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In the present work, an application that obtains time-domain solutions for 1D models

of pulse propagation in large radius arteries has been developed and validated in MAT-

LAB, through discretisation of the pulsatile flow equations in a compliant tube using the

explicit Maccormack’s predictor-corrector scheme. Boundary conditions resort to 0D

modelling approaches of the left ventricle (obtained by the elastance model), and of

the distal peripheral vasculature (formulated with Windkessel RCR models). The tool,

baptised blood1D, can be used for obtaining solutions for relatively large networks of

arteries. These solutions show physiologically occurring events, and are of invaluable

aid to the researchers and students of hemodynamics, as they offer insight into the

propagative wave like behaviour of the pulse.

Introduction

The cardiovascular system is a very complex and

wide system, in which alterations to relatively small

zones, like the ones caused by disease, malformation,

surgical intervention or the influence of certain drugs;

can lead to distortions in the obtained pressure and

velocity waveforms, when compared to the measure-

ments at the same location for normal conditions.

1D and 0D models of the vasculature are often used,

for predicting system-wide waveforms. One such 0D

model is the famous Windkessel model, introduced in

Otto (1899) that is able to capture essential behaviours

of blood flow in large arteries like the characteristic di-

astolic decay, and is based on analogies between flow

in ducts and electrical transmission lines.

Although the employment of basic lumped parame-

ter models offers invaluable insight into the mechan-

ics of the systemic vasculature, it fails to represent the

wave spatial propagation characteristics of the motion

of blood in large arteries (Shi et al. (2011)). And even

though one can in fact make use of basic lumped mod-

els as spatial discretisation elements with first order ac-

curacy, (Milisic & Quarteroni (2004), Alastruey et al.

(2012)), most authors use the 1D form of the Navier-

Stokes equations, and some discrete numeric tech-

nique for discretising this PDE set, be it FV methods

(Delestre & Lagrée (2012), Müller & Toro (2013)), FD

(Stergiopulos (1990), Saito et al. (2011)) or FE (Sher-

win, Formaggia, et al. (2003), Franke et al. (2003),

Bessems et al. (2007)).

Proximal BCs in 1D models of the systemic arteries are

also various in style and application. The heart is a very

complex system, but reduced models are also avail-

able. Classic works such as Suga et al. (1973), Suga &

Sagawa (1974), study the canine left ventricle from an

experimental point of view, determining instantaneous

left ventricle pressure volume ratios that are proven to

be almost independent of aortic pressure. In compu-

tational approaches, this time-varying ratio is usually

modelled using lumped circuit analogues and varying

elastance models, see Danielsen & Ottensen (2001),

Formaggia et al. (2006), Reymond et al. (2009).

Theory and Equations

We define the problem’s primary fields as unsteady

longitudinal distributions of the mean section (A, u, p).

In the main work, we derive the system after we

obtain conservation laws for mass and momentum,

neglecting friction forces in a single tube domain.

An expression of p as a function of the remaining

variables is necessary to close the equation set. We

assume linear variation of each section’s pressure

state with its radius in the form of eq. (1), with β the

effective elasticity modulus, which is consistent with
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standard approaches Quarteroni & Formaggia (2002),

Sherwin, Formaggia, et al. (2003). We obtain the time

dependent conservative system with variables (A, u) of

blood flow in a compliant artery, (2).

p = p0 + β(A1/2 − A1/2
0 ) β =

π1/2hE
(1 − ν2

Poisson)A0
(1)
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Characteristic Form

∂
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∂
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)1/2A1/4 λ2 = u − (

β

2ρ
)1/2A1/4 (4)

A quasi-linear form, such as eq. (3) for the equations

was also obtained, and is equivalent to equation

(2). The characteristic system can be obtained from

this form, from the characteristic polynomial of H(U),

we obtain eigenvalues that represent the hyperbolic

system’s characteristic lines inclinations. We define

the characteristic wave speed c = ( β
2ρ )1/2A1/4.

With knowledge of its eigenvalues, we obtain the left

eigenvector for the matrix H of system (3), L.

L =

 c
A 1

− c
A 1


If LH = ΛH, then H = L−1ΛL. If we substitute H in

system (3), and change the coordinates to a new set

W = (W1,W2), chosen so that ∂W/∂U = L, we manage

to obtain the system equations in ODE characteristic

form, (5).

∂W
∂t

+ Λ
∂W
∂x

= 0 (5)

This convenient result allows us to build a correspon-

dence of the (W1,W2) variables between any two points

that lie upon the same characteristic line.

Bifurcations were handled by enforcing mass conser-

vation and pressure equivalence at the boundaries.

Figure 1. Schematic view of the Riemann problem aris-
ing at every discontinuity

BC using 0D models
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Figure 2. RCR terminal BC circuit.

The adoption of adequate BC is important to obtain

a method capable of producing arterial waveforms

comparable to those obtained in vivo. In the main

work, we consider various types of BCs, namely, linear

absorbing-reflecting inlets-outlets, formulated through

the characteristic system (5), which produce reflections

of a fraction Rt of the wave that incides at the boundary.

These are used mostly for validation purposes. For a

more physiological set of results, lumped models of the

periphery and of the left ventricle were implemented,

and coupled to the 1D system (2), through (5), these

draw upon the impedance interpretation of arterial

flow, which allows us to relate (p, q) variables through

circuit laws such as the one written in (6), describing

the lumped circuit in fig. 2.

dpwk

dt
−

Rp + Rc

RpCp
qwk − Rc

dqwk

dt
+

pwk − pv

RpCp
= 0 (6)

Proximal conditions were supplied by an elastance

model that mimics the left ventricle’s ejection patterns
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into the aorta, by means of another equivalent circuit,

yielding eq. (7).

− pLV (t) + Ē(t)(VLV (t) − V0) − RLVqLV = 0 (7)

The aortic valve toggles, based on the root aortic

and ventricular pressures, between open and closed

positions, switching from ejection into the arteries to

full reflection of the inciding waves when adequate

conditions are met.

Computational Method

To solve the problem of blood flow in a 55 vessel

arterial network, we will build a number of time-domain

computational methods to handle the models for the 1D

domains, modeled as 1D straight tubes, and for the 0D

Windkessel and left ventricle, governed respectively by

eqs. (2), (6) and (7).

The 1D domains shall be discretised in one spatial

direction, dividing into constant ∆x increments, and

the equations will be solved with an explicit time

integration predictor corrector method. In this work

we choose the Maccormack FD solver (eq. (9)) to

handle a conservation law as described by eq. (8),

with U = (A, u) the problem’s variables, and F(U) the

vector of fluxes.

We adopt a temporal discretisation comprised of Nt

instants separated by constant ∆t. The BC shall

be solutions to coupling at the interfaces of the 1D

and 0D variables. BC models for the left ventricle

and Windkessel are devoid of spatial span and will

only be discretised in the same time grid, minus the

intermediate stage, as the 1D problem.

∂U
∂t

+
∂F
∂x

= 0 (8)
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Verification and Validation

A series of tests were run to assess the validity of

the implemented method. Firstly, a shock tube exer-
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Figure 3. Following of a analytical solution of Sod’s
shock tube problem at t = 5ms. In red, the second or-
der Maccormack scheme, the standard blood1D solver.
In blue a solution obtained by a first order FV method
with HLL flux estimators, presented for comparative
purposes. Dashed lines indicate lower spatial resolu-
tion.

cise, equivalent to the classic verification case for the

Euler system for gas dynamics was used to evaluate

errors and shock following capabilities.

After this, we obtained a qualitative estimate of the

method’s errors when used in multi-vessel simulations.

A comparative case was set up, and results were

checked against the reference Sherwin, Franke, et al.

(2003). A satisfying match was obtained, with mini-

mal phase errors, that were observed to diminish as

we raised the simulation’s time and space refinements.

A Single Vessel Model of the Aorta

The single vessel model presented in Xiao et al.

(2013), with Rp and Cp to 11.17 ∗ 107Pas/m3 and

1.018 ∗ 10−8m3/Pa was adopted.

To this model we coupled a LV model, described

by the properties in Table 1, to obtain a validation

of the 0D BC models. We adopted a double Hill

elastance function, for its similarity with reported in
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Figure 4. Comparison between the pressure wave-
forms obtained for the 55 arterial network with well-
matched bifurcations originally from Wang & Parker
(2004) obtained with the blood1D tool (black dashed
and solid lines, with different resolutions resulting in
∆t = 0.309ms and ∆t = 0.124ms, respectively), with
those obtained in Sherwin, Franke, et al. (2003) (red
solid line) for the full nonlinear case (with ∆t = 0.05ms).
Normalised by peak at the root for each case.

Ēmax 0.25GPas/m3

tmax 0.25s
Vmax 110cm3

V0 0cm3

Kvalve 0.001
uthreshold 0.05m/s

du
dt valve 1.842m/s2

Table 1
LV properties.

vivo ventricular pressure- volume ratios, and let the

simulation run until a cyclic state was reached. The

valve parameters work to produce a closing time of

27ms.

This reduced method of cardiovascular simulation

successfully produced physiological pressure ranges

of approximately 11kPa − 17kPa, which are in the

same order of magnitude as other values reported in

in vivo works. Also, ejection patterns are produced

that closely mimic the ones registered from such

measurements, complete with the inclusion of the

dichotic notch and null flow at the inlet during diastole.
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Figure 5. Pressure waveforms at the beginning (solid
black), middle (dashed black) and end (solid red) of the
one vessel aorta. Normalised by peak at root.
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Figure 6. Flow waveforms at the beginning (solid
black), middle (dashed black) and end (solid red) of the
one vessel aorta. Normalised by peak at root.

Increased pressure peaking is also evident as we

observe positions closer to the periphery. Also, the

diastolic decay occurs simultaneously at all positions

with the characteristic decay produced by the RC time

constant.
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Figure 7 . Schematisation of the 55 arterial network.
Adapted from Alastruey et al. (2014).

Application: Physiological Waveforms on the 55
Vessel Arterial Network

In this section, we present results for waveforms in

a model of the human arterial system, adapted from

the 55 vessel systemic arterial networks presented in

Wang & Parker (2004), Stergiopulos (1990), Alastruey

et al. (2008) and Kim et al. (2009), which shall be de-

scriptive of a mock anatomy, through adoption of pa-

rameters for the LV model, 1D domains and terminal

RCR WK circuits.

Figs. 8, 9 and 10 show the same kind of be-

haviour that was noted for the single vessel model, with

added richness however, as the solutions now return

information correspondent to the (A, u) or (p, q) vari-

ables, in all locations that lie upon the 55 vessel do-

main. These waveforms are thoroughly compared with

typical results from other similar 1D network solutions

in the main work, concluding that a good match be-

tween blood1D results and typical pulse propagation

behaviour is present.

Influence of Heart Rate on Systemic Network Wave-
forms

The variation of heart rate is investigated by as-

suming three other elastance function frequencies.
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Figure 8. Normalised pressure (solid) and mean veloc-
ity (dashed) time histories at the inlet.
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Figure 9. LV - ascending aorta interaction. LV pressure
(solid red) matches, almost perfectly with the proximal
p history at the aorta. Also pictured is the LV’s vol-
ume evolution (dashed black). Waveforms normalised
by their respective peaks.

Case pmin pmax qmax qmean

HR = 0.85Hz 78% 95% 79% 88%
HR = 1.15Hz 115% 109% 114% 111%
HR = 1.3Hz 131% 120% 129% 123%

Table 2
Alteration of pressure intervals, maximum and mean
flow, caused by HR change in the proximal aorta, val-
ues presented are relative to the reference case’s solu-
tion .
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Figure 10. The pressure waveform’s evolution from the
network’s root, at the ascending aorta (vessel 1, solid),
through, in ascending order, the distal abdominal aorta
(artery 41) , right external iliac (artery 50), right femoral
(artery 52) and posterior tibial (artery 55). Pressures
are normalised to peak values at the root position, and
each is offset vertically from the last one, in the plot by
∆pnorm

o f f set = 0.3, to allow for a better view of the individual
pulse shapes.

Generalised results are observable in Table 2. No

correspondence between resting-exercising conditions

is made, as the only parameters changed are related

to the model of the left ventricle, namely its pulsating

period. The self similar nature of the elastance function

causes for a earlier peak, maximising the flow output

of the heart. Note that the reflected wave arrives at

the root at the same time, for each of the cases, in

the figures it doesn’t appear so because the time axes

have been normalised by each case’s cardiac period.

Also, as we maintained terminal BC parameters,

in relation to the reference case, we obtain similar

diastolic decay portions of the waveform. However,

the time during which the signal effectively decays,

is altered from case to case, resulting in significant

changes in the end-systolic pressure conditions in the

arterial network. The longer the cycle, the steeper the

decay in the aorta, when plotted against a normalised

time.
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Figure 11. Pressure waveforms (solid lines) measured
at the middle of the ascending aorta (vessel 1, lower
peak) and at the right femoral extremity (vessel 52,
higher peak) for HR = 0.85Hz. . Also shown is the
waveform for the flow at the ascending aorta (dashed
line). Values normalised by peaks at the root of the
reference case.
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Figure 12. Pressure waveforms (solid lines) measured
at the middle of the ascending aorta (vessel 1, lower
peak) and at the right femoral extremity (vessel 52,
higher peak) for HR = 1Hz. . Also shown is the wave-
form for the flow at the ascending aorta (dashed line).
Values normalised by peaks at the root of the reference
case.

Influence of Vessel Hardening on Systemic Net-
work Waveforms - Effects of Age

To conclude our short parametric study, we adopted

the estimates present in Stergiopulos (1990) for gross

Age Ecase/Ere f erence Ccase
p /Cre f erence

p Rcase
p /Rre f erence

p

+20 years 1.25 1.1 0.8
+40 years 1.54 1.2 0.65

Table 3
Variation of mechanical properties relatively to the ref-
erence case, in accordance to the data presented in
Stergiopulos (1990).
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Figure 13. Pressure waveforms (solid lines) measured
at the middle of the ascending aorta (vessel 1, lower
peak) and at the right femoral extremity (vessel 52,
higher peak) for HR = 1.15Hz. . Also shown is the
waveform for the flow at the ascending aorta (dashed
line). Values normalised by peaks at the root of the
reference case.
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Figure 14. Pressure waveforms (solid lines) measured
at the middle of the ascending aorta (vessel 1, lower
peak) and at the right femoral extremity (vessel 52,
higher peak) for HR = 1.30Hz. . Also shown is the
waveform for the flow at the ascending aorta (dashed
line). Values normalised by peaks at the root of the
reference case.

changes in the mechanical properties of the arterial

system, with the advancing of age. These alterations

are the ones in Table 3, and constitute a rough ap-

proximation of physiological conditions, as we made no

changes to the left ventricle’s parameters.

Observations of the obtained results revealed im-

portant physiological insight into the process of aging

in the human systemic arteries. We compared the re-

sults obtained at the aorta for the changes in system-

wide compliances with the reference case, and sum-

marised these deviations in Table 4. These results pre-

dict a widening of the systolic-diastolic pressure differ-
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Figure 15. Pressure waveforms at the aorta (lower
peak) and r. femoral (higher peak) for the reference
case. Normalised by peaks at the root.
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Figure 16. Pressure waveforms at the aorta (lower
peak) and r. femoral (higher peak) for the case of
+20years. Normalised by peaks at the root.

ences as the gross arterial elasticity moduli rise, which

is mathematically caused by the rise of c0 wave speeds,

relatively to the reference up to approximately 110%

and 120% in value. Also, decay times fall as the ter-

minal impedances are adjusted, yielding larger RpCp
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Figure 17 . Pressure waveforms at the aorta (lower
peak) and r. femoral (higher peak) for the case of
+40years. Normalised by peaks at the root.
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case pmin pmax qmax qmean

+20 years 90% 109% 87% 92%
+40 years 82 % 117 % 76 % 86%

Table 4
Alteration of pressure intervals, maximum and mean
flow, caused by the changes in Table 3, relative to the
reference.

values. We can conclude, from the results obtained

that the systemic network becomes less effective at

successfully damping the oscillatory action of the left

ventricle, as vessels become less elastic, and compli-

ances are lowered.

Conclusions

In this work, we successfully developed, validated

and applied a MATLAB tool for prediction of waveforms

in 1D arterial networks, with inclusion of left ventricle

interaction, which served as inlet BC, and Windkessel

models of the peripheral vasculature, which provided

outlet BC for the simulation. We obtained solutions for

a reduced single vessel simulation, representative of

aortic waveforms, and for a larger 55 artery description

of the systemic circulation.

Two abbreviated parametric studies were developed

to illustrate the tool’s educational, diagnostic and

academic usefulness. We examined the impact

of the change in heart rates, and of the reduction

in gross arterial system compliance, result of age,

as quantified by Stergiopulos (1990). Observation

of the flow and pressure waveforms resultant, and

consequent comparison of these pulse forms with

ones correspondent to the reference case revealed,

in a summarised way, the complex, uncertain effects

of parametric deviations in the very wide and detailed

description of the systemic arteries that is possible via

1D simulation.

The methods applied have shown that they are

able to produce appropriate results and even though

the explicit approach adopted is clearly not the most

efficient, reliable waveforms were produced once the

discretisation refinement was raised to sufficient levels.

Computation times for refined cases however fell

short of what was intended, suggesting that a further

optimisation of the methods, and of the implementation

itself is mandatory to extend the range of use of the

tool.

During the course of the work, as further acquain-

tance with cardiovascular mechanics was gained,

the importance of the application of left ventricle

and Windkessel BC in obtaining veritable pulse

waveforms, comparable to the ones measured in vivo

was evidenced. Features as the dicrotic notch or

the diastolic decay are accessible, even for simple

propagation models such as the present, through use

of appropriate 0D models.
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