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Lúıs Antero Albino Zilhão
luis.zilhao@tecnico.ulisboa.pt
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Abstract

This thesis addresses the subject of early-stage design optimization of a low NOx emissions turbofan
at multiple operating conditions. Such emissions present harmful environmental and health effects,
both at ground and cruise levels. Reducing these is a need imposed by the expected growth in aviation
traffic. However, achieving such a reduction without compromising engine performance is one of the
current major technical challenges in the aviation industry. 0-D aero-thermodynamic models are a
powerful tool at an early development stage of the design of aero-engines. These models provide simple
but thermodynamically realistic results and do not require a full description of the engine geometry.
Bearing this in mind, the present work presents a 0-D aero-thermodynamic model of a two- and
three-spool turbofan engine purporting to parametrically analyse both design and off-design operating
conditions and predicting NOx emissions. These estimates are obtained by coupling different NOx

emissions single-equation prediction models with the developed turbofan engine model. The latter is
validated by comparing both its performance results with those obtained by similar commercial software
and the predicted NOx emissions with emission’s measurements from different engines available in
a data bank. Finally, the model is coupled with an optimization algorithm devised with the aim of
achieving simultaneously early-stage design optimization for low NOx emissions and a high level of
performance in other engine specifications (e.g., specific fuel consumption).
Keywords: NOx Emissions, 0-D Aero-Thermodynamic Model, Turbofan, Off-Design Analysis,
Early-Stage Design Optimization

1. Introduction
One of the most challenging issues in the world of

aircraft industry is pollutant emissions. Trying to
develop greener and safer engines while keeping per-
formance is, in fact, a real and complex problem for
design engineers. For obvious economics reasons the
main goal of aircraft airliners is to maximize engine
performance, i.e., achieving full thrust power with
as little fuel consumption as possible. At the same
time, environmental concerns associated with the
continued emission of the main combustion species
into the atmosphere, such as nitrogen oxides (NOx)
and carbon dioxide (CO2), has increased the urge
to develop new techniques enabling significant re-
ductions in emissions.

The major technical challenge here is reducing

A version of this paper has been accepted for presenta-
tion at the 53rd AIAA Aerospace Sciences Meeting, AIAA
Science and Technology Forum 2015, co-authoring with João
Manuel Melo de Sousa, Associate Professor, Mechanical En-
gineering Department, Instituto Superior Técnico, Avenida
Rovisco Pais, Associate Fellow AIAA.

NOx emissions. Due to the quest for increased effi-
ciency by turbofan engine manufacturers, combus-
tion temperatures in gas turbines engines became
increasingly higher. Such high temperatures are,
in turn, the cause of increased combustion cham-
ber exit emissions of NOx, mainly in the form of ni-
tric oxide (NO) via the well-known thermal-NO for-
mation mechanism. Environmental concerns with
both the effects of NOx emissions from aircraft in
altitude (where most emissions occur) and with lo-
cal air quality in the vicinity of airports (contribut-
ing to 70-80% of total NOx emissions) resulted into
growingly stringent standards in the past decades.
As a consequence, NOx standards recently entering
in effect are 65% more stringent for large engines
than the original standard adopted in 1981 [3].

The goal of early-stage turbofan engineer design-
ers is then to reconcile optimization of combustion
chambers for low NOx emissions at multiple oper-
ating conditions, with increasingly higher engine ef-
ficiencies. For both economical and environmental
reasons it does not suffice to optimize an engine
at a single working point, e.g. at design condi-
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tions. Nowadays, off-design modelling is manda-
tory at very early stages of engine design, mainly
to reduce testing costs [7].

Historically, off-design models have evolved from
the 0-D category, where averaged fluid character-
istics are computed at discrete positions inside the
engine, to more complex approaches involving con-
tinuity in the computation (1-D models) and, ul-
timately, detailed (non-averaged) discretization of
the whole flow path inside the engine (axisymmet-
ric 2-D models and full 3-D models). Although ob-
vious gains can be drawn from the use of more de-
tailed and powerful approaches such as the latter
models, 0-D models present a number of advantages
for use at very early engine development stages, as
these do not require a detailed description of the
engine geometry. Hence, 0-D models are simultane-
ously simple and thermodynamically realistic, thus
allowing the designer to perform computationally
efficient optimization studies. The computational
cost of high-fidelity numerical simulations of full-
scale aero-engines (or even of the combustor alone)
is still prohibitive when aiming to take into account
the whole physics, namely concerning detailed emis-
sions. As a consequence, such simulations should
be carried out at late stages of the design only and
should be applied to a highly reduced number of
operating points [1].

The present work uses a 0-D model developed by
the author of a two- and three-spool turbofan en-
gine to parametrically analyse both design and off-
design operating conditions. The current method
has been validated against a number of other sim-
ilar models described in the literature. The main
goal is to achieve an early-stage design optimiza-
tion of a turbofan for low NOx emissions via the
definition of proper single or multi-objectives func-
tions to be minimized employing, e.g., genetic al-
gorithms, given that their speed and adaptability
have made them an ideal tool for complex design
problems. Hence, the present method for off-design
performance of a turbofan is coupled with an effi-
cient optimization algorithm, thus minimizing the
emission index parameter but still maintaining a
high specific range, required for high fuel efficiency
in a particular mission.

2. Turbofan model: design point and off-
design

When developing an aero-engine thermodynamic
model there are different approaches that can be fol-
lowed. One of the most common, and probably the
one presenting more advantages in the early-stage
engine design, is the design point analysis coupled
with the off-design analysis. In some literature, it
is also usual to find this approach described as the
parametric cycle analysis (design point) and the en-
gine performance analysis (off-design).

In design point analysis, the goal is to determine
the performance of engines at different flight con-
ditions and values of design choice, such as com-
pressor pressure ratio, and design limit conditions,
such as turbine inlet temperature. In contrast, off-
design analysis defines the performance of a specific
engine at all flight conditions and throttle settings.
The main purpose in a design point analysis is to
relate engine performance parameters, like specific
fuel consumption and thrust, to design choices, de-
sign limitations and flight environment. This makes
it possible to determinate which type of engine and
component design characteristics are best to fit a
particular need. As this analysis does not require
a detailed description of engine geometry, some au-
thors refer to it as representing a rubber engine.
On the other hand, in an off-design model, instead
of a rubber engine, what is considered is the per-
formance of an engine that has already been built,
either physically or mathematically, and that has a
compressor pressure ratio dependent on the throttle
setting and flight condition [6].

2.1. Design point model

In order to use the design point model it is nec-
essary to know which inputs have to be to intro-
duced in order to obtain proper results, how the
several components are physically modelled and, fi-
nally, the outputs that are to be shown to the user of
the model. The division between high-pressure and
low-pressure zone for the turbine and the compres-
sor was not considered for the design point model.
Therefore, under this operating condition, it is as if
the model were of a one-spool turbofan engine.

The inputs of the design point model were cata-
logued under three categories: ambient and flight
data, level of technology and design parameters.
The inputs related with ambient and flight data are
just the ones strictly needed to characterize flight
conditions, such as altitude, flight velocity and air
and fuel characteristics. The second category of in-
puts relates with the level of technology of the mod-
elled engine. Several figures of merit of the turbofan
components are here defined by means of typical
values. These correspond to different periods in the
evolution and application of engine technology. The
last category of inputs to be introduced in the model
are the design parameters. Among these, we find
design choices, such as compressor and fan pressure
ratio (πc, πf ) or bypass ratio (B), and design limit
conditions, such as turbine inlet temperature and
the mechanical efficiency of the coupling between
the turbine and compressor (Tt4, ηm).

After introducing all the input values, it is possi-
ble to determine all the total pressure and tempera-
ture ratios, enabling the presentation of the results
in terms of specific thrust, specific fuel consumption
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and so on, by using the thermodynamic relations in
each component of the turbofan engine, namely for
the free stream/inlet conditions, for diffuser, fan,
combustion chamber, turbine and nozzles.

Design parameters
B
πf
πc
Tt4
ηm

Table 1: Design point inputs - design parameters

The main outputs in a design point analysis are
specific thrust, Ψ = F/ṁ, and specific fuel con-
sumption, S. These two engine performance param-
eters are important if we are to understand what
the overall performance of the engine is going to
be, and how it will react to the variation in design
choices (e.g. compressor pressure ratio, bypass ra-
tio or fan pressure ratio). Besides these parameters,
the model computes also the values for the overall
efficiency, ηo, of the turbofan engine, after calculat-
ing its propulsive and thermal efficiency, ηp and ηth,
respectively.

2.2. Off-design model
What is done in an off-design analysis is to pre-

dict and to describe engine performance at different
throttle settings and flight conditions. In order to
do so, several physical relationships are described,
considering a steady state operating point of the en-
gine. If the relationship between temperature and
pressure ratio at that operating point is constant,
that operating point will be regarded as a reference,
and will be called the ’design reference condition’.
To define this reference operating point a subscript
R will be used:

f(π, τ) = f(πR, τR) = constant (1)

Several assumptions are made in this analysis
that are irrelevant for the design point analysis.
Thus, it is essential to state them now. In this
analysis the model describes a two-spool turbofan
engine. This means there is a separation between
high-pressure zone and low-pressure zone for both
the compressor and the turbine. In order to distin-
guish between high and low-pressure zone, a sub-
scriptH or L will be used, respectively. In this anal-
ysis, it will be considered that high-pressure and
low-pressure turbine inlet nozzles are choked; the
main nozzle and the bypass duct are also choked.
The areas in the high-pressure and low-pressure tur-
bine where the choking occurs are constants: this is
an assumption valid in a wide operating range for
modern turbofan engines. The term unity plus the

fuel/air ratio (1+f), a common relation among the
calculations of an engine cycle analysis, is consid-
ered to be a constant too.

The total pressure ratios of the combustion cham-
ber (πb), the main exit nozzle (πn) and the bypass
exit nozzle (πfn) will be considered to be constant
and no different from their reference values. The
values of the efficiencies of the several components
will also be considered to be constants (ηc, ηf , ηb,
ηtH , ηtL, ηmH , ηmL) and will be assumed not to
change from their reference values.

In off-design analysis the inputs were catalogued
in three categories: ambient and flight data, com-
ponents efficiencies and design parameters of the
reference operating conditions. The second cate-
gory of inputs is different from level of technology,
typical of design point analysis. In an off-design
analysis what is at stake is the performance of a
built engine, whether physically or mathematically;
thus, there the notion of the several values increas-
ing with the evolution of engine technology is no
longer valid. If the engine has already been built,
it has a fixed and unique value of efficiency for each
one of its several components. So, the values of such
efficiencies, which are discriminated in Table 2 be-
low have to be inserted as inputs. In this category
of inputs, together with the component efficiencies,
the figure of merit of the diffuser and the total pres-
sure ratios for the combustion chamber and for the
nozzles are also defined. As previously stated, all
these efficiencies and figures of merit are constant
and do not differ from their reference values.

Component Efficiency
Diffuser πd max

Burner πb, ηb
Nozzles πn, πfn
Fan ηf
LP Compressor ηcL
HP Compressor ηcH
LP Turbine ηtL
HP Turbine ηtH
LP Spool ηmL

HP Spool ηmH

Table 2: Off-Design inputs - component efficiencies
and figures of merit

The last class of inputs in the off-design model
is the design parameters of the reference operating
point. This class includes the component behaviour
of the low and high-pressure compressor pressure
ratio, fan pressure ratio and by-pass ratio (πcLR,
πcHR, πfR, BR). Throttle settings, i.e. the high-
pressure turbine inlet temperature and the total en-
gine mass flow (Tt4R, ṁR), are also included in this
class.
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Once again, after introducing all the inputs and
using the thermodynamic relations in each compo-
nent of the turbofan engine, it is possible to deter-
mine all the total pressure and temperature ratios.
The implementation of the off-design model is the
following. First, as in the design point model, pres-
sure and temperature ratios are calculated for every
engine component in the reference operating point,
taking into account the obvious differences between
the two types of model. Second, operating condi-
tions are calculated by functional iteration, start-
ing with the reference quantities as initial values.
This approach is based on the assumptions made in
the present section: choked flow at high and low-
pressure turbine inlets, which requires constant val-
ues of ṁ4 and ṁ4.5. As the exhaust nozzles of the
turbofan engine have fixed throat areas, it is impor-
tant to remember that they will be choked when the
exhaust total pressure to ambient static pressure
ratio is equal to or larger than [(k + 1)/2]k/(k−1).
However, when an exhaust nozzle is unchoked, the
nozzle exit pressure equals the ambient pressure and
the exit Mach number is subsonic.

In off-design analysis, the main outputs concern
overall performance and component behaviour. Af-
ter the iteration process, all pressure and temper-
ature ratios are computed for the different engine
components, so their behaviour is fully defined for
the specified operating conditions. As in design
point analysis, also specific thrust, Ψ, and specific
fuel consumption, S, are calculated, but now also
engine total mass flow, ṁ, for the operating point
can also be calculated. With this information, the
full thrust, F , for the turbofan engine, can be com-
puted as well.

2.3. Three-spool turbofan

The present model was developed for a two-spool
turbofan engine, mainly because this is still the
most used design of turbofan engines in aviation
industry. However, current research and develop-
ment projects within the aviation industry aimed
at further reducing fuel burn, noise and pollutant
emissions, are mainly considering the three-spool
configuration. In order to achieve such ambitious
goals, Ultra High Bypass ratio (UHB) engine tech-
nology is being developed and the preferred design
choice seems to be, in this case, the three-spool tur-
bofan engine. Consequently, it was thought per-
tinent to generalize the present model to a three-
spool turbofan design. Obviously, a third spool
has to be introduced in the model if an off-design
analysis of a three-spool turbofan engine is to be
performed. Similarly to the previous model, the
low-pressure turbine drives the low-pressure com-
pressor and the fan through the low-pressure spool;
the high-pressure turbine drives the high-pressure

compressor through the high-pressure spool; but,
now, the super-high-pressure turbine drives the
super-high-pressure compressor through a super-
high-pressure spool. This is illustrated in Figure
1, where the third spool is highlighted. The intro-
duction of the third spool in the model allows one to
obtain higher values of maximum thrust and lower
values of specific fuel consumption; these results
come with a cost though: the increase in complex-
ity (impacting in engine weight and maintenance)
and, eventually, the increase of NOx emissions.

Figure 1: Three-spool turbofan engine schematics
[9]

3. Turbofan model results and validation

In design point analysis results, outputs Ψ and S
are studied in order to predict the way they corre-
late with different bypass ratio, compressor pressure
ratio, flight Mach number or fan pressure ratio. The
consequences of using different levels of technology
and turbine inlet temperature are also discussed. It
will be also compared the results obtained with a
similar commercial software model, that goes by the
name of GasTurb.

For off-design conditions, results relate perfor-
mance parameters as Ψ, S, F and ṁ to flight Mach
number and flight altitude. Compressor, fan and
bypass ratio behaviour are also studied for differ-
ent flight conditions. As well as in design point
analysis, the present results will be then compared
with those obtained by similar commercial software
models, GasTurb and PERF.

3.1. Design point performance results

Figure 2 shows the results obtained for specific
thrust and specific fuel consumption, respectively,
as a function of flight Mach number for a bypass
ratio B = 5. This design point analysis was car-
ried out for an altitude of h = 10000 m and com-
pressor pressure ratio of πc = 30. Concerning the
level of technology, this analysis is related with level
4 and the design parameters simulated were a fan
pressure ratio of πf = 1.6 and a turbine inlet tem-
perature of Tt4 = 1600 K. The coupling between
turbine and compressor was assumed to have a ef-
ficiency of ηm = 0.99. The results are compared
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with those produced by the package GasTurb. Very
good agreement is obtained between the two match-
ing sets of results, except for the supersonic range,
which is out of the operating conditions of interest
for the present study.

(a) Ψ as a function of M0: GasTurb comparison

(b) S as a function of M0: GasTurb comparison

Figure 2: Design point results as a function of flight
Mach number M0

3.2. Off-design performance results

In parallel to what was done with design point
performance results, in off-design analysis the re-
sults obtained are also compared with those ob-
tained by using similar software recognized by the
scientific and academic communities. In Figure 3
two charts are plotted where specific thrust and
specific fuel consumption and engine mass flow re-
sults obtained with the present model are com-
pared with results obtained by using GasTurb and
PERF. These results are for an operating condition
at h = 10 km and considering sea-level static con-
ditions for the reference operating point. Besides
that, the values chosen for component efficiencies
and reference design parameters are typical. It can
be seen that there is a good overall agreement be-

tween the several models; furthermore, all methods
display exactly the same trend. Only at specific
thrust results, PERF model exhibits some discrep-
ancies when compared with the other models.

(a) Ψ as a function of M0: software comparison

(b) S as a function of M0: software comparison

Figure 3: Off-design software comparison results as
a function of flight Mach number M0

4. NOx emissions prediction model results
All the NOx emissions prediction models used in

this work are empirical and semi-empirical single
equation models. The main criterion underlying the
assessment of an emissions model as satisfactory is
that it obtain an optimum balance between accu-
racy of representation, utility, economy of opera-
tion and capability for further improvement. Thus,
in order to succeed, one such model must incor-
porate an accurate representation of complex flow
behaviour and also a kinetic scheme of the impor-
tant chemical reactions occurring in the interior of
the combustion chamber [5].

4.1. The Committee on Aeronautical Technologies
model

The Committee of Aeronautical Technologies,
Aeronautics and Space Engineering Board and the
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Commission on Engineering and Technical Systems
describe a prediction model introducing the sever-
ity parameter SNOx

for NOx emissions. According
to [2], this parameter is defined as

SNOx
=

( pt3
2965

)0.4

exp

(
Tt3 − 826

194
+

6.29 − 100w

53.2

)
(2)

This NOx emissions prediction model also intro-
duces the water/air ratio w parameter. This ra-
tio includes the effect of ambient humidity in the
model, but it does not consider any attempt at re-
ducing NOx emissions by means of the injection of
water or steam into the combustion chamber. For
conventional combustion chambers, equation (3a) is
used, while, for dual annular combustion chambers,
EINOx is obtained by applying equation (3b).

EINOx = 32SNOx (3a)

EINOx
= 23SNOx

(3b)

4.2. Lefebvre’s model

In reference [5], Lefebvre puts forth a semi-
empirical NOx emissions prediction model. Accord-
ing to it, the exhaust concentration of nitric oxides
is shown to be proportional to the product of three
terms, which were selected in order to illustrate dif-
ferent combustion characteristics. These are as fol-
lows: first, a term that represents the mean resi-
dence time in the combustion chamber; second, a
term for the chemical reaction rates; and third, a
term representing the mixing rates. Expressions for
these three terms were derived in the following way:
in terms of combustion chamber volume and airflow
proportions, for residence time; in terms of operat-
ing conditions of inlet pressure, temperature and
air mass flow rate for reaction rate; and in terms
of liner pressure drop, for the mixing rate. From
the analysis of experimental data [5], the following
constants values A = 9× 10−8, x = 0, y = 1.25 and
z = 0.01 were found. By combining those expres-
sions, according to [5], one gets:

EINOx =
9 × 10−8 pt3

1.25 Vc exp(0.01Tst)

ṁcore Tpz
(4)

In the above expression for EINOx , Vc denotes
the combustion chamber volume expressed in m3.
There are two temperature terms, both expressed in
degrees K: Tst represents the stoichiometric flame
temperature corresponding to the inlet combustion
chamber temperature Tt3 and Tpz is the primary
zone temperature.

4.3. Rizk and Mongia’s model
In 1993, Rizk and Mongia [8] put forth a single

equation prediction model for NOx emissions. Such
an approach simulates the reaction in the combus-
tion chamber by a number of reactors that represent
different zones of the combustion chamber. A de-
tailed chemical kinetic mechanism is used to provide
a fundamental basis for the model. The effects of
spray evaporation and mixing in the reaction zone
on emissions are addressed in the calculation pro-
cedure [8]. Rizk and Mongia formulated a number
of expressions to simulate NOx emissions. The cor-
responding equations are presented below:

EINOx
= 1013(pt3/1.4 × 106)aa

×exp(−71442/Tpz)(7.56Φ−7.2 − 1.6)τ0.64
(5a)

EINOx = 1014(pt3/1.4 × 106)aa

×exp(−71442/Tpz)(1.172Φ−4.56 − 0.6)τ0.876
(5b)

Equation (5a) is related to the NOx formation
in the primary zone reactors, while equation (5b)
refers to the additional NOx formed in the down-
stream reactor if the temperature is high enough.
The total NOx formed in the combustion chamber
is then the sum of the contributions from each reac-
tor after correcting the NOx concentration accord-
ing to the fuel flow fraction through the reactor [8].
τ is the residence time in the combustion chamber
given in ms. The exponent of the pressure term in
equations (5) depends on the equivalence ratio, Φ,
as follows:

aa = 11.949exp

(
− Φ

5.76

)
− 10.0 (6)

4.4. Results and Discussion
Despite the fact that all NOx emissions predic-

tion models studied have valid results (published
in the literature with successful experimental data
comparisons), not all of them correlate well with
the analysis conducted in this thesis. The empirical
and semi-empirical single-equation models results
presented in previous publications were compared
with experimental measurements, which were car-
ried out in isolated combustion chambers ([5, 8]).
The coupling of the chamber with the several other
engine components or even with different flight con-
ditions was not considered. In contrast, such a cou-
pling was undertaken in this essay.

The main reason to choose the three above men-
tioned models for coupling with the thermodynamic
model was the fact that each one of them exhibits
different explicit parameters influencing the produc-
tion of NOx emissions. In the Committee’s model
the ambient humidity variable is present. The com-
bustion chamber volume is explicitly considered in
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Lefebvre’s model. And the residence time in com-
bustion chamber is an input for the Rizk and Mon-
gia’s model. It is then possible to observe how these
parameters affect the NOx emission index at sev-
eral flight conditions and how they can be taken
into consideration in early-stage design for low NOx

emissions combustion chambers.

Comparing the results obtained with the three
different NOx prediction models, it can be seen that
all of them display the same trend as a function of
flight Mach number and flight altitude. Also, the
results of emission index are in the same order of
magnitude for the three models. The existent dif-
ferences are obviously due to the different ways the
single-equation models are computed by their au-
thors, and also to the different parameters consid-
ered in each one of the them. It is important to
emphasize, once again, the fact that these predic-
tion models were not developed considering differ-
ent flight conditions, or the combustion chamber
inserted in an aero-engine as a whole.

After computing the NOx prediction model re-
sults it is possible to compare these with available
measurements from the ICAO’s emission data bank
[4]. By performing such comparison, it is possible to
conclude that these results correlate well with the
data extracted from the data bank for an equivalent
technology level. The NOx prediction model used
to compare the present results with those of the
ICAO’s emission data bank was the one suggested
by the Committee on Aeronautical Technologies [2].

5. Optimization

The optimization process conducted within this
work is done in two steps. First, the genetic algo-
rithm is coupled with the developed turbofan model
in order to find an optimal solution for the ref-
erence operating conditions design parameters. A
single-objective function needs to be minimized -
the EINOx

function described by the three above-
mentioned models; however, within each model
there are some extra optimization parameters. This
function describes an optimization process focused
only in NOx emissions reduction. Second, a multi-
objective optimization is performed in order to min-
imize both NOx emissions and specific fuel con-
sumption S, bearing in mind emissions and oper-
ating costs optimization. The results as well as the
optimization process applied to Rizk and Mongia’s
NOx emissions prediction model will be presented
next. The main reason behind the decision of giv-
ing preference to the above-mentioned model in this
analysis is the following. Both Rizk and Mongia’s
and Lefebvre’s models are more detailed than the
Committee’s model; in fact they involve more phys-
ical variables; thus, they are more sensitive to the
design constraints concerning NOx emissions. How-

(a) EINOx as a function of M0 and h - Committee’s model

(b) EINOx as a function of M0 and h - Lefebvre’s model

(c) EINOx as a function of M0 and h - Rizk and Mongia’s
model

Figure 4: NOx emissions results at off-design oper-
ating conditions

ever, Rizk and Mongia’s model is the more complete
of the two models. Besides involving a variable re-
lated to the combustion chamber volume, it also
takes into account the equivalence ratio within the
chamber.

7



5.1. Single-objective function optimization

The optimization results for this NOx emissions
prediction model are presented in Figure 5, using a
logarithmic scale in the ordinates axis and consid-
ering sea-level static conditions. These results were
obtained for two- and three-spool turbofan mod-
els. The iterative process of the genetic algorithm
was interrupted at the fiftieth generation, because
at that generation the algorithm had already con-
verged for an optimal solution. From the results
over the fifty generations period it is possible to
find the optimal solution for EINOx

: according to
genetic algorithm optimization, the optimal solu-
tion will be EINOx

= 0.028 g/kgfuel for a two-
spool turbofan engine design. For a three-spool
turbofan engine design, the optimal solution will be
EINOx

= 0.013 g/kgfuel. In order to obtain these
values for the emission index of NOx, the design pa-
rameters will have to be set to the values given in
Table 3.

This single-objective optimization task shows
that, if we are to achieve a maximum reduction
in NOx emissions, the values for compressor pres-
sure ratio and bypass ratio need to be much lower
than the typical values employed in current en-
gines. However, if a turbofan design were to em-
ploy the optimization design parameters obtained,
this would lead to a severe increase in specific fuel
consumption and to a decrease in specific thrust.
As a matter of fact, given the optimization design
parameters presented in Table 3, one would get
S = 1.3 N/Nh for the two-spool turbofan design
and S = 1.7 N/Nh for the three-spool turbofan de-
sign. These values represent approximately a 300%
increase in specific fuel consumption compared with
those obtained with typical reference design param-
eters for sea-level static conditions. Such a conse-
quence would result in a major increase in operating
costs; this would be unaffordable in terms of prac-
tical engine applications.

2 − spool Design 3 − spool Design
πfR = 1.942 πfR = 1.354
πcLR = 1.5 πcLR = 1.1
πcHR = 1.511 πcHR = 1.1
BR = 1.724 πcSHR = 1.5

Tt4R = 1934 K BR = 1.5
τ = 0.1 ms Tt4R = 1944 K

τ = 0.1 ms

Table 3: Single-objective optimum design parame-
ters of Rizk and Mongia’s NOx emissions prediction
model

(a) 2-spool Design

(b) 3-spool Design

Figure 5: Single-objective optimization results of
Rizk and Mongia’s NOx emissions prediction model

5.2. Multi-objectives functions optimization

Due to the existent trade-off between NOx emis-
sions and fuel consumption it was considered
mandatory to perform a multi-objective optimiza-
tion in order to minimize both NOx emissions
and specific fuel consumption S, bearing in mind
emissions and operating costs optimization. Now,
one will have two objective functions: the single-
equation that predicts the values for EINOx and
the specific fuel consumption equation.

The optimization results for this NOx emissions
prediction model are presented in Figure 6, using
now a logarithmic scale in the abscissas axis and
considering sea-level static conditions. These re-
sults were obtained for two- and three-spool tur-
bofan models. The iterative process of the genetic
algorithm was interrupted at the fifth generation.
From the results over the five generations period,
it is possible to find a range of optimal solutions
for EINOx and S. Carefully analysing the results
and bearing in mind the simultaneous desiderata
of maximum reduction of both EINOx

and S, it
is possible to present a single solution for these
two performance parameters: for a two-spool tur-
bofan engine design the optimal solution would be
EINOx = 0.119 g/kgfuel and S = 0.489 N/Nh;
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for a three-spool turbofan engine design, the opti-
mal solution would be EINOx

= 0.095 g/kgfuel and
S = 0.385 N/Nh. In order to obtain these values
for the emission index of NOx and specific fuel con-
sumption, the design parameters will have to be set
to the values given in Table 4.

(a) 2-spool Design

(b) 3-spool Design

Figure 6: Multi-objective optimization results of
Rizk and Mongia’s NOx emissions prediction model

2 − spool Design 3 − spool Design
πfR = 1.916 πfR = 1.838
πcLR = 3.075 πcLR = 1.383
πcHR = 4.163 πcHR = 2.493
BR = 4.552 πcSHR = 3.879

Tt4R = 1685 K BR = 6.218
τ = 0.417 ms Tt4R = 1625 K

τ = 0.124 ms

Table 4: Multi-objective optimum design parame-
ters of Rizk and Mongia’s NOx emissions prediction
model

6. Conclusions
Bearing in mind the objectives for this thesis

work, a two- and three-spool turbofan engine 0-
D aero-thermodynamic model was developed with
two purposes: first, to compute performance re-
sults and, second, to predict NOx emissions values

at multiple operating conditions. The performance
results were compared with similar commercial soft-
ware, namely GasTurb and PERF packages, both
at design and off-design operating conditions. Good
agreement was obtained. This led to the conclusion
that the aero-thermodynamic model put forth in
this thesis is valid and can be used to obtain trust-
ful results for several engine performance parame-
ters and component behaviour.

The predicted NOx emissions values were also
compared with available emissions measurements
from different aircraft engines that have entered
production and are in current use. Again, good
agreement was obtained. Thus, the conviction of
the model’s validity was strengthened. The predic-
tion of emissions was achieved by coupling the aero-
thermodynamic model with single-equation models
for NOx emissions. After reviewing the available lit-
erature, one is led to the conclusion that the three
implemented prediction models (the Committee’s,
Lefebvre’s, and Rizk and Mongia’s models) are the
best to be used in conjunction with the turbofan
model. Each one of them exhibits different com-
bustion parameters, the consideration of which is
important for the prediction of NOx emissions. This
was the main reason for selecting them.

After developing and validating the model in
terms of performance and NOx emissions results,
an optimization process for early-stage design of a
turbofan engine for low NOx emissions was under-
taken. This process began with a single-objective
optimization, bearing nothing else in mind but the
purpose of minimizing NOx emissions. The conclu-
sion of such optimization process was the following:
maximizing solely the reduction of NOx emissions
overlooks key performance parameters, namely, the
specific fuel consumption. In order to achieve the
lowest possible values of NOx emissions, the fuel
consumption would rise significantly. Therefore, a
multi-objective optimization was undertaken with
the goal of simultaneously reduce NOx emissions
and specific fuel consumption. The results obtained
from such an optimization process indicate possible
design parameters (πf , πc, B) to be used in the de-
velopment of competitive turbofan engines with low
NOx emissions. They also show that three-spool de-
sign enables us to obtain lower values of both NOx

emissions and specific fuel consumption.

The model developed here is a 0-D model. Its re-
sults are accordingly simple. They are however re-
alistic. Through a design point analysis, the present
model can successfully determine which type of en-
gine and component design characteristics are best
to fit a particular need; through an off-design anal-
ysis, it defines the performance of a specific engine
at all flight conditions and throttle settings. It can
also predict NOx emissions at multiple operating
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conditions. This is significantly important for air-
craft’s emissions in altitude. Despite the real en-
vironmental and health concerns of such emissions,
these are not regulated and official measurements
are not available. Finally, this optimization pro-
cess suggests possible design parameters that, cou-
pled with other optimized engine components (e.g.,
state-of-the-art ”greener” combustion chamber de-
signs), can be used for further design development
of low NOx emissions turbofan engines. The final
conclusion is then the following: the coupling be-
tween the model developed and the optimization
process has proven to be a powerful tool for early-
stage design of low NOx emissions turbofan engines.
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