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We consider cosmological black holes in higher dimensions and analyze their apparent horizons.
Apparent horizons provide the best notion of horizon for the study of dynamical black hole solutions.
In this paper we focus on the McVittie solution and its higher dimensional generalizations. Using
analytical methods, we deduce the McVittie spacetime and analyze it by obtaining its apparent hori-
zons. Then, we study solutions in higher dimensions. We first do an analysis of the 5-dimensional
McVittie spacetime by calculating the apparent horizons which were obtained analytically. The
apparent horizons are also numerically obtained and analyzed for the 6 and 11-dimensional McVit-
tie spacetime. Finally, we take a broader look at the higher dimensional McVittie spacetime by
comparing the apparent horizons obtained for 4,5,6 and 11 dimensions.

I. INTRODUCTION

Throughout the years, many physicists have used the
Einstein field equations in order to study black holes, cos-
mology, gravitational waves and many other phenomena.
Due to the complexity and non-linearity of the equations,
it is usually hard to discover exact solutions for realistic
physical systems. Yet, there is much we can learn about
the universe by using simple models to find exact ana-
lytical solutions of the Einstein field equations. Theo-
retical developments in this direction were also enhanced
through the golden age of observational astronomy.

In 1929 Edwin Hubble measured the redshifts of some
distant galaxies. Plotting these redshifts against the rel-
ative distances of such galaxies, Hubble realized the ex-
istence of a linear relation between the two [1]. This
observation seems to point out that the universe is ex-
panding. Recent studies also seem to indicate that the
expansion is undergoing acceleration [2]. This behavior is
well captured by the Einstein field equations if one gives
a positive value to the cosmological constant, Λ.

In this paper we will study and analyze solutions rep-
resenting a central object embedded in an expanding
background that asymptotically tend to a Friedmann-
Lemaître-Robertson-Walker (FLRW for short) solution.
We will give special attention to solutions with D > 4
dimensions. Many new interesting fields of physics (such
as string theory and higher dimensional gravity) point
to the convenience of building theories in a higher di-
mensional frame. In some of these theories, considering
higher dimensions is fundamental to obtain physically
meaningful results. Our work will be an extension of
what George McVittie did in 1933. McVittie wanted to
achieve a solution to better understand the effect of the
cosmological expansion on local systems. We will obtain
and study the behavior of the apparent horizons for a
class of these exact solutions.
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II. THE MCVITTIE SPACETIME

A. The McVittie Spacetime in 4 dimensions

In 1933 George McVittie published an important solu-
tion to the Einstein field equations [3]. He sought a solu-
tion to the following problem: how would an observer be
able to measure the effects of gravitation on an expand-
ing universe from the neighborhood of a point-like mass
(the Sun)? In his derivations he required that:

1. The matter in the universe is distributed with
spherical symmetry around the origin where there
is a point-like mass-particle.

2. There is no flow of the matter as a whole either
towards or away from the origin.

3. At any point in the universe the pressure is
isotropic.

Similarly to the Schwarzschild case, condition 1 will
give rise to a spherically symmetric solution. The differ-
ence now is that, besides the mass at the origin, we also
have matter in the system permeating the universe, and
as such, we won’t be solving the vacuum Einstein field
equations. The most general solution that satisfies these
conditions takes the form (using isotropic coordinates)

ds2 = eλ(t,r)dt2 − eν(t,r)(dr2 − r2dΩ2), (1)

with dΩ2 = dθ2 + sin2 θdφ2.
McVittie then assumed that the matter in the universe

would behave like a perfect fluid and obtained the stress-
energy tensor

Tµν = (ρ+ p)uµuν − pgµν , (2)

where ρ is the rest frame mass density, p is the pressure
and uµ is the 4-velocity. Choosing to work in the rest
frame, then uµ = (1, 0, 0, 0) and the stress-energy tensor
can be written as

T ν
µ = diag(ρ,−p,−p,−p). (3)
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The Einstein field equations, using relativistic units i.e.,
c = G = 1, take the form

Gµν − Λgµν = 8πTµν . (4)

Solving equation (4) one can obtain a system of partial
differential equations in the form

0 = λ′′ + ν′′ − 1
r (ν′ + λ′)− ν′λ′

− 1
2 (ν′)2 + 1

2 (λ′)2, (5a)

0 = ν̇′ − 1
2 ν̇λ

′. (5b)

Solving this system for the functions λ(t, r) and ν(t, r)
yields

eν =

[
1+ µ(t)

2r
(
1 + kr2

4
) 1

2
]4

(
1 + kr2

4
)2 eβ(t), (6)

and

eλ =

1− µ(t)
2r

(
1 + kr2

4

)
1 + µ(t)

2r
(
1 + kr2

4
)
2

, (7)

which, looking at equation (1), allows us to finally write
the McVittie metric in the form

ds2 =

1− µ(t)
2r
(
1 + kr2

4
) 1

2

1 + µ(t)
2r
(
1 + kr2

4
) 1

2

2

dt2

−

[
1+µ(t)

2r
(
1+ kr2

4
) 1

2
]4

(
1 + kr2

4
)2 eβ(t)(dr2+ r2dΩ2),

(8)

with
µ̇

µ
= −1

2 β̇. (9)

Here, µ(t) can be interpreted as the central object rela-
tivistic mass and k takes the value +1, −1 and 0 for a
positive, negative or null spatial curvature respectively.
The function e

β(t)
2 is the scale factor. It can now easily be

seen that if µ → 0 one retrieves the FLRW metric and
if k = 0 and eβ(t) = 1 one retrieves the Schwarzschild
metric in isotropic coordinates as expected. Integrating
equation (9) on both sides yields

logµ = −1
2β(t) + c, (10)

where c is a constant of integration. Equation (10) leads
to

µ(t) = −e
β(t)

2 m, (11)

where the constant m = ec is the mass of the central
object.

B. The High Dimensional McVittie Spacetime

We will now obtain the Einstein field equations that
describe an arbitrary high dimensional McVittie space-
time. We begin by generalizing the metric (1) for any
D = (2 + n) with n being the number of angular dimen-
sions (all the ones excluding the time and radial dimen-
sions). The generalization takes the form

ds2 = eλ(t,r)dt2 − eν(t,r)(dr2 + r2dΩ2
n), (12)

with
dΩ2

n = dθ2
1 + sin2 θ1dθ

2
2 + sin2 θ1 sin2 θ2dθ

2
3 + ...

+ sin2 θ1 sin2 θ2... sin2 θn−1dθ
2
n.

(13)

We now turn our attention to the stress-energy ten-
sor, Tµν . The tensor will have a similar form to the one
shown in (3) but now we generalize it for any dimension
obtaining

T ν
µ = diag(ρ,−p,−p, ...,−p), (14)

which is a matrix that has n + 2 by n + 2 entries. We
then solve equation (4) which yields the system of partial
equations

0 = (n− 1)ν′′ + λ′′ − n−1
r ν′ − 1

rλ
′ − ν′λ′

− n−1
2 (ν′)2 + 1

2 (λ′)2, (15a)

0 = ν̇′ − 1
2 ν̇λ

′. (15b)

Looking closely at these two equations one can immedi-
ately see that they will become equations (5a) and (5b) if
we make n = 2, reverting to the normal McVittie equa-
tions as expected.
Recently a few physicists have picked up where McVit-

tie left off, in order to analyze and complete his solution.
A result for a McVittie spacetime in a high dimensional
universe with D = (2 + n) has been found by Patel,
Tikekar and Dadhich [4]. The authors found a solution
for λ(t, r) and ν(t, r) that satisfies equations (15a) and
(15b) and takes the form

eλ(t,r) =
(

1−B
1 +B

)2

, (16a)

eν(t,r) = (1 +B)
4

n−1
a(t)2(

1 + kr2

4
)2 , (16b)

with

B(t, r) = m

2(n− 1)r
1−na1−n

(
1 + kr2

4

)(n−1)/2
. (17)

The metric obtained then reads

ds2 =
(

1−B
1 +B

)2

dt2

− (1 +B)
4

n−1
a(t)2(

1 + kr2

4
)2 (dr2 + r2dΩ2

n),
(18)
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where dΩ2
n is given by equation (13). It can be shown

that if we pick n = 2 we obtain the McVittie metric (8)
as expected. The same result was obtained by Gao in [5].

III. THE MCVITTIE SPACETIME APPARENT
HORIZONS

In this section we will obtain and analyze the appar-
ent horizons for the McVittie spacetime and its gener-
alizations, namely, the charged solution and the higher
dimensional one.

Apparent horizons can be measured by an observer
without the need to know their entire future history. The
concept of an event horizon requires the knowledge of the
entire spacetime manifold which would be impossible to
measure for an observer with a finite lifespan. In a sta-
tionary case this would obviously not be a problem and
an event horizon could be measured by an observer. In a
non-stationary case however, the definition of an appar-
ent horizon is more appropriate to be able to perform an
analysis of a dynamical black-hole [6–8].

The apparent horizons of a spacetime can be obtained
by solving the equation [9]

∇aR∇aR = 0, (19)

where, R(t, r), is the areal radius of the spacetime.

A. The apparent horizons of the McVittie
Spacetime

We now begin making an analysis of the apparent
horizons of the Mcvittie solution expressed in equation
(8) by following a similar approach to Faraoni [10]. We
start by assuming a spatially flat FLRW background by
taking k = 0 for simplicity. Taking into account that
e
β(t)

2 ≡ a(t) is the scale factor and µ(t) = m
a(t) then, by

looking at the McVittie metric expressed in equation (8),
we can obtain the areal radius, R(t, r), which follows

R(t, r) = ra
(

1 + m

2ra

)2
= m+ ra+ m2

4ra . (20)

Calculating the Ricci scalar in terms of R(t, r) in this
spacetime yields

Rs(t, R) =
6R
(
aä+ ȧ2)

a2(2m−R) , (21)

which diverges at R(t, r) = 2m, indicating a physical
singularity to be present in this region.

Solving equation (19) using equation (20) yields

ȧ2(m+ 2ra)5

ra
− 16ra3(m− 2ra)2

m+ 2ra = 0. (22)

The previous equation describes the behavior of McVit-
tie apparent horizons in terms of the coordinate r. It

is usually beneficiary to express the apparent horizons
using the areal radius coordinate, R(t, r), for an easier
physical interpretation. We do this by first expressing
the isotropic radial coordinate, r, in function of the areal
radius, R(t, r). Inverting equation (20) yields

r2 − R−m
a

r +
(m

2a

)2
= 0. (23)

Solving the quadratic equation above yields the positive
root

r = R−m+
√
R2 − 2mR

2a . (24)

Using equation (24), we can now rewrite the apparent
horizons of the McVittie spacetime expressed in equation
(22) in terms of the R(t, r) coordinate

2m−R+R3H2 = 0, (25)

where we have introduced the Hubble parameter, H(t) =
ȧ(t)
a(t) .
To solve the cubic equation (25), we resort to the

method described by Nickalls [11] and obtain

Rb(t) = 2√
3H

sinα, (26a)

Rc(t) = 1
H

cosα− 1√
3H

sinα, (26b)

with

sin (3α) = 3
√

3mH, (27)

where Rb(t) is the areal radius of a black hole apparent
horizon and Rc(t) is the areal radius of a cosmological
apparent horizon following Rc(t) > Rb(t).
The solutions (26a) and (26b) can only be obtained

in the range 0 < m < 1
3
√

3H as indicated by equation
(27). It is convenient to express the previous condition in
terms of the coordinate t. If we assume a dust dominated
background then we have

a(t) = a0t
2
3 , (28)

where a0 is an arbitrary constant. This leads to

H(t) = ȧ(t)
a(t) = 2

3t . (29)

This way, equations (26a) and (26b) can only be obtained
in the range

t > 2
√

3m. (30)

The condition expressed in (30) leads to the three sit-
uations of the evolution of the McVittie spacetime:
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• At early times, t < 2
√

3m, no apparent horizon is
present.

• At the instant t = 2
√

3m, both the black hole ap-
parent horizon and the cosmological apparent hori-
zon appear and coincide leaving us with a single
apparent horizon.

• At late times, t > 2
√

3m, both apparent horizons
are existent and obey Rc(t) > Rb(t).

The plot for the evolution of the apparent horizons of the
McVittie spacetime is shown in figure 1 with m = 1.
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R

FIG. 1. The apparent horizons of the McVittie spacetime in
terms of the areal radius, R(t, r), versus time, t, for m = 1 and
a(t) = a0t

2
3 . The small dashed lines represent the singularity

R = 2m which is an asymptote to the black hole apparent
horizon when t → +∞ and the large dashed lines represent
the corrected FLRW cosmological apparent horizon R = 1

H
−

m which is an asymptote to the cosmological apparent horizon
when t → +∞. The singularity R = 2m is naked at early
times.

Looking at figure 1 we can see the three previously
described situations. In the beginning, t < 2

√
3m, the

condition (30) is not satisfied and the apparent horizons
described by equations (26a) and (26b) are not defined
leaving the spherical singularity, R = 2m, naked. At the
instant t = t0 = 2

√
3m equation (27) yields α = π

6 and
both the apparent horizons exist at the same radius in
space given by

Rc(t0) = Rb(t0) = 3m. (31)

At later times, t > 2
√

3m, we can see that the black
hole apparent horizon radius, Rb(t), decreases and the
cosmological apparent horizon radius, Rc(t), increases.
The apparent horizons separate and start diverging from
each other as time progresses.

For t → +∞, equation (29), which was obtained for
the scale factor described in equation (28), shows that
H(t)→ 0 (in fact, any type of scale factor that takes the

form a(t) ∝ tc, with c being any constant would make
equation (29) yield the same limit). Assuming sin x ∼ x
and cosx ∼ 1 for x � 1, equation (27) can then be
approximated to yield

sin (3α) ∼ 3α = 3
√

3mH ⇒ α =
√

3mH. (32)

Equations (26a) and (26b) then yield

Rb(t→ +∞) ∼ 2m, (33a)

Rc(t→ +∞) ∼ 1
H(t) −m. (33b)

Equation (33a) shows that, for t → +∞, the black hole
apparent horizon radius converges to 2m, which is the
value for the Schwarzschild black hole horizon. This is
expected since we are making H(t)→ 0. Equation (33b)
reveals that, for t→ +∞, the cosmological apparent hori-
zon radius converges to 1

H(t) −m, which is the value for
the FLRW cosmological apparent horizon with a correc-
tion in relation to the central mass.

B. The Apparent Horizons of the High
Dimensional McVittie Spacetime

We will now shift our attention to the higher dimen-
sional generalization of the McVittie spacetime. We be-
gin by considering the solution for an arbitrary number
of dimensions expressed in equation (18) as obtained by
Patel, Tikekar and Dadhich in [4]. We assume a spatially
flat FLRW background by taking k = 0 for simplicity. In
order to find the apparent horizons, we will make use
of equation (19). Looking at equation (18) we can ob-
tain, for any dimension n, the aerial radius, R(t, r), which
takes the form

R(t, r) = ar(1 +B)
2

n−1 , (34)

with

B(t, r) = m

2(n− 1)r
1−na1−n. (35)

With both the previous equations in mind, we can now
obtain the apparent horizons for various dimensions. We
first consider the n = 3⇒ D = 5 case. Equation (35) for
n = 3 yields

B(t, r) = m

4r2a2 , (36)

while the areal radius, R(t, r), now takes the form

R(t, r) = ra
(

1 + m

4r2a2

)
. (37)

Calculating the Ricci scalar in terms of R(t, r) in this
spacetime yields

Rs(t, R) =
4R2 (2aä+ 3ȧ2)
a2 (m−R2) , (38)
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which diverges at R(t, r) =
√
m, indicating a physical

singularity to be present in this region. Solving equation
(19) using equation (37) we obtain(

ȧ(m+ 4r2a2)
4ra2

)2

−
(
m− 4r2a2

m+ 4r2a2

)2

= 0. (39)

Equation (39) describes the apparent horizons of the
McVittie spacetime in 5 dimensions in terms of the coor-
dinate r. As was done before, we now seek an equation
in terms of the areal radius R(t, r). Inverting equation
(37) yields

r2 − R

a
r + m

4a2 = 0. (40)

Solving the previous quadratic equation yields the posi-
tive root

r = R+
√
R2 −m
2a . (41)

Using equation (41), we can now rewrite the apparent
horizons of the McVittie spacetime in 5 dimensions ex-
pressed in equation (39) in terms of the R(t, r) coordinate

m−R2 +R4H2 = 0, (42)

where we have introduced the Hubble parameter, H(t) =
ȧ(t)
a(t) . Solving equation (42) yields

Rb(t) = 1√
2H

√
1−

√
1− 4mH2, (43a)

Rc(t) = 1√
2H

√
1 +

√
1− 4mH2, (43b)

where Rb(t) is the areal radius of a black hole apparent
horizon and Rc(t) is the areal radius of a cosmological
apparent horizon following Rc(t) > Rb(t).

Similarly to the McVittie spacetime in 4 dimensions,
the solutions (43a) and (43b) both show us that, for the
square roots to be positive, the apparent horizons can
only be obtained in the range m < 1

4H2 . Once more, we
now try to look at this condition in terms of the coor-
dinate t. Knowing that for a (n + 2)-dimensional dust
dominated background the scale factor, a(t), follows [12]

a(t) = a0t
2

n+1 , (44)

if we assume a dust dominated background in 5 dimen-
sions, then we have n = 3 and

a(t) = a0t
1
2 , (45)

where a0 is an arbitrary constant. This leads to

H(t) = ȧ(t)
a(t) = 1

2t . (46)

The condition for which equations (26a) and (26b) can
be obtained then takes the form

t >
√
m. (47)

The condition expressed in (47) leads to three situ-
ations of the evolution of the McVittie spacetime in 5
dimensions which are similar to the 4-dimensional case:

• At early times, t <
√
m, no apparent horizon is

present.

• At the instant t =
√
m, both the black hole appar-

ent horizon and the cosmological apparent horizon
appear and coincide leaving us with a single appar-
ent horizon.

• At late times, t >
√
m, both apparent horizons are

existent and obey Rc(t) > Rb(t).

The plot for the evolution of the apparent horizons of
the McVittie spacetime in 5 dimensions is shown in figure
2 with m = 1.
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FIG. 2. The apparent horizons of the McVittie spacetime
in 5 dimensions in terms of the areal radius, R(t, r), versus
time, t, for m = 1 and a(t) = a0t

1
2 . The small dashed lines

represent the singularity R =
√

m which is an asymptote
to the black hole apparent horizon when t → +∞ and the
large dashed lines represent the FLRW cosmological apparent
horizon R = 1

H
which is an asymptote to the cosmological

apparent horizon when t→ +∞. The singularity R =
√

m is
naked at early times.

Looking at figure 2 we can see the three previously
described situations. In the beginning, t <

√
m, the con-

dition (47) is not satisfied and the apparent horizons de-
scribed by equations (43a) and (43b) are not defined. At
the instant t = t0 =

√
m both the apparent horizons exist

at the same radius in space given by

Rc(t0) = Rb(t0) =
√

2m. (48)



6

At later times, t >
√
m, we can see that the black hole

apparent horizon radius, Rb(t), decreases and the cos-
mological apparent horizon radius, Rc(t), increases. The
apparent horizons separate and start diverging from each
other as time elapses.

For t → +∞, equation (46) shows that H(t) → 0.
Assuming

√
1 + x2 ∼ 1 + 1

2x
2 for x� 1, equations (43a)

and (43b) then yield

Rb(t→ +∞) ∼
√
m, (49a)

Rc(t→ +∞) ∼ 1
H
. (49b)

Equation (49a) shows that, for t → +∞, the black hole
apparent horizon radius converges to

√
m which is the

value for the 5-dimensional McVittie singularity. Equa-
tion (49b) reveals that, for t → +∞, the cosmological
apparent horizon radius converges to 1

H(t) , which is the
value for the FLRW cosmological horizon.

Let’s now consider the n = 4⇒ D = 6 case. Equation
(35) for n = 4 yields

B(t, r) = m

6r3a3 , (50)

which means that the areal radius, R(t, r), now takes the
form

R(t, r) = ra
(

1 + m

6r3a3

) 2
3
. (51)

Calculating the Ricci scalar in terms of R(t, r) in this
spacetime yields

Rs(t, R) =
30R3 (aä+ 2ȧ2)
a2 (2m− 3R3) , (52)

which diverges at R(t, r) = 3
√

2m
3 , indicating a physical

singularity to be present in this region. Solving (19) using
equation (51) yields

ȧ2 (1 + m
6r3a3

) 1
3 (m+ 6r3a3)

6ra3 −
(
m− 6r3a3

m+ 6r3a3

)2

= 0. (53)

Equation (53) describes the apparent horizons of the
McVittie spacetime in 6 dimensions in terms of the coor-
dinate r. Once again, we now seek an equation in terms
of the areal radius R(t, r). Inverting equation (51) yields

r3 −
(
R

a

) 3
2

r
3
2 + m

6a3 = 0. (54)

Solving the previous equation yields the positive root

r = 1
3
√

6a
3
√

3R3 −m+
√

3
√
R3(3R3 − 2m). (55)

Using equation (55), we can now rewrite the apparent
horizons of the McVittie spacetime in 6 dimensions ex-
pressed in equation (53) in terms of the R(t, r) coordinate

3
√

6R6H2(
3R3−

√
9R6−6mR3

m

) 2
3 3
√

3R3 −m+
√

9R6 − 6mR3

+2m
3 −R

3 = 0,

(56)

where we have introduced the Hubble parameter, H(t) =
ȧ(t)
a(t) .
Equation (56) can now be solved to show the location

of the apparent horizons of the 6-dimensional McVittie
spacetime in terms of the areal radius, R(t, r). If we
assume a dust dominated background in 6 dimensions
then equation (44) yields

a(t) = a0t
2
5 , (57)

where a0 is an arbitrary constant. This leads to

H(t) = ȧ(t)
a(t) = 2

5t . (58)

The plot for the evolution of the apparent horizons for
the 6-dimensional McVittie spacetime is shown in figure
3 with m = 1.

2 4 6 8
t

2

4

6

8

10

R

FIG. 3. The apparent horizons of the McVittie spacetime
in 6 dimensions in terms of the areal radius, R(t, r), versus
time, t, for m = 1 and a(t) = a0t

2
5 . The small dashed lines

represent the singularity R = 3
√

2m
3 which is an asymptote

to the black hole apparent horizon when t → +∞ and the
large dashed lines represent the FLRW cosmological apparent
horizon R = 1

H
which is an asymptote to the cosmological

apparent horizon when t→ +∞. The singularity R = 3
√

2m
3

is naked at early times.

Looking at figure 3 we can see that the 6-dimensional
McVittie spacetime exhibits a similar behavior to the
4-dimensional case. The formation of the cosmological
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horizon, Rc(t), and the black hole horizon, Rb(t), occurs
simultaneously at an earlier time than the 5-dimensional
case. For t → ∞, equation (58) shows that H(t) → 0,
making equation (56) yield the asymptotic black hole ap-
parent horizon

Rb(t→∞) = 3

√
2m
3 , (59)

which is the value for the 6-dimensional McVittie singu-
larity. If we now take R→∞, equation (56) yields

R ≈ 1
H(t) , (60)

which is the value for the FLRW cosmological apparent
horizon.This means that as R → ∞, we can expect to
find a cosmological apparent horizon, Rc(t). The plot in
figure 3 confirms this.

Finally we analyze the case for n = 9 ⇒ D = 11.
Equation (35) for n = 9 yields

B(t, r) = m

16r8a8 , (61)

from which the areal radius, R(t, r), turns out to be

R(t, r) = ra
(

1 + m

16r8a8

) 1
4
. (62)

Calculating the Ricci scalar in terms of R(t, r) in this
spacetime yields

Rs(t, R) =
40R8 (2aä+ 9ȧ2)
a2 (m− 4R8) , (63)

which diverges at R(t, r) = 8
√

m
4 , indicating a physical

singularity to be present in this region. Solving (19) with
equation (62) yields

r2ȧ2
√

1 + m

16r8a8 −
(
m− 16r8a8

m+ 16r8a8

)2

= 0. (64)

Equation (64) describes the apparent horizons of the
McVittie spacetime in 11 dimensions in terms of the co-
ordinate r. Once again, inverting equation (62) gives

r8 −
(
R

a

)4
r4 + m

16a8 = 0. (65)

Solving the previous equation yields the positive root

r = 1
a
√

2
4
√

2R4 +
√

4R8 −m. (66)

Using equation (66), we can now rewrite the apparent
horizons of the McVittie spacetime in 11 dimensions ex-
pressed in equation (64) in terms of the R(t, r) coordi-
nate. Surprisingly, the result takes the simple form

m

4 −R
8 +H2R10 = 0, (67)

where we have introduced the Hubble parameter, H(t) =
ȧ(t)
a(t) .
Equation (67) can now be solved to show the location

of the apparent horizons of the 11-dimensional McVittie
spacetime in terms of the areal radius, R(t, r). If we
assume a dust dominated background in 11 dimensions
then equation (44) yields

a(t) = a0t
1
5 , (68)

where a0 is an arbitrary constant. This leads to

H(t) = ȧ(t)
a(t) = 1

5t . (69)

The plot for the evolution of the apparent horizons for
the 11-dimensional McVittie spacetime is shown in figure
4 with m = 1.

2 4 6 8
t

2

4

6

8

10

R

FIG. 4. The apparent horizons of the McVittie spacetime
in 11 dimensions in terms of the areal radius, R(t, r), versus
time, t, for m = 1 and a(t) = a0t

1
5 . The small dashed lines

represent the singularity R = 8
√

m
4 which is an asymptote

to the black hole apparent horizon when t → +∞ and the
large dashed lines represent the FLRW cosmological apparent
horizon R = 1

H
which is an asymptote to the cosmological

apparent horizon when t → +∞. The singularity R = 8
√

m
4

is naked at early times.

Looking at figure 4 we can see that the 11-dimensional
McVittie spacetime exhibits, once again, a similar be-
havior to the 4-dimensional case. The formation of the
cosmological horizon, Rc(t), and the black hole horizon,
Rb(t), also occurs simultaneously but at an earlier time
than the 6-dimensional case. For t → ∞, equation (69)
shows that H(t) → 0, making equation (67) yield the
asymptotic black hole apparent horizon

Rb(t→∞) = 8

√
m

4 , (70)

which is the value for the 11-dimensional McVittie sin-
gularity. We then see that if we make R→∞, equation
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(67) yields

R ≈ 1
H(t) , (71)

which is the value for the FLRW cosmological apparent
horizon. We can conclude that as R→∞, we can expect
to find a cosmological apparent horizon, Rc(t). The plot
in figure 4 confirms this.

After obtaining the McVittie apparent horizons for
each mentioned dimension, we now take a broader look
at all of them. A plot with the apparent horizons for all
the dimensions with their associated scale factors, a(t),
and m = 1 is shown in figure 5.

0 2 4 6 8
t0

2

4

6

8

10

R

FIG. 5. The apparent horizons of the McVittie spacetime
in 4, 5, 6 and 11 dimensions in terms of the areal radius,
R(t, r), versus time, t, for m = 1. The red line repre-
sents the 4-dimensional McVittie spacetime with a(t) = a0t

2
3 ,

the blue line represents the 5-dimensional McVittie space-
time with a(t) = a0t

1
2 , the orange line represents the 6-

dimensional McVittie spacetime with a(t) = a0t
2
5 and the

green line represents the 11-dimensional McVittie spacetime
with a(t) = a0t

1
5 .

From figure 5 we can better appreciate the common
pattern of the apparent horizons at different dimensions.
In the beginning, no apparent horizon is found at any di-
mension. At a certain point in time, t(n)

0 , for each angular
dimension, n, a black hole apparent horizon R(n)

b (t) and
a cosmological apparent horizon R(n)

c (t) are created and
initially coincide, i.e., R(n)

b

(
t
(n)
0

)
= R

(n)
c

(
t
(n)
0

)
. The

time t(n)
0 , at which the pair of horizons arises is a de-

creasing function of the number of angular dimensions, n,
associated. As time progresses, the apparent horizons di-
verge. The black hole apparent horizon, R(n)

b (t), asymp-
totes to a value depending on the mass and decreasing
with n. The cosmological apparent horizon, R(n)

c (t), in-
creases monotonically with time. The rate of increase is
larger for higher values of n. This is due to the fact that
as t → ∞, the cosmological apparent horizon tends to

1
H(t) . Since a(t) = t

2
n+1 , the asymptote to the cosmolog-

ical horizon takes the form 1
H(t) = n−1

2 t.

IV. CONCLUSIONS

In this paper we sought out to calculate and ana-
lyze the apparent horizons of the McVittie spacetime for
higher dimensions.
We began with the simplest solution in 4 dimensions

described by equation (8). We obtained the apparent
horizons for this spacetime analytically. It was estab-
lished that the spacetime contains a black hole apparent
horizon and a cosmological apparent horizon. An anal-
ysis of the results was made for a dust dominated back-
ground by looking at the various stages of the system as
t increases. It was found that at early times no horizon
is present. At t = 2

√
3m both apparent horizons appear

and coincide in that instant. At late times the appar-
ent horizons bifurcate and continue to diverge as time
elapses.
We then moved on to higher dimensions of the McVit-

tie spacetime. We began with the 5-dimensional case for
which we were able to obtain the apparent horizons an-
alytically. We discovered that the spacetime contained
a black hole apparent horizon and a cosmological appar-
ent horizon. An analysis of the results was made for a
dust dominated background in 5 dimensions by looking
at the various stages of the system as t increases. It
was found that at early times no horizon is present. At
t =
√
m both apparent horizons appear and coincide in

that instant. For later times both the apparent horizons
bifurcate and continue to diverge as time progresses.
We then made the analysis for 6 and 11 dimensions.

The apparent horizons for the 6-dimensional case are de-
scribed by the solutions of the equation (56) and the
apparent horizons for the 11-dimensional case are de-
scribed by the solutions of the equation (67). We pro-
ceeded by analyzing the apparent horizons through the
numerical solutions of the equations (56) and (67), for
a dust dominated background in 6 dimensions and for
a dust dominated background in 11 dimensions respec-
tively. We found that both spacetimes contain a black
hole apparent horizon and a cosmological apparent hori-
zon which behave similarly to the apparent horizons of
the 5-dimensional case.
Finally, we took a broader look at the results ob-

tained for the mentioned dimensions. We found that the
apparent horizons of the McVittie spacetime exhibit a
similar behavior for any number of angular dimensions,
n. In general, we found that at early times, t < t

(n)
0 ,

no apparent horizon exists, leaving a naked singularity.
When t = t

(n)
0 both the black hole apparent horizon,

R
(n)
b (t), and the cosmological apparent horizon, R(n)

c (t),
are formed and occupy the same location in space. We
can clearly see in figure 5 that the values for the time
t
(n)
0 decreases with n. At later times, t > t

(n)
0 , we see
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that both the apparent horizons start diverging from each
other. Figure 5 also illustrates that the values to which
the black hole horizon converges decreases with n and
that the slope of the cosmological apparent horizon in-
creases with n.

The road to fully understand the McVittie spacetime

is a long one. In this paper we considered some of the
many possible generalizations of this solution. Through-
out our work we assumed the universe to be dust dom-
inated making the scale factor take the form expressed
in equation (44). A future analysis could benefit from
choosing a more realistic scale factor.
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