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Abstract

The success of the fusion programme (namely ITER) depends on a better understanding of turbulent
transport. In this context, it has been realised that radially sheared toroidal plasma flows can reduce
radial turbulent transport. However, if the flow is too strongly sheared, it can introduce new instabilities.
In addition, the presence of flow can lead to “subcritical turbulence”, i.e., turbulence that forms in the
absence of any linearly unstable eigenmode. The aim of this project is to extend into the nonlinear regime
previous studies performed with a minimal set of equations, which captures the interplay between two
instabilities: the ITG instability, driven by the radial gradient in the ion temperature (“Ion-Temperature
Gradient”), which is the principal cause of turbulent transport, and the PVG instability, driven by the
radial gradient in the velocity parallel to the magnetic field (“Parallel Velocity Gradient”). For this
purpose, a pre-existent numerical code was modified and extensively tested, to confirm previous studies
made in the linear regime of these instabilities. Afterwards, the previous linear results were extended
to the universal mode regime (driven solely by a density gradient), which is always stable in the set
of equations considered. In the nonlinear regime, both the effect of the density drive on the nonlinear
saturation plateau of the ITG and the inertial range on the nonlinear PVG energy spectrum was
investigated. Even though these are low resolution, preliminary results (due to computation limitations),
they anticipate interesting nonlinear behaviours of these instabilities, which will be examined in future
work.
Keywords: fusion plasmas, turbulence, transport, sheared flow, ITG, PVG

1. Introduction

Plasma turbulence is driven by different free energy
sources for micro-instabilities, mainly the inhomo-
geneity of plasma profiles including plasma temper-
ature, density [1], and flow velocity. Understanding
how this turbulence can be suppressed, since it leads
to anomalously large radial transport coefficients,
having thus deleterious effects on plasma confine-
ment, is a central goal of fusion research. There
are many examples regarding the effect of sheared
flow on the neutralization of turbulence [2]. In [3],
it was concluded that, for tokamaks, stabilization
can occur through purely toroidal rotation. Indeed,
shearing the turbulent eddies apart, in order for
them to become smaller and smaller, can be made
by a flow shear, therefore neutralizing turbulence
[4]. Experimental results on DIII-D also confirm
that toroidal shear flow can lead to stabilization [5],
and anomalous transport is smaller than neoclassi-
cal transport [6]. In the LAPD (LArge Plasma De-
vice), an experiment at UCLA, near-complete sup-
pression of turbulence is observed for a given exper-
imentally measured shear rate [7]. Moreover, toka-
mak discharges with improved energy confinement

properties arising from internal transport barriers
(ITBs) have certain attractive features, such as a
large bootstrap current fraction, which suggest a
potential route to the steady-state mode of opera-
tion desirable for fusion power plants [8]. One ma-
jor development on the investigation of transport
barriers (regions of the plasma with very high tem-

perature gradients), is the ~E× ~B shear stabilization
model [6], in which the system self-organizes to re-
duce turbulence. However, shear flows parallel to
the magnetic field can be destabilizing [9] and en-
hance turbulent transport, since they constitute a
new source of free energy [3]. To sum up, on the
one hand, perpendicular flow shear can be stabiliz-
ing, on the other hand, parallel flow shear can be
destabilizing. Since the two are related, there is
intense research to conclude what is the optimum
shear flow for confinement.

A very interesting, and relatively unknown, topic
of research is subcritical turbulence, that can arise
even in the absence of any linearly unstable eigen-
modes. Large flow shears come at a price of the
PVG, driven by the velocity gradient, which is it-
self a source of free energy, that can give rise to
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turbulence and anomalous transport. However, this
instability is in fact also suppressed by flow shears,
but only in the sense that no unstable modes sur-
vive at large enough velocity and small enough mag-
netic shear. Nevertheless, transient amplification
is still possible. Therefore, these transiently grow-
ing modes can drive subcritical turbulence, whose
amplitude increases with flow shear [10], limiting
the the effectiveness of differential rotation and
the velocity shear to suppress anomalous transport
[11, 12]. Previous studies referred in [13] discovered
that the reason of these transient growth is the non-
orthogonality of the eigenfunctions of the governing
linear Vlasov operator, i.e. a non-normality of the
linear operator.

2. Theoretical Framework

This work will focus on the effect of flow shear on
the ion temperature instability in a fluid slab model,
which is investigated in [14]. The system being
studied consists of an infinite plasma slab subjected
to an electrostatic perturbation in a sheared mag-
netic field (an extension to electromagnetic pertur-
bations was recently made in [15]). In this model,
the plasma is quasineutral consisting of two species:
electrons and ions. The electrons have a Boltzmann
response to the perturbing potential φ. The ions are
described by collisional fluid equations, obtained
from the gyrokinetic equation [16, 17, 18]. The de-
tailed derivation of the equations of this model can
be found in [14] and will not be repeated here. Only
the basic assumptions and the key results will be
presented.

2.1. Geometry

In this model, the sheared magnetic field is given
by ~B = B0[ẑ+ (x/ls)ŷ], where B0 is a constant and
ls is the characteristic scale length of the magnetic
field in the x-direction. Roughly speaking, x, y and
z correspond to the radial, poloidal and toroidal
directions in a tokamak, respectively. The sheared
background flow field is given by ~V0 = V0(x/LV )êV ,
where LV is the characteristic scale length of the
flow variation in the x-direction and êV is a unit
vector in the (y, z)-plane. The flow is thus a mix-
ture of parallel (z-direction) and perpendicular (y-
direction) flow. Following the reasoning of [19], the
instabilities in the plasma due to the ITG are ex-
pected to have a short perpendicular wavelength
(λx, λy) and a long parallel wavelength (λz), with
respect to the magnetic field, so as to maximize mo-
tion in the vertical direction and minimize field line
bending, and to be long and thin, λy � λx � λz.
This is called a twisted-eddy representation. Never-
theless, short perpendicular wavelengths are rapidly
sheared apart by the perpendicular component of
the sheared flow. Hence, a coordinate transforma-
tion is required so that the flow is along the mag-

netic field lines and such that these field lines are
coordinate lines, in order to remove the complica-
tions of both the magnetic field shear and the time
dependence associated with the equilibrium flow.
Therefore, the coordinate lines are aligned with the
characteristics of the plasma response (only to elec-
trostatic perturbations), particularly with the guid-
ing center motion and propagation of sound waves
[14]. Let us first consider the effect of magnetic field
shear. The transformation used in [20] is

zf = z, yf = y − x

ls
z, xf = x,

~B · ∇xf = ~B · ∇yf = 0, ~B · ∇ ≡ B0
∂

∂zf
. (1)

Secondly, the following time dependent transfor-
mation [14] is used, in order to include the effect
of the sheared flow perpendicular to the magnetic
field,

y∗ = y − V0
x

LV
(êV · ŷ)t. (2)

The final coordinate transformation [20] is then a
combination of both these transformations, yielding

t′ = t, z′ = z+uf t, y′ = y− x
ls
z′, x′ = x, (3)

where the velocity uf = V0(ls/LV )êV · ŷ is the ve-
locity along the field line of twisting eddies, which
represent the instabilities. Defining a Mach num-
ber M , one has that these eddies propagate at a
speed uf = Mcs, according to equation (3), where
cs is the sound speed. The coordinate transforma-
tion and its effects are illustrated in Figure 1, taken
from [14]. The axis origin is in the middle, the top
corresponds to positive x and the bottom to neg-
ative x. When t = 0, y∗ = y, according to equa-
tion (2), and as can be seen in Figure 1(a), one
can sketch the flux tubes that represent the mag-
netic field. Cross-sections of the eddies are repre-
sented by red ovals for three positions in z. As has
been referred, these eddies travel along these field
lines. When t = LV /(V0êV · ŷ), equation (2) yields
y∗ = y − x. At x = 0, y∗ = y, flux tubes in the
middle of Figure 1(b) remain unchanged. Let us
consider that ls and LV are negative. Then, for
positive x, y∗ = y − x means that the flux tube
on top of Figure 1(b) goes to the right because of
the sheared flow, as represented by the dot prod-
uct ~V0 · ŷ (perpendicular component). For negative
x, the flux tube goes to the left. The eddy is thus
twisted because it is aligned with the field lines,
and it propagates with velocity uf . This “twisted-
shearing” representation, in which the eddies are
long and thin, twisting with the sheared magnetic
field [19], used in [14], clarifies aspects of the physics
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of sheared flows. Nevertheless, since it is a fluid
model, it does not treat Landau damping nor does
it capture ion finite Larmor radius (FLR), and so
cannot model accurately fusion devices [14].

(a)

(b)

Figure 1: (a) Red ovals represent an eddy at t = 0.

The sheared magnetic field is ~B = B0[ẑ + (x/ls)ŷ].
(b) Twisting of the eddy, which propagates at a
velocity uf , parallel to x̂ due to the y (perpen-
dicular) component of the sheared flow, at time
t = LV /(V0êV · ŷ). Figure taken from [14].

2.2. System of equations
The drives of the ion response are, respectively,
the background density and temperature gradients,
plus the parallel flow shear,

1

ln
=

d

dx
lnn0,

1

lT
=

d

dx
lnTi,

1

lV
=

1

LV

V0
cs
êV · ẑ, M =

uf
cs
. (4)

In the collisional limit, the following order is con-
sidered, ν � ω, ω∗, vthk‖, ufk‖, νk

2ρ2, where ν is
the ion-ion collision frequency and ω∗ represents
the drift frequencies associated with the background
gradients. Assuming that the equilibrium electron
and ion temperatures are equal and denoted by T ,
Te = Ti = T , imposing quasineutrality and intro-
ducing the normalizations

x′ = ρsx̃, y′ = ρsỹ, z′ = lsz̃, t =
ls
cs
t̃,

Ṽ =
δV‖

cs

ls
ρs
, T̃ =

δT

T

ls
ρs
, ñ =

δn

n0

ls
ρs
, (5)

where ρs = cs/Ω is the sound Larmor radius asso-
ciated with the sound speed cs =

√
(γe + γi)T/m,

Ω = eB/m is the ion cyclotron frequency, m is the
ion mass, the final set of equations are, dropping
the tildes for convenience,(

∂

∂t
+M

∂

∂z

)
n+

∂V

∂z
=

3

8

ls
ln

∂n

∂y
, (6)

(
∂

∂t
+M

∂

∂z

)
V +

3

8

∂

∂z
(2n+ T ) +

3

8
[n, V ] =

3

8

ls
lV

∂n

∂y
+ ν⊥∇2

⊥V, (7)

(
∂

∂t
+M

∂

∂z

)
T +

2

3

∂V

∂z
+

3

8
[n, T ] =

3

8

ls
lT

∂n

∂y
+ χ⊥∇2

⊥T, (8)

where n, V , T are, respectively, the perturbed den-
sity, velocity, and temperature, ν⊥ and χ⊥ are the
diffusive viscosity and conductivity (that cause dis-
sipation),

∇2
⊥ =

∂2

∂y2
+

(
∂

∂x
− z ∂

∂y

)2

, (9)

and with the unit vector defined as ~b = ~B/B, for
two arbitrary functions p and q the normalized Pois-
son bracket form is

[p, q] = (∇p×∇q) ·~b =
∂p

∂x

∂q

∂y
− ∂p

∂y

∂q

∂x
. (10)

Since the plasma is travelling along the field lines
at a velocity uf , one can define a normalized veloc-
ity M , with respect to the sound speed cs, and so
in equations (6)-(8), the time derivative has a con-
vective form. As can be seen, the instability drives
are represented by the first term on the right-hand
side of each of equations (6)-(8), which express the
convection of the equilibrium density, parallel ve-
locity and temperature along their gradients by the
perturbed ~E × ~B drift.

In order to linearise the system of equations (6)-
(8), by taking the nonlinear terms [n, V ] = [n, T ] =
0, one makes all the fields to vary as exp[i(kxx +
kyy)], multiplied by a function of z, to obtain(

∂

∂t
+M

∂

∂z

)
n+

∂V

∂z
= iω∗nn, (11)

(
∂

∂t
+M

∂

∂z

)
V +

3

8

∂

∂z
(2n+T ) = iω∗V n−ν⊥∇̃2

⊥V,

(12)
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(
∂

∂t
+M

∂

∂z

)
T +

2

3

∂V

∂z
= iω∗Tn− χ⊥∇̃2

⊥T, (13)

with
∇̃2
⊥ = k2x + k2y(1 + z2)− 2zkxky, (14)

ω∗n =
3ky
8

ls
ln
, ω∗V =

3ky
8

ls
lV
, ω∗T =

3ky
8

ls
lT
,

(15)
where ω∗n, ω∗V and ω∗T are, respectively, the back-
ground driving gradients of density, parallel veloc-
ity and temperature. Considering the local, dissipa-
tionless form of equations (11)-(13), ν⊥ = χ⊥ = 0
and the terms explicitly proportional to z vanish.
Solutions in the form exp[i(kzz−ωt)] can be consid-
ered. If one defines the frequency in the laboratory
frame as ω′ = ω − kzM , the dispersion relation is

ω′2(ω′+ω∗n)−ω′kz(kz−ω∗V )+
k2z
4

(
3

2
ω∗T − ω∗n

)
= 0.

(16)
If the driving terms in density and parallel veloc-

ity are neglected, ω∗n = ω∗V = 0, the cubic dispersion
relation for the collisional ion temperature gradient
(ITG) is recovered [19],

ω′3 − k2zω′ +
3

8
k2zω

∗
T = 0. (17)

If both the driving terms in density and temper-
ature are neglected, ω∗n = ω∗T = 0, one has a
quadratic dispersion relation,

ω′2 = kz(kz − ω∗V ), (18)

which describes the parallel velocity gradient
(PVG) [3, 9]. Therefore, there is an instability if

ω∗V > kz, (19)

and thus the maximum growth rate is γmax =
ω∗V /2. Instability then results when the rate of
increase in the flow by convection overcomes the
deceleration due to the parallel pressure gradient,
which occurs for ω∗V > kz.

If only the drive in density is finite, ls/ln 6= 0,
with M = ls/lV = ls/lT = 0, the dispersion relation
is, divided by k3z ,

(
ω

kz

)3

+
ω∗n
kz

(
ω

kz

)2

− ω

kz
− 1

4

ω∗n
kz

= 0, (20)

and this cubic polynomial has no complex roots
for any given value of ω∗n/kz, only real ones. This
shows analytically that this case presents no insta-
bility, hence no universal instability [21] is possible.

However, since the governing operator of equations
(11)-(13) is non-orthogonal in all cases, this allows
for transient growth to occur, as has been referred
in section 1.

-3 -2 -1 0 1 2 3

-3

-2

-1

0

1

2

3

Ωv
*�k z

Ω
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0.0

1.8

Γ � k z

Figure 2: Maximum growth rate γ, obtained by
solving equation (21) shows the interaction of the
ITG (with drive ω∗T ) with the PVG (with drive ω∗V )
modes.

When ω∗n = 0, a contour plot of the maximum
growth rate, γ = max[Im(ω′)], divided by kz, is
shown in Figure 2. Dividing equation (16) by k3z ,
one obtains

(
ω′

kz

)3

+

(
ω∗V
kz
− 1

)
ω′

kz
+

3

8

ω∗T
kz

= 0, (21)

so there is an instability, the PVG instability, if
ω∗V > kz, as seen from Figure 2, or∣∣∣∣ω∗Tkz

∣∣∣∣ > 16

9
√

3

(
1− ω∗V

kz

)3/2

, (22)

upon solving for max[Im(ω′1), Im(ω′2), Im(ω′3)] > 0,
with respect to ω∗T /kz, where ω′1, ω′2 and ω′3 are the
three solutions to equation (21).

Defining the angles θ and θV , giving the direction
of mode propagation and of the background flow,
with respect to the magnetic field,

tan θ =
ky
kz
,

M

(ls/lV )
≡ tan θV =

êV · ŷ
êV · ẑ

, (23)

where (4) was used, the instability criterion for the
ω∗V -driven instability (19) can be rewritten as

ω∗V =
3

8
ky
ls
lV

=
3

8
kz tan θ

M

tan θV
> kz, (24)

so

M >
8

3

tan θV
tan θ

. (25)
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2.3. Instability with M = 0
The following analytical case of instability with
M = 0 was derived in [14]. We seek a solution
that is required to be damped for large z, that is,
V → 0 as |z| → ∞. By considering the case with no
perpendicular flow shear, M = 0, the perturbation
kx = 0, maintaining only the viscous dissipation
term, ν⊥ 6= 0, χ⊥ = 0 and by taking all fields to
vary as exp(γt), the perturbed parallel velocity can
be written as

V = Hn

[(aνk
b

)1/4
z

]
exp

(
−
√
aνk
b

z2

2
+ i

ω∗V z

2b

)
× exp(γt), (26)

where Hn are the Hermite polynomials of order n,
νk ≡ k2yν⊥, and

a = γ − iω∗n, b = 1 +
i

4γ

(
3

2
ω∗T − ω∗n

)
. (27)

The growth rates satisfy

a

b
(γ + νk) + (2n+ 1)

√
aνk
b
− ω∗2V

4b2
= 0. (28)

2.4. Characteristics form
Defining

S =
3

2
T − n, C± = V ± 3

4

(
n+

T

2

)
, (29)

equations (11)-(13) can be written in characteristics
form as[

∂

∂t
+M

∂

∂z

]
S = i

ω∗S
2

(
C+ − C− − S

2

)
−1

2
χ⊥∇̃2

⊥

(
C+ − C− +

3S

2

)
, (30)

[
∂

∂t
+ (M ± 1)

∂

∂z

]
C± =

i
ω∗±
2

(
C+ − C− − S

2

)
− 1

2
ν⊥∇̃2

⊥(C+ + C−)

∓1

8
χ⊥∇̃2

⊥

(
C+ − C− +

3S

2

)
, (31)

where

ω∗S =
3

2
ω∗T−ω∗n, ω∗± = ω∗V ±

3

4

(
ω∗T
2

+ ω∗n

)
. (32)

When M > 1, the entropy wave S and the sound
waves C+ and C− are propagating in the same
direction, being dissipated further away along the
field lines. When M < 1, S and C+ are moving for-
ward and C− is moving backwards, therefore eigen-
modes may be formed, by the combination of op-
positely travelling waves. Even though for M > 1,

all characteristics propagate in the same direction,
transient perturbations can still grow in the system
for a finite time. Indeed, for M � 1, the initial per-
turbation is amplified by a factor of exp[

√
M ] until

t = tc =
√
γ0/(
√
νkM), where γ0 = ω∗V /2 (growth

rate for the PVG instability). Afterwards, the am-
plitude evolution decays as t−2. However, as seen
in equation (6), there is no explicit dissipation for
the density perturbations, so they do not decay.

3. Code description
The numerical code used in this work is Viriato
[22]. Viriato is a 3D code, pseudo-spectral in the xy
plane and grid-based along the z direction. Domain
decomposition with MPI is employed for paralleliza-
tion. The code has been extensively benchmarked
in several different plasma regimes, from reduced-
MHD to low-beta reduced gyrokinetics [22, 23]. In
this work, the code was modified to solve the set of
equations (6)-(8). The equations are discretised on
a grid, which has 3 dimensions: x, y and z, each of
them with their own length L. Consider the grid
in z, for instance. The equations have modes in z,
kz = (2π/Lz)mz, where 1 ≤ mz ≤ Lz/∆z = nlz
is the number of modes, ∆z = Lz/nlz is the spa-
tial resolution and nlz is the number of grid points.
The characteristic equations, except for the dissi-
pative terms, are integrated using a second-order
upwind scheme [24], which naturally captures the
forward or backward propagation of the character-
istics. On the other hand, both the dissipative
and nonlinear terms are solved using a predictor-
corrector method, the Euler method with a trape-
zoidal rule, also known as Heun’s method. In order
to separate both these contributions to the equa-
tions, a Strang splitting scheme is used [23], di-
viding the calculation of the second-order upwind
scheme into two steps of ∆t/2. Since there are mul-
tiple processors, boundary conditions should con-
sider the requirement of up to two known points
in a neighbouring processor, given the second-order
nature of this numerical scheme. For numerical sta-
bility, the CFL condition must be obeyed, so that
the time step must satisfy

∆t = αmin

[
1

(ν⊥, χ⊥) max[k2x + k2y(1 + z2)− 2zkxky]
,

∆z

M + 1
,

4

max(ω∗S)
,

2

max(ω∗±)
,

8

3 max(kxkyn)

]
,

(33)

where α < 1.

4. Linear results
This section presents numerical experiments to
solve equations (6)-(8), when [n, V ] = [n, T ] = 0.

In the case of instability with M = 0, the allowed
growth rates are given in equation (28), and this
analytical result will serve as a benchmark to the
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developed code. For a given ky, the growth rate γ
can be obtained by solving equation (28) and com-
paring it with numerical data points whilst solving
equations (11)-(13) with M = χ⊥ = kx = 0 numer-
ically, for a given set of parameters, as is shown in
Figure 3. When plotting the density n, for instance,
as a function of time, for a given ky, noticing that
γ = γR + iγI , so exp(γt) = exp(γRt) exp(iγIt), the
fitting to be done to that curve is Re[exp(γt)] =
exp(γRt) cos(γIt), thus obtaining the parameters γR
and γI . This procedure is repeated for different
values of ky = 2π/Ly. An example for ky = 0.3
is shown in Figure 4. In this case, Lz = 100,
nlz = 1024, ∆z = 0.1, and the parameter used
in the CFL condition (33) is α = 0.5. The initial
condition is n(x, y, z, 0) = cos(kyy) exp[−z2/(2σz)],
with σz = 3. The total CPU time used for each
ky was ∼ 2 hours (16 processors used for 20 min-
utes). Figure 3 is a test to the code that has been
developed. The numerical results show excellent
agreement with the analytical result.

0.2 0.4 0.6 0.8 1.0
k y

0.05

0.10

0.15

0.20

0.25

ΓR

(a) Real part of γ as a function of ky . Data
points are the numerical result for each ky
and the line is the analytical curve.

0.2 0.4 0.6 0.8 1.0
k y

-0.5

-0.4

-0.3

-0.2

-0.1

ΓI

(b) Imaginary part of γ as a function of
ky . Data points are the numerical result
for each ky and the line is the analytical
curve.

Figure 3: Growth rate as a function of ky. The
parameters used to obtain γ, analytically with n =
0 (shown with a solid line) from equation (28), and
numerically (shown with dots) from equations (11)-
(13) are: M = χ⊥ = kx = 0, ls/ln = 3, ls/lT = 6,
ls/lV = 9, ν⊥ = 3, χ⊥ = 0.

numerical

analytical

0 50 100 150 200
t0.01

10

104

107

1010

1013

n

Figure 4: Time trace of the density for the mode
ky = 0.3. The analytical expression Re(γ(ky =
0.3)) = e0.14t cos(0.17t) (blue), obtained from equa-
tion (28), is plotted against the numerical result
(red), obtained by solving equations (11)-(13) with
the parameters shown in Figure 3. Note that there
is an initial transient in the numerical plot.

4.1. Linear results with only finite ls/ln
The time trace of the density in the case of only
finite ls/ln = 100, with all other drives set to zero
and M = 0, is shown in Figure 5. No instabil-
ity is observed. Indeed, the frequencies for the
waves obtained satisfy the dispersion relation (20).
In this case, Lz = 100, nlz = 256, ∆z = 0.39,
Ly = 40π, nly = 32, ∆y = 3.93, Lx = 2π, nlx = 8,
∆x = 0.79 and α = 5×10−4. The initial condition is
n(x, y, z, 0) = exp[−y2/(2σy)] exp[−z2/(2σz)], with
σy = σz = 3. The modes captured in y are thus
ky = (2π/40π)my = 0.05my, with 1 ≤ my ≤ 32.
The total CPU time used was ∼ 768 hours for
reaching t ∼ 200 (32 processors used for 24 hours).
Since no initial condition was given for x, there is
no temporal nor spatial evolution in this direction.
As M = 0, there is no propagation of the Gaussian
in the z direction. The initial condition drifts in the
y-direction and, since the boundary conditions are
periodic, the perturbation is observed repeatedly,
as shown by the peaks in Figure 5.

4.2. Linear instabilities and transient region
Consider now the linear set of equations (11)-(13).
Figure 6, taken from [14], illustrates the maximum
growth rate as a function of M and ls/lT for fixed
ls/lV = 30M and ls/ln = 0, showing the compe-
tition between the ITG and PVG instabilities. In
fact there are three regions to be considered: two
of linear instability, ITG (on the top) and PVG (on
the bottom); and transient, where there are no lin-
ear instabilities present (on the middle). Hence-
forth, all simulations were made at fixed ν⊥ = 3
and χ⊥ = 10/3.

Evaluating first the ITG region, with M = 0.3,
ls/lV = 30M and ls/lT = 45 (see Figure 6), the
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Figure 5: Time trace of the density, upon solving
equations (11)-(13) with M = ls/lV = ls/lT =
ν⊥ = χ⊥ = 0 and ls/ln = 100.

Figure 6: Maximum growth rate as a function of
M and ls/lT , with ls/lV = 30M , for a conventional
large aspect ratio tokamak (θV = arctan(1/30) ≈
2, according to (23), so the flow is nearly parallel
to the magnetic field). The parameters used were
Lz = 400 and ∆z = 0.1. Figure taken from [14].

maximum growth rate is indeed γmax = 0.17, as
stated by [14], for the mode ky = 0.3, which is
captured by the Gaussian in y used as an initial
condition, and is shown in Figure 7. In this case,
Lz = 100, nlz = 1024, ∆z = 0.1, Ly = 2π(10/3),
nly = 4, the modes captured by the Gaussian in y
are ky = 0.3my, ∆y = 5.24 and α = 0.5. Since few
grid points were used in y, this result is preliminary,
with low resolution, and a confirmation of this re-
sult should be made. Nevertheless, the maximum
growth rate obtained in this case was the same as
in [14]. In this case, the total CPU time used was
∼ 128 hours (64 processors used for 2 hours).

The other region with linear instability is the
PVG region, with a growth rate shown in Figure
8. The maximum growth rate is not in accordance
with Figure 6, which shows a maximum growth
rate of ∼ 0.5. Even though the resolution in z
is the same as in [14], the box used is smaller, so
the same modes in z are not being captured (com-
pare Lz = 400 in [14] with Lz = 100 in this the-
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Figure 7: Time trace of the density for the ITG.
The maximum growth rate is γmax = 0.17. The
parameters used were M = 0.3, ls/ln = 0, ls/lV =
30M , ls/lT = 45 (see Figure 6).

sis), in order to work with nlz = 1024 instead of
nlz = 4096. If these were the case, the simula-
tion would take ∼ 42 = 16 more CPU hours to
run. Indeed, in the CFL condition specified in (33),
the term max ∇̃2

⊥ has a max(z2) = L2
z/4 contribu-

tion to it, as seen from (14), so the time step is
influenced by this term and decreases as ∼ L−2z .
However, if the diffusive terms of equations (12)-
(13) are treated with an implicit Crank-Nicolson
scheme [23], the explicit ∼ L−2z dependence of the
time step can be avoided, thus improving the com-
puting time. Furthermore, the modes in y used here
are ky = (2π/40π)my = 0.05my, so the only values
of ky that are captured are from 0.05 to 1.6, in steps
of 0.05, since nly = 32. To sum up, the grid speci-
fications for y and z used in this thesis are not the
same as those used in [14]. Therefore, the maximum
growth rate is not the same. In this case, the total
CPU time used was ∼ 6144 hours (256 processors
used for 24 hours).

~e0.28 t

0 10 20 30 40
t10-4

0.01

1

100

104

n

Figure 8: Time trace of the density for the PVG.
The parameters used were M = 0.3, ls/ln = 0,
ls/lV = 30M (see Figure 6).

The temporal evolution of the density and veloc-
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ity in the transient region is shown in Figure 9. As
can be seen from Figure 6, there are no linearly un-
stable eigenmodes in the transient region, so Figure
9 shows transient amplification. In order to observe
a decay of the velocity due to dissipative terms, as
shown in equation (7), as opposed to the density,
which has no explicit dissipation, as seen from (6),
the simulation should have been run longer. The
grid specifications used were the same as for the
PVG case, except that Ly = 10π and nly = 8. In
this case, the total CPU time used was∼ 1536 hours
(64 processors used for 24 hours).

n

V

0 200 400 600 800
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0.01
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Figure 9: Time trace of the density (blue) and ve-
locity (red) for the transient region. The parame-
ters used were M = 0.3, ls/ln = 0, ls/lV = 30M ,
ls/lT = 20 (see Figure 6).

5. Nonlinear results
This section presents numerical experiments to
solve equations (6)-(8), when [n, V ] 6= 0 and
[n, T ] 6= 0.

5.1. Nonlinear ITG with finite ls/ln
The nonlinear results for the case of the ITG for
11 values of the density drive, from ls/ln = 0
to ls/ln = 10, are presented here. A compari-
son is made between ls/ln = 0 and ls/ln = 3 in
Figure 10. The initial condition is n(x, y, z, 0) =
10−2 cos(kxx) exp[−y2/(2σy)] exp[−z2/(2σz)], with
kx = 1 and σy = σz = 3. The parameters used
were Lx = 2π, nlx = 8, ∆x = 0.79, and the other
grid specifications were the same as for the linear
ITG case. These are preliminary, low resolution re-
sults. In this case, the total CPU time used was
∼ 1024 hours (64 processors used for 16 hours).

The linear growth rate increases with the den-
sity drive, as shown in Figure 11. The vertical
dashed lines in Figure 10 show that, for ls/ln = 0,
the nonlinear saturation plateau starts at t = 75
and for ls/ln = 3 at t = 62. In the nonlin-
ear regime, the value of the time-averaged den-
sity in the saturated turbulent regime, nsat, is cal-
culated via the weighted arithmetic mean nsat =

ls �ln =0

ls �ln =3 ~e0.17 t
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Figure 10: Time trace of the density, with M = 0.3,
ls/lV = 30M and ls/lT = 45 (ITG region, see
Figure 6), comparing the cases ls/ln = 0 (blue)
with ls/ln = 3 (red). The linear growth rates for
both these cases are shown. Afterwards, the nonlin-
ear regime is characterised by a saturation plateau,
which starts at t = 75 for ls/ln = 0 and at t = 62 for
ls/ln = 3, as marked by the vertical dashed lines.

(
∑k

i=1 niti)/(
∑k

i=1 ti), where k is the total number
of points used in the plot, starting from the be-
ginning of the saturation plateau (see Figure 12).
The commonly accepted saturation mechanism of
the nonlinear ITG are zonal flows [25], which needs
to be confirmed in the considered system.
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0.22

0.24

ΓR

Figure 11: Linear growth rate as a function of the
density drive.

5.2. Nonlinear PVG

In the case of the nonlinear PVG, the time trace
of the density is shown in Figure 13. The initial
condition is the same as in the nonlinear ITG case,
except that a Gaussian was used for x, and the grid
specifications are Lx = Ly = Lz = 2π, nlx = nly =
nlz = 64, ∆x = ∆y = ∆z = 0.1 and α = 0.1. The
parameter L was reduced in all directions, in order
to have higher resolution results, and all Gaussian
standard deviations were changed to σ = 0.1. In
this case, the total CPU time used was∼ 9216 hours
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Figure 12: Time-averaged density in the saturated
turbulent regime (note the saturation plateau as in
Figure 10, for instance) as a function of the density
drive.

(512 processors used for 18 hours).
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Figure 13: Time trace of the density, with M = 0.3,
ls/lV = 30M and ls/lT = 5 (PVG region, see Figure
6). The linear growth rate is shown.

The energy spectrum E vs k⊥ is shown in Figure

14, where E = |k⊥n|2 and k⊥ =
√
k2x + k2y. For

t = 30.084, the energy spectrum is shown to decay
as k⊥ increases, as expected. There is an increasing
energy peak at times t = 42.106 and t = 46.797,
which is the manifestation of lack of convergence
of the numerical method. One possible explanation
for this fact can be the following. Dissipation oc-
curs far along the field lines, as has been mentioned,
as does the shearing of the eddy. Indeed, for large
z, the dissipative terms in equations (12)-(13) are
the dominant ones. Since Lz = 2π is small for the
system being considered, there is an increasing ac-
cumulation of energy with time, which is not being
dissipated, as the observed energy peak shows. As
for the inertial range observed in Figure 14, limited
by vertical dashed lines, for both t = 42.106 and
t = 46.797, there is not, as yet, any explanation for
the value of the observed power law slope. However,

in this case, the slope keeps changing in time due
to the energy accumulation (bottleneck) at small
scales (a non-physical effect), so it is not possible
to clearly identify the correct power law index.

~k
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Figure 14: Energy spectrum E vs k⊥ for the non-
linear PVG at times t = 30.084 (yellow), t = 42.106
(blue) and t = 46.797 (red). Both the blue and red
curves have an inertial region, limited by vertical
dashed lines, that fit a power law of k−2.5⊥ and k−1.6⊥ ,
respectively. The energy spectrum for t = 30.084 is
shown to decay as k⊥ increases, as expected.

6. Conclusions
In this work, theoretical and numerical (high-
performance computing) studies were performed on
the effect of background sheared flows on the lin-
ear and nonlinear evolution of microinstabilities in
magnetic confinement fusion plasmas. The first
stage of the project consisted of modifying an exist-
ing code to simulate the equations of reference [14]
and being introduced to parallel programming and
basic usage of supercomputing systems. The sec-
ond stage was the benchmarking of the code against
known analytical results. The third stage was to
perform nonlinear simulations and analyse the re-
sults. The case for the instability with M = 0,
presented here and derived analytically in [14], was
numerically confirmed in section 4, thus obtaining a
benchmark of the developed code. With only finite
density drive, i.e., without the drives in velocity nor
temperature, there is not any observed instability.
This was shown for ls/ln = 100 in Figure 5. The
maximum growth rate for the ITG of γmax = 0.17
was obtained, as seen in Figure 6, in accordance
with [14]. Nevertheless, for the PVG linear insta-
bility, as the dimensions of the grid were different in
y and z, the maximum growth rate obtained in this
thesis was different from the one obtained in [14].
In the transient region, where there are no unstable
eigenmodes present, transient amplification was ob-
tained, as seen in Figure 9. As far as the nonlinear
results are concerned, it was observed a saturation
plateau for the nonlinear ITG case and the varia-
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tion of the density drive influenced both the linear
growth rate and the value of the density saturation
in the nonlinear regime (see Figures 10–12). The
energy spectrum E vs k⊥ for the nonlinear PVG
(see Figure 14) showed an inertial range, limited
by vertical dashed lines, followed by an increasing
energy peak, caused by an accumulation of energy,
which is not being dissipated, as discussed. Higher
resolution results are needed to confirm these non-
linear results. Using the fluid model presented in
this thesis, future work involves performing linear
simulations that capture the most unstable modes
for the PVG region of Figure 6, and running simu-
lations in the transient region for longer time than
that shown in Figure 9, so that it is seen that the
density does not decay and the velocity does. In
the nonlinear regime, it remains to be seen how the
PVG instability saturates and the ITG results need
to be confirmed at higher resolutions. The influence
of the density drive for both linear and nonlinear
results can be studied as well. This was only done
for the linear and nonlinear ITG regimes. More-
over, the nonlinear saturation of the ITG by zonal
flows needs to be confirmed in the considered sys-
tem. Furthermore, nonlinear simulations performed
in the transient regime should show the manifesta-
tion of subcritical turbulence. The transitory solu-
tion referred here in section 2.4 and derived in [14]
can be also confirmed numerically. A solution to
avoid the explicit L−2z dependence of the time step,
thus improving the computing time can also be im-
plemented as a future work. This thesis focused on
a simple fluid model. Once the nonlinear regime is
understood, one could use these results as guidance
to explore similar results with a fully gyrokinetic
code, in proper tokamak geometry.
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