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Abstract

This work aims to make a first contribution towards a theory capable of predicting the trajectory
of free falling rockets. A 2D model which combines free fall theory with non-linear aerodynamic forces
is presented, allowing the reduction of three equations of motion into only one fourth order differential
equation. A program is developed in order to solve this equation numerically when given a set of initial
conditions and rocket data. Using this program, several sensitivity analysis are conducted to determine
the effect of each initial condition and rocket characteristic in the rocket trajectory. It was concluded
that a rocket can fall while oscillating around an equilibrium position or while rotating about itself and
that the most important parameters to predict the range of a free falling rocket are the initial velocity,
initial flight path angle, mass, radius and friction drag coefficient of the rocket.
Keywords: Rocket Trajectory, Free Fall, Non-Linear Aerodynamic Forces, Trajectory Simulation.

1. Introduction
The launch of rockets into space is surrounded by
strict safety precautions such as the exclusion of fly-
ing over populated areas. In addition, when a rocket
is launched there is a safety zone on the ground be-
low and around its flight path in case of an explosion
or intentional self-destruct instruction following a
failure. The safety zone must be large enough so
that all possible debris falls within it.

Nowadays, in the space industry, the concept of
range safety - ”application of safety policies, prin-
ciples, and techniques to protect the public, work-
force, and/or property from hazards associated with
range operations” [1] - is of the utmost importance.

Range safety is assured through the inclusion of a
flight termination system (FTS) aboard the space-
craft. FTS are highly reliable systems with exten-
sive emphasis on redundancy and pre-launch testing
[2] which are capable of terminating powered flight
upon command, for instance by shutting down the
main propulsion system of the rocket [3] leaving the
debris to fall into an abandoned area. The FTS is
activated based on the deviations of flight attitude
and range safety criteria i.e. if the rocket strays
away from its intended path leaving its previously
assigned safety zone [4].

The uncertainties about the trajectory of tum-
bling debris end up enlarging the dimension of
the required safety area, thus placing more severe
launch and flight path restrictions than would oth-
erwise be necessary.

The main goal of this thesis is to make a first step

towards a theory of the tumbling motion of a rigid
body under aerodynamic forces that are non linear
and for large attitude angles.

2. Flight in a Vertical Plane

The equations of motion in a vertical plane are the
balance of forces tangent 1a and normal 1b to the
flight path and the pitching moment 1c.

m
dV

dt
= D −mg sin(γ) , (1a)

mV
dγ

dt
= L−mg cos(γ) , (1b)

I
d2α

dt2
= M , (1c)

where V is the velocity, γ the flight path angle, L
the Lift, D the Drag, m the mass, I the moment
of inertia, α the angle of attack, M the pitching
moment and g the acceleration of gravity.

Since the tumbling motion is unpowered there is
no thrust in equations 1a-1c. Assuming motion in
a vertical plane, a simple choice is to use standard
Cartesian coordinates X(t), Z(t). However, in or-
der to account immediately for the effect of gravity
g, the coordinates employed will be free fall coordi-
nates x(t), z(t).

X(t) = x0 + u0 t+ x(t) , (2a)

Z(t) = z0 + v0 t−
1

2
g t2 + z(t) . (2b)
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In the equations 2a and 2b, the two pairs (x0, z0)
and (u0, v0) correspond to the body initial position
and initial velocity components respectively.

The velocity in X and Z is obtained by differen-
tiating equations 2a and 2b

Ẋ(t) =
d

dt

(
x0 + u0 t+ x(t)

)
= u0 + ẋ(t) , (3a)

Ż(t) =
d

dt

(
z0+v0 t−

1

2
g t2+z(t)

)
= v0−g t+ż(t) .

(3b)
Rearranging equations 3a and 3b, the modulus of

the velocity and the flight path angle coordinates
are obtained:

V 2 = (u0 + ẋ(t))2 + (v0 − g t+ ż(t))2 , (4a)

tan(γ) =
Ż

Ẋ
=

u0 + ẋ

v0 − g t+ ż(t)
. (4b)

The use of free fall coordinates specifies the devi-
ation from the parabolic ballistic trajectory in the
presence of uniform gravity alone. The major as-
sumption made is that gravity can be omitted from
the equations of motion (equations 1a-1c) that sim-
plify to:

m
dV

dt
=

1

2
ρS V 2 CD (α) , (5a)

mV
dγ

dt
=

1

2
ρS V 2 CL (α) , (5b)

I
d2α

dt2
=

1

2
ρS l V 2 CM (α) , (5c)

where CL, CD and CM are respectively the lift, drag
and pitching moment coefficients that are assumed
to depend only on the angle of attack and l is a
reference length.

The velocity is expressed in terms of angle of at-
tack by solving equation 5c as:

V =

√
2 I α̈

ρ S l CM (α)
. (6)

Substitution of equation 6 in equation 5a leads to
a differential equation for the angle of attack alone:

d

dt

[√
2 I α̈

ρ S l CM (α)

]
=
ρS

2m
CD(α)

2 I α̈

ρ S l CM (α)
,

(7)
that is of the third order and simplifies to:

˙CM (α) =
d[CM(α)]

dt
=

d[CM(α)]

dα

dα

dt
= α̇ CMα

,

(8)

leads to:

...
α − α̇ α̈

CMα

CM
=

I

m l

CD
CM

√
2 ρS l

I

√
α̈

CM
CM =

=

√
I

m

√
ρS l

m

CD
l

√
2

CM
α̈3/2 . (9)

The radius of gyration of a cylinder is defined by
equation 10a:

I = mr2 , (10a)

µ =
ρS l

m
< 1 , (10b)

and equation 10b defines the mass factor as the ratio
to the mass mass of the cylinder of air with cross
section S, density ρ and length l and is smaller than
unity. Using equations 10a and 10b in equation 9,
the third order differential equation becomes:

...
α − α̇ α̈

CMα

CM
=
r

l

√
2µ

CM
CD α̈

3/2 , (11)

that is non-linear and remains valid for any form
of drag CD and pitching moment CM coefficient
that depends only on the angle of attack. The solu-
tion of equation 11 specifies the angle of attack as a
function of time α(t) and substitution in equation
6 specifies the velocity V (t). The substitution of 6
in 5b leads to:

γ̇ =
ρS

m
CL(α)

√
2 I α̈

ρ S l CM
=
r

l
CL

√
2µ

CM
α̈1/2 ,

(12)
that specifies by integration the flight path angle
γ(t). The initial conditions for the third order dif-
ferential equation are: the angle of attack, the an-
gular velocity and the angular acceleration that fol-
lows from the initial velocity (equation 6) at time
zero.

α̈(0) = α̈0 =
ρS l

2 I V0
CM (0) . (13a)

So far no assumptions have been made on the
dependence of the drag, lift and pitching moment
coefficients on the angle of attack.

3. Aerodynamic Coefficients in a Full Circle
In order to allow tumbling motion, the aerodynamic
coefficients must be considered for the full range of
angles of attack. Although the lift, drag and pitch-
ing moment coefficient behaviors have been thor-
oughly studied for small angles of attack in airfoils
or streamlined shapes, this is not the case for the
tumbling motion of irregular shaped debris, consid-
ering the full revolution of angles of attack.
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In order to extend the ”usual” aerodynamic the-
ory to tumbling motion, some simple plausible as-
sumptions are made. For the lift coefficient the
starting point is the expression for the lift coeffi-
cient used in airfoils at small angles of attack [5, 6],
where CLα

corresponds to the slope for small angles
of attack and the angle is measured relative to zero
lift.

CL(α) = CLα sin(α). (14)

For a tumbling body the lift coefficient should
obey three conditions: for small angles of attack
the resulting force should be the same as the one
obtained using small angle theory, when the body
is perpendicular to the flow (α = π

2 ) there should be
no lift, the lift coefficient variation must be periodic
with period π. Equation 14 doesn’t meet the third
requirement. A way to make the equation comply
with all of the conditions is to multiply it by a factor
of cos(α).

CL(α) = CLα
sin(α) cos(α) =

1

2
CLα

sin(2α). (15)

The next aerodynamic coefficient to be consid-
ered is the pitching moment coefficient. Since the
pitching moment is taken relative to the center of
mass of the rocket while the lift is applied in the
center of pressure, the pitching moment can be re-
lated to the lift through the equation 16.

M = aL. (16)

The parameter a depicts the distance between the
center of pressure and the center of mass of the
rocket. The dependence of the pitching moment on
the angle of attack is assumed to be:

CM (α) =
1

2
CMα sin(2α). (17)

The only aerodynamic coefficient still to be con-
sidered is the drag coefficient. The drag coefficient
will be given by the sum of three terms [7].

CD(α) = CD0
+K [CL(α)]2 +

2π sin(α)

4 + π sin(α)
. (18)

The first term (CD0
) is independent from the an-

gle of attack and represents friction drag. The sec-
ond term is proportional to the square of the lift
coefficient to ensure a parabolic lift drag polar and
is known as induced drag. The third term that is a
wake drag coefficient due to the vacuous region.

Having established all the aerodynamic coeffi-
cients in the form of equations 15, 17 and 18 it is
possible to further develop the equations from the
previous section. Solving the square from equation
11 leads to:

[
...
α − α̈ ˙CM (α)

CM (α)

]2
= 2

I

m l2
ρS l

m

[
CD(α)

]2
CM (α)

α̈3 .

(19)

This equation (19) confirms equation 9, that sat-
isfies a non linear third order differential equation.

In the right hand side of the equation 19, appear
two dimensionless parameters that do not depend
on any of aerodynamic coefficients. The first di-
mensionless parameter is the moment of inertia of
the rocket divided by the product of the mass by
the lengthscale.

ε0 =
I

m l2
. (20)

The lengthscale can be taken to be the rocket
height making ε0 smaller than unity. The second
dimensionless parameter is the mass ratio (equation
10b), that is also smaller than unity:

ε = ε0 µ =
ρS l

m

r2

l2
=
ρS r2

ml
=
ρS I

m2l
< 1 . (21)

Using the dimensionless parameter 21 and the
aerodynamic coefficient formulas in equation 19, the
non-linear third order differential equation for the
angle of attack becomes:

4 ε α̈3
[
CD(α)

]2
CMα

sin(2α) =
...
α2 sin2(2α)+

+4 α̇2 α̈2 cos2(2α)− 2 α̇ α̈
...
α sin(4α) , (22)

in which all terms have derivatives with regard to
time whose orders always add to six.

After determining the dependence of the angle of
attack on time α(t) as the solution of equation 22,
the flight path γ(t) angle is obtained by integrating:

γ̇ =

√
ε α̈
[
CL(α)

]2
2CM (α)

. (23)

This equation (23) was obtained by using the
dimensionless parameter from equation 21 in the
equation 12. The equations of the trajectory in free
fall coordinates are obtained integrating:

ẋ = V cos(γ) , (24a)

ż = V sin(γ) . (24b)

The analytical solution is obtained for small an-
gles of attack (section 4) followed by numerical so-
lutions for unrestricted angles of attack (section 5).

3



4. Analytic Solutions
By restricting the angle of attack domain to only
small angles, all trigonometric functions disappear
from the differential equation, and both the lift co-
efficient and pitching moment coefficient will vary
linearly with the angle of attack.

The drag coefficient that was originally a sum of
three terms, it will become a constant due to friction
drag plus a linear term due to the wake drag. The
induced drag is neglected because it is a non-linear
term and hence too small to be taken into account.

The lift (equation 15), pitching moment (equa-
tion 17) and drag (equation 18) coefficients sim-
plify for small angles of attack (25a) respectively to
(equations 25b, 25c,25d):

α2 << 1 , (25a)

CL(α) ≈ αCLα , (25b)

CM (α) ≈ αCMα
, (25c)

2CD(α) ≈ CD0 +
π α

2
. (25d)

If equation 26a holds using equations 25b-25d
the differential equation for the angle of attack be-
comes:

π α << 2CD0 , (26a)

εC2
D0

CMα

α̈3 α =
...
α2 α2 + α̇ 2α̈2 − 2α α̇ α̈

...
α . (26b)

In all terms of the non-linear third order differ-
ential equation (26b) the sum of the orders of the
time derivatives is 6 and the powers of the angle of
attack is 4. Thus, a possible solution is a power of
the type:

α(t) = A tν . (27)

That has the following time derivatives:

α̇(t) = A tν−1ν , (28a)

α̈(t) = A tν−2ν(ν − 1) , (28b)
...
α(t) = A tν−3ν(ν − 1)(ν − 2) . (28c)

The general solution of 26b would involve 3 arbi-
trary constants of integration and thus equation 27
that involves only one A or two (A,ν) parameters is
a particular solution. Substituting equations 27-28c
in equation 26b leads to:

A4 t4ν−6 ν2 (ν − 1)2

[
− 2ε ν (ν − 1)− (ν − 2)2−

−ν2 + 2 ν (ν − 2)

]
= 0 , (29)

where ε is the dimensionless parameter and is re-
lated to equation 21 by:

ε = −
εC2

D0

CMα

> 0 . (30)

The negative sign in equation 30 makes the di-
mensionless parameter positive (in most cases),
since for the rocket to be stable CMα

must be neg-
ative.

In total, equation 29 has four solutions. The first
two solutions to equation 29 are obtained immedi-
ately and are µ = 0 and µ = 1. The first solu-
tion, µ = 0, would depict a body falling without
any kind of rotation, because the angle of attack
becomes a constant and the first three time deriva-
tives are all zero for any given time. The second
solution, µ = 1 depicts a body falling at a constant
rate of rotation since the first derivative of the angle
of attack is constant and both the second and third
time derivatives are zero.

ν2 − ν +
2

ε
= 0 , (31)

thus ν can take two values:

2 ν± = 1±
√

1− 8

ε
. (32)

Leading to four sub-cases that depend only on
the value of the dimensionless parameter (equation
30) and cover all power solutions (from −∞ to +∞
and complex conjugates).

ε << −8 −→ 2ν± = 1± 1 , (33a)

−8 < ε < 0 −→ 1 < ν+ > 0 > ν− , (33b)

ε ≤ 8 −→ 1 < ν+ ≤
1

2
≤ ν− < 0 , (33c)

0 < ε < 8 −→ 2ν± = 1± iβ . (33d)

The existence of four possible cases is due to the
competition of two different effects. The first ef-
fect is the angle of attack oscillation caused by the
pitching moment (equation 5c). In aeronautics this
effect is known as the short period mode. The sec-
ond competing effect is a monotonic increase of the
angle of attack that is caused by the drag (equation
5a). The relative importance of the two effects is
specified only by the dimensionless parameter de-
fined in equation 30. An example for the four sub-
cases is provided in figure 1.

In most cases the positive root solution ν+ from
equation 32 leads to a faster mode (the angle of
attack increases faster) than with the negative root
ν−. Since the analytic solutions are valid only for
small angles, the numeric solution that can tackle
any angle of attack is required.
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Figure 1: Analytic Solutions - Four sub-cases

5. Implementation
5.1. Numeric Model

In order to have a solution for the trajectory of the
rocket for the full spectrum of angles of attack it’s
necessary to use a numerical model.

The model requires six initial conditions: the an-
gle of attack, angular velocity and angular accelera-
tion are required to solve the angle of attack differ-
ential equation 22; the flight path angle is needed
to solve the flight path angle differential equation
23 and the initial position x,z is required for the
trajectory differential equations (24a and 24b). In
addition to the six initial conditions, for numeric
integration it’s required to know the derivative of
all initial conditions. The only ones missing are the
third derivative of the angle of attack, the flight
path angle derivative and the position derivatives.

The angle of attack third derivative at time zero,
is obtained by rearranging equation 22:

0 =
...
α0

2 sin2(2α0)− ...
α2 α̇0α̈0 sin(4α0)+

4α̇0
2α̈0

2 cos2(2α0)−
4 ε α̈0

3
[
CD(α0)

]2
CMα

sin(2α0).

(34)

Equation 34 is a polynomial equation of the sec-
ond degree with the following solutions:

...
α0 =

2α̇0α̈0 sin(4α0)

2 sin2(2α0)
±

√
16εα̈3

[
CD(α0)

]2
sin3(2α0)

2 sin2(2α0)CMα

.

(35)

Equation 35 has two possible solutions. There
is no immediate way of ruling out one of the solu-
tions and therefore both must be considered. The
existence of two solutions, their behaviors and dif-
ferences are presented in chapter section 6.

The flight path angle derivative (equation 23) at
time zero is obtained through equation 36.

γ̇0 =

√
ε α̈0

[
CL(α0)

]2
2CM (α)

. (36)

The derivatives of the position (24a and 24b) at
time zero, are given by equations 37a and 37b.

ẋ0 = V0 cos(γ0) , (37a)

ż0 = V0 sin(γ0) . (37b)

With the initial values for the third derivative of
the angle-of-attack, flight path angle derivative and
position derivatives combined with the six initial
conditions any numeric integration method can be
used to solve the problem.

To implement the numeric model a computa-
tional tool was built using the MATLAB software.
The program is split into three phases: read user
inputs, integration process and data treatment.

5.2. Read User Inputs Phase

During the ”read user inputs” phase, the program
reads the values chosen by the user for the six ini-
tial conditions required for the numeric integration
as well as the values of the seven rocket parameters.
The rocket parameters are: rocket mass, radius,
height, distance between center of mass and center
of pressure (a), lift coefficient slope, friction drag
and lift to drag proportionality constant (K). The
default rocket configuration contains values from
the Ariane 5 launcher, which are presented in ta-
ble 1

Parameter Value
Mass (Kg) 780000
Radius (m) 2.7
Height (m) 50.5
a (m) -1.5
CLα

0.0955
CD0

0.05
K 1.24

Table 1: Ariane 5 rocket data [8], [9]

It’s worth noting that the program uses the radius
of the spacecraft (R) instead of the radius of gyra-
tion (r) of the spacecraft. The reasoning behind this
is that the radius of the spacecraft can be used to
calculate the cross-section (πR2) and estimate the
moment of inertia of the spacecraft (I = mR2/2),
while the radius of gyration can only be used to
determine the moment of inertia (I = mr2). In
addition, it’s difficult to calculate the radius of gy-
ration when compared to knowing the radius of the
spacecraft.
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5.3. Integration Process Phase
This entire phase works in a loop cycle i.e. the
program uses the rocket data and the six variables
with initial conditions at any point in time tn to
obtain new conditions at the next point in time tn+1

with n being any value between 0 and the total
number of cycles.

Before performing the numeric integration itself
the third derivative of the angle of attack, flight
path angle derivative and X,Z derivatives must be
calculated. The steps taken in the loop by the pro-
gram to obtain all the derivatives are:

1. Calculate all the aerodynamic coefficients
through equations 15,17 and 18;

2. Calculate the velocity using equation 6 and air
density (shown later);

3. Obtain the value of all the required derivatives
with equations 35, 23, 24a and 24b.

In step 3, the way to calculate the air density is
directly related to the altitude at which the rocket
is. There are several ways to model the variation of
the air density with the altitude but for this work
the USSA76 density model is employed. This model
proposes that the atmosphere is a spherically sym-
metric 1000 km thick gaseous shell surrounding the
Earth. The methodology used to model the atmo-
spheric density can be found in [10].

Moving on to the numeric integration itself, the
first step is to chose an integrating function. This
is particularly important in this work, not because
different integrating functions have different inher-
ent numeric errors, but because the equations used
to calculate the rocket velocity (equation 6) and to
calculate the third derivative of the angle-of-attack
(equation 35) have indeterminations whenever the
angle-of-attack tends to 0◦, 90◦, 180◦or 270◦.

In order for the integration to take place without
having a large error induced by the aforementioned
indetermination, the integrating function must be
stiff. This is seen in figure 2 which shows the rocket
velocity (since it’s directly affected by the indeter-
mination it’s a good error indicator) using the same
initial conditions and rocket data for four different
integrating functions: ODE45 (non-stiff), ODE113
(non-stiff), ODE13s (stiff), ODE23s (stiff).

Both non-stiff integrators have large errors (ve-
locity should have a smooth distribution and can-
not have sudden peaks/variations) due to the in-
determination and ODE23s provides the better re-
sults since it has the velocity variation with the
least amount of sudden peaks and for this reason,
ODE23s is the selected funtion. ODE23s is a single
step solver (only needs the solution at the imme-
diatelly preceding time point) based on a modified
Rosenbrock formula of order 2 [11].

Figure 2: Velocity distribution of the same problem
using different ODE solvers

5.4. Data Analysis

In the final phase of the program, all the values of
time, angle-of-attack, flight path angle and X,Y co-
ordinates are stored in arrays so that all of the data
can be presented in the form of plots. If requested
the program can also create an animation of the
trajectory.

6. Results
6.1. Base Configurations Study

To test the MATLAB tool it’s necessary to first
chose a base configuration containing initial condi-
tions and rocket data. After the start of testing it
was found that the rocket can have two different
fall modes namely an oscillatory mode (OM) and a
full revolutions mode (FRM). For this reason two
base configurations are required. Both base config-
urations use the Ariane 5 rocket data and the set of
initial conditions as summarized by table 2.

Base Configuration
Init. Conditions Rocket Data
α0 85◦ or 5◦ Mass (kg) 780000
α̇0 1 ◦/s Heigth (m) 50.5
V0 150 m/s Radius (m) 2.7
γ0 80◦ a (m) -1.5
X0 0 m Clα 0.0955
Z0 2000 m CD0

0.05
Time 200 s K 1.24
tstep 1 s I (kg.m2) 2.84×106

S (m2) 22.9 m2

Table 2: Base Configuration

The configuration with the angle-of-attack of
85◦will be named the first configuration and the
one with the angle-of-attack of 5◦the second.

6



In figures 3 and 4 are shown the differences in
trajectory and angle variations over time for both
configurations. To differentiate results obtained
with the positive root and negative root when us-
ing equation 35, an asterisk mark (*) will be present
whenever a result was obtained using the negative
root.

Figure 3: Trajectory for each configuration and
...
α

solution

In terms of trajectory there aren’t significant dif-
ferences between the four cases.

Figure 4: α and γ for each configuration and
...
α

solution

In terms of angle variations, the two fall modes
are visible: in the OM the rocket oscillates around
0◦and in the FRM the rocket increases the angle-
of-attack value monotonically. The flight path an-
gle doesn’t change in value during the entire sim-
ulation. This can be explained by recalling the
flight path angle derivative expression (equation

23). The derivative is proportional to the square
root of the dimensionless parameter, which will al-
ways be much smaller than 1 (rocket mass is much
larger than any of the remaining terms).

Regarding the use of the second solution for
...
α it

is concluded that it doesn’t change the fall mode but
it changes the speed of said mode. Using the posi-
tive root solution leads to a faster FRM but slower
OM and the negative root leads to slower FRM but
faster OM (the result for α0 = 45◦ is included in
figure 4 to showcase this change in speed).

The existence of two modes and their different
speeds are in accord with the previsions from the
analytical analysis from section 4.

6.2. Sensitivity Analysis

Using the base configurations a sensitivity analysis
is performed to every initial condition and rocket
parameter with the purpose of understanding their
influence in the rocket trajectory and in defining
the fall mode.

The initial angle-of-attack influences mostly the
fall mode as is shown by table 3.

α0(
◦) Mode α(◦) α̈(rad/s2)

85 FRM - ±6×10−3

82 FRM - ±6×10−3

80 OM (T=150s) ±86 ±6×10−3

65 OM (T=85s) ±66.7 ±6×10−3

45 OM (T=65s) ±46.7 ±6×10−3

25 OM (T=60s) ±27.2 ±4.8×10−3

5 OM (T=55s) ±10.5 ±2.1×10−3

-5 OM (T=60s) ±10.5 ±2.1×10−3

-35 OM (T=65s) ±36.9 ±5.8×10−3

-65 OM (T=115s) ±66.2 ±6×10−3

-115 OM (T=85s) ±66.7 ±6×10−3

Table 3: Sensitivity analysis to the angle-of-attack

An initial angle-of-attack near 90◦favors the
FRM while an angle closer to 0◦favors the OM. The
amplitude and period of the oscillations increases
as the initial angle-of-attack strays from 0◦, until
the mode becomes FRM instead of OM. The results
are different for symmetric angles-of-attack, but are
equal if the difference between two angles is ±180◦.

Similar to the angle-of-attack, the initial angular
velocity also affects the fall mode. The results for
this initial condition are presented in table 4.

A sufficiently high/low initial angular velocity is
enough to change the initial fall mode of either con-
figuration. Larger initial angular velocities in mod-
ulus lead to faster revolution cycles or larger periods
of oscillation depending on the mode of the fall.

The rocket velocity has an impact on both fall
mode and trajectory. Even though the velocity isn’t
enough to change the fall mode by itself (table 5),
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α0(◦) α̇0(
◦/s) Mode α̇(rad/s)

85 -4 FRM -0.13 to -0.07
85 -1 FRM -0.12 to -0.02
85 0 OM (T=120s) ±0.1
85 1 FRM 0.02 to 0.11
85 4 FRM 0.07 to 0.13
85 8 FRM 0.14 to 0.18
5 -4 OM (T=65s) ±0.06
5 -1 OM (T=55s) ±0.02
5 0 OM (T=55s) ±0.01
5 1 OM (T=55s) ±0.02
5 4 OM (T=65s) ±0.06
5 8 FRM 0.08 to 0.14

Table 4: Sensitivity analysis to the angular velocity

α0(
◦) V0(m/s) Mode α(◦)

85 80 FRM -
85 100 FRM -
85 130 FRM -
85 150 FRM -
85 170 FRM -
5 80 OM (T=110s) ±18.4
5 100 OM (T=90s) ±14.2
5 130 OM (T=55s) ±12.5
5 150 OM (T=55s) ±10.5
5 170 OM (T=50s) ±8.9

Table 5: Sensitivity analysis to the initial velocity

larger velocities lower the amplitude and period of
oscillation.

In terms of trajectory, as is expected, larger ini-
tial velocities lead to the rocket traveling farther as
seen in figure 5.

Figure 5: Trajectory for different initial velocities

Both the flight path angle and initial position
have no impact on the fall mode. The flight path an-

gle is constant throughout the entire simulation and
only changes direction of the trajectory as shown in
figure 6. As for the initial coordinates X,Z, they
simply change the trajectory point of origin.

Figure 6: Trajectory for different γ values

Moving on to the rocket parameters sensitivity
analysis, the rocket mass was found to have a direct
impact in both trajectory and fall mode.

In terms of fall mode, smaller masses favor the
OM, smaller periods of oscillation as is shown in
table 6.

Mass(Kg) Mode α(◦) γ(◦)
5000 OM (T=10s) ±79 80±2
10000 OM (T=15s) ±84 80±1
50000 OM (T=40s) ±85 80±0.5
100000 OM (T=60s) ±87 80±0.5
780000 FRM - 80
1500000 FRM - 80

Table 6: Sensitivity analysis to the rocket mass

In terms of trajectory (figure 7), smaller masses
introduce some wobbles to the usually ballistic
shaped trajectory. This is a consequence of the
flight path angle being no longer constant, which
supports the theory that the flight path angle was
constant because of the large mass value. Small
masses have the largest range and the medium
masses the smallest.

The radius of the rocket has an impact on the tra-
jectory but not on the fall mode. For small radius
values there is no impact, however large radii val-
ues lead to larger ranges when the FRM is dominant
(figure 8) and smaller ranges when OM configura-
tion is used (figure 9). Additionally, when the first
configuration is used, for large radius values, the
trajectory gains wobbles. The wobbles are a con-
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Figure 7: Trajectory for different mass values

sequence of large rocket velocity changes over time
and not flight path angle related.

Figure 8: Trajectory for different radius values (1st

configuration)

The height of the rocket was found to have no in-
fluence whatsoever in the trajectory and fall mode.
This is because in the equations devised in sections
2-5, the height can always cancel itself out if addi-
tional work is put into those equations.

The distance between C.P. and C.M. is very im-
portant toward determining the fall mode. The
most important conclusion that can be taken from
the results presented in table 7 is that if the sign of
the distance between the C.P and C.M is positive
the fall regime changes.

If the fall mode is originally oscillatory, it be-
comes an FRM or an OM around a 90◦position and
if the original mode is a FRM it becomes an OM
around a 90◦position. The new equilibrium position

Figure 9: Trajectory for different radius values (2nd

configuration)

α0(
◦) a(m) Mode α(◦)

5 -0.5 OM (T=100s) ±17
5 -1.5 OM (T=55s) ±10.5
5 -3 OM (T=40s) ±8.3
5 -5 OM (T=30s) ±7.5
5 0.5 FRM -
5 1.5 FRM -
5 3 OM (T=100s) 270±85
5 5 OM (T=90s) 90±85
85 -0.5 FRM -
85 -1.5 FRM -
85 -3 FRM -
85 -5 OM (T=95s) 180±85
85 0.5 OM (T=100s) 90±17
85 1.5 OM (T=60s) 90±10
85 3 OM (T=45s) 90±8.5
85 5 OM (T=30s) 90±7

Table 7: Sensitivity analysis on the distance be-
tween the C.P and the C.M

can be explained by the configuration of the rocket
for positive values of a being an unstable configu-
ration from the start.

Lastly, regarding the aerodynamic coefficients,
while CLα

has its most severe impact in the fall
mode, CD0 and K exert their influence mostly on
the trajectory. Larger values of CLα make the
rocket switch from the FRM to the OM and also
decrease both the period and amplitude of oscilla-
tions as is seen in table 8.

The results for CD0
and K are the same since

an increase in either parameter increases the value
of the drag coefficient. Larger drag values lead to
trajectories with shorter ranges because if the drag
coefficient is higher, then the resistance to the move-
ment is also higher. This is illustrated in figure 10.
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α0(
◦) Clα Mode α(◦)

5 0.0955 OM (T=55s) ±10.5
5 0.75 OM (T=20s) ±5.9
5 1 OM (T=20s) ±5.8
5 1.5 OM (T=15s) ±5.7
5 2 OM (T=15s) ±5.7
85 0.0955 FRM -
85 0.75 OM (T=45s) ±86
85 1 OM (T=40s) ±85.8
85 1.5 OM (T=35s) ±85.7
85 2 OM (T=30s) ±85.4

Table 8: Sensitivity analysis to CLα

Figure 10: Effect of CD0
on trajectory

Although the increase in drag doesn’t change the
fall mode by itself, larger values of friction drag con-
tribute to an increase of the period of oscillations
as is shown in table 9.

CD0
Mode α (◦)

0.05 OM (T=55s) ±10.5
0.2 OM (T=55s) ±10.5
0.5 OM (T=55s) ±10.5
1 OM (T=55s) ±10.7
2 OM (T=55s) ±10.9
5 OM (T=60s) ±11.1
10 OM (T=65s) ±11.5

Table 9: Sensitivity analysis to the friction drag
results

Again, since a larger drag coefficient means more
resistance to the movement of the rocket, it’s only
natural that as the drag increases it takes more time
for the rocket to complete one complete oscillation.

7. Conclusions
From this study it was possible to conclude that a
falling rocket subjected to aerodynamic forces can

fall while oscillating around an equilibrium position
or fall while rotating about itself.

Out of all the parameters tested, the initial flight
path angle, initial velocity, rocket radius, rocket
mass and rocket friction drag were found to be the
ones that influence the rocket trajectory the most,
while the initial angle-of-attack, the distance be-
tween C.P and C.M and the initial angular velocity
were found to be the most important parameters to
determine the mode of the fall.

7.1. Future Work
Future work on this topic includes removing the free
fall coordinates approximation, solving the problem
in 3D and developing a better model for the aero-
dynamic coefficients over the full circle.
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