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The big bang initial singularity is one of the outstanding problems in current theoretical cosmology.
Universes that collapse with a bounce to expand back again, possibly in self-sustaining cycles, can
avoid the initial singularity altogether and thus solve this problem. There are several proposals for
bouncing universes, a common feature between them is that at such early times and so at such high
energies, Planck scale quantum gravity phenomena must take hold of the physical processes and thus
general relativity ceases to be valid there. In this thesis, to find a universe with a bouncing solution,
we propose a theory that extends general relativity, by adding to the usual Einstein-Hilbert Ricci
scalar term R in the gravitational action, an f (G) term, where G is the Gauss-Bonnet invariant,
and f some function of it. In general, the modified gravity theories contain higher order differential
equations in the metric gravitational potentials making their solutions difficult to interpret. To
bypass this complication, resort to a technique that reduces the order of the f (G) theory to second
order differential equations is necessary. This order reduction technique enables one to find solutions
which are perturbatively close to general relativity. In building
the covariant gravitational action it
√
is found that f (G) has to include the terms G ln G and 6 G to have a theory that yields a universe
with a bounce at some critical density ρc .
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I.

INTRODUCTION

The physics of the big bang initial singularity is still
an open problem in cosmology and fundamental physics.
A complete description of the universe must avoid at all
costs spacetime singularities as their existence makes the
future physically unpredictable. It is supposed that in a
quantum gravity regime new physics sets in and spacetimes singularities get a proper description. In such a
regime there are several possibilities, but an intriguing
one is to suppose that at some tiny scale, of the order
of few Planck units, the universe undergoes a bounce,
such that a previously collapsing universe expands back
again originating our own visible universe, yet to possibly collapse again in a cyclic way, giving rise to a cyclic
universe.
Sotiriou [1] analyzed f (R) gravity with the aim of finding bouncing cosmological solutions. These f (R) theories are extensions of General Relativity in the sense
that the Einstein-Hilbert action that does depend only
on the Ricci scalar R, and possibly on the cosmological
constant Λ, can have a more general form substituting
R by a generic function f (R) [2]. The f (R) theories
possess, in general, spacetime derivatives of order higher
than two, which in turn can generate non physical solutions. One way to deal with these solutions is to exclude them whenever they appear. A more interesting
way is to devise a method in which these solutions do
not appear at all. One such method states that the interesting physical solutions in f (R) theories are the ones
that can be found from General Relativity in a pertur-
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bative way, the other solutions being considered artificial. This is the technique of order reduction [3, 4] which
builds solutions perturbatively close to General Relativity which are then second order differential equations by
construction. Relying on this method it was possible
to construct a Friedmann
equation
with a bounce [1],


namely, H 2 =

8π
3 GN ρ

1−

ρ
ρc

, where H = H(t) is the

Hubble function defined in terms of the scale factor a(t)
by H ≡ ȧ/a, with t being the time parameter and a
dot denotes differentiation with respect to t, GN is Newton’s constant, ρ = ρ(t) is the energy density, ρc is a
critical energy density, and the velocity of light is put
equal to one. This modified Friedmann equation yields
a bounce at ρ(t) = ρc . Bouncing cosmological solutions
of this type have been found in Ref. [5] where modifications of General Relativity were used, and in Refs. [6–8]
in which an effective action √from loop quantum gravity
has a bounce with ρc = 16π23γ 3 ρP l , where ρP l = G21 ~
N

is the Planck density, ~ being the Planck
constant, γ is
√
3
the Barbero-Immirzi parameter, and 16π2 γ 3 is a number
of order one, see also [9] for cosmologies with a bounce
using the ADM formalism in loop quantum cosmology.
In addition, bouncing cosmologies are an integral part of
ekpyrotic scenarios [10].
It is certainly of interest to see whether modified
Gauss-Bonnet f (G) gravity theories, where G is the
Gauss-Bonnet term, can also yield non-singular bouncing
solutions using order reduction technique. The GaussBonnet term G is given by G = R2 − 4Rab Rab +
Rabcd Rabcd , where Rabcd , Rab , and R are the Riemann
tensor, the Ricci tensor, and the Ricci scalar, respectively. Although in four spacetime dimensions G is a
topological invariant and does not contribute to the dynamics, f (G) is non trivial even in four dimensions and

2
the theory gets new degrees of freedom. Interesting cosmological bouncing solutions in f (G) gravity have been
found in Refs. [11–13], see [14] for a review on bouncing
cosmologies in f (G) gravity and other theories. These
f (G) theories had been earlier proposed [15] not in the
context of bouncing solutions, but rather to overcome
the dark energy problem and providing a solution for the
large structure of the universe. In this paper we extend
the approach and the results for f (R) theories given in
Ref. [1] into f (G) modified gravity theories and use order
reduction technique to derive a Friedmann type equation
with a bounce and to build an effective action invariant
under diffeomorphisms.
The paper is organized as follows. In Sec. II we present
the f (G) theory and the order reduced field equations,
i.e., the second order field equations that are perturbatively close to General Relativity. In Sec. III we choose
the ansatz of a Friedmann-Lemaı̂tre-Robertson-Walker
(FLRW) line element and deduce a Friedmann equation
for the evolution of the universe. In Sec. IV we assume
the simplest possible model, i.e., a universe with zero cosmological constant, zero spatial curvature, and composed
of a stiff fluid and derive the Lagrangian and the conditions obeyed by the f (G) Gauss-Bonnet modified gravity
to have a universe with a bounce and thus a cyclic universe. In Sec. V we conclude.
II. MODIFIED GAUSS-BONNET f (G) GRAVITY
THEORY AND ORDER REDUCED f (G) FIELD
EQUATIONS

The action for the modified Gauss-Bonnet f (G) gravity in four dimensions reads as
Z
√
1
S=
d4 x −g Lgrav + Smatter (gµν , ψ) ,
(1)
2κ
where κ = 8πGN , g is the determinant of the metric
gab , a, b are spacetime indices, Lgrav is the Lagrangian
density for the gravity sector, Smatter is the matter action
defined as a function of gab and ψ stands for matter fields.
Further, we assume that the Lagrangian density for the
gravity sector is given by
Lgrav = R + f (G) ,

(2)

where R is the Ricci scalar and f (G) is a function of the
Gauss-Bonnet term G defined as
G = R2 − 4Rab Rab + Rabcd Rabcd ,

(3)

with Rabcd being the Riemann tensor and Rab the Ricci
tensor. The Riemann tensor can be defined in terms of
the Weyl tensor Cabcd , the Ricci tensor, the Ricci scalar,
and the metric gab as
1
Rabcd = Cabcd − (gad Rcb + gbc Rda − gac Rdb
2
1
−gbd Rca ) − (gac gdb − gad gcb )R.
(4)
6

In f (G) gravity, in contrast to f (R) gravity, the equations
of motion not only depend on R and Rab , but also on
Rabcd and on G. Now we make the simplifying assumption that the spacetime has zero Weyl tensor, Cabcd = 0.
This is in line with what we will do next, when working with a FLRW line element for which the Weyl tensor
vanishes. For Cabcd = 0, we have that G and Rabcd can
be written in terms of R and Rab , see Eqs. (3) and (4).
Then Eq. (3) simplifies to
G=

2 2
R − 2Rab Rab .
3

(5)

The principle of the least action, δS = 0, applied to
Eqs. (1) and (2) yields
1
1
Rab − gab R − gab f (G) + f 0 (G)[2RRab
2
2
+2Racde Rbcde − 4Rcb Rca − 4g ce g df Racbd Ref ]
−4gab Rcd ∇c ∇d f 0 (G) + 4Rca ∇c ∇b f 0 (G)
+4Rcb ∇c ∇a f 0 (G) + 2gab R2f 0 (G) − 2R∇a ∇b f 0 (G)
+4g ec g f d Racbd ∇f ∇e f 0 (G) − 4Rab 2f 0 (G) = κTab ,(6)
δSmatter
, is the stresswhere Tab , defined by Tab = √−2
−g δg ab
energy tensor. In Eq. (6) a prime designates derivation
with respect to G, ∇a is the metric covariant derivative
and we define the d’Alembertian as 2 = g ab ∇a ∇b .
Without loss of generality we may parametrize f (G)
as

f (G) = 2Λ + ϕ(G) ,

(7)

where Λ stands for the cosmological constant,  is a dimensionless parameter that when set to zero gives simple General Relativity plus a cosmological constant, and
ϕ(G) is a function of the invariant G. In the following
we work at lowest order in . We will then find Eq. (6)
in this order.
To proceed we substitute f (G) and f 0 (G) with  = 0
in Eq. (6), and express R and Rab at the lowest order.
This process yields,
RT = −4Λ − κT
κ
T
Rab
= − gab T − Λgab + κTab ,
2

(8)
(9)

where we denote lowest order values by using the superscript T . At lowest order,  = 0, and using Eqs. (8) and
(9), we obtain for Eqs. (4) and (5) the following expressions
κ
T
Rabcd
= − (gad Tcb + gbc Tda − gac Tdb − gbd Tca )
2
1
− (gac gbd − gad gcb )(Λ + κT ) ,
(10)
3
2
8
4
GT = κ2 T 2 − 2κ2 Tab T ab + Λ2 + ΛκT . (11)
3
3
3
The application of order reduction is equivalent to reT
placing R, Rab , Rabcd , and G by, respectively, RT , Rab
,

3
T
Rabcd
, and GT in Eq. (6). This procedure brings us to
the expression

1
1
Rab − gab R +  − gab ϕT
2
2

T
T cd T
+ϕ0T 2RT Rab
− 4Rcb
g Rad

T
T
cd ef T
T
+2Racde
g cf g dg g eh Rbf
−
4g
g
R
R
gh
acbe df

T

0T

T

0

(12)

T

where ϕ = ϕ(G ) and ϕ
= ϕ (G ), with the
prime denoting differentiation with respect to the GaussBonnet invariant GT . Eq. (12) is the order reduced field
equation that we wanted.
III.

MODIFIED FIRST FRIEDMANN
EQUATION

Our next step is to derive a modified first Friedmann
equation from the order reduced field equation, Eq. (12).
To do so we choose a FLRW line element of the type


dr2
2
2
2
2
2
ds2 = −dt2 + a2
+
r
dθ
+
r
sin
θdφ
(13)
1 − kr2
where, t is the time coordinate, (r, θ, φ) are the spatial
coordinates, a = a(t) is the cosmological scale factor, and
k = −1, 0, 1 yields hyperbolic, flat, and spherical spaces,
respectively. We assume a perfect fluid description, so
the stress-energy tensor is
Tab = (ρ + p) ua ub + pgab ,

(14)

where ρ = ρ(t) and p = p(t) are the energy density and
pressure of the fluid, respectively, with
p = wρ ,

(15)

and where uµ is the fluid’s 4-velocity. Defining the Hubble function H = H(t) by
H=

ȧ
,
a

ρ̇ = −3H(1 + w)ρ .
Now, using the chain rule, one has ϕ̇0T =
Substituting ρ̇ from Eq. (18) one has

(18)
∂ϕ0T ∂GT
∂GT ∂ρ

ρ̇.

ϕ̇0T = ϕ00T 4Hκρ(1 + w)(Λ + 2ρ(κ + 3κw) − 3Λw) .(19)

T
T
−4Rab
2ϕ0T − 4gab g ce g df Ref
∇c ∇d ϕ0T
T
T
+4g cd Rda
∇c ∇b ϕ0T + 4g cd Rdb
∇c ∇a ϕ0T
+2gab RT 2ϕ0T − 2RT ∇a ∇b ϕ0T

ce df T
0T
+4g g Raebf ∇d ∇c ϕ
= κTab ,

An independent equation can be taken by noting that,
assuming a FLRW metric, i.e., Eq. (13), one has ∇a Tab =
0 in Eq. (12). This is equivalent to energy conservation
which reads

(16)

where a dot means derivative with respect to time t, the
zero-zero component of Eq. (12) is
6k
+ 6H 2 + 2Λ − 2κρ + ϕT
a2



4
0T
0T
− (Λ − κρ) 6H ϕ̇ + ϕ 2Λ + κρ(1 + 3w) = 0 .
3
(17)

After placing Eq. (19) into Eq. (17), we get

k
Λ 1

2
H = − 2 − + κρ +
− 3ϕT +
a
3
3
18
96κkρϕ00T (1 + w)(κρ − Λ)(Λ + 2κρ(1 + 3w) − 3Λw)
a2


+4(Λ − κρ) 8κρϕ00T (1 + w)(κρ − Λ)(Λ + 2κρ(1 + 3w)

−3Λw) + ϕ0T (2Λ + κρ(1 + 3w)) .
(20)
When substituting Eq. (19) into Eq. (17), we have used
the lowest order value for H 2 , namely, H 2 = − ak2 − Λ3 +
1
3 κρ. Eq. (20) is the modified Friedmann equation for
f (G) gravity after a process of order reduction.

IV. BOUNCING COSMOLOGY IN
GAUSS-BONNET MODIFIED GRAVITY

Let us now assume the simplest possible model, i.e.,
zero cosmological constant, zero spatial curvature, and a
stiff fluid so that
Λ = 0,

k = 0,

w = 1,

(21)

respectively. First, with these assumptions we have that
Eqs. (11), (14), (15), and (21) yield
ρ2 = −

3
GT .
16κ2

(22)

Then, using Eq. (22) and the assumptions of Eq. (21),
we see that Eq. (20) turns into


1
1 T 0T 1 T
2
T 2 00T
H = κρ −  (G ) ϕ − G ϕ + ϕ
. (23)
3
6
6
We want to retrieve a cyclic universe dynamical equation with a bounce. Following e.g. [1], the appropriate
Friedmann equation with a bounce can be written as


1
ρ
H 2 = κρ 1 −
,
(24)
3
ρc
where ρc is the critical energy density at which the
bounce occurs.

4
Comparing Eqs. (23) with (24) we get

2
Now, this
 (GT )2 ϕ00T − 16 GT ϕ0T + 16 ϕT
= κρ
3ρc .
equation upon using Eq. (22) turns into


1 T 0T 1 T
GT
T 2 00T
 −(G ) ϕ + G ϕ − ϕ
=
. (25)
6
6
16κρc
This is a differential equation√for ϕT . The solution for
ln(G)−6)
Eq. (25) reads as ϕ(G) = c̄1 6 G + c̄2 G − 3G(5
,
200κρc 
with c̄1 and c̄2 being two arbitrary constants of integration. In this solution for ϕ(G) we have dropped the superscript T since to  order f (G) and f (GT ) are the same,
see Eq. (7). Multiplying ϕ(G) by  we get an equation
for f (G), the quantity we have been after. It is given by
√
3G(5 ln(G) − 6)
6
f (G) = c1 G + c2 G −
,
200κρc

(26)

where c1 = c̄1 and c2 = c̄2 . So the theory has as Lagrangian for the gravity sector given by Lgrav = R+f (G),
see Eq. (2), which after using Eq. (26) gives Lgrav =
√
ln(G)−6)
. Now, in four dimenR + c1 6 G + c2 G − 3G(5200κρ
c
sions G is a topological invariant and so can be discarded.
Then, the Lagrangian for the gravity sector of the modified Gauss-Bonnet f (G) gravity is

Lagrangian we have found in Eq. (27) for the f (G) theory,
has the√zeroth order Einstein-Hilbert term R plus the
terms 6 G and G ln G as the first order corrections to
General Relativity. This is in contrast with the f (R)
theory where it was found that the first order correction
1
is an R2 term, with Lgravf (R) = R + 18κρ
R2 [1].
c

V.

CONCLUSIONS

We have derived an effective Lagrangian, and so a covariant action, for a modified Gauss-Bonnet f (G) gravity
theory which yields a cosmological solution for a bouncing universe. There has been a growing interest in the understanding of the big bang initial singularity, and cyclic
universes with a bounce of the sort we have presented
here are viable candidates to finding a solution to this
problem.
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