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Abstract

This paper presents the work developed in the scope of the MSc dissertation on hybrid methods
for single-source and sensor network localization in wireless sensor networks, fusing noisy range
measurements with angular information extracted from video. Conventional localization methods
usually rely on a single sensing variable. Although recent single-source localization works found
in the literature explore hybrid schemes, these include several cumbersome assumptions. A hybrid
localization algorithm which surpasses the limitations of previous fusing approaches is developed and
tested, both numerically and experimentally. The proposed method (FLORIS) is based on a nonconvex
least-squares joint formulation, for which a tight convex relaxation is applied to obtain a semidefinite
program. Numerical simulations show that FLORIS has comparable performance to state-of-the-art
methods, even outperforming them in some scenarios. Real data experiments show that FLORIS is
feasible in practical application scenarios, achieving very good accuracy and robustness. After tackling
the single source localization, the sensor network localization problem is also addressed. This paradigm
proves to be even more challenging, as fused measurements from multiple targets must be combined
so that the position estimation is enhanced. An algorithm based on a disk relaxation method fusing
range and angular measurements (CLORIS) is devised. CLORIS is also tested both in simulation
and in a real scenario, achieving, again, very good results. It is interesting to note that, again, the
algorithm’s most salient feature is high accuracy in the presence of strong observation noise, surpassing
the range-only approach. Hence, both FLORIS and CLORIS are relevant contributions to this theme,
as they provide extremely encouraging results. Moreover, the attained performance points towards
further developments in hybrid schemes.
Keywords: localization, nonconvex optimization, convex relaxation, wireless sensor networks, vision,
range and orientation.

1. Introduction

The “where am I” problem has always been a key is-
sue in the field of technology, both for human mobil-
ity and for robots/autonomous vehicles. Currently,
the most popular localization system is the Global
Positioning System (GPS). Nonetheless, there are
several situations, such as indoors or underwater
environments, in which GPS is not available and
where location awareness will soon become an es-
sential feature. These environments pose challenges
such as strong multi-path/non line-of-sight prop-
agation, diffractions or interferences, which lead
to over-meter accuracy for the majority of exist-
ing systems. Such accuracy may be insufficient
for numerous applications, and [19] claims that the
key to overcome this issue lies on exploring hybrid
schemes.

Focusing on indoor environments, most of the
proposed localization systems use only one type of
measurement. Yet, wireless sensor networks (WSN)
are becoming ubiquitous and thus it is common-

place to find different sensors (e.g. Wi-Fi, Blue-
tooth, mobile cameras) inter-connected in the same
space, the so-called Internet of Things. This work
addresses the use of distances (obtained acousti-
cally or with electromagnetic signals) and angu-
lar information (gathered by video cameras) to lo-
calize a target. More specifically, in WSN local-
ization, range information can be measured from
travel times [2], or inferred from received power [15],
and usually produces robust results for ranges up
to about 10 meters. On the other hand, orienta-
tion (Angle of Arrival) [5] and distance informa-
tion retrieved by video is more reliable at short
ranges. Therefore the complementary strengths of
these techniques make them extremely appealing to
be used in synergy, paving the way to more accurate
localization.

Recently, attempts to fuse these two types of in-
formation have been presented in [5, 10], but these
methods impose severe limitations; the one in [5]
is specific for 2D, whereas [10] assumes that the
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range and visual anchors overlap. One of the goals
of this work is to overcome the limitations of [5, 10]
by deriving a novel formulation based on a single
(centralized) optimization problem that jointly ac-
counts for range and bearing data obtained from ar-
bitrarily placed heterogeneous sensors in 2D or 3D1.
Using semidefinite relaxation (SDR) techniques [6]
a convex optimization for the single-source prob-
lem, that can be efficiently and globally solved by
general-purpose software in one step, is obtained.

SDR techniques have been successfully used be-
fore in range-based localization to obtain high-
quality approximations to the maximum of the non-
convex likelihood function under Gaussian noise
[8, 17]. The approach taken for the hybrid case
builds upon the (Source Localization with Nuclear
Norm) SLNN algorithm for range-only measure-
ments [17], adopting related reformulations and re-
laxation techniques for a modified cost function that
includes additional least-squares terms to account
for angle measurements. SLNN’s high accuracy
and robustness is thus expected to carry over to
the method proposed here. For one of the bench-
marks another optimization-based method termed
Squared Ranges Least-Squares (SR-LS) [4], is in-
cluded. This method does not belong to the SDR
class but provides an interesting trade-off between
good precision and very low computational com-
plexity and thus speed.

The novel hybrid method for single-source local-
ization, termed FLORIS (Fused LOcalization using
Ranges and Incident Streaks), was fully tested in
simulation and in real experiments with very en-
couraging results. In fact, it is shown that FLORIS
outperforms the other benchmarks in some scenar-
ios, particularly when the measurements are quite
noisy. By taking advantage of hybrid measurements
in the fully unified devised framework (as opposed
to alternating between range-based and bearing-
based localization in some ad-hoc schemes) a source
may be localized even in extreme cases where the
number of available ranges or bearings, taken inde-
pendently, is insufficient to determine the position
unambiguously.

Moreover, the sensor network paradigm, in which
multiple network nodes (named sensors) do not
know their positions, is also addressed. Similarly to
the single-source case, centralized methods that es-
timate all network positions based on the minimiza-
tion of the LS criterion, and also on its weighted
version were proposed in [20] and [11], respec-
tively. Later, methods relaxing the original noncon-
vex problem applying a convex Semidefinite Pro-
gramming (SDP) relaxation were also developed,
see [16]. However, it has been shown that these SDP

1The approach is actually valid for an ambient space of
arbitrary dimension.

relaxations generate large optimization problems
(with many variables), making them intractable.
Therefore, with the advent of large sensor networks,
the adoption of a distributed approach (in which
all nodes perform similar processing, contributing
equally to the final result), contrasting with the
former centralized algorithms, becomes extremely
important. The distributed state-of-the-art meth-
ods can be further divided into two subsets: initial-
ization dependent and initialization independent.
The first set comprises methods which directly solve
the original nonconvex problem, as [7]. In the lat-
ter, there is an intermediate convex relaxation step,
with a solution that must approximate the global
problem solution, regardless the given initialization.
Such approach separated from the initialization in-
cludes both sequential, as in [21], and parallel meth-
ods, as in [22] and [23], showing convergence guar-
antees. The parallel method proposed in [23] out-
performs previous works [16, 22, 13] not just in ac-
curacy but also in efficiency, since there is a substan-
tially lower complexity owing to a smaller number
of inter-node communications, introducing a faster
and more scalable algorithm to solve the distributed
sensor network localization. The proposed method
minimizes the convex underestimator of the maxi-
mum likelihood nonconvex cost function for the sen-
sor network localization problem resorting to a disk
relaxation convexification mechanism.

The fusion network localization approach pre-
sented in this dissertation stems from the algo-
rithm in [23], introducing a modification relative
to the angle measurements available between sen-
sors and sensor and anchors. The new method
named CLORIS (Cooperative LOcalization using
Ranges and Incident Streaks) inherits both the par-
allel nature and the efficiency and scalability of the
original range-based method of [23]. Similarly to
the single-source case, CLORIS was validated both
with numerical and experimental results, and was
found to surpass the range-only algorithms, attain-
ing good results even in high noise scenarios. Fur-
thermore, the unprecedented experimental imple-
mentation substantiates the feasibility of CLORIS
in a practical scenario.

Throughout, (·)T denotes the transpose operator,
In is the identity matrix of size n × n, and ⊗ rep-
resents is the Kronecker product.

The remainder of this paper is organized as fol-
lows. In Section 2 the single-source problem for-
mulation is presented and FLORIS is introduced,
as well as the required self-calibration between
the two sensor networks. Section 3 describes the
CLORIS algorithm for the cooperative localization
paradigm. Simulation and experimental results of
both methods are presented and discussed in Sec-
tion 4. Finally, Section 5 draws the main conclu-
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Figure 1: Geometric representation of terms in the
joint cost function (1)

sions and points some foreseen work directions.

2. Single-Source Hybrid Localization

In order to perform the fusion between range mea-
surements from sensor anchor nodes and angles ex-
tracted from visual features to localize a target
(comprising an acoustic source assembled with a
camera) in an environment with such heterogeneous
networks, a joint formulation was developed and is
presented in this section.

Let x ∈ Rn be the target position to be esti-
mated based on a set of m known reference points
(anchors) ai ∈ Rn, i = 1, ...,m. Of these, the ones
whose indices belong to set R provide range mea-
surements to the source, di, whereas those with in-
dices in T measure bearings represented by unit
direction vectors ui. The source position estimate
is proposed to be achieved by minimizing the joint
cost function

f(x) =
∑
i∈R

D2(x,Ci) +
∑
i∈T

D2(x, Li), (1)

where D(x,Ci) denotes the distance from point x
to the circle Ci centered at anchor ai with radius
di. Similarly, D(x, Li) denotes the distance from x
to the line Li originating at ai with orientation ui.

The intuitive idea behind (1) is that this formula-
tion attempts to balance, on the one hand, the dis-
tances of the target position estimate relative to the
circles centered at the wireless anchors with radii di
and, on the other hand, the distances to the lines
originating at the visual anchors with orientation
ui (see Figure 1). Under i.i.d. Gaussian noise the
first term in (1) is the likelihood of range measure-
ments, but no such interpretation can be given for
the second term.

While the squared distances in (1) are explic-
itly given by D2(x,Ci) = (‖x − ai‖ − di)

2 and
D2(x, Li) = (x − ai)T (In − uiuTi )(x − ai) [3], the
following alternative parameterization for minimiz-
ing (1), inspired in [17], is proposed

minimize
x,yi,θi,ti

m∑
i=1

‖x− yi‖2

subject to yi = ai + diθi, ‖θi‖ = 1, i ∈ R,
yi = ai + uiti, ti ∈ R+, i ∈ T .

(2)
The first and second sets of constraints ensure that
auxiliary variables yi are located on the circles Ci
or lines Li, respectively. Problem (2) seeks the best
possible match between these and x. Given all yi,
this is a standard least-squares problem whose op-
timal solution for x is just the center of mass of
the constellation x = 1

m

∑
i yi, and this can be sub-

stituted back in the cost function of (2) to yield
yTJy, where y is a vector of size mn×1 that stacks
y1, . . . , ym, and J is the projector on the orthogonal
complement of 1m⊗ In = [In . . . In︸ ︷︷ ︸

m

]T . This can be

compacted into matrix form as

y = a + R

[
θ
t

]
, (3)

where θ stacks the unit vectors θi, i ∈ R, and t
stacks the scaling factors ti, i ∈ T . Matrix R, of
size mn× (n|R|+ |T |), is block diagonal-like, built
from diIn, i ∈ R and ui, i ∈ T 2. Problem (2) is
thus reformulated as

minimize
θ,t

(
a + R

[
θ
t

])T
J

(
a + R

[
θ
t

])
subject to ‖θi‖ = 1, i ∈ R, ti ≥ 0, i ∈ T .

(4)
Cost function (4) may be written as a quadratic

form in
[
θT tT 1

]T
, and expressed using the

trace operator as

tr
([RTJR RTJa

aTJR aTJa

]
︸ ︷︷ ︸

M

θt
1

 [θT tT 1
]

︸ ︷︷ ︸
W

)
. (5)

The optimization variable is now redefined as ma-
trix W defined above, and the problem is rewritten
as

minimize
W

tr(MW)

subject to W � 0, rank(W) = 1

tr(Wi,i) = 1, i ∈ R
Wi,nm+1 ≥ 0, i ∈ T
Wnm+1,nm+1 = 1.

(6)

The second constraint, where Wi,i denotes the sub-
matrix of W comprising the rows/columns that per-
tain to θi in (3), encodes ‖θi‖ = 1. The third con-
straint, where Wi,nm+1 denotes the subvector of W

2Note that matrix R is not square, as each bearing ui

adds n rows but a single column to it. In spite of this non-
standard detail, its structure should be clear from the above
description.
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comprising the row pertaining to ti in the rightmost
column, encodes ti ≥ 0.

Finally, the rank constraint in (6) is dropped to
obtain the relaxed SDP. Vectors θ and t are ob-
tained by SVD factorization of the solution W or
directly from is rightmost column (or bottom row),
from which the yi are computed by (3) and the
source position estimated as the average of these
m points.

2.1. Self-Calibration

From the existence of two uncoupled types of sen-
sors (range and visual), which contrasts with [5, 9],
emerged the need to calibrate both networks, as a
precondition to perform localization. Range mea-
surements obtained acoustically will lead to a tar-
get position estimation in the coordinate system de-
fined by the acoustic anchors. On the other hand,
the orientation of the camera, relative to the iden-
tified visual features, is determined in a different
coordinate system defined by such features. Hence,
a global frame to express both classes of measure-
ments should be defined.

The method that is explained hereinafter suc-
ceeds in determining the transformation (rotation
matrix and translation vector) between the two sen-
sor networks, without any prior information, only
by using pairs of estimated acoustic target positions
and camera positions.

The unknowns of this calibration process are
Rac, which denotes the rotation matrix between
the visual and the acoustic coordinate systems, Tac,
which represents the translation vector between the
two networks, and, since the range and orientation
are not measured by the same sensor, it is also nec-
essary to determine Tcc, the translation between
the focal point of the camera and the center of the
acoustic sensor receiver. Additionally, let Rcam and
Tcam be the rotation and translation, respectively,
measured by the camera relative to the visual fea-
tures and Pacoustic be the acoustic sensor localiza-
tion computed using a range-based algorithm such
as SR-LS [4] or SLNN [17], in the referential defined
by the acoustic network.

The derived self-calibration procedure arises from
the following relation (7), combining the rotation
matrices and translation vectors of the networks
and target in the assumed scenario

[
Rac Tac

] [R(t)
cam T

(t)
cam

0 1

] [
Rcc Tcc

0 1

]
=
[
I P

(t)
acoustic

]
,

(7)

where the notation P
(t)
acoustic is used to represent a

time-dependent variable.

From the previous relation it is possible to follow
an algebraic iterative procedure that given horizon-

tally stacked pairwise differences of the sensed vari-

ables P
(t)
acousticRcamTcam, successfully estimates

the unknown transformations between the coordi-
nate systems. The outline of the newly proposed
self-calibration method is depicted in Figure 2.

Initializing Tcc

Input

Pairwise differences of

Pacoustic
(obtained from ranges rij)

Rcam, Tcam
(obtained from visual features)

Rac obtained by solving Procrustes 

problem (3.18)

Computing  Tcc (3.24)

Computing  Tac (3.25)

Output

Rac, Tac, Tcc,

Tcc

While ||Rac(k-1) – Rac(k)||F > thresh

Figure 2: Proposed self-calibration procedure work-
flow

Since Tcc is considerably smaller when compared
with Tcam, a first estimate for Rac can be obtained
neglecting Tcc (Tcc = 0) or, alternatively, with an
initialization for Tcc, if available.

3. Hybrid Sensor Network Localization
The methodology used in this collaborative ap-
proach is an extension of FLORIS scheme to this
new, more complex, paradigm. However, the al-
gorithm relaxation to obtain the cooperative solu-
tion follows a different strategy. Rather than hav-
ing a SLNN flavour, instead it follows the approach
presented by Soares et. al in [23], introducing the
necessary modifications to accommodate the com-
ponent regarding the orientation measured between
nodes, here represented by the presence of straight
line sets. This approach constitutes the newly pro-
posed CLORIS.
To motivate the formulation adopted for the up-
coming collaborative problem, we first reformulate
the single-source problem of FLORIS in (1) as

minimize
x

f(x) =
∑
i

∑
k∈Ai

d2Sik
(xi − ai)

+
∑
i

∑
k∈Ai

d2Rik
(xi − ai) ,

(8)

where d2Sik
(xi − ai) is the squared euclidean dis-

tance operator (defined as d2W (x) = infy∈W ‖x −
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y‖2) of point xi − ai to the set formed by a sphere
centered at the origin and with radius rik and
d2Rik

(xi − ai) is the squared euclidean distance of
point xi− ai to the straight line passing by the ori-
gin with orientation uik

In the cooperative paradigm two new terms, asso-
ciated with the range and direction measurements
between pairs of sensors, are added to the cost func-
tion, yielding

minimize
x

f(x) =∑
i∼j

d2Sij
(xi − xj) +

∑
i

∑
k∈Ai

d2Sik
(xi − ai)

+
∑
i∼j

d2Rij
(xi − xj) +

∑
i

∑
k∈Ai

d2Rik
(xi − ai) ,

(9)
where, similarly to (8), Sij is the sphere generated
by noisy range measurement (dij) between sensors i
and j and Rij the line that goes through the origin
with orientation (unit vector) uij that reflects the
measured relative positioning of nodes i and j.
To obtain a convex function, the components of
(9) which represent distances to a sphere (d2Sij

and

d2Sik
) can be relaxed by distances to a ball, by re-

placing d2Sij
(z) = inf‖y‖=dij‖z − y‖2 by d2Bij

(z) =

inf‖y‖≤dij‖z − y‖2. An identical operation is per-
formed for the terms associated with anchor mea-
surements. The obtained balls Bij and Bik are the
convex hulls of the respective spheres. Furthermore,
the distances d2Bij

and d2Bik
are the convex envelopes

of d2Sij
and d2Sik

, respectively.

Replacing the terms in (9) by the precedent re-
laxation and the respective relaxation for the an-
chor dependent measurements yields the final con-
vex cost function for CLORIS.

minimize
x

f(x) =
∑
i∼j

d2Bij
(xi − xj) +

∑
i

∑
k∈Ai

d2Bik
(xi − aik) +

∑
i∼j

d2Rij
(xi − xj) +

∑
i

∑
k∈Ai

d2Rik
(xi − aik) ,

(10)

The resulting cost function (10) is not the convex
envelope of (9), indeed it is an underestimator of
the original problem. Yet, Soares et. al in [23]
show that this type of underestimator can provide
very good approximations with quantifiable sub-
optimality.

The strategy to obtain the solution of CLORIS
follows the cooperative algorithm via the acceler-
ated Nesterov’s gradient descent, introduced in [14].
The choice of Nesterov’s over conventional descent
gradient methods allows for a tremendous speed in-
crease at almost no additional computational com-
plexity cost. At a high level, in this approach each

node estimate is given an arbitrary initial value and
its position estimate (xi(k)) is updated resorting to
a combination (wi) of the two previous iterations
estimates (xi(k − 1) and xi(k − 2)). The previous
loop can be performed up to a predefined maximum
number of iterations or it can stop when the gradi-
ent is smaller than a preset threshold.

4. Simulation and Experimental Results

In this section the performance of the two newly
proposed methods is evaluated both with numerical
and experimental tests.

Firstly, FLORIS performance is analysed bench-
marking it against SR-LS [4] and SLNN [17]. The
latter were chosen based on the assessment of [17]
which showed that SLNN has higher accuracy in 3D
than previously proposed optimization-based meth-
ods, while SR-LS is somewhat less accurate but
faster. Then findings from implementing FLORIS
in the deployed set-up are also presented and dis-
cussed.

Finally, the CLORIS sensor network localization
method is also simulated and experimentally tested.
The attained results are compared, for both cases,
against the range-based version, which was proved
in [23] to be more efficient and accurate than pre-
vious methods.

4.1. Single Source Localization - FLORIS

The following experiments were run using MAT-
LAB R2013a and the general-purpose SDP solver
CVX/SDPT33. Networks of acoustic and visual an-
chors were randomly generated in a [0, 5] × [0, 5]
× [0, 5] cube with white Gaussian noise added both
to the distance and orientation according to the ex-
pression α = α0(1 + w), where w ∼ N (0, σ2) is
a zero-mean Gaussian random variable with stan-
dard deviation (noise factor) σ and α0 denotes the
ideal (noiseless) range/angle measurement. Under
this model errors tend to increase for longer ranges
and wider slant angles to the visual markers. To
assess the performance both the position estima-
tion error and the rank of matrix W were studied.
The rank is used to assess the formulation in (6)
and its relaxation, since when rank(W) = 1, the
relaxed solution found holds the optimal value for
the original non-relaxed problem. The accuracy is
evaluated computing the Root-Mean-Square Error
(RMSE), for every set of MC Monte Carlo runs,

defined as
√

1
MC

∑MC
i=1 ‖xi − x̂i‖2, where xi and x̂i

are the true and the estimated source positions for
the ith run.

Example 1: Performing 500 Monte Carlo runs
for each noise factor value, for randomly generated
configurations of 6 acoustic and 4 visual anchors,

3http://www.math.nus.edu.sg/mattohkc/sdpt3.html (ac-
cessed in February 2014)

5



NF 0.001 0.005 0.01 0.05 0.1 0.5 1
Rank-1 (%) 88.2 75 75 65.4 71.2 82 67.8

Table 1: Percentage of rank-1 solutions for different 6+4 network configurations and noise factors
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Figure 3: 3D source localization performance;
RMSE vs Gaussian noise factors, for 6 acoustic and
4 visual anchors

the obtained relative frequency of rank(W) = 1 is
listed in Table 1. We conclude that the relaxation
used in FLORIS is tight, hence the optimal solution
is frequently found, even for very high measurement
noise.

Example 2: A comparison among the three meth-
ods is shown in Figure 3 for several values of noise
factors ∈ [0.001, 1], and for 500 randomly generated
network configurations, comprising 6 acoustic and
4 visual anchors. The figure shows significant im-
provement in accuracy by adding angular informa-
tion, such that FLORIS consistently outperforms
the other two (range-only) state-of-the-art meth-
ods. It can be remarked that the comparison is
unfair, as SLNN and SR-LS operate with less infor-
mation (6 acoustic anchors alone) than the hybrid
method (which adds 4 additional visual anchors).
A more equitable situation is discussed next.

Example 3: Figure 4 depicts simulation results
when all algorithms use the same number of an-
chors. Networks of 6 acoustic anchors were gen-
erated to test SLNN and SR-LS, 3 of which were
randomly converted to visual ones for the hybrid
approach. Under these conditions, the performance
of FLORIS is closer to that of other methods. In
fact, for very low noise factors it is slightly outper-
formed by SLNN and SR-LS. On the other hand,
the proposed method seems to be consistently more
robust for noisier measurements. This is an im-
portant property of FLORIS, as measurements in
practical scenarios tend to be quite noisy. Running
times (on the order of 1 sec) are similar to SLNN’s.
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Figure 4: 3D localization performance; RMSE vs
Gaussian noise factors for 6 acoustic or 3 acoustic
+ 3 visual anchors

SR-LS [4] SLNN [17] FLORIS
RMSE(m) 0.1737 0.1723 0.1609

Table 2: 3D source localization performance com-
parison, for an experimental data set obtained with
Cricket and ARUCO anchor nodes

Experimental Results
An experimental set-up was developed to test
FLORIS. This consisted of Cricket [18] beacon
nodes as acoustic anchors and ARUCO [12] aug-
mented reality tags as visual anchors. The tar-
get, comprising a video camera rigidly coupled to a
Cricket listener node, could roam in a covered vol-
ume of about 50 m3. Several practical issues had to
be overcome, including tuning the directionality of
Crickets, calibrating their range measurements in-
dividually, and setting up transformations to trans-
late between the coordinate systems of visual and
acoustic nodes (see subsection 2.1).

Several datasets (of range and orientation mea-
surements) were acquired. Figure 5 shows the
ground truth and the target positions estimated by
FLORIS during a walk through the installed set-up.
It can be observed that the estimated positions are,
globally, very close to the ground truth.

Table 2 compares the RMSE values obtained
for the proposed algorithm with SR-LS [4] and
SLNN [17], for a particular data set, after calibrat-
ing the Cricket range measurements and perform-
ing an extra refinement step of the global solution
equally for all methods. From Table 2, it can be
observed that FLORIS provides better accuracy es-
timates, when compared with the existing methods,
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Figure 5: Target position estimations given by the
hybrid algorithm versus the ground-truth positions

corroborating the good performance already found
in simulation.
This is a very encouraging result, showing that al-
though several practical limitations were found in
the deployment of the experimental set-up (noisy
measurements given by the Cricket System and the
calibration procedure) they were successfully over-
come. These findings support the claim that the
hybrid method proposed in this thesis is a signif-
icant contribution to the area, outperforming the
previous works in the case of practical noisy data.

Overall, these experimental results are believed
to validate FLORIS as a practically relevant and
solid algorithm with appealing accuracy and robust-
ness properties. We stress that FLORIS is poten-
tially more flexible than other methods operating on
a single type of sensed variable. More specifically,
the hybrid approach is able to successfully localize a
target in situations where other algorithms cannot.
For example, in 3D, when information from only
3 acoustic anchors is received, it is not possible to
estimate a correct position. Yet, if an object (or
a tag in our current implementation) is recognized
FLORIS produces a valid estimation. Furthermore,
although FLORIS experiences a well-known deteri-
oration in performance as the source moves outside
the convex hull spanned by the anchors, we have
observed that the degradation is more progressive
and smoother than in range-only algorithms. So
far, the evidence for this effect remains only empir-
ical, and a more careful characterization should be
undertaken.

4.2. Cooperative Localization - CLORIS

Similarly to the single source case, a set of sim-
ulation tests was conducted to evaluate the pro-
posed sensor network fusion method. Performance
is evaluated based on the accuracy, using the RMSE
(which for this paradigm is defined as RMSE =√

1
MC

1
N

∑MC
k=1

∑N
i=1 ‖xi − x̂i

k‖2, whereN is the to-

tal number of nodes with unknown positions, i.e.,
the sensor nodes, xi is the true position of node i
and x̂i

k is its position estimate in the k-th Monte
Carlo run. The measurement noise (both for ranges
and orientations) was modeled in the same way as
in the single source case. In the sensor network lo-
calization paradigm there may be networks which
cannot be solved, the so-called non localizable net-
works, in which a unique set of sensor positions
consistent with the data cannot be determined [1].
Hence, since the localizability of a network can-
not be formally proven, the CLORIS algorithm was
tested on fixed localizable networks in a [0, 1] x [0, 1]
x [0, 1] cube, and not on randomly generated ones.
Sets of MC = 500 Monte Carlo trials were run for
the fixed network for each measurement noise factor
(nf) ∈ (0.001, 0.005, 0.01, 0.05, 0.1).

Example 1: The RMSE versus the noise factor
for a 3D localizable network comprising 13 acoustic
anchors and 4 sensors is shown in Figure 6. For
CLORIS, 5 anchors were converted into visual ones,
so that a more equitable comparison between the
two methods can be performed.
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Figure 6: 3D sensor localization performance; com-
parison of the RMSE between CLORIS and the
range-based disk relaxation method

It is interesting to note that the robustness for
high noise factors demonstrated by the single-source
FLORIS method seems to prevail in this paradigm
with CLORIS. In fact, up to a noise factor of 0.01
the accuracy of the fusion algorithm is surmounted
by the range-based method, yet for higher noises
CLORIS achieves better results.
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Example 2: Figure 7 presents an analysis of
CLORIS performance depending on the number of
anchors.
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Figure 7: 3D Sensor Localization performance;
comparison of the RMSE between CLORIS and the
range-based disk relaxation method, for a fixed net-
work with varying number of anchors (for the fusion
case 2 of the acoustic anchors are converted into vi-
sual)

As expected, increasing the number of anchors
gradually improves the accuracy of both localiza-
tion algorithms. The high value found for CLORIS
RMSE for the 5 anchors network case leads to the
conclusion that the configuration is non localizable
with the visual anchors.

Experimental Results
For experimentally testing CLORIS, two targets
(including, similarly to the single source scenario,
a listener Cricket node mounted on a camera) were
deployed in the area covered by the acoustic and
visual anchors.

Next, the performance analysis of CLORIS im-
plementation is presented and compared with the
same disk relaxation for the single sensed variable
case.

A dataset comprising range measurements
from the Cricket system and angles between the
acoustic and visual anchors and the sensors in
the experimental set-up was collected. First,
synthetic datasets reproducing the experimental
set-up networks were generated to guarantee their
localizability. The next step was to replace the
synthetic distances by the noisy distances mea-
sured by the Cricket system, applying the range
calibration accomplished for each Cricket beacon,
and also the directions gathered by the cameras
of the two sensors. With this experimental input,
CLORIS was still able to provide quite accurate
position estimates for the two sensors roaming in
the set-up area, as can be seen in Table 3 and

Figure 8. In order to analyse the error introduced
by the translation of the angles into the global ref-
erence, the results for a mixed case, in which range
measurements are obtained experimentally, yet
the incident directions are synthetically generated,
are also considered. These results are particularly
interesting as the network configurations obtained
from the experimental dataset happen to be non-
localizable when considering only acoustic anchors
and range information, whereas when the direction
is added the sensor positions are estimated with
good accuracy. Hence, this experimental test
clearly demonstrates the practical operability
and feasibility of CLORIS. It is also verified that
integration of the experimentally measured angles
increases the error relative to the synthetic-angle
case, nevertheless this is a small degradation
considering the practical deployment.

Figure 8: CLORIS estimated sensors positions
versus the ground truth positions during a walk
through the experimental set-up

RMSE (m)
Range-based Disk Relaxation 1.4279
CLORIS - Synthetic Directions 0.4954
CLORIS - Totally Experimental 0.5473

Table 3: 3D sensor network localization perfor-
mance for a walk through the experimental sce-
nario. Comparison among the solely range based al-
gorithm and CLORIS with both experimental range
measurements and synthetic directions and all ex-
perimental measurements

The results achieved presented in both Figure 8
and Table 3 show a practical case in which the fu-
sion cooperative approach developed in this disser-
tation provides good position estimates surpassing
the previous method based on a single sensed vari-
able (range). The results are extremely encouraging
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regarding further development of hybrid methods
for cooperative localization scenarios.

5. Conclusions and Future Work

This work addresses the growing need for solutions
and applications for large-scale heterogeneous sen-
sor networks, taking advantage of distinct sensing
devices. In particular, a new approach for central-
ized localization based on nonlinear least squares
that seamlessly fuses range and angular measure-
ments was devised, as well as a tight SDP relax-
ation that provides an efficient solution method us-
ing a generic convex solver. FLORIS was numeri-
cally and experimentally validated, showing that it
can provide accurate position estimations. In nu-
merical results FLORIS achieves higher accuracy
than state-of-the-art methods, particularly for high
noise scenarios.

Targeting the sensor network problem, the new
proposed CLORIS algorithm is an extension of a
previous sensor network localization method devel-
oped in-house and based on a convexification mech-
anism by disk relaxation. Simulation results were
extremely promising too, showing that CLORIS re-
mains accurate even in very noisy scenarios, and
thus presents a good performance trade-off when
compared to the solely range-based method.

Findings from a real indoor deployment of both
methods are extremely promising, showing that
FLORIS and CLORIS have leading estimation ac-
curacy for the acquired datasets, including in cases
that cannot be tackled by previous methods using
a single type of sensor.

Noisy acoustic range measurements are an impor-
tant practical concern, and alternatives (e.g., us-
ing low-cost UWB nodes) are being assessed. The
procedure to translate between coordinate systems
for the various types of nodes also requires im-
provement. Longer-term future work will explore
the replacement of visual anchors (tags) by detec-
tion/recognition of more general objects.
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