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Resumo

O presente trabalho visou estabelecer a equação geral e encontrar uma solução par-

ticular do campo magnético dentro do entreferro de uma máquina de estator em con-

cha e de rotor esférico. Na geometria desta máquina, existe uma descontinuidade do

núcleo de ferro do estator, o que gera um perfil complicado para o campo magnético

dentro do entreferro além da tı́pica onda viajante. A este fenómeno atribui-se o nome

de efeitos de borda. Para o efeito, utilizou-se como base estudos prévios feitos em

efeitos de borda de motores lineares de indução através da Teoria de Campos, que

partilham com este motor de rotor esférico a sua descontinuidade do núcleo de ferro

do estator. Desta forma, procurou-se estabelecer uma ligação entre os efeitos de

borda nas duas geometrias, tendo em conta que a análise ao motor esférico foi re-

alizada em coordenadas cilı́ndricas, enquanto que nos motores lineares foi realizada

em coordenadas Cartesianas. Estabeleceu-se um modelo para o campo magnético no

entreferro e os seus parâmetros foram avaliados para várias configurações do motor,

como vários tamanhos de entreferro, resistividades do condutor secundário, raios do

rotor e frequências da rede. Obtiveram-se curvas de força para o motor e foi estabele-

cida a influência dos efeitos de borda no desempenho do motor sob várias condições,

fazendo a distinção entre motores de alta velocidade e de baixa velocidade, cujos de-

sempenhos são influenciados de forma diferente pelos efeitos de borda. Com base na

variação dos parâmetros do modelo para várias configurações do motor, foi possı́vel

encontrar formas de diminuir a influência dos efeitos de borda no desempenho do

motor.

Palavras-chave: Efeitos de Borda, Rotor Esférico, Motor de Indução, Esta-

tor em Concha, Campo Magnético
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Abstract

This study aims to establish the general equation and find a particular solution to the

magnetic field inside the air gap of a shell-like stator induction motor with spherical

rotor. In this machine’s geometry, a discontinuity of the stator iron core exists, creating

a complex profile for the magnetic field inside the air gap, besides the travelling wave

typically found. This phenomenon is called the end effects. In order to study these

effects, previous studies of end effects in linear induction motors with Field Theory

were used as a basis, whose geometry also shares the stator iron core discontinuity.

Hence, a link between the end effects of the two geometries was sought, keeping

in mind that the analysis for the spherical rotor was made in cylindrical coordinates,

while Cartesian coordinates were used for the linear motor. A model was found for the

magnetic field inside the air gap, and its parameters were tested for various motors

configurations, such as varying air gaps, secondary sheet resistivity, rotor radiuses

and power supply frequencies. Thrust curves were obtained and the impact of the

end effects on motor performance was found, making a distinction between high speed

and low speed motors, whose motor performance impact due to the end effect varies

differently. It was possible to find ways to minimize the impact of the end effect on

motor’s performance from the variation of the model’s parameters with various motor

configurations.

Keywords: End Effects, Spherical Rotor, Induction Motor, Shell-Like Stator,

Magnetic Field
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Chapter 1

Introduction

The end effects have been subject of study ever since the development of linear induc-

tion motors. Various authors have reported the effects over the years, and experiments

were first conducted in Japan [1]. These effects are often divided in two categories [2]:

longitudinal end effects and transverse end effects.

Figure 1.1: Longitudinal and transverse end effects representation [3].

The longitudinal end effects occur due to the discontinuity of the primary iron core,

that is to say, the stator, in the direction of the movement of the motor, creating a

turbulent magnetic field inside the air gap. These end effects are also divided in two

categories: static and dynamic. The static end effects occur independently of the

speed of the motor, and are influenced only by the geometry of the motor, namely, the

primary windings distribution. The dynamic end effects are dependent on the motor

speed, being more prevalent as the motor speed increases. Both these effects often

1



suffice in representing accurately the end effects of the linear induction motor.

Figure 1.2: Longitudinal end effects representation [4].

The transverse end effects also occur due to the discontinuity of the primary iron

core. Because the current pattern in the secondary is circular, a component of this

current in the axis of the movement of the machine exists. This component does not

contribute to the actual movement of the motor, since it is parallel to it, as shown in

figure 1.3. Therefore, this current will create a magnetic field which will only oppose

the magnetic field created by the primary, reducing performance. The path which this

current exists is called the return path [5], as its only purpose is to close the lines of

current in the secondary. These effects can often be disregarded, except in the case

of very large air gaps.

1.1 Static End Effects

The static end effects can be explained through the magnetic circuit of the linear induc-

tion motor [6]. Because this magnetic circuit has a beginning and an end, the primary

windings may be impossible to be placed symmetrically, as shown in figure 1.4. In this

situation, the linear induction motor is said to have half-filled end slots.

This asymmetry in the windings provokes an unbalance on the primary currents [7].

This is evident when the Fortescue Transform is applied in figure 1.5, where it is possi-

ble to see not only a direct component but also an inverse and homopolar components

of the current. This effect is called the static end effects.

2



Figure 1.3: Transverse end effects representation [2].

Figure 1.4: Half-filled end slots in a linear induction motor [6].

The inverse component in particular impacts negatively the motor performance.

An oscillating force appears caused by this component, which is proportional to its

amplitude. Another effect of these end effects appear under the form of additional

Joule losses, which appear in both the primary windings and secondary conducting

sheet.

These effects are often disregarded, and can be so in linear induction motors with

number of poles greater than 6 [8].

3



Figure 1.5: Direct, inverse and homopolar components of current in a linear induction
motor [6].

1.2 Dynamic End Effects

The dynamic end effects occur as soon as the motor acquires speed [9]. To understand

this phenomenon, a graphical explanation is required.

Considering a small domain in the secondary not under the influence of the primary,

that is to say, away from the air gap, it is reasonable to say that both the magnetic field

and current in this domain is zero. As this domain approaches the entry of the air

gap, a sudden variation of magnetic field is verified, being provided by the primary.

The secondary will respond opposing this sudden variation of magnetic field in this

domain. Therefore, as this domain in the secondary starts to enter the air gap, instead

of instantaneously raising its magnetic field to the one seen in the air gap, a damped

increase of the magnetic field in this domain is seen. As will be seen further ahead,

this damping has a time constant that is related to the characteristics of the iron in the

secondary, in order to satisfy the continuity of the magnetic field along every domain of

the secondary.

At the exit end, the opposite effect occurs. If the air gap is long enough, near

the exit, there is no more damping of the magnetic field in the domain considered.

Therefore, up until the end of the air gap, the magnetic field in this domain should have

4



Figure 1.6: Dynamic end effects representation - primary current density J1 and corre-
sponding secondary current density J2 and magnetic field in the air gap [2].

stabilised. As this domain exits the air gap, there is once again a sudden variation of

the magnetic field and induced current, because it is no longer under the influence of

the primary. This time, however, the domain will try to maintain its continuity by having

a damped decrease of the magnetic field outside the air gap, creating a ”tail” as if it

were of magnetic field. This damping’s time constant is different from the first damping,

as it is no longer under the primary ferromagnetic core.

1.3 Spherical Rotor Motor

The induction motor with spherical rotor and shell-like stator is proposed by this work’s

supervisor [10]. The functioning of the motor is based on the typical rotary induction

motors with cylindrical rotors. However, by creating a spherical rotor and superposing

two perpendicular primary windings, it is possible to control the rotor’s motion in two

axis, creating an omnidirectional machine. Because there is always a need to attach

an axle to the rotor, in order to retrieve the mechanical energy related to the rotation

of the rotor, applications for the spherical rotor induction motor are generally limited to

certain degrees in each axis, as shown in figure 1.7.

The shell-like stator serves the purpose of inducing currents in the rotor’s conduc-

5



Figure 1.7: Spherical rotor visualization as per [11].

tive sheet, creating thrust and hence motion. A fully enclosed shell would have the

best performance, as more current would be fed into the stator and hence to the rotor.

However, it would also inhibit the degree in each of the two axis in which the rotor can

rotate freely. Therefore, fully enclosed stators have little applications. This poses prob-

lems very closely related to the linear induction motor, as there is now a discontinuity of

ferromagnetic material in the direction of motor of the rotor. This material discontinuity

also causes a magnetic flux discontinuity in the air gap, called the end effect, which will

affect motor performance.

1.4 Motivation

If applications of the spherical induction motor with shell-like stator are to be made, then

there is a need to understand how its atypical geometry affects motor performance, and

how heavily. Furthermore, a basis can be laid out for future analysis of similar geome-

tries, as has been done in this very work with regards to the linear induction motor. A

simple algorithm can be made which, given as input the motor’s geometrical proper-

ties, can calculate how much influence the end effects will have, making it possible to

6



optimise motors in terms of their physical properties.

1.5 Objectives

Create a model that translates the magnetic field in the air gap of an induction machine

with spherical rotor and shell-like stator, taking into account the end effects. This model

should be independent of the geometrical properties of the motor, such as stator angle,

as well as the electrical properties, such as number of pole-pair and primary windings

distribution. Analyse the influence of the end effects in the machine’s throughput, such

as thrust, and discover the impact of different motor properties in the end effects.

1.6 Thesis Outline

In chapter 2, a brief summary how some of the mathematical tools needed will be used

in this work, such as the definition of the coordinate system. In chapter 3, previous

studies of linear induction motors and their end effects are analysed, in order to better

understand the phenomenon of end effects in similar existing motors. A proposed

model, based on the existing work, will be introduced in chapter 4, and analysis of its

parameters will be made in chapter 5. Finally, the full magnetic field results can be

found in chapter 6, which will provide comparison between the proposed model and

simulations made in a Finite Element Analysis software. Lastly, conclusions will be

taken in chapter 7.
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Chapter 2

Fundamental Concepts

In order to understand the analysis made throughout this work, some basic concepts

related to geometry and electromagnetism are needed. In this chapter, a simple ex-

planation of these concepts is made, with emphasis on its implications in this work, in

order to provide the reader some physical and mathematical background.

2.1 Cylindrical Coordinates

The cylindrical coordinate system used in this work with the convention (r, θ, z) de-

scribes a three-dimensional space as seen in figure 2.1 (a). Further in this work, some

analogies will be made with the linear induction motor, which is described in Cartesian

coordinates. Therefore, it is necessary to note the transformations between these co-

ordinate systems. If a plane in cylindrical coordinates is considered with constant z,

as if the spherical rotor machine was sliced, the machine would be represented as in

figure 2.1 (b). In this simplified geometry, a few elements can be easily distinguished,

enabling the transformation between Cartesian and cylindrical coordinates, as per ta-

ble 2.1.

The curl operator in cylindrical coordinates, for a generic entity A, is given by equa-

tion 2.1. The cross product is given by the equations in 2.2, noting that ~A× ~B = − ~B× ~A.
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(a) Cylindrical coordinates system (b) Constant z plane in cylindri-
cal coordinates.

Figure 2.1: Cylindrical coordinates

∇×A =
(1

r

∂Az
∂θ
− ∂Aθ

∂z

)
r̂+
(∂Ar
∂z
− ∂Az

∂r

)
θ̂ +

1

r

[∂(rAθ)

∂r
− ∂Ar

∂θ

]
ẑ (2.1)

r̂× θ̂ = ẑ (2.2a)

θ̂ × ẑ = r̂ (2.2b)

ẑ× r̂ = θ̂ (2.2c)

It is now easy to link the two coordinate systems. For example, in this constant z

height plane, in the Cartesian coordinates, a line element is dxx̂, which corresponds

to, in the cylindrical coordinates with also constant z height plane, rdθθ̂. This will be

crucial when comparing literature regarding analysis of the linear induction motor in

Cartesian coordinates with the spherical rotor machine’s geometry.

Element Cartesian Coordinates Cylindrical Coordinates

Line dxx̂, dyŷ rdθθ̂, drr̂

Surface dxdy rdrdθ

Volume dxdydz rdrdθdz

Table 2.1: Various elements expressed in Cartesian and Cylindrical coordinates.
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2.2 Ampère’s Law

The relationship between magnetic field and current can be described in most cases

through the original Ampère’s Law. The law may be expressed in either integral or

differential form, through the Stoke’s theorem.

Figure 2.2: Application of Ampère’s law in cylindrical coordinates.

The law states that the magnetic field around a closed surface, that is to say, the line

integral, is equal to the current enclosed within that closed surface, the surface integral.

This total current may also be expressed in terms of j[A/m], the current density.

˛
C

Hdl =

¨
S

jdS (2.3a)

∇×H = j (2.3b)

2.3 Gauss’s Law for Magnetism

As in the case of Ampère’s Circuital Law, Gauss’s Law is one of Maxwell’s equations

for electrodynamics. The law, in its integral form, states that the magnetic flux within a

closed surface is zero, that is to say, every line of magnetic flux that enters the surface

also must exit through it. ‹
S

BdS = 0 (2.4a)
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∇ ·B = 0 (2.4b)

This generally corresponds to the conservation of flux, which often is used as a bound-

ary condition in many analysis. The relationship between magnetic flux and magnetic

field is given by equation 2.5.

φ =

¨
S

BdS (2.5)

2.4 Electromotive Force and Lorentz’s Force

The Electromotive Force results from the relative motion of a magnetic field and a

conductor. In the case of an electrical machine, there is a magnetic field created by the

primary passing through the secondary windings, therefore creating an electromotive

force at its terminals. The current density in the secondary surface can therefore be

represented in terms of the electromotive force, using Ohm’s law and the secondary

conductor resistivity.

ε = ρj (2.6)

Lorentz’s force states that there are two components of force in between a conduc-

tor and a magnetic field. One is the motional electromotive force, resulting from the

movement of the conductor through a magnetic field. The other component is due to

variation of the magnetic field, as per Faraday’s law of induction in equation 2.7.

ε = −∂φ
∂t

(2.7)

Both these components exist in electrical machines, as there is both a movement of

the conductors in the rotor relative to the windings in the stator and a variation of the

magnetic field due to the AC nature of the primary currents.

ε = E + v ×B (2.8a)

j =
1

ρ

(
E + v ×B

)
(2.8b)
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2.5 Magnetic Vector Potential

The magnetic vector potential holds only a mathematical meaning, representing no

physical entity. However, it is a very useful tool when analysis is made through the field

theory. Further in this work, some relations between the magnetic vector potential and

electrical and magnetic field are needed, which are here noted for the sake of clarity,

as well as their relationship in cylindrical coordinates.

E = −∂A
∂t

(2.9a)

∂A

∂θ
= rB (2.9b)
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Chapter 3

Background

3.1 Linear Induction Motor Analysis

As already mentioned, extensive work on the analysis of end effects on linear induc-

tion motors has already been made. Several approaches have been taken in order

to describe the influence of the phenomenon in motor performance. Some of these

approaches will be presented, making an analogy with the spherical rotor machine.

3.1.1 Field Theory Analysis

Analysis on end effects is mostly done through Field Theory [1], [5], [12]. The magnetic

circuit can be analysed through Ampère’s Law and Electromotive Force, resulting in a

differential equation for the magnetic field B inside the air gap.

Many approaches may be taken. The simplest is based on the assumption that the

magnetic field inside the air gap is constant along the y coordinate, as per figure 3.1.

Therefore, only a solution for By is to be found, which will be a function of x. This is

called the one-dimensional model, which will be the one which this works delves into.

For the one-dimensional approach, there are still many different considerations that

can be taken into account. It is possible to create a second, third or even fourth order

system [5].

The second order system is a simple application of both Ampère’s Law and Electro-
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Figure 3.1: One-dimensional model for the linear induction motor.

motive Force in a small domain, while making no extra considerations. Equation 2.8b is

inserted into equation 2.3b, resulting in a second order differential equation. Therefore,

two roots exist for the transient term, or rather, the total solution is the superposition of

two transient magnetic fields plus the steady state solution. These two transient mag-

netic fields, which will be studied in detail further ahead, are related to the necessity

of continuity of magnetic flux in the extremities of the primary iron core, both entry and

exit ends. The amplitudes of these transient waves can only be obtained through a set

of boundary conditions, defined according to the geometry considered.

One boundary condition often used is the flux conservation, meaning that the steady

state magnetic field solution, that is to say, the travelling wave created by the primary

current density, and the transient magnetic fields, along the air gap length, must add

up to zero. Another simple boundary condition is to consider that, outside the air gap,

the secondary current density is zero, or in other words, that no magnetic field exists

outside the air gap. As will be seen, this second condition might be too simplistic, and

can be corrected by considering that there is magnetic field at a small distance outside

the air gap.

The third order system considers the existence of return paths in the secondary

sheet. These paths exist because the current in the secondary sheet is circular and,
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therefore, has to close itself, as per figure 1.3. The currents that exist in this return

path are parallel to the motion of the motor. Therefore, they do not contribute to the

movement of the motor, and can be regarded as a purely Ohm loss in the secondary

sheet. This affects the Electromotive Force, which now has to account for a loss of

secondary current, due to the return paths. This results in a third order differential

equation for the magnetic field inside the air gap. Three roots exist as a solution for

the transient term. Two of them are essentially the same as the ones obtained in the

second order system. The last term represents a constant magnetic field, therefore

being present all through the air gap length and at any motor speed. This constant

should not be confused with the static end effect referenced above, which is a different

phenomenon that cannot be obtained through this kind of analysis.

The fourth order system considers not only the return path, in which the third or-

der system is built, but also the a non infinite iron core permeability µ. The resulting

fourth order differential equation, for very big µ, is the same as the third order differ-

ential equation. Four transient magnetic fields exist: two are again similar to the ones

obtained in the second order system. The other two are both very close to the third

root found in the third order system, that is, a constant term, and are almost equal and

of opposite sign.

Another possible approach is to consider that there is in fact variation of the mag-

netic field in the y direction. Therefore, a solution for both Bx and By is to be found. This

is called the two-dimensional analysis, which will result in two differential equations for

each coordinate. The resulting solutions are both complex in form and difficult to in-

terpret physically, involving hyperbolic functions. The same occurs with the boundary

conditions and their results.

While the two-dimensional model is unquestionably more complete, it is also of

much higher analytical complexity. For small air gaps and non-magnetic secondary

sheets, the one-dimensional model will suffice in representing the magnetic field inside

the air gap [1].
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3.1.2 Equivalent Circuit

The analysis [9] is made considering the traditional rotary induction motor’s equivalent

model. When considering the end effect, it is explained that from the standpoint of

view of the rotor, as the primary moves, the secondary’s material is being continuously

replaced by new material. This new material will oppose a sudden change in the

magnetic flux, creating a gradual build up of magnetic field in the air gap, as explained

above in the dynamic end effects section 1.2. This will affect the motor’s performance,

since the magnetic field in the air gap will not just be a travelling wave with constant

amplitude. In order to obtain an equivalent circuit for a linear induction, this effect has

to be added to the traditional equivalent circuit for induction motors.

If the primary is DC supplied, then a stationary flux wave can be obtained in the

air gap if the secondary conducting sheet is removed. At time t = 0, if the conducting

sheet is suddenly introduced, the magnetic flux in the air gap will display the build up

mechanism, as seen in figure 3.2

Figure 3.2: Build up mechanism of the magnetic field in the entry of the air gap [9].

The build up time depends on the secondary sheet’s leakage time constant, L2,1

R2,1
, as

well as the magnetising time constant, Lm
R21

. Therefore, the total time constant is given by

equation 3.1, where L2,1 is the secondary leakage inductance referred to the primary,
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R2,1 is the secondary resistance referred to the primary and Lm is the magnetising

inductance.

T2 =
L2,1 + Lm
R2,1

(3.1)

It must also be noted that the primary magnetising current Im represents the mag-

netomotive force per unit of length of motor, which gives rise to the air gap flux. As the

primary winding turns per unit length of motor is fixed, the primary magnetising current

Im may be used to represent the magnetomotive force per unit length of motor, which,

in turn, gives rise the air gap flux.

With the primary being three-phase supplied, a sinusoidally distributed magnetic

flux will appear in the air gap. If a small element of material in the secondary sheet

enters the zone of influence of the magnetic flux in the air gap, it will generate maximum

eddy currents and reduce the flux to zero in that element of material, as to oppose the

sudden variation. These eddy currents will then fade away and the magnetic flux will

rise exponentially with time constant T2. After this element goes through the whole

air gap and reaches its exit, the opposite effect will occur: the magnetic flux will try to

remain constant outside the air gap, as if it were a tail of magnetic flux, giving rise to

eddy currents in the small element of secondary sheet material until the magnetic flux

reaches zero. This decay will be much quicker than the rise during the entry with time

constant T2, related only to the leakage inductance of the secondary sheet. In order to

plot this effect, the distance covered by the primary must be found, since the magnetic

flux distribution in the air gap depends of the primary velocity (of the travelling wave).

In terms of secondary time constants, the distance travelled by the primary is given

by equation 3.2, with v1 being the primary’s velocity, that is to say, the velocity of the

travelling wave created by the primary.

d1 = v1T2 (3.2)

If the length of the primary is D, then the time taken for an element in the secondary
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to travel D is

Tv =
D

v
(3.3)

which can be expressed in terms of T2

Q =
Tv
T2

=
DR2,1

(Lm + L2,1)v
(3.4)

which can be seen as the normalised motor lengthQ, in regards to this time scale of the

secondary. This equivalent motor length is related to the motor speed, and therefore

enables a generic study of the linear induction motor for any velocity, exemplified in

figure 3.3.

Figure 3.3: Entry build up and exit tail mechanisms described by Duncan [4].

The value of Q represents the motor’s ability to resist the loss of output due to the

end effects. The secondary eddy currents will act as demagnetising currents, oppos-

ing the magnetising current provided by the primary, as anti-phase currents or negative

magnetomotive force per unit length. The demagnetising effect of the secondary cur-

rent I2,1avg will be represented as an inductance in parallel with Lm, which carries a

current I2,1avg. The parallel of Lm and this new inductance results in equation 3.5. This

branch carries the current Im = Im,1avg + I2,1avg. If the velocity tends to zero, Q tends to

infinity, and the new inductance will be equal to Lm.
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Lm

(
1− 1− exp (−Q)

Q

)
(3.5)

To take into account the losses produced by the eddy currents, the resistance R21

must be added to the magnetising branch, which will carry the current I2,1. The total

power due to the eddy current losses can then be given by equation 3.6.

P = I22,1RMSR2,1 = ImR2,1
1− exp (−Q)

Q
(3.6)

Therefore, a resistor with R2,1
1−exp (−Q)

Q
which will carry the current Im can be con-

ceptualized, which will reflect the power losses due to the end effects. Finally, the new

equivalent circuit can be designed, as per figure 3.4.

Figure 3.4: Linear induction motor’s equivalent circuit proposed by Duncan [9].

This approach is very useful in order to do a simplified study of the influence on the

motor’s performance due to the end effects. However, nothing about the profile of the

magnetic field itself in the air gap can be said.

3.1.3 d-q Axis and End Effect Constant

Using as basis the equivalent circuit obtained by Duncan [9], an analysis on the d-q axis

is made [4], using the end effects. This analysis is useful in order to apply vector control

to the linear induction motor. The q-axis of the equivalent circuit of the linear induction

motor is the same as the q-axis for a rotary induction motor, and its parameters do
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not vary due to the end effects. It is in the d-axis that appear the end effects in the

linear induction motor. However, the magnetising branch in the d-axis equivalent circuit

shows the new magnetising inductance which is affected by the eddy currents in the

secondary, as well as the power losses on the secondary due to the eddy currents.

(a) d-axis equivalent circuit.

(b) q-axis equivalent circuit.

Figure 3.5: linear induction motor d-q axis equivalent circuits [4].

Taking into account the d-q axis circuits obtained in figure 3.5, it is now possible to

calculate the motor’s thrust, which will have in consideration the end effects. Thrust

can then be expressed as a constant times current iqs, as per equation 3.7, where P

is the motor’s mechanical power output, f(Q) is given by Duncan’s equivalent circuit,

equal to 1−exp (−Q)
Q

, and h is the pole-pitch.

Fe = Kf iqs (3.7a)

Kf =
3

2
P
πLm(1− f(Q))

h(Lr − Lmf(Q))
φdr (3.7b)
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Chapter 4

One Dimensional Model

4.1 Theoretical Overview

In traditional cylindrical machines, the rotor is fully enveloped by the stator, meaning

that every point on the surface of the rotor is subject at all times, in steady state, to a

magnetic field provided by the stator. A shell-like stator introduces a discontinuity of

the magnetic field from the standpoint of view of the rotor.

Figure 4.1: System coordinates.

A series of physical entities will be introduced. Firstly, it is considered that the radius
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of the motor is rs for the stator and rr for the rotor. Equivalent conductive sheet’s widths

will be considered. That is to say, for the primary winding, a very thin conductive sheet

will be considered instead. The same will be considered for the secondary sheet,

and the real width will only be considered for the actual current densities, as will be

discussed in section 4.1.4. Therefore, the equivalent air gap is given by g = rs − rr +

ds + dr.

The primary current density is considered to be j1, while the secondary current

density is j2. Finally, it is considered that the angle of the shell-like stator is β, that is to

say, the primary envelopes the secondary in β radians.

4.1.1 Second order system

Following the methodology used in references [1], [5], a second order system can be

obtained to describe the magnetic field in the air gap. In order to do so, an analysis

through Ampère’s law and electromotive force on the rotor is done.

Some approximations will be made. Firstly, the magnetic field is considered to be

dependent of only the θ coordinate, meaning that B is constant along the r coordi-

nate. In this sense, only a solution for Br(t, θ) is to be found. This can be a good

approximation if the air gap is small enough.

4.1.2 Ampère’s Law

Applying Ampère’s law in the integral form in this cylindrical geometry results in equa-

tion 4.1.

ˆ rs

rr

H(θ = θ1)dr −
ˆ rs

rr

H(θ = θ2)dr =

ˆ θ2

θ1

j1rsdθ +

ˆ θ2

θ1

j2rrdθ (4.1)

Noting that, if between θ1 and θ2 the magnetic field varies in a linear way, that is to

say, if ∆θ = θ2 − θ1 is very small, then the derivative of θ can be used to express left

side of the equation.

H(θ = θ1)−H(θ = θ2) = −∆θ
∂H

∂θ
(4.2)
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Finally, the solution of Ampère’s law is given by equation 4.3,

− ∂B

∂θ
= µ0[j1(rg + 1) + j2rg] (4.3)

where rg is given by equation 4.4.

rg =
rr
g

(4.4)

4.1.3 Electromotive Force

The Maxwell-Faraday equation in cylindrical coordinates is given by equation 4.5, with

ωr being the rotor speed.

ε = −∂A
∂t
− ωr

∂A

∂θ
(4.5)

Making the substitutions referred in chapter 2, and differentiating the electromotive

force expression in order of θ, results in equation 4.6.

∂ε

∂θ
= −rr

∂B

∂t
− ωrrr

∂B

∂θ
(4.6)

4.1.4 General Equation for the Magnetic Field

It is now possible to write an expression that represents the magnetic field in the air gap.

Firstly, equivalent current densities will be considered, specifically in the secondary.

That is to say that the width of the secondary conductor sheet will be considered,

resulting in an equivalent secondary conductor resistivity, given by equation 4.7

ρs =
ρ

dr
(4.7)

where ρ is the rotor’s resistivity and dr is the thickness of the rotor’s surface conducting

material. Substituting the equation resulting from the electromotive force into the equa-

tion resulting from Ampère’s law creates the general expression of the model, which

can be seen in equation 4.8.
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∂2B

∂θ2
− µ0

rgrr
ρs

∂B

∂t
− µ0

rgrrωr
ρs

∂B

∂θ
= −µ0

∂j1
∂θ

(rg + 1) (4.8)

4.2 Solution for the General Equation

The solution of the general equation will be done through typical analysis of differential

equations. Firstly, a steady-sate solution will be found, which is expected to be a simple

travelling wave. The transient solutions will be obtained through the homogeneous

equation. Note that while it is called transient solution, as will be seen further ahead,

these terms are persistent over time.

4.2.1 Steady-state Solution

In steady-state, it can be assumed that the magnetic field in the air gap is simply a

travelling wave. This can be obtained if it is considered that no end-effects occur in

the motor. In other words, in typical linear induction motor terms, it is considered that

the motor length is infinite. Such notion makes no sense considering the cylindrical

coordinates, and as such, a more appropriate analogy would be to consider that the

motor length is β = 2π, or that the motor is a typical closed cylindrical rotary induction

motor. This analysis is useful in order to calculate the magnetic field created by the

primary windings alone, to which the end-effects will be added to.

It is assumed that the current density in the primary is given by equation 4.9, in

which ω is the angular frequency of the power supply and k is the number of pair-poles.

j1 = J1 exp [(ωt− kθ)] (4.9)

The amplitude J1 is a real value representing an equivalent amplitude, in which the

width of the primary conductive sheet is taking into account. Hence, J1 = JM
ds

, where JM

is the actual amplitude of the current density. Therefore, the magnetic field expression

is given by 4.10.
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B = Bs exp [(ωt− kθ)] (4.10)

Substituting the travelling wave in the general equation for the magnetic field given

by equation 4.8, the amplitude of the travelling wave can be found in equation 4.11.

Bs = −J1(rg + 1)kµ0

k2 +  rgrrµ0
ρs

sω
(4.11)

The slip of the motor s is defined in equation 4.12.

s =
ω − kωr

ω
(4.12)

It must be noted that the amplitude BS is a complex number. This will also be true

for any wave amplitude found ahead, which is why it is not necessary to consider a

phase δs. This phase is implicit inside the amplitude of BS, if treated as a complex

number. However, when dealing with computer software, it might be useful to consider

only the real part of the total field, in which case the field may be expressed as shown in

equation 4.13, where δs = angle{Bs}. From this point forward, this travelling wave shall

be referred to as Bs, which contains both the complex amplitude and the sinusoidal

function of θ.

B = |Bs| cos (ωt− kθ + δs) = Bs (4.13)

4.2.2 Field Phasors

The expression of the magnetic field created by the secondary current can now be

obtained [5]. Because the magnetic field created by the induced currents in the sec-

ondary opposes the magnetic field created by the primary, if the slip of the motor is

s = 0, that is to say, there are no induced currents in the secondary, then the magnetic

field in the air gap should be at its maximum. If s = 1, the magnetic field in the air

gap should be at its minimum, as the induced currents in the secondary are at their

maximum. Taking this into account, a new entity φ shall be introduced and a phasor
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analysis will be made.

If it is considered that the amplitude given by 4.11 is a complex number, then its

phase can be given by equation 4.14.

tanφ =
rgrrµ0

ρsk2
sω (4.14)

After assigning a new variable as per equation 4.15, then the amplitude of the trav-

elling wave can be expressed as in equation 4.16.

BM =
J1µ0(rg + 1)

k
(4.15)

Bs = −BM cos(φ) exp (−φ) (4.16)

Equation 4.16 is equivalent to equation 4.11. It is important to note that BM is the

amplitude of the travelling wave when the s = 0, meaning it is the maximum amplitude

of the travelling wave in the air gap. As previously mentioned, the magnetic field created

by the secondary currents will oppose the magnetic field created by the primary, in a

way that, when s = 0 the field travelling wave has an amplitude BM . Therefore, if Bsi

is the magnetic field created by the induced currents, then its form can be given by

equation 4.17.

Bsi = Bs −BM (4.17)

Looking at diagram 4.2, it is possible to see the relationship between the three

fields. Finally, the expression of Bsi can be obtained as per equation 4.18.

Bsi = BM sin(φ) exp (−φ) (4.18)

In terms of the travelling wave’s amplitude, it can also be expressed as in equa-

tion 4.19.
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Bsi = − tan(φ)Bs (4.19)

It must be noted that wave Bs has a phase in relation to j1, referred to as δs. In fact,

if s = 0, then this phase δs is exactly −π
2
.

Figure 4.2: Phasors describing the relation between Bs, Bsi and BM .

4.2.3 Transient Solution

The transient solution can be obtained through the homogeneous equation, meaning

equalling the general equation to zero, as per equation 4.20.

∂2B

∂θ2
− µ0

rgrr
ρs

∂B

∂t
− µ0

rgrrωr
ρs

∂B

∂θ
= 0 (4.20)

To solve the equation, it is needed to make some assumptions. Firstly, it will be

assumed that the solution for the magnetic field is the multiplication of two terms: one

time dependent and other θ dependent.

B(t, θ) = T (t)B(θ) (4.21)
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Substituting in the general homogeneous equation, results in equation 4.22.

1

T (t)

∂T (t)

∂t
=

1

B(θ)

[ ρs
rgrrµ0

∂2B(θ)

∂θ2
− ωr

∂B(θ)

∂θ

]
≡ λ (4.22)

Looking at the left side of equation 4.22, the solution of T (t) is easily obtained as

per equation 4.23, resulting in equation 4.24.

1

T (t)

∂T (t)

∂t
= λ (4.23)

T (t) = C exp (λt) (4.24)

It must be noted that, due to the nature of the power supply given in equation 4.9,

λ can only be equal to equation 4.25.

λ = ω (4.25)

Another method is to solve the general equation with the help of complex numbers.

In that way, the derivative in order of time ∂
∂t

= jω, which simplifies the problem. If this

analysis is taken, it becomes obvious that the statement in equation 4.25 is correct.

Looking at the right side of equation 4.20, taking into account thatB(θ) = |B| exp (kθ)

as shown in equation 4.10, results in the characteristic equation 4.26, after using the

Laplace Transformation, where TL{ ∂
∂θ
} = s.

s2 − ωrrgrrµ0

ρs
s− ωrgrrµ0

ρs
= 0 (4.26)

Solving the 2nd order equation with B as the variable, gives two solutions as per

equation 4.27.

s1, s2 =
1

2

ωrrgrrµ0

ρs
∓ 1

2

√(ωrrgrrµ0

ρs

)2
+ 

4ωrgrrµ0

ρs
(4.27)

In order to find the solutions s1, s2 it will be first considered the squared root only,

separating the real and imaginary values, as shown in equation 4.28, where X > 0 and
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Y > 0.

√(ωrrgrrµ0

ρs

)2
+ 

4ωrgrrµ0

ρs
= X + Y (4.28)

Now, solutions s1, s2 can be expressed as per equations 4.29 and 4.30.

s1 =
ωrrgrrµ0 − ρsX

2ρs
− Y

2
≡ − 1

α1

− ke (4.29)

s2 =
ωrrgrrµ0 + ρsX

2ρs
+ 

Y

2
≡ 1

α2

+ ke (4.30)

α1 =
2ρs

ρsX − ωrrgrrµ0

(4.31)

α2 =
2ρs

ρsX + ωrrgrrµ0

(4.32)

ke =
Y

2
(4.33)

This will result in a sum of two waves for the transient solution, in the form of ex-

pression 4.34.

B1 exp (s1θ) exp (ωt) +B2 exp (s2θ) exp (ωt) = B1 + B2 (4.34)

The transient solution shows two waves, B1 and B2. The first wave will be called

the entry end effect wave, while the second wave will be called the exit end effect wave.

The reason for this will become clear when the boundary conditions are defined. The

first wave B1 is related to the discontinuity of the iron core in the vicinity of the entry of

the air gap, in relation to the rotating direction in θ of the motor. Similarly, the wave B2

is related to the same discontinuity near the exit of the air gap.

The terms α1 and α2 will be referred to as the penetration angles, in rad. They are

related to the length of air gap, in the θ coordinate, which is reached by each wave,

meaning that the wave B1 will reach a greater length of the air gap, in the θ coordinate,

if α1 is greater. The same is applicable to the B2 wave and α2, however in different

directions. Note that the wave B1 travels in the negative direction of θ, while B2 travels
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in the positive direction of θ.

The term ke is related to the speed of these end effect waves in the θ coordinate,

which can be different from the speed of the travelling wave Bs, related to the electric

speed as per 2πf
k

. Therefore, the speed of the end effect waves is given by equa-

tion 4.35.

ωe =
2πf

ke
(4.35)

Further ahead in this work, a relation between speeds ωe and the synchronous

speed ωs will be determined, which will vary according to the type of motor considered:

high speed or low speed motors.

4.2.4 General Solution

The general solution for the equation 4.8 will be the sum of the steady-state solution

and the transient solution, resulting in equation 4.36.

B(t, θ) =Bs exp [(ωt− kθ)]

+B1 exp

(
− θ

α1

)
exp [(ωt− keθ)]

+B′2 exp

(
θ

α2

)
exp [(ωt+ keθ)]

(4.36)

This solution represents the magnetic field in the air gap, which is both a function

of time and space. The first wave is the travelling wave, which travels in the negative

direction of θ. The second wave also travels in the negative direction of θ and is damped

by − 1
α1

. The last wave travels in the positive direction of θ and is damped by 1
α2

.

Since the wave B2 is supposed to exist only nearby the exit of the motor, it is advan-

tageous for computer simulations that a new reference for θ is considered for this wave,

as using expression 4.36 would result in overflow due to the positive exponential [5].

Therefore, it is more advantageous to consider the solution as expressed by 4.37. Note
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that a different complex amplitude B2 from B′2 is to be found.

B(t, θ) =Bs exp [(ωt− kθ)]

+B1 exp

(
− θ

α1

)
exp [(ωt− keθ)]

+B2 exp

(
θ − β
α2

)
exp [(ωt+ ke(θ − β))]

=Bs + B1 + B2

(4.37)

4.2.5 Boundary Conditions

In order to find the amplitudes of the end-effect waves B1 and B2, the boundary con-

ditions must be found. Many different approaches are considered by [1], [5], such as

an infinitely long motor and consideration of the return path losses in the rotor sur-

face. Here, the most basic approach will be explored, but some notes about the other

methods will be made.

The basic approach will be to consider that the full length of the air gap in the

θ coordinate is under the influence of the primary current density j1. Due to this, a

good approximation would be to also consider that, outside the air gap, the secondary

current density j2 is zero, which means no induced currents exist outside of the air gap.

Finally, if a small domain on the surface of the rotor not under the air gap is considered,

it should not be under the influence of any current or magnetic field. As this domain

enters the zone under the air gap, it will be subject to a big variation of the magnetic

flux, as explained in the opening chapters. Therefore, another good approximation

would be to consider that, near the entry and exit ends of the motor, ∂
∂θ
� ∂

∂t
.

With these simplifications, it is possible to come up with a set of simple equations

that enable the discovery of amplitudes B1 and B2. Firstly, the secondary current

density, near the entry and exit ends, can now be expressed as per equation 4.38.

j2 = −ωrrr
ρs

B (4.38)
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Another boundary condition can be given by the flux conservation. If it is considered

that magnetic fields exist only inside the air gap, then equation 4.39 can be used.

ˆ β

0

(Bs + B1 + B2)dθ = 0 (4.39)

This equation, when solved for B2, results in expression 4.40.

B2 =

−s2
(
Bs[−exp (−kβ)]

k
− B1[exp (s1β)−1]

s1

)
exp (−s2β)− 1

(4.40)

Using now the new current density expression near the entry, or θ = 0, remembering

that the total magnetic field inside the air gap is given by 4.37, and that, from 4.3,

equation 4.41 is true, then the equation 4.42 is also true.

j2 = − 1

µ0rg

∂B

∂θ
− j1

(
1 +

1

rg

)
(4.41)

B|θ=0 = − 1

µ0rg

∂B

∂θ
|θ=0 − j1|θ=0

(
1 +

1

rg

)
(4.42)

From this equation, the amplitude of wave B1, or rather, B1, can be obtained. The

expression can be found in appendix A, under equation A.1.

Figure 4.3: Second set of boundary conditions, considering a ξ angle with no primary

winding.

33



Another set of boundary conditions can be found if it is considered that fringing oc-

curs at the edges of the motor. Fringing can be described as the existence of magnetic

field outside of the air gap, in the vicinity of the entry and exit ends of the motor. This

is in accordance to the model explained by [9] and summarized in the first chapters of

this work, and goes against the first considerations taken for the boundary conditions

of the method above. The simplest approach for these new set of boundary conditions

is to consider a small angle ξ in which the magnetic field exists outside the air gap, as

per figure 4.3, and apply the magnetic flux conservation as per equation 4.43.

.

ˆ β+ξ

−ξ
(Bs + B1 + B2)dθ = 0 (4.43)

The expression for B1 will remain the same, but amplitude B2 will adjust itself to the

larger zone that the magnetic field can exist, and as such will suffer alterations.

These boundary conditions depend on the value of ξ, and its value cannot be easily

obtained. As such, a number of tests will be performed in section 6.2 and compared

with a Finite Element Analysis software, using the first set of simpler boundary condi-

tions. Afterwards, taking into account the differences in results between the model and

Finite Element Analysis software, a value for ξ will be estimated and the second set of

boundary conditions will be applied.
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Chapter 5

Model Analysis

The aim of this chapter is to analyse how the different parameters of the model obtained

before vary with the parameters of the motor, as well as make some statements about

the implications of the parameters and their meaning.

5.1 Penetration Depths and End Effect Wave Speed

The terms α1 and α2 are fundamental to the model previously obtained, as they can

provide a direct measure of the influence of the end effects in the magnetic field inside

the air gap. The term ke also has some interesting influences in the motor’s perfor-

mance, implying different speeds for different waves. Therefore, the study of these

parameters’ sensitivity is paramount to understand the motors’ performance with dif-

ferent configurations.

For the examples provided next, the general motor parameters are given by ta-

ble 5.1, unless otherwise specified. These parameters are based off the prototype

available in our laboratory, as designed by this work’s supervisor [10].

5.1.1 Air Gap Variation

The variation of the air gap g will influence the penetration depths α1 and α2 in a way

which is not obvious, looking just at expressions 4.31 and 4.32, as it presents a compli-
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Frequency f 50 Hz
Number of pole-pairs k 2
Primary sheet width ds 1 mm
Secondary sheet width dr 1 mm
Rotor radius rr 135 mm
Air gap length g 3 mm
Stator angle β π rad
Secondary sheet resistivity ρs 2.6497x10−5 Ω

Primary current density JM 5.5x106 A/m

Table 5.1: Motor parameters used for model’s parameters’ plots.

cated relationship with g. Therefore, it is not easy to interpret the effects of the variation

of g in the overall end effects and motor performance. This relationship is plotted for

various air gaps, ranging from 15 mm to 35 mm, as seen in figures 5.1, 5.2 and 5.3,

and its results are discussed in section 5.1.6.

Figure 5.1: α1 for various air gaps.

Looking at the previous figures, it becomes clear that, except for very low speed, α1

is greater than α2. Remembering the transient solutions of the field in equation 4.37,

it can be considered that, if α2 is small, then near the entrance, exp (− β
α2

) ∼ 0, and as

such B2 can be disregarded near the entrance, and in fact in most of the length of the
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Figure 5.2: α2 for various air gaps.

Figure 5.3: ωe for various air gaps.

air gap, except near the exit. This means that the magnetic field in the majority of the

air gap is influenced by just Bs and B1, as for the wave B1, near the entry, exp (− 0
α1

) =

1. Therefore, it now becomes clear that the B1 wave is much more important to the

performance of the motor than the B2 wave, as it influences the magnetic field in a

much larger length than the latter.
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5.1.2 Secondary Resistivity Variation

Similarly to the variation of g, α1 and α2 also have a complex relationship with the

secondary sheet’s resistivity ρs. The plots representing this relationship are presented

in figures 5.4, 5.5 and 5.6.

The terms α1 and α2 seem to share the same behaviour as with the variation of

g. However, ke for the ρs variation has an interesting behaviour, in which the speed ωe

tends to ωr for lower slips, which means that in fact ωr becomes closer to ωs. Therefore,

ke becomes approximately k for high speeds.

Figure 5.4: α1 for various secondary resistivities.

5.1.3 Rotor Radius Variation

Rotor radius is one of the most important parameters in the spherical rotor motor, as

it will be the main motor parameter to be considered when thinking about different

applications of the motor. Again, its influence in the end effects is unclear, and the

corresponding plots can be found in figures 5.7, 5.8 and 5.9.
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Figure 5.5: α2 for various secondary resistivities.

Figure 5.6: ωe for various secondary resistivities.

5.1.4 Power Supply’s Frequency Variation

The power supply’s frequency might be another interesting parameter in which to as-

sess the end effects with, as most induction motors are connected to the grid via an

electronic speed controller, such as V/f . Variation of the model’s parameters for vari-

ous frequencies are given in plots 5.10, 5.11 and 5.12.
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Figure 5.7: α1 for various rotor radiuses.

Figure 5.8: α2 for various rotor radiuses.

5.1.5 Stator Angle

The β parameter represents the stator length in the θ coordinate. It would be expected

that, if β = 2π, a typical cylindrical rotary motor would be obtained, when considering

the cylindrical coordinates. However, in the proposed model, particularly during the
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Figure 5.9: ωe for various rotor radiuses.

Figure 5.10: α1 for various frequencies.

analysis of the boundary conditions, no special condition was considered for this case.

Hence, the β does not truly represent the stator length in the θ coordinate for angles

near 2π, as this model is not prepared to handle such case. The current model will

consider β as if it were a length in the linear induction motor, and not an actual angle

limited to 2π. However, it should be possible to consider better defined boundary con-
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Figure 5.11: α2 for various frequencies.

Figure 5.12: ωe for various frequencies.

ditions in order to take this particular case in account, in such a way that, if β = 2π,

then no end effects should occur, and a single travelling wave created by the primary

current density should appear inside the air gap.
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5.1.6 High Speed and Low Speed Motors

Up until this point, little considerations have been made about the motor itself, except

perhaps the consideration of a small air gap. However, it is now impossible not to

categorize motors, particularly by their speed. As shown in the variations of α1, in

figures 5.1, 5.4, 5.7 and 5.10 there seems to be an inversion of behaviour of the model’s

parameters between high speed and low speed. For example, α1 for high speeds is

larger for smaller air gaps, but for low speeds, α1 is larger for larger air gaps. This

behaviour is persistent in the variation of all the parameters presented before.

Looking at equation 4.28, it should be possible to make a separation between low

and high speed motors. Taking the first term and dividing by the second term, we end

up with constant γ in equation 5.1.

γ =
rgrrµ0ω

2
r

4ωρs
(5.1)

Because the term ωr is squared, a separation between speeds can be made. There-

fore, if ωr is very big, then γ � 1. If ωr is small, then γ < 1. For high speed motors,

this implies simplifications of the model. For example, equation 4.28 now becomes

equation 5.2.

rgrgµ0ωr
ρs

+ j
2ω

ωr
≡ X + jY (5.2)

Therefore, the constant ke which relates to the speed of the end effect waves, can

now be expressed as per equation 5.3, and hence ωe can be expressed as in 5.4.

ke =
Y

2
=

k

1− s
(5.3)

ωe =
2πf

ke
=

2πf(1− s)
k

= ωr (5.4)

Now, it is clear that once the speed of the motor becomes high enough, the speed

of the end effect waves becomes the same as the motor speed. This can be observed
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running the previous tests for a high speed motor, as seen in figure 5.9. The parameter

γ results in γ = 4.52 for the last rr = 270mm and ωr = 31.4rad/s, which means that the

motor can be considered to be a high speed motor, under those specifications.

For low speed motors, speed ωe can be different from the motor speed ωr, which

will have implications on the output thrust, examined in 5.3.1.

5.2 Waves’ Amplitudes

The amplitudes of each wave, BS, B1 and B2, for varying slip, are important in order

to understand their interaction when considered together, which will be done in the

chapter 6. The motor parameters used follow the ones in table 5.1, with frequency

f = 10Hz.

Figure 5.13: Amplitude of wave BS for varying slips.

As expected, for lower motor speeds, the influence of the end effect waves drops

significantly. For wave B1, it is interesting to note that its amplitude for low slips is

similar to that of wave BS. However, this is not true for higher slips, having considerably

more impact than wave BS. For low slips, wave B2 has a very high amplitude. However,

as explained, due to the fact that wave’s B2 penetration angle α2 is very small, its
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Figure 5.14: Amplitude of wave B1 for varying slips.

Figure 5.15: Amplitude of wave B2 for varying slips.

influence in the air gap spans a very limited arc length. For high slips, it has similar

amplitude to that of wave B1.
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5.3 Thrust

Thrust curves were computed for all slips. Again, separation between high and low

speed motors has been made. For the low speed curve, a grid frequency of 10 Hz was

chosen, while for the high speed curve, 150 Hz was chosen.

Two curves are plotted: the first curve is considering only the magnetic field BS

due to the primary windings, while the second curve is considering both BS and B1.

The first curve may be considered as the thrust curve obtained if no end effects were

in action, equivalent to the typical rotary induction motor’s thrust curve. The second

curve includes the influence of the end effect wave B1 but not B2, in order to more

easily obtain an analytical expression for the thrusts. This simplification is reasonable,

as it has been proven that wave B2 exists mainly in the near exit end of the motor, and

its influence on motor performance is reduced [1], [5].

Figure 5.16: Thrust curves for a low speed motor.

The main result is that, when taken into account wave B1, the maximum output

thrust is reduced. However, interesting behaviours for high and low slips occur in high

and low speed motors, respectively. These phenomenons will be explored and anal-

ysed in section 5.3.1.

The thrust analytical expressions obtained derive from equation 5.5 [5], [10].
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Figure 5.17: Thrust curves for a high speed motor.

F = j1 ×B (5.5)

Averaging over a period and integrating over the motor length, the thrust Fn due to

the primary windings alone, becomes equation 5.6.

Fn = −1

2

ˆ β

0

Re{j1Bs}dθ =
J1|BS|

2

(
β cos(δs)−

1

2k
(sin(−2kβ + δs)− sin(δs))

)
(5.6)

To take into account thrust due to wave B1, equation 5.5 must consider the field B1.

The resulting thrust F1’s expression can be found in appendix B, under equation B.1 [1].

5.3.1 Phasor Analysis

For high speed motor’s thrust, in figure 5.17, the most interesting phenomenon occur-

ring is the oscillation of the thrust with larger slips. For low speed motors, figure 5.16,

non null thrust at slip s = 0 is observed. To explain these phenomenons, it is necessary

to analyse the relative motion of the magnetic field waves inside the air gap.

Firstly, it must be noted that in these diagrams, phasors Bs and j1 are stationary,
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Figure 5.18: B1 phasors representation for a low speed motor, at s = 0.

that is to say, the reference is solidary with the travelling speed of phasors Bs and j1,

which is the synchronous speed ωs. Waves B1 and B2 travel at speed ωe, which can be

different from ωs as observed in the previous figures 5.3, 5.6, 5.9 and 5.12. Therefore,

waves B1 and B2 are phasors whose phases are varying in time, due to having a

relative speed ωe − ωs in respect to Bs and j1.

Figure 5.19: B1 phasors representation for a high speed motor, at s 6= 0.
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For high speed motors, as seen in section 5.1.6, it can be considered that ωe = ωr.

Therefore, if ωr is lower than ωs, then ωe is also lower than ωs. In this case, it’s as if

waves B1 and B2 are moving in relation to Bs and j1. For this analysis, only wave B1

will be considered, as its influence spans a greater length of air gap than wave B2,

whose importance can be in most cases neglected. Wave B1 has a constant phase

in relation to Bs, due to its complex amplitude B1, which will be called δ1. As this

wave travels along the θ coordinate, because its speed is greater than the Bs wave, the

relative phase to Bs will become smaller. Therefore, wave B1 can be represented as a

phasor moving in the clockwise direction, with greater θ, as per figure 5.19.

Figure 5.20: ωe for a low speed motor.

For low speed motors, it must be noted that ωe can be larger than ωs [1]. A simulation

has been performed in order to prove this, and can be seen in figure 5.20, in which a

frequency of 10 Hz was chosen. Again, the phasor corresponding to B1 is changing its

phase over the θ coordinate, but moves in the opposite direction due to a higher speed

in relation to Bs and j1. Therefore, it can be considered that, for low speed motors,

wave B1 moves counter-clockwise, as seen in figure 5.18.

This phasor analysis serves the purpose of providing an explanation to the different

thrust curves obtained in section 5.3. For a typical cylindrical rotary induction motor, it
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is expected that, at s = 0, thrust is zero. This is to the fact that the thrust is calculated

as the cross product between the primary current density and the total magnetic field

in the air gap, as per equation 5.5 [1]. If j1 and B are in quadrature, then thrust is zero.

At a slip of s = 0, as previously mentioned, δs = −π
2
, obtained from equation 4.11.

However, wave B1 also exists, as well as wave B2 which we are neglecting due to its

little impact. Therefore, at s = 0, the total magnetic field inside the air gap, which is

approximately the sum of waves Bs and B1, may not be in quadrature with j1, hence

generating a non null thrust at zero slip. In fact, it is possible that null thrust is obtained

for a slip lower than zero.

For high speed motors, for small slips, the speed ωr is close to ωs, and hence wave

B1 can be considered stationary, and since wave B1 is in the right plane, thrust gen-

eration between itself and j1 is negative. Therefore, wave B1 generates a substantial

amount of negative thrust, which heavily reduces the total thrust in the small slip re-

gion. As the slip increases, motor speed ωr becomes lower than the synchronous

speed ωs. Therefore, the phasor that represents B1 starts moving. As it moves clock-

wise, it changes planes from the left side to the right side, and it remains to do so.

Therefore, thrust generated by B1 and j1 oscillates from positive to negative, which is

represented by the oscillation in thrust curve for high slips, seen in figure 5.17.

For the case of low speed motors, in the high slip region, wave B1 moves counter-

clockwise, suggesting the same behaviour as for high speed motors in high slip, ex-

plained previously. However, because in low speed region the penetration depth α1

is very small, as per figures 5.1, 5.4, 5.7 and 5.10, the wave B1’s amplitude becomes

very small, not being possible to observe the oscillatory effect previously mentioned. In

the low slip region, because wave’s B1 phasor is located in the right half plane, thrust

generation is positive. However, it soon reaches the left half plane, generating negative

thrust for slips slightly higher than zero. This effect is very evident in figure 5.16.
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5.3.2 Number of Pair-Poles

The number of pair-poles has an influence on motor thrust, such that larger number

of pair-poles increases thrust throughput. This is to be expected, when the thrust due

to the end effects F1 in equation B is considered. If k is very large, F1 becomes zero,

hence the overall thrust is essentially given by Fn as the thrust curve without end effects

considered.

5.3.3 Secondary resistance value

Remembering that the wave B1 has the most important role in the air gap’s mag-

netic field, one wishes to reduce its influence. Therefore, reducing the value of α1 is

paramount to this end. Equation 4.31 dictates essentially the B1 wave’s influence on

the overall magnetic field inside the air gap, as a measure of penetration of the air gap

length. Hence, the value of α1 must be as low as possible in order to reduce the length

of air gap in which wave B1 can exist. In order to accomplish this, the secondary resis-

tance ρs must be as high as possible. In practice, this is not recommended, as higher

secondary resistances often require a very thin sheet, which is mechanically fragile.

5.3.4 Air Gap

Again, considering equation 4.31, an increase in the air gap g will reduce the end

effect’s influence on the motor’s performance, as already analysed in section 5.1.1.

However, increasing the air gap is not recommended, as it decreases power factor and

reduces efficiency [1].

5.3.5 Power Supply Frequency

Influence of the supply’s frequency on the penetration depth α1 is not obvious, as the

term ω in equation 4.31 is under the real part of the squared complex number. It is

only possible to analyse its influence on α1 through figure 5.10. It becomes clear that
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a higher frequency reduces α1. However, increasing the frequency also decreases the

motor’s normal performance by increasing impedances.

Overall, a compromise must be made in order to reduce the influence of the end

effects, as most of the parameters that can influence α1 will also negatively impact the

motor performance in some other area.
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Chapter 6

Results

This chapter will use the analytical model for the magnetic field inside the air gap ob-

tained in chapter 4 and compare it with simulations from a Finite Element Analysis

software.

6.1 Amplitude of the Travelling Wave

As explained in section 4.2.1, if the rotor is fully enclosed by the stator, as a typical

rotary machine, a travelling wave with a certain amplitude would be obtained inside the

air gap, given by equation 4.11. As such, some simulations were performed in order to

verify the validity of the obtained expression, as it can be a good measure for how well

the steady-state solution is corresponding to the real values.

For a series of slips, the amplitude of the travelling wave was measured and com-

pared with the Finite Element Analysis software for a fully enclosed rotor geometry. All

the motor’s parameters are the same as the ones provided in table 5.1. The results

can be seen in figures 6.1, 6.2 and 6.3.

Note that some transient terms appear during the Finite Element Analysis simula-

tion which are not present in this work’s model simulation. However, it should be clear

that only the average value is of use, since if the rotor is fully enclosed by the stator, no

end effects should appear. Therefore, the Finite Element Analysis simulation software
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(a) Model simulation.

(b) Finite Element Analysis software simulation.

Figure 6.1: Bs wave simulations for s = 1

suffers from some glitches which cannot be fully explained and are considered simply

transient terms.

As expected, the expression 4.11 appears to be correct, and in fact holds true for

every slip. Also, as expected, with decreasing slip, the travelling wave’s amplitude

decreases, as less induced current exists in the surface of the secondary. For s = 1,

this induced current is at its maximum, creating a magnetic field that opposes the one

created by the primary current density, therefore reducing the overall magnetic field

inside the air gap. For s = 0 the opposite effect occurs, as the induced current is at its

minimum, creating very little opposing magnetic field.

For better readability, table 6.1 was composed summarizing the results obtained in
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(a) Model simulation.

(b) Finite Element Analysis software simulation.

Figure 6.2: Bs wave simulations for s = 0.5

figures 6.1, 6.2 and 6.3.

It must be noted that, as already explained in section 4.2.5, the proposed model

only handles the magnetic field inside the air gap. Therefore, it cannot calculate mag-

netic field outside of it. This is of course not a limitation for the Finite Element Analysis

software, which will therefore plot the magnetic field inside the air gap as well as out-

side. Hence, for the following plots, only the arc length corresponding to β = π should

be considered, or rather, the arc length corresponding to the stator angle, as it is in

this zone that the air gap exists, and it will be this zone that the proposed model will

simulate.
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(a) Model simulation.

(b) Finite Element Analysis software simulation.

Figure 6.3: Bs wave simulations for s = 0

6.2 Total Magnetic Field inside the Air Gap

The total magnetic field inside the air gap is given by the expression 4.36. In sec-

tion 6.1, the Bs wave was studied and the model proposed was verified as an accurate

representation of the actual travelling wave inside the air gap. Now, waves B1 and B2

will be added, corresponding to the actual end effects.

6.2.1 Finite Element Analysis Software Simulations

Using a Finite Element Analysis software, a model sharing the same geometric char-

acteristics as the ones in table 5.1 was created and simulated for various slips over
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Slip s = 1 s = 0.5 s = 0

Finite Element Analysis Software (T) 0.034 0.062 0.149
One dimensional model (T) 0.034 0.064 0.159

Table 6.1: Travelling wave’s magnetic field amplitude obtained in the Finite Element
Analysis software and through simulation of the proposed model.

time. The resulting magnetic field inside the air gap was obtained, and is shown in

figures 6.4, 6.5, 6.6 and 6.7.

Figure 6.4: Finite Element Analysis simulation for s = 1.

Figure 6.5: Finite Element Analysis simulation for s = 0.9.

Already, it can be seen that the magnetic field does indeed have a complicated
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profile inside the air gap, which can only be somewhat explained through the analysis

made in chapter 1. For high slips, for most of the air gap, the magnetic field seems to

be close to the travelling wave alone, except for near the extremities of the motor. In the

entry end, which is on the left side of the figures, magnetic field seems to increase. This

however does not go against the theory provided in chapter 1 regarding the dynamic

end effects, since for high slip, the motor can be considered stationary, under little effect

of the dynamic end effects and as such were not included in that analysis. However, it

can be explained as the amplitude of wave B1 being larger than the amplitude of wave

BS for high slips. The obtained expression for B1, in appendix A, is too complex to be

analysed in such a way, and as such this will be discussed quantitatively in the next

section.

Figure 6.6: Finite Element Analysis simulation for s = 0.5.

Another interesting note for analysis is the funneling of magnetic field that seems

to occur for any slip, near the exit end, corresponding to the right side of the figures.

This point can be explained if the two waves that make up the proposed model are

remembered, as one travel in one direction and the other in the opposite direction,

which different attenuation constants. This funnel point is where the exit end effect

wave starts influencing the magnetic field. Since its damping constant is very small, its

impact is reduced to a very limited arc length near the exit, therefore creating a very

sudden increase in the magnetic field.
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Figure 6.7: Finite Element Analysis simulation for s = 0.1.

For low slips the magnetic field seems to correspond almost exactly to what was

expected in theory. In the entry end, a reduced magnetic field is obtained, while near

the exit end it is increased substantially.

6.2.2 First set of Boundary Conditions

Using the first set of simple boundary conditions, where the flux conservation is calcu-

lated between θ = 0 and θ = β = π, plots were made, for various slips, and can be

seen in figures 6.8, 6.9, 6.10 and 6.11.

Figure 6.8: Model simulation for s = 1 with simple boundary conditions.

The individual waves’ amplitudes are shown in table 6.2, following figures 5.13, 5.14
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Figure 6.9: Model simulation for s = 0.9 with simple boundary conditions.

and 5.15.

Figure 6.10: Model simulation for s = 0.5 with simple boundary conditions.

Slip s = 1 s = 0.9 s = 0.5 s = 0.1

Travelling wave BS (T) 0.0343 0.0379 0.0643 0.1448
Entry wave B1 (T) 0.0730 0.0748 0.0924 0.1483
Exit wave B2 (T) 0.0544 0.0651 0.1460 0.3661

Table 6.2: Amplitudes for each wave as described by the one dimensional model for
simulated slips.

For high slips, the model for the magnetic field inside the air gap with the first set

of boundary conditions seems to represent accurately the actual magnetic field, as it

is in accordance with the Finite Element Analysis software. For lower slips, however,
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Figure 6.11: Model simulation for s = 0.1 with simple boundary conditions.

it seems that near the exit end of the air gap, where the B2 wave exists, the model is

overestimating the impact of the B2 wave, and as such, the magnetic field peak near

the end does not coincide with the FEA software. One reason for this may be the over-

simplistic boundary conditions considered for the calculation of amplitudes B1 and B2.

As is evident in the previous plots, the Finite Element Analysis software is capable of

calculating the magnetic field outside the air gap, forcing it to decrease exponentially

to zero. This is not predicted in these boundary conditions, as they only handle the

magnetic field inside the actual air gap. Therefore, the flux conservation still holds true,

but has to be considered for a larger length than just the actual stator length β, as

explained in the second set of boundary conditions in section 4.2.5. As such, these

boundary conditions are considering the same amount of magnetic flux than the Finite

Element Analysis software but over a shorter θ coordinate angle, which will affect the

wave’s amplitudes. In fact, the B2 was calculated with the conservation of the magnetic

flux as per equation 4.40, and as such, is the only amplitude affected by the mismatch

of the magnetic flux, which explains why only near the exit these boundary conditions

seem to differ from the Finite Element Analysis software.

However, taking into account that the B2 wave exists in a very limited zone near the

exit end of the motor, this set of simple boundary conditions can produce an accurate

profile for the magnetic field inside the air gap for most of its length.
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6.2.3 Second set of Boundary Conditions

A value for ξ must be estimated, according to the second set of boundary conditions

proposed. Various simulations were tested and the value that seemed to result in a

closer profile to the Finite Element Analysis software was ξ = 0.0483. Note that this

value for ξ should only be used as an approximation for these motor specifications, as

per table 5.1.

Figure 6.12: Model simulation for s = 1 with second set of boundary conditions.

Figure 6.13: Model simulation for s = 0.9 with second set of boundary conditions.

For high slips, comparing figures 6.12 and 6.13 to figures 6.4 and 6.5, it seems that

the new boundary conditions accurately describe the magnetic field profile, and don’t

deviate much from the results obtained from the simpler boundary conditions. It is for

lower slips, and hence higher motor speeds, that the new set of boundary conditions
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will provide better results for the magnetic field.

Figure 6.14: Model simulation for s = 0.5 with second set of boundary conditions.

Figure 6.15: Model simulation for s = 0.1 with second set of boundary conditions.

Frequency f 20 Hz
Number of pole-pairs k 2
Primary sheet width ds 2 mm
Secondary sheet width dr 2 mm
Rotor radius rr 70 mm
Air gap length g 2 mm
Stator angle β π rad
Secondary sheet resistivity ρs 1.0x10−5 Ω

Primary current density JM 1x106 A/m

Table 6.3: Motor parameters used for model’s parameters’ plots.
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As observed in figures 6.14 and 6.15, compared to 6.6 and 6.7, there is a high de-

gree of similarity. The new boundary conditions provide a very accurate representation

of the magnetic field inside the air gap for all slips.

(a) Finite Element Analysis software.

(b) Proposed model.

Figure 6.16: Simulations for second motor for s = 1.

Having solved the accuracy problem for the low slip regions, the second set of

boundary conditions can be applied to fully describe the profile of the magnetic field

inside the air gap for any motor parameters, remaining inside the initial assumptions

such as small air gap. The ξ parameter, however, is chosen somewhat arbitrarily and

should depend on the motor’s parameters.

A different motor is then imagined, following table 6.3. The second set of boundary
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conditions will be applied to this new motor with different physical properties, in order to

make sure that the results obtained previously do not suffer from over fitting the model

to that specific motor. The new value used was ξ = 0.1571.

The results for this new motor are shown in figures 6.16, 6.17, 6.18 and 6.19. The

simulation made through the Finite Element Analysis software and the simulation of the

proposed model can be seen side by side. Even for these new motor characteristics,

the second set of boundary conditions describe with high accuracy the profile of the

magnetic field inside the air gap.

(a) Finite Element Analysis software.

(b) Proposed model.

Figure 6.17: Simulations for second motor for s = 0.9.
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(a) Finite Element Analysis software.

(b) Proposed model.

Figure 6.18: Simulations for second motor for s = 0.5.
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(a) Finite Element Analysis software.

(b) Proposed model.

Figure 6.19: Simulations for second motor for s = 0.1.

6.2.4 Other stator angles

In the previous sections, all simulations were made with β = π, for simplicity and

comparability’s sake. As referred in section 5.1.5, β should be limited to 2π, since the

model will not handle β > 2π correctly.

Other β were chosen, namely π
2

and 2π
3

, based on the motor parameters of table 5.1

with frequency f = 10Hz. Two slips were chosen, as to demonstrate the behaviour

of the motor in high and low speed regions: s = 0.05 and s = 0.7. The second

set of boundary conditions were applied to the proposed model. The following fig-

ures 6.20, 6.21 show the Finite Element Analysis software output and the proposed
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(a) Finite Element Analysis software.

(b) Proposed model.

Figure 6.20: Simulations for β = π
2

and s = 0.05.

model’s output for β = π
2
. The chosen value of ξ was the same as used in the previous

section 6.2.3, suggesting that ξ does not depend on the stator angle β but rather on

the other physical properties of the motor, such as rotor radius and air gap length.

The proposed model once again seems to describe the phenomenon of the end ef-

fects accurately, even for other stator angles, suggesting that the second set of bound-

ary conditions does indeed solve the problem of the leakage magnetic flux that is not

taken being taken into account.

Results for β = 3π
2

are shown in figures 6.22 and 6.23.

Even for large stator angles the model with the second set of boundary conditions

explains the profile of the magnetic field inside the air gap. These results validate the
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(a) Finite Element Analysis software.

(b) Proposed model.

Figure 6.21: Simulations for β = π
2

and s = 0.7.

proposed model which can however be improved upon.
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(a) Finite Element Analysis software.

(b) Proposed model.

Figure 6.22: Simulations for β = 3π
2

and s = 0.05.
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(a) Finite Element Analysis software.

(b) Proposed model.

Figure 6.23: Simulations for β = 3π
2

and s = 0.7.

71



Chapter 7

Conclusions

This work proposes a one dimensional model based on the Field Theory to describe

the magnetic field inside a spherical induction motor with shell-like stator. The model

uses the as basis the linear induction motor models for end effects, and it accurately

corresponds to simulations produced by the Finite Element Analysis software. The

motor’s properties on the model’s parameters were studied and can serve as a basis

for design of this type of motor, in order to reduce the effect of the end effects on motor

performance.

In chapter 4, the one dimensional model was presented through analysis of the

electromagnetic laws. Some approximations were made, including the non variation of

the magnetic field in the θ coordinate, a small air gap and equivalent conductive sheets

for the primary winding and the secondary sheet. These approximations are based

on previous work in linear induction motors’ analysis through Field Theory, such as in

references [1] and [5]. The resulting model produces two end effects waves, B1 and

B2, which can be thought of as the entry end effect wave and the exit end effect wave,

correspondingly, which, in conjunction with the travelling wave BS translate the profile

of the magnetic field inside the air gap. These end effect waves travel in opposite

directions in terms of the θ coordinate, and have different damping constants α1 and

α2.

The biggest problem concerning the model itself was the definition of the boundary

72



conditions, where two sets of boundary conditions were defined. The first set is a

very simplistic approach, where it is considered that outside the air gap there is no

magnetic flux or induced currents. As the results showed in chapter 6, these simplistic

conditions do not produce a good enough result for the profile of the magnetic field

inside the air gap. Therefore, a second set of boundary conditions had to be found,

where a small angle ξ outside of the air gap was considered, in which magnetic field

and induced currents could exist. This ξ angle is arbitrary, and only with the help of

the Finite Element Analysis software results was it possible to estimate a value for it.

After achieving a value that corresponded to the Finite Element Analysis software, all

the simulations made with the same ξ seemed to correspond to the Finite Element

Analysis software simulations.

The obtained parameters of the model were discussed and their sensitivity to the

motor physical properties was analysed in chapter 5. Some interesting points were

made, specifically regarding the difference between high speed and low speed motors,

as the model’s parameters seem to have a complete opposite behaviour from a certain

undefined point in terms of motor speed. This undefined point, or rather undefined

area, can be estimated through the γ parameter found, which depends on the motor’s

physical properties such as radius and secondary sheet conductivity. The biggest con-

clusion in this section is the difference between the penetration depths α1 and α2, which

defined the damping of the end effect waves as they travel through the θ coordinate.

It was found that α1 is generally much larger than α2, hence wave B1 should have a

much larger contribution of the distortion of the magnetic field inside the air gap than

wave B2. This corresponds to the previous work done on the linear induction motor as

well.

Lastly, various simulations were made in the Finite Element Analysis software in

order to validate the proposed model. Three stator angles were chosen and various

different slips were used. The first set of boundary conditions can explain the larger

part of the profile of the magnetic field inside the air gap, but its results near the entry

and exit ends specifically are not validated by the Finite Element Analysis software.

The second set of boundary conditions however seem to be in total accordance to the
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Finite Element Analysis software, particularly in the entry and exit ends of the motor.

The model, when the second set of boundary conditions are used, explains the

complicated profile of magnetic field found inside the air gap.

The one dimensional model is a very simplified model which proved to be a good

representation of the motor’s behaviour. However, the model should not be used for

very large air gaps, as one of the initial assumptions was a small air gap. This will

introduce almost certainly a variation of the magnetic field in the θ coordinate, which

is not considered at all in the one dimensional model. Therefore, a two dimensional

model could be designed, following the work already done on that subject regarding

linear induction motors by [1] and [5].

A new set of equations could be considered for the one dimensional model in order

to describe the magnetic field inside the air gap as well as outside the air gap, even if

just in the vicinity. This, in conjunction with better boundary conditions, could enhance

the model’s accuracy tenfold. Work on this subject has been done primarily by [5],

creating one dimensional models of second, third and fourth order.

A more extensive work on the influence of motor parameters on motor performance

can be done, namely the impact on power, efficiency and torque. For this, models such

as the equivalent circuit proposed by [9] could be used.
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[13] J. Gieras. Linear Induction Drives. Clarendon, 1994. ISBN: 0-19-8593-813.

[14] E. Mendrela. Modeling of Induction Motors with One and Two Degrees of Me-

chanical Freedom. Clarendon, 1994. ISBN: 0-19-8593-813.

[15] E. Fernandes da Silva, E. Bueno dos Stanso, Paulo C. M. Machado, Marco A.

A. de Oliveira. Dynamic model for linear induction motors. IEEE ICIT, 2003.

[16] J. F. Gieras, G. E. Dawson, A. R. Eastham. A new longitudinal end effect factor

for linear induction motors. IEEE Transactions on Energy Conversion, 1987.

[17] Wei Xu. Equivalent circuit derivation and performance analysis of a single-sided

linear induction motor based on the winding function theory. IEEE Transactions

on Vehicular Technology, 1987.

[18] Nobuo Fujii, Toshiyuki Harada, Yasuaki Sakamoto, Takeshi Kayasuga. A com-

pensation method for the end effect of a linear induction motor. Denki Gakkai

Ronbunshi, 2002.

[19] Xiaozhou Guo, Bin Zhou, Jisan Lian. A new method to reduce end effect of linear

induction motor. Journal of Modern Transportation, 2012.

[20] A. J. Sinistera. Modeling of Linear Induction Machines for Analysis and Control.

Clarendon, 1994. ISBN: 0-19-8593-813.

76



Appendix A

Expression for wave B1

As per section 4.2.5, waves B1 and B2 have a complex amplitude, B1 and B2, corre-

spondingly. The amplitude B2 has already been calculated, but amplitude B1 has not,

as the resulting expression is too large to be readable in a easy way. Therefore, the

aim of this appendix is to write the exact expression of B1 that was used throughout

this work, and can be found in equation A.1.

B1 = −
−J1( 1

rg
+ 1)

s1+
s2

2 exp (−s2β)(exp (s1β)−1)
s1(exp(−s2β)−1)

rgµ0
−

rrωr
s2 exp (−s2β)(exp (s1β)−1)

s1(exp(−s2β)−1)
+1

ρs

+

kBS+
s2

2 exp (−s2β)(BS−BS exp (−kβ))
k(exp(−s2β)−1)

rgµ0

s1+
s2

2 exp (−s2β)(exp (s1β)−1)
s1(exp(−s2β)−1)

rgµ0
−

rrωr
s2 exp (−s2β)(exp (s1β)−1)

s1(exp(−s2β)−1)
+1

ρs

+

rrωr(BS−
s2 exp (−s2β)(BS−BS exp (−kβ))

k(exp(−s2β)−1)
)

ρs

s1+
s2

2 exp (−s2β)(exp (s1β)−1)
s1(exp(−s2β)−1)

rgµ0
−

rrωr
s2 exp (−s2β)(exp (s1β)−1)

s1(exp(−s2β)−1)
+1

ρs

(A.1)
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Appendix B

Expression for Thrust due to wave B1

The thrust F1 due to wave B1 describes the effect of the entry end effect on thrust,

when disregarding the effects of wave B2. Adding to this value the thrust generated by

BS and the total motor thrust, under end effects, is Fn + F1. The expression for F1 is

presented in this appendix, under equation B.1.

F1 =
α1(cos(δ1) + α1k sin(δ1) + α1ke sin(δ1))

α2
1k

2 + 2α2
1kke + α2

1k
2
e + 1

−
α1exp(− β

α1
)(cos(δ1 − βk − βke) + α1k sin(δ1 − βk − βke) + α1ke sin(δ1 − βk − βke))

α2
1k

2 + 2α2
1kke + α2

1k
2
e + 1

+
α1(cos(δ1)− α1k sin(δ1) + α1ke sin(δ1))

(α2
1k

2 − 2α2
1kke + α2

1k
2
e + 1)

−
α1exp(− β

α1
)(cos(δ1 + βk − βke)− α1k sin(δ1 + βk − βke) + α1ke sin(δ1 + βk − βke))

α2
1k

2 − 2α2
1kke + α2

1k
2
e + 1

(B.1)
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