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The problem of stability of spacetimes against gravitational collapse is a complex but fundamental
open problem in theoretical physics. Recent results indicating that anti-de Sitter spacetimes are
nonlinearly unstable against the formation of black holes open the exciting, if troublesome possi-
bility that collapse may be the rule rather than the exception in gravitational physics. On its own,
the instability of anti-de Sitter is a remarkable result with important consequences for our under-
standing of the gauge-gravity duality and for spacetimes with a cosmological constant. However,
there might be broader consequences for fundamental physics and astrophysics, if gravitational
collapse is triggered for ”generic” setups where matter is confined.
The purpose of this thesis is to review and reproduce the state of the art in the field. The
dynamics encoded in the field equations of General Relativity is highly nonlinear and analytical
solutions have been found only for a handful of special cases. We therefore study gravitational
collapse in anti-de Sitter spacetimes through a numerical approach using the so-called ADM
formalism. Our results are compatible with previous findings in the literature: generic initial
data leads to gravitational collapse. Gravitational collapse can be delayed for sufficiently small
initial data amplitude, but cannot be avoided. The size xBH of the black hole formed has a
complex dependence on initial amplitude and is described, at discrete points, by Choptuik’s critical
behavior xBH ∝ (ε− ε∗)γ with a universal constant γ.
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I. INTRODUCTION

The study of Anti-de Sitter (AdS) spacetime as
a solution of the Einstein equation is, by it self, not
only a problem worth exploring but it is also an in-
teresting framework to study gravity in a confined
space, as the boundary condition appears naturally.
Furthermore, the recent discovery of the AdS/CFT
correspondence sparked the interest of the scientific
community in this models due to their influence in
conformal field theories. In this work we will give
special relevance to the evolution of fields in AdS.
We want to understand not only how the fields be-
have, but also how the spacetime behaves to the
presence of time-evolving fields and how these fields
collapse and form structures like stars and, ulti-
mately, black holes. Problems like this, that appear
from General Relativity (GR), are non-linear in na-
ture and, because of this, it is necessary to resort
to numerical methods to find their solutions.

In 1992, Choptuik [1] studied the collapse of a
scalar field with a general time and radial spatial
dependent metric. He considered the simplest case,
which uses an ingoing spherically symmetric field.
The author concluded that each family of initial
data had its own critical point p* and that all the
profile families follow a law of the form

MBH ∝ |p− p∗|γ (1)

where p characterizes the strength of the gravita-
tional self-interaction of the scalar field and gamma
is a growth parameter. The author concluded that

γ ' 0.37 and that this parameter is the same for all
families of initial data, i.e. γ is a universal constant.

Later, in 1999, Garfinkle et al. [2] studied Chop-
tuik’s system in six dimensions. For the six dimen-
sional system, Garfinkle et al. obtained γ = 0.424.
Although this does not represent the global ten-
dency of the system, we can see that the universal
constant γ is locally growing with the number of di-
mensions, meaning that the black hole initial mass
will grow progressively slower with the dimension
of the spacetime.

In 2000, Pretorious and Choptuik [3] studied the
scalar field collapse in AdS but, instead of using
four dimensions, their model uses six dimensions.
The authors identified the critical point and the
power law associated and extended their study to
the evolution below the critical point. Although
they identified the field propagation and reflection
at spatial infinity, they did not study thoroughly,
leaving this to future work.

In 2003, Dumitru Astefanesei and Eugen Radu
[4] studied boson stars in AdS or the dynamics of a
complex scalar field in an AdS spacetime. They also
used a slightly different Energy-momentum tensor.
While most literature uses a massless scalar field
(V (φ) = 0), the author of this paper used a mass
term V (φ) = µ2φ∗φ and neglecting the term λ|φ|4.
Furthermore, they studied the evolution for Λ = 0
and verified that, instead of the theoretical power
law decay, the outgoing waves vanish with a power
law.

In 2011, Bizoń and Rostworowski [5] studied the
evolution of a spherically symmetric scalar field in
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an AdS spacetime. This article represents one of
the first computational results on dynamics in AdS
space using explicitly bound spatial coordinates, in
the study of field dynamics in AdS.

ds2 =
l2

cos2 x

(
−Ae−2δdt2 +A−1dx2 + sin2 x dΩ2

)
,

(2)

Φ̇ =
(
Ae−δΠ

)′
, Π̇ =

1

tan2 x

(
tan2 xAe−δΦ

)′
,

(3)

A′ =
1 + 2 sin2 x

sinx cosx
(1−A)− sinx cosxA

(
Φ2 + Π2

)
,

(4)

δ′ = − sinx cosx
(
Φ2 + Π2

)
.

(5)

In this system of equations A, δ, Φ and Π are
functions of x, a generic dimensionless space-like
coordinate related to the radial position that spans
from 0 to π/2, and t, a dimensionless time-like co-
ordinate.

The Einstein equation give us the differential
equations, Eq. (4) and (5), that allow us to ob-
tain the profiles for the A and δ functions while the
evolution equations are obtained from the Klein-
Gordon equation. However, the Einstein equation
provide us another equation, the momentum con-
straint,

Ȧ+ 2 sinx cosxA2e−δΦΠ = 0. (6)

The authors use the initial data

Φ(0, x) = 0 Π(0, x) =
2ε

π
e−

4 tan2 x
π2σ2 (7)

where σ is the field’s width and ε is the field’s am-
plitude.

Bizoń et al. [5] concluded that, for a large am-
plitude, the wave packet collapses quickly at r = 0.
We can see evidences of this from the formation of
an apparent horizon where the function A drops to
zero. However, several critical points were obtained
for the black hole’s collapse, related to the number
of reflections at spatial infinity. The author also
confirmed the power law suggested by Choptuik [1]
and the universal constant γ ' 0.37.

In order to follow the collapse phenomenon,
Bizoń et al. monitored the curvature scalar at the
origin and concluded that ε−2Π2(ε2t2) gives, ap-
proximately, the same curve, independent of the
field’s intensity, ε. Additionally, arbitrary small
fields start growing eventually.

Later, in 2012, Maliborski studied a timelike
worldtube with a perfectly reflecting wall [6].

He concluded that the mirror did not influence
the mode energy transfer, but allowed the reflec-
tion towards the center, where the pulse is focused
repeatedly.

Figure 1: Horizon radius as a function of the initial data’s
amplitude. The number of reflections off the AdS boundary
before collapse varies from zero to nine (from right to left).
Image taken from Ref. [5]. Note that the field’s intensity is

shown with a different convention, 4πG = 1.

This article [6] was also useful to answer a ques-
tion posed in Bizoń’s paper [5] regarding the in-
fluence of the cosmological constant in the system
dynamics. Maliborski’s work answers this question.
His boundary repeatedly reflects the field back to
the center, like a mirror, where the focusing phe-
nomenon occurs.

In 2013, Buchel, Lehner and Liebling [7] con-
firmed the collapse and black hole formation in AdS
and they went one step further by using complex, or
charged, fields and deriving the dynamic equations
of the system for any number of dimensions. They
verified that, in a finite volume, the non-linear in-
stability remained, providing further confirmation
that the non-linear behaviour came from the gravi-
tational interaction in confined spaces and not from
the cosmological constant or any background fea-
tures. Furthermore, the authors concluded that the
apparent horizon formation is rather insensitive to
the field’s global charge, in disagreement with pre-
vious literature [8]. The authors of [7] justify their
results arguing that a perturbative analysis of the
system is independent of the global charge.

More recently, in 2014, Okawa et al. [9] stud-
ied the evolution of a real massive scalar field in
a confined flat spacetime. They extended the re-
sults for lower scalar fields, reaching more than one
thousand reflections verifying that the tendency of
the massive field is to collapse and form a black
hole, with the exception of some islands of stabil-
ity through the range of the field’s amplitude. It
is also important to note that a field with small
amplitude may collapse after thousands of reflec-
tion even if it is outside the range of the simulation
time and, because of this, it is mandatory to find a
deeper analytical understanding of the phenomena
present in this set of systems.

The remainder of this document is organized as
follows: Section II describes the model which was
adopted to perform the numerical simulations. The
numerical methods used to solve our problem and
the results obtained are reported in Section III. The
main conclusions drawn from this study are men-
tioned in Section IV.
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II. THEORY

A. Overview of the AdS spacetime

The AdSd+1 space is a solution of the Einstein
equation for an empty Universe with a negative cos-
mological constant. It can be defined as the pseudo-
spherical or hyperboloid hypersurface as

−(X0)2 +

d∑
k=1

(Xk)2 − (Xd+1)2 = −l2 (8)

embedded in a flat Rd+2 with an O(d, 2) symme-
try. In this space we use the line element

ds2 = −(dX0)2 +

d∑
k=1

(dXk)2 − (dXd+1)2. (9)

With the appropriate coordinate transformation
we can obtain the line element

ds2 =
l2

cos2 x

(
−dt2 + dx2 + sin2xdΩ2

d−1
)
. (10)

We can identify the conformal spacial infinity at
x = π/2 and the bulk of the AdS spacetime as
a timelike cylinder centered at x = 0 with radius
x = π/2. This represent a vacuum solution of the
Einstein equations.

Our Universe is not an empty one and, as such,
we can not use this line element, but we can use it
to motivate a general line element for the system
we are going to study. Our field will be a spheri-
cally symmetric field and we can use this symmetry
to provide our line element the degrees of freedom
it requires to satisfy the Einstein equation in the
presence of a scalar field.

In our model we will use the metric ansatz

ds2 =
l2

cos2 x

(
−Ae−2δdt2 +A−1dx2 + sin2xdΩ2

d−1
)
,

(11)

where Φ, Π, A and δ are all functions of t and x,
being t ∈]0,+∞[ and x ∈]0, π/2[, the angular com-
ponents of the metric remain unmodified by the
additional degrees of freedom. The A function is
motivated by the field’s collapse and the δ function
is introduced in such way that it will directly influ-
ence the Courant stability condition later when we
attempt to solve this system numerically.

B. Dynamic model of the AdS spacetime

The dynamics of a scalar field is obtain using
the Einstein equation, along with the line element
derived in the last section, and the Klein-Gordon
equation

Gab + Λgab = 8π(∂aφ∂bφ−
1

2
gab(∂φ)2), (12)

gab∇a∇bφ = 0. (13)

As our system is nonlinear, we will use numerical
methods to obtain its approximate solution. In or-
der to achieve such solution, we will use the ADM
formalism [10, 11].

Before working out the Einstein equation, one
begins by defining the lapse function, N , the shift
vector, Ni , and the induced metric, γij , from the
four-dimensional general metric, 4gµν , as

N ≡ √g00 =
l

cosx

√
Ae−δ, (14)

Ni ≡ g0i = (0, 0, 0), (15)

γij ≡ gij =
l2

cos2 x
diag

(
A−1, sin2 x, sin2 x sin2 θ

)
.

(16)

and the induced metric as

Kij = −1

2

∂γij
∂t

= diag(−1

2

Ȧ

A2
, 0, 0), (17)

where the components i and j are range from one to
three and the components µ and ν are range from
one to four.

Following the same approach used for the metric
tensor, we can derive, from the Einstein equation

4Rabn
anb − 1

2
4R+ Λgab = 8πTabn

anb, (18)

the scalar field’s constraint equations

R+K2 −KijK
ij − 2Λ = 16πE, (19)

DjK
j
i −DiK = 8πpi, (20)

and the evolution equation

LnKab =− 8πN

(
Sab −

1

2
(S − E)γab

)
−NΛγab − ∂a∂bN + Γlab∂lN

+NRab +NKKab − 2NKalK
l
b, (21)

where Ln is the Lie derivative along the vector −→n .
In order to obtain the differential equations we

need to compute the energy, momentum and stress
tensors. The non-zero tensors take the form

E =
1

2

A cos2 x

l2
(Π2 + Φ2), (22)

Px = −
√
A cosx

l
ΠΦ, (23)

Srr =
1

2
(Φ2 + Π2), (24)

Sθθ =
1

2
A sin2 x(Π2 − Φ2), (25)

Sϕϕ =
1

2
A sin2 x sin2 θ(Π2 − Φ2). (26)

We can apply these identities to the Hamiltonian
and Momentum constraint equations result in, re-
spectively,

A′(t, x) =
1 + 2 sin2 x

sinx cosx
(1−A)− 4π sinx cosxA

(
Φ2 + Π2

)
,

(27)

Ȧ(t, x) =− 4π sinx cosx A2Π Φ. (28)
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The evolution equation give us a set of nine of
equations, six of which are trivial, because they use
different indexes and the off-diagonal equations use
off-diagonal terms of the induced metric, and the
other three identical equations that result in a lin-
ear combination of Eq. (27) and

δ′ = −4π sinx cosx(Π2 + Φ2). (29)

Using the transformations Φ = φ′ and Π =
A−1eδφ̇, we are able to simplify the expression for
the evolution of the scalar field. From these defini-
tions one can trivially obtain the equation

Φ̇ = (Ae−δΠ)′, (30)

and the Klein-Gordon equation can be derived to

Π̇ =
1

tan2 x
(tan2 xAe−δΦ)′. (31)

The complete set of differential equations is

Φ̇ =
(
Ae−δΠ

)′
, (32)

Π̇ =

(
tan2 xAe−δΠ

)′
tan2 x

, (33)

A′ =
1 + 2 sin2 x

sinx cosx
(1−A)− 4π sinx cosxA

(
Φ2 + Π2

)
,

(34)

δ′ = 4π sinx cosx
(
Φ2 + Π2

)
. (35)

The boundary condition used assumes that the
function with physical meaning are smooth and
that we place an observer at the origin, which
means that,

φ(t, x) = φ0(t) +O(x2), (36)

A(t, x) = 1 +O(x2), (37)

δ(t, x) = O(x2), (38)

and the asymptotic behaviour at spatial infinity is,
in four dimensions,

φ(t, x) = f∞(t)ρ3 +O(ρ5), (39)

A(t, x) = 1−Mρ3 +O(ρ5), (40)

δ(t, x) = δ∞(t) +O(ρ6), (41)

where ρ = π/2 − x, δ∞ and f∞ are free functions
obtained from the power series expansion at spatial
infinity and M is the system’s total mass/energy.

III. NUMERICAL METHODS AND
RESULTS

We began to study the differential equation by
obtaining the spatial profiles for the A and δ func-
tions for a set of initial data

Φ(0, x) = 0, (42)

Π(0, x) =
2ε

π
e−

4 tan2 x
π2σ2 . (43)

0 π
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Figure 2: Profile of A as a function of x for the initial
data using ε = 10.

Initially we focused our efforts to find a solution
for eq. (27). To do so, our initial approach con-
sisted in manipulating the equation to make it into
a second order one dimensional Poisson-like equa-
tion with a source term. The algorithm used to
solve the Poisson-like equation is the Jacobi method
with successive over relaxation. It is not viable to
define numerically the boundary condition at the
origin due to the indetermination of the differential
equation and we decided to define the same bound-
ary condition at x = ∆x close to the origin. We
verified that this approach does not provide con-
vergent results and was, therefore, discarded.

After this we decided to try a simpler approach
using the finite difference method with a constant
dx and the backward scheme, motivated by the be-
haviour of eq. (27) near the origin. We found solu-
tions using first, second and fourth order algorithms
and used these solutions to verify the methods con-
vergency. A numerical solution of the A function is
presented in fig. 2.

We computed a ratio between the numerical solu-
tions obtained for different amounts of grid points,
N , at a particular position x,

rN =
fN1 − fN2

fN2
− fN3

, (44)

where we define N1 and use N2 = N1 + M1 and
N3 = N1+M2, where M1 and M2 are two constants
with different values. In our tests, we used M1 =
500 and M2 = 1000.

We computed another ratio our numerical ratio
and the method’s theoretical value for r

rt =
dxnN1

− dxnN2

dxnN3
− dxnN2

, (45)

and obtained R = rN/rt. This final ratio has
the simple property that, if our method converges,
it goes asymptotically to 1 as N goes to infinity.
Our results show that the A function converges, as
shown in Fig. 3.

At this point we identified two ways to implement
the boundary conditions, as alternative to brute
force them into x = ∆x. The first one consists us-
ing the symmetry of the asymptotic behaviour and
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Figure 3: First order (R− 1) as a function of the number
of grid points, N . Both axes are logarithmic scaled.

use it to define additional grid points with negative
positions.

We used the same approach used to find a so-
lution of the A function to solve the differential
equation to obtain the δ spatial profile. The solu-
tion for the δ function using the initial data using
N = 1000 and ε = 10 is presented in Fig. 4.
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Figure 4: Representation of the δ function as a function
of x using Mathematica’s algorithm (blue line) and using a

numerical algorithm (orange dots). The thickness of the
blue line serves only as a visual aid as the two functions

overlap almost perfectly.

Now that we have the A and δ profiles, we are
able to evolve the Π and Φ functions using eqs.
(32) and (33) using the boundary conditions de-
rived from the functions’ asymptotic behaviours,
Eq. (36) to (41).

Before we evolve the system through time, one
must consider the Courant-Friedrichs-Lewy (CFL)
condition. We are will not present a detailed
demonstration of the CFL condition for this sys-
tem,

Cmax ∼= e−δ(t,π/2)
∆t

∆x
. (46)

As this is not a formal derivation of the CFL
condition, we will use this approach with a lower
value of C, ideally between 1/6 and 1/3 [12]. In
our code, in particular, we use C = 1/4.

Our first attempt consists in an straight forward
Euler method with a first order spatial scheme. It
was observed that the solution’s error order is too

high for us to obtain a reliable numerical solution.
Furthermore, tests with the wave equation show
that this approach only propagates the wave in one
direction.

After ruling out the first order approach, we
tried to solve the system using a explicit backward
scheme to compute the spatial profiles for the A
and δ functions and a centered scheme to compute
the spatial derivatives in the evolution equations.
In the first trials with the second order method,
we used a constant dt. Although we were able to
evolve only until t ' 130×10−3, we can already see
that there is an outgoing wave forming.

At that time, it was our belief the errors were a
consequence of the method’s order. We improved
the method to fourth order to obtain better results
and to be able let the field evolve for a longer pe-
riod of time. We verified that the error growth of
the fourth order method was similar of the second
order method. Although the errors growth depends
on the method?s order, it does not depend on the
number of grid points for both orders. Further-
more, using the fourth order, we managed to evolve
the field for a full grid length before the errors be-
came too large to identify the wave. These errors
rose to a magnitude comparable to the field’s due
to the 0/0 indetermination of the right hand side
of Π’s evolution equation at the origin, or ∞/∞ at
spatial infinity [12]. After using the algebric ma-
nipulation [12]

Ae−δΦ

sinx cosx
=

(
Ae−δΦ

)′
cos 2x

− 1

2
tan 2x

(
Ae−δΦ

sinx cosx

)′
,

(47)

the Π’s evolution equation, thus removing the in-
determination at the origin, and at spatial infinity
and defining an auxiliary function B = A − 1, we
are able to find a numerical solution for the dy-
namic equations. Note that the B function has the
purpose of exposing perturbations to the vacuum
solution and to define the boundary conditions at
spatial infinity as symmetrical.

For the straight collapse we use N = 214 + 1 =
16 385 points. If it is necessary further evolution,
we use N = 215 + 1 = 32 769 points. Theoreti-
cally, the collapse condition is A(t, x) = 0. Numer-
ically, it is not possible to reach this point. Our
solution was to accept that the collapse position
will have an error associated. Theoretically, the
collapse condition is A(t, x) = 0. Numerically, it
is not possible to reach this point. Our solution
was to accept that the collapse position will have
an error associated. The collapse condition used is
A(t, x) ≤ 216/(100 N).

We were able to compute the time evolution long
enough find that, for large field intensities, ε & 12,
the field does not propagate through space and col-
lapses right away. In Fig. 6 one can see the position
of the apparent event horizon as a function of the
field’s intensity while in Fig. 7 presents the time
necessary for the field’s collapse. The error bars
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Figure 5: Profiles of tan(x)Π, represented with a blue
line, and tan(x)Φ functions, represented with a orange line,

with an initial intensity ε = 10, at t = 0, t = 130 × 50−3,
t = 300 × 10−3 and t = 450 × 10−3, timely ordered. In this
case, the algorithm used consisted in a forward fourth order
finite difference method with a fourth order Runge Kutta
method with N = 100 and a variable dt, according to the

CFL condition.
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0.00

0.01
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0.03

0.04

ϵ

x
B
H

Figure 6: Position of the event horizon, xBH , as a
function of the field’s initial intensity, ε. The gaps

represent the number of times the field was reflected from
spatial infinity before collapsing into a black hole. In this
figure the field is reflected from spatial infinity up to three
times. The error bars represent 10× the numerical error

obtained using too different resolutions.

presented in these figures represent the deviation
between two solutions using different resolutions,
N = 214 + 1 and N = 215 + 1.

One may verify that the time of collapse is related
to the number of reflections by a factor of π, T '
πnref , where nref is the number of reflections at
spatial infinity.

Literature [5] suggests that the critical points fol-
low the law xBH ∝ (ε − ε0)γ with γ = 0.37. We
fit this power law to our results and, from zero to
two reflections and verified that, for our data, the
γ is not so close to the theoretical value, reaching
deviations of 15%.

We also monitored Π2(t, 0), as the curvature is
linearly related to this function. We verified, by
observing Fig. 9, that the curvature has almost
periodicity π, although this is not entirely true be-
cause the δ function influences the speed at which
the field propagates and its integral is not constant
for all the reflecting cycles. We also verified, as

7 8 9 10 11 12 13
0

2

4

6

8

ϵ

t B
H

Figure 7: Time lapse until field’s collapse, tBH , as a
function of the field’s initial intensity, ε. Again, one can see
the profiles for the straight collapse and from one to three

reflections.The error bars represent 104× the numerical
error obtained using too different resolutions.
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Figure 8: Π2 as a function of time for ε = 7.0. In this
simulation we can see the periodicity of the Π2 function at

the origin.

shown in Fig. 8, that the curvature tends to grow
until the eventual formation of a black hole. This
is not observable in Fig. 9 because the numerical
errors became too large to proceed with the simu-
lation.
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Figure 9: Π2 as a function of time for ε = 1.4. In this
simulation we can see the periodicity of the Π2 function at
the origin. This simulation did not reach collapse due to

numerical errors.
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IV. CONCLUSIONS

We studied properties of the AdS space and mo-
tivated a metric that adapts to the perturbation
caused by the presence of a spherically symmet-
ric scalar field. We present an overview of the
ADM formalism and how it is possible to derive
the dynamic equation of the system and establish
the boundary conditions and asymptotic behaviour.
We also verified that such equations are consis-
tent with the literature [5]. Convergence tests per-
formed show that the finite difference schemes used
to solve the spatial differential equations go asymp-
totically to the analytical solution on the continu-
ous limit.

We verified the existence of some critical points,
in particular, near x = 12, x = 9 and x = 7.75. Al-
though we just detected these critical points, there
probably are an infinite number of critical points
associated to the number of reflections at spacial
infinity. These critical points are characterized by
the collapse position tendency to the origin, from
higher values, and a gap between collapse positions,
from lower values. Unfortunately, the γ values ob-
tained present a large deviation from the results
published in the literature and we consider them to

be rather inconclusive.
Furthermore, the curvature at the origin in a long

time run, or using a small amplitude, was also mon-
itored in order to understand its behaviour and how
it changes over time. Our results support the re-
sults found in the literature stating that the curva-
ture peaks tend to grow with each reflection [5, 12].

The profile studied incorporated the assumption
of spherical symmetry. This symmetry could be
dropped and one could attempt to simulate a rotat-
ing field or other profiles that reveal to be of inter-
est. The field studied contained only the simplest
interaction, the kinematic terms. One could go one
step further and explore this field’s behaviour under
some interactions such as a mass term or with self-
interaction or even higher order interactions. As an
alternative, one could solve a system consisting in
the interaction of two, or more, interacting scalar
fields.
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