior vertical locations for the 

interfaces of the defined regions. Table 5 shows the defined values for those priors: 
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Table 5 – Chosen prior ranges for surface locations 

Property Parameter Distribution Distribution Range 

𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝐿𝑜𝑐𝑎𝑡𝑖𝑜𝑛 
𝑆𝑢𝑟𝑓𝑎𝑐𝑒 1 

𝐷𝑖𝑠𝑐𝑟𝑒𝑡𝑒 𝑈𝑛𝑖𝑓𝑜𝑟𝑚 
[10,22] 

𝑆𝑢𝑟𝑓𝑎𝑐𝑒 2 [28,40] 

 

For the Surface multipliers optimization approach, we define a set of surface multipliers, as mentioned 

previously, and those ranges are described in Table 6. 

At the end, we end up with 39+6 parameters to optimize: 

Table 6 - Chosen prior ranges for surface locations 

Property Parameter Distribution Distribution Range 

𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟𝑠 

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟 1 

𝐷𝑖𝑠𝑐𝑟𝑒𝑡𝑒 𝑈𝑛𝑖𝑓𝑜𝑟𝑚 

[−5,5] 

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟 2 [−5,5] 

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟 3 [−5,5] 

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟 4 [−5,5] 

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟 5 [−5,5] 

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟 6 [−5,5] 

 

 

4.3 Results and discussion 

 

This section introduces the results obtained by applying the methodologies described in the Chapters 

3.1.3.1 and 3.1.3.2 to the case study presented in Chapter 4.1. 

As mentioned before, it was set a run with 500 iterations, 5 realizations each, and at each iteration the 

39 parameters are updated taking into account the value of the mismatch obtained in the previous 

iterations. The PSO algorithm resamples the multidimentional parameter space to find a set of values 

that minimize the objective function, which in this case is the misfit, evaluated by the quasi-correlation 

between the simulated seismic traces and the real ones (at each location). 

For the horizontal surface optimization we add two new parameters: the surface locations of the seismic 

units. 

And for the Surface multipliers optimization we add six new parameters: surface multipliers, 3 for each 

interface. 
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4.3.1 Horizontal Surface Optimization 

 

The Fig.20 presents the evolution of this trace-by-trace mismatch, that clearly shows a decrease of the 

misfit and indicating a convergence of the inversion procedure. This behaviour is intrinsic of the used 

adaptive stochastic sampler (PSO). 

The iteration that obtained lowest misfit score was iteration 411, with a score of M=1614.47, as pointed 

in Fig.20. 

 

 

Figure 20 - Misfit evolution throughout the iterative process, pointing out the iteration with lowest misfit (it. 411) 

 

If we assess the evolution of each parameter individually through the PSO sampling (Fig. 21-24), the 

result shows a clear convergence without compromising the exploration of the parameter space, 

therefore the range of values for each parameter that generated models with a given misfit score below 

a certain threshold, represent a plausible uncertainty space related to each variable. If, for every 

iteration, face the parameter value with the correspondent misfit score, we can see which value(s) 

produce lower misfit, see Appendix A. 



39 
 

 

Figure 21 – Parameter evolution throughout the iterative procedure (Zone 1) 

 

Figure 22 - Parameter evolution throughout the iterative procedure (Zone 2) 

 

Figure 23 - Parameter evolution throughout the iterative procedure (Zone 3) 
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Figure 24 - Parameter evolution throughout the iterative procedure (Vertical Surface locations) 

 

Throughout the iterative process, the synthetic seismic is getting closer to the real data, shorten the 

range of the solutions. An example of a single trace picked in a random location in the grid, and for an 

interval of 50/100 iterations (between 1-50, 100-200,200-300,300-400,400-500). Fig. 25 shows the 

maximum and minimum value of range of solutions generated at each interval. 

 

Figure 25- Min-max interval around the real seismic trace (blue line); a) Iterations 1-50; b) Iterations 100-200; c) 
Iterations 200-300; d) Iterations 300-400; e) Iterations 400-500 

 

Thus, in Fig. 25 there is a clear convergence of the solution to a better fit one, shortening the range of 

solutions along the iterative process. In the first stages of this process, the algorithm shows more 

explorative and gives a set of many different scenarios, but soon it becomes more exploitative and 

trying to get closer to a low misfit solution. 

Analogously, it is possible to check this convergence by comparing the synthetic seismic data (Fig.26), 

global histogram (and comparing to the well data histogram), correlation coefficients histogram, and 

most importantly, the distribution of our property of interest: Acoustic Impedance (Ip). 
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Figure 26 – Vertical well sections showing the synthetic seismic data from different iterations and the vertical 
locations for surface 1 (yellow line) and surface 2 (green line); a) Iteration 1; b) Iteration 50; c) Iteration 100; d) 

Iteration 300; e) Iteration 500 

Looking to the synthetic seismic data from different iterations and comparing to the real seismic (Fig. 

18), it is possible to notice that in the last stages of the iterative process, the solutions are getting closer 

to the real data, and this reflects in the local correlation coefficients. The histogram of these CC, at early 

stages the histogram is almost symmetrical/unimodal, but as the iterations move forward in the 

iterations, we observed a more skewed left histogram (Fig. 27), thus higher presence of high trace-by-

trace correlation coefficient. 

 

Figure 27 – Histograms of the local correlation coefficients; a) Iteration 1; b) Iteration 50; c) Iteration 100; d) 

Iteration 300; e) Iteration 500 

Comparing the global Ip model histograms from the different iterations, we can see the tuning of the 

parameter that composes the probability distribution getting closer to the real one, see Appendix B. 
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Finally, when analysing the Ip models (Fig. 28-32), it is possible to interpret that iteration after iteration 

these models are able of reproducing, more accurately, the main features as interpreted from the 

seismic reflection data while keeping low-scale variability. 

Plotting the upscaled Ip-log values these match the inverted models (see Appendix C), in the last (low 

misfit) iterations. Remember that only one well was used as conditioning data, as in Fig.18.  

 

 

Figure 28- Vertical well section from an Ip model (Iteration 1). The black lines indicate the vertical surface 
locations (surface 1 and surface 2) 

 

Figure 29 - Vertical well section from an Ip model (Iteration 50) 

 

Figure 30 - Vertical well section from an Ip model (Iteration 100) 
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Figure 31 - Vertical well section from an Ip model (Iteration 300) 

 

Figure 32 - Vertical well section from an Ip model (Iteration 500) 

 

Despite the importance of the results obtained in every iteration along the course of the run, it is also 

important to highlight the “best-fitted” model reached in the iterative process (at it.411). This is the one 

which got better results in terms of correlation coefficient but is not mandatory to be the most probable 

model (with higher posterior probability). 

By analysing the distribution of the variable of interest, Acoustic Impedance (Ip), in Fig. 33, it is clear 

the good match between the simulated grid and the non-conditioning well-data (blind test). The surface 

1 and 2 locations are in accordance with the main seismic units and delimit properly the change in 

geology, in terms of the properties that affect the Ip (p-wave velocity and density).  

 

 

Figure 33 – Vertical well section from an Ip model (Iteration 411) 
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Fig. 34 shows the synthetic seismic of a realization from iteration 411, when compared with the real one 

(Fig.18), the degree of similarity between both is very high. 

 

 

Figure 34 - Vertical well sections showing the synthetic seismic data from iteration 411 

 

For match quality illustration, a comparison is made between the individual region histogram and the 

simulated part. This gives us an insight of the regional match, i.e., allows to confirm a good quality in 

every region, and not neglect any when analysing the global histograms. The following figures illustrate 

the histograms for region 1 (Fig. 35), region 2 (Fig. 36) and region 3 (Fig. 37), where the orange 

histogram represent the real data (collected from the well-logs) and the blue histogram represent the 

simulated Ip inside the region. 

 

Figure 35 – Histogram comparison of region 1. Orange represents the real data, blue represent the simulated 

data 
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Figure 36 – Histogram comparison of region 2. Orange represents the real data, blue represent the simulated 
data 

 

 

Figure 37 – Histogram comparison of region 3. Orange represents the real data, blue represent the simulated 
data 

 

Is also important to find which set of possible vertical locations of the region’s surfaces lower the overall 

misfit score, in other words, which is the space of uncertainty at the end of the iterative scheme. Fig. 38 

illustrates the set of values versus the overall misfit scores. 

 

 



46 
 

 

Figure 38 – Vertical surface locations versus Misfit Score 

 

Thus, taking the values of 11,12 and 13 as the values with lower misfit for surface 1 and 33,34,35 and 

36 for surface 2, and plot those in the seismic data (Fig. 39), it is possible to acknowledge that the 

uncertainty related to these locations is reduced to half of the wavelength of the seismic reflection, in 

other words, close to the theoretical vertical resolution of the real seismic reflection data. 

 

 

Figure 39 – Vertical well section the surface’s location with lowest misfit. 
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4.3.2 Surface multipliers optimization 

 

By analysing the evolution of the trace-by-trace misfit of this methodology, there is clear similarity with 

the behaviour shown in the previous Section 4.3.1, Fig.40  shows an earlier convergence of the 

inversion procedure, comparing to the previous one. 

In this case, the iteration with lowest misfit score was iteration 426, with a score of M=1476.39. 

 

 

Figure 40 - Misfit evolution of the Surface multiplier optimization methodology, pointing out the iteration with 

lowest misfit score (it. 426) 

 

By assessing the iterative process of each parameter individually (Fig. 41-44), is shown a clear 

convergence of the values and a good exploration of the parameter space. Under an admissible 

threshold of misfit, it’s possible to get an uncertainty space related to each parameter. 

In Appendix D, we can see with parameter values produce models with lower misfit. 
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Figure 41 – Parameter evolution throughout the iterative procedure (Zone 1) 

 

Figure 42 - Parameter evolution throughout the iterative procedure (Zone 2) 
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Figure 43 - Parameter evolution throughout the iterative procedure (Zone 3) 

 

 

Figure 44 – Multipliers values evolution throughout the iterative procedure  

 

As it raises the convergence of the misfit to lower values there is a shortening of the uncertainty space 

around the generated models. For a single trace picked a random location it is possible to interpret the 

tightening between the max and min interval of simulated traces shortening and getting closer to the 

real solution (Fig.45). 
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Figure 45 – Min-max interval around the real seismic trace (blue line); a) Iterations 1-50 ; b) Iterations 100-200 ; 
c) Iterations 200-300 ; d) Iterations 300-400; e) Iterations 400-500 

 

As seen in the previous chapter, the PSO iterative process turns to be more explorative in the first 

iterations and soon becomes more exploitative, continuously trying to reach a low misfit solution. 

Plotting the histograms of the retrieve models of Ip (see Appendix E), it is possible to notice a clear 

convergence of the data to the one retrieved by the histogram of the real (well) data. 

By analysing the synthetic seismic models (Fig. 46), we immediately identify the lower granularity/ 

heterogeneity of the seismic traces along the iterative process. As an example, we picked the iterations 

1, 50, 100, 300, 500. 

 

Figure 46 – Vertical well sections showing the synthetic seismic models for: a) iteration 1; b) iteration 50; c) 
iteration 100; d) iteration 300; e) iteration 500 
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Plotting the histogram of CC along iterations (Fig. 47), we clearly an evolution towards a more skewed 

left histogram, indicating a higher trace-by-trace correlation coefficient. In this case, the correlation 

coefficients were truncated between 0 and 0.95 to avoid instabilities. 

 

Figure 47 – Histograms of the local correlation coefficients; a) Iteration 1; b) Iteration 50; c) Iteration 100; d) 
Iteration 300; e) Iteration 500 

The best way to observe the convergence of the models to an optimal (low misfit) solution is to check 

the models (see Appendix F) of our property of interest, in this case, the acoustic impedance (Ip) (Fig. 

48-52). 

 

Figure 48 – Vertical well section from an Ip model (iteration 1) 
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Figure 49 - Vertical well section from an Ip model (iteration 50) 

 

 

Figure 50 - Vertical well section from an Ip model (iteration 100) 

 

 

Figure 51 - Vertical well section from an Ip model (iteration 300) 

 

 

Figure 52 - Vertical well section from an Ip model (iteration 500) 
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We can easily notice a clear path to a solution very close to the real distribution of Ip. These models, at 

latest stages of the iterative process, show a clear match with the non-conditioning hard-data (blind 

test), even for far apart wells. The heterogenous models converge into very linear and homogeneous, 

in accordance to the geological background, very similar to the seismic distribution. 

 

 

Figure 53 – Vertical well section from an Ip model (iteration 426) 

 

Figure 54 – Vertical well section of synthetic seismic (iteration 426) 

 

For the best-fitted model, at iteration 426, both Ip model (Fig.53) and synthetic seismic (Fig.54) seem 

to be tuned with the previously seen iterations. In terms of blind test, Fig. 53, the generated Ip model is 

in respect to the non-conditioning wells and the seismic in accordance to the real seismic (Fig.18). 
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Figure 55 – Misfit scores for optimized multipliers values 

 

Fig.55 shows a perception of the set of values that produce lower misfit scores. For most multipliers, 

the value associated to models with lower misfits is not zero. This observation shows us that the theory 

of linear surfaces probably it is not the best-fitted one since surfaces with different shifts in depth 

produce models with lower misfit. 

Finally, comparing the results of Ip models generated in both proposed approaches with one Ip model 

(Fig. 56) generated by GSI, without incorporation of any optimization, it is easy to see some difference 

in the retrieved results, especially related with the bounds of Ip strongly conditioned by the well-data, 

which demonstrates the lack of uncertainty related with the large-scale parameters that define the 

spatial continuity model and global distribution of the acoustic impedance. 

 

 

Figure 56 - Retrieved Ip model from GSI algorithm 
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Conclusions 

 

Seismic interpretation is crucial in any E&P project, yet immersed in an enormous amount of 

uncertainty, related to the geologist point of view. During decision making, this uncertainty might be 

important to avoid taking severe risks that can compromise the whole project. 

Reason why, the main motivation for this project was to assess the larger amount of uncertainty possible 

related to the seismic interpretation process. Since this methodology involves the use of geostatistical 

seismic inversion methodologies, these are plagued with uncertainty too, due to the nature of inversion 

problems. 

By coupling Bayesian inference and stochastic adaptive sampling (PSO), it was possible to assess the 

uncertainty related to the large-scale parameters. And for each approach (Chapters 3.1.3.1 and Chapter 

3.1.3.2) quantify the uncertainty related to the seismic interpretation: regionalization model interfaces. 

Both approaches shown good results, especially in the retrieved models of the property of interest: 

acoustic impedance (Ip), showing very good results in the blind tests, however, it shown that assuming 

linearity of the dataset might not be so easy, and that this can compromise the results, since the use of 

multipliers, in this case, shown better results in terms of misfit. 

In the first approach (Horizontal Surface optimization), despite the good results, and the easy 

implementation, is important to highlight the search for a good context of application, i.e., we must be 

sure of the homogeneousness of the dataset. 

The second approach, might be better for fractured/heterogenous environments, as mentioned before, 

because it can have a clearer overview of the uncertainty related to shifts in the interfaces, therefore in 

the seismic interpretation. 

This whole methodology allowed us to make an integrated quantification of local, regional and global 

uncertainty, and to better understand the different set of possible scenarios for regionalized models. 

And its success might be the beginning for different studies, different datasets, different zonations, 

towards a better understanding of the underground geological framework. 
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Parameter value vs. misfit score (Zone 3) 
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Ip histogram of a realization from iteration 500 (blue histogram); real data histogram (orange 

histogram) 

 

 





 

C-1 
 

APPENDIX C 

 

 

 

Ip model of iteration 1, with a table of the retrieved model’s statistics 

 

Ip model of iteration 50, with a table of the retrieved model’s statistics 

 

Ip model of iteration 100, with a table of the retrieved model’s statistics  



C-2 
 

 

Ip model of iteration 300, with a table of the retrieved model’s statistics 

 

Ip model of iteration 411, with a table of the retrieved model’s statistics 

 

Ip model of iteration 500, with a table of the retrieved model’s statistics 



 

D-1 
 

APPENDIX D 

 

 

Parameter value vs. misfit score (Zone 1) 

 

Parameter value vs. misfit score (Zone 2) 



D-2 
 

 

Parameter value vs. misfit score (Zone 3) 

 

 

 

 

 

 

 

 

 

 

 



 

E-1 
 

APPENDIX E 

 

 

Ip histogram of a realization from iteration 1 (blue histogram); real data histogram (orange histogram) 

 

Ip histogram of a realization from iteration 50 (blue histogram); real data histogram (orange 

histogram) 



E-2 
 

 

Ip histogram of a realization from iteration 100 (blue histogram); real data histogram (orange 

histogram) 

 

Ip histogram of a realization from iteration 300 (blue histogram); real data histogram (orange 

histogram) 

 

Ip histogram of a realization from iteration 500 (blue histogram); real data histogram (orange 

histogram)



 

F-1 
 

 

APPENDIX F 

 

 

Ip model of iteration 1, with a table of the retrieved model’s statistics 

 

Ip model of iteration 50, with a table of the retrieved model’s statistics 

 

Ip model of iteration 100, with a table of the retrieved model’s statistics 

 

 



F-2 
 

 

 

Ip model of iteration 300, with a table of the retrieved model’s statistics 

 

Ip model of iteration 426, with a table of the retrieved model’s statistics 

 

Ip model of iteration 500, with a table of the retrieved model’s statistics 


