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Abstract. In this work the three-dimensional numerical resolution of a complex mathematical model 
for the blood coagulation process is presented. The model was illustrated in [18, 36]. It incorporates 
the action of the biochemical and cellular components of blood as well as the effects of the flow. The 
model is characterized by a reduction of the biochemical network and considers the impact of the 
blood slip at the vessel wall. The numerical results showing the capacity of the model to predict 
different perturbations in the hemostatic system are discussed.
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1. Introduction

The ability of the body to control blood flow in the presence of a vascular injury is crucial for survival.
Blood coagulation is an extremely complex biological process that is responsible for the formation of
clots, preventing bleeding. An equally complex mechanism is set in motion to gradually dissolve clots,
followed by the repair of the injured tissue. These processes involve complex interactions between
multiple molecular and cellular components in the blood and vessel wall, and it is also influenced by
the flow of blood [9, 19, 35, 38, 42, 43, 44, 47].

It is very important that coagulation takes place only when necessary and is stopped before the
clot becomes an obstacle to blood flow. Thus it requires a fine triggering mechanism, followed by a
very efficient positive feedback effect and by a likewise effective brake. This is achieved by a strict
balance among the so called coagulation factors, their inhibitors, and the fibrinolytic reagents that
control the clot evolution and allow the blood to flow without any major obstacles.

All these processes go through many steps and if they fail at some stage various disorders can
be caused [7, 14, 17] which can be extremely dangerous. Such disorders belong to two main groups:
bleeding1 and obstructive thrombosis2 disorders according to whether coagulation is hindered, with
consequent hemorrhagic phenomena or accelerated leading to pathological thrombi formation [22, 47].
According to [16] every year only in Europe more than a half million of people die due to coagulation
disorders. This number is even higher than the total number of deaths caused by AIDS, breast cancer,
prostate cancer and road traffic accidents combined together3.

1Bleeding disorders were known in the antiquity, particularly in connection with circumcision. The first bleeding
disorder—von Willebrand disease—was reported in 1920s; later, in 1930s scientists recognized the role of platelets-

free plasma, that served as the beginning of the discovering of the coagulation factors that appeared later in 1960s.
Source: www.hemophilia.org
2Already in 1856 the German pathologist Rudolph Virchow published the pathophysiology of pulmonary embolism and

identified its possible source in what later became known as the Virchow’s triad.
3Source www.thrombosisadviser.com.
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In order to prevent the consequences of blood coagulation related diseases it is crucial to under-
stand the dynamics of clot formation, growth and dissolution. Numerous laboratory tests are done to
identify the components (both cellular and molecular) and the mechanical properties of blood clots4.
The main anticoagulant drugs are heparin, greatly enhancing the action of antithrombin ATIII, Plavix,
acting on platelets, Warfarin that prevents the vitamin K formation in the liver, etc. Also the antico-
agulant properties of aspirin are well known. Research on new anticoagulants is in full development.
Drugs like apixaban, rivaroxaban, etc. are based on a different principles and seem to be very effective
[32]. Nowadays biology and biochemistry are more and more closely connected to mathematics and
computations associated to mathematical models. Different mathematical models for blood coagula-
tion can be found e.g. in [1, 2, 3, 4, 5, 6, 11, 19, 20, 21, 29, 31, 48]. Numerical tests provide new ideas
and help to build new biological hypothesis that can be first tested numerically, saving the time and
need for laboratory tests.

Hereby, we consider the mathematical model for platelets-fibrin clot formation introduced in
[18] and partially validated in [36], where the impact of the slip velocity was shown (see also [37]).
In the model, the chain of biochemical reactions was reduced replacing ten reactions describing the
initial and amplification phases of a cell-based blood coagulation model by only one virtual equation
for prothrombinase production. An important feature was the introduction of a blood slip velocity
possibly leading to an accumulation of activated platelets at the clotting region promoting a higher
thrombin production5. This extra platelet supply at the clotting site may help explaining different
clot structures according to the local blood dynamics. Therefore the model had the advantage of
incorporating some novelty, at the same time proposing a substantial reduction of the differential
system describing the chemical cascade.

Though the results of [18], in the context of some artificial geometry, were encouraging, only a
full three dimensional can be considered a reasonable validity test. This is precisely the scope of the
present work.

The outline of the paper is as follows. In Section 1 the mathematical model is summarized; in
Section 2 the numerical techniques to solve the blood coagulation problem are explained; in Section
3 the numerical results in three-dimensional case and capacity of the model to predict some disorder
cases are discussed.

2. Mathematical model

The mathematical model below combines the biochemistry of blood coagulation with the mechanical
properties of the blood flow, taking the model of [6] as a benchmark in a simplified geometrical
context. It consists of a nonlinear system of 13 reaction-advection-diffusion (RAD) partial differential
equations—describing a network of biochemical reactions—coupled with a generalized Newtonian fluid

4Pharmaceutical companies have provided a number of vital drugs that have extended the life expectancy of patients,
such as a QuikClot R© that helps to accelerate the coagulation process in case of external bleeding that was developed
by US Naval Medical Research Institute in 2008. Moreover, scientists are working on a generation of synthetic platelets,

based on Arg-Gly-Asp functionalized nanoparticles, that are more resistant to transportation than the donor platelets
[10]. Also recently UK researchers developed a new technique to synthesize red blood cells (RBC) from stem cells
(Marc Turner is the principal researcher in this project that is funded by the Wellcome Trust). These RBC are now of

appropriate quality and standards and they may be safely transmitted into humans.
5The information sources on thrombin generation can be found in [13, 33, 34].
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with shear-thinning viscosity function—to model the blood flow.

ρ (ut + u · ∇u) = div σ(u, p), in Ω,

divu = 0, in Ω,

nTσ(u, p)n = αn · u = 0, on ∂Ωslip,

nTσ(u, p)τ = βu · τ, on ∂Ωslip,

σ(u, p)n = 0, on ∂Ωout,

u(x, t) = u∗, on ∂Ωin,

u(x, 0) = u0, on Ω,

(1)


(Ci)t + div(Ciu)− div(Di∇Ci) = Ri, in Ω,

−uCi · n = 0, on ∂Ωslip ∪ ∂Ωout,

Ci(x, t) = Cbloodi , on ∂Ωin,

Ci(x, 0) = C0
i , on Ω.

(2)

Here, (u, p) stands for the blood velocity vector field and scalar function pressure, σ(u, p) is the stress
tensor defined by

σ(u, p) = 2µ (γ̇)D(u)− pI,

where the function µ(γ̇) is the viscosity function depending on the shear rate; n and τ = (τ1, τ2) are the
normal, tangential and bi-tangential vectors to the blood vessel boundary ∂Ω = ∂Ωin∪∂Ωout∪∂Ωslip,
where ∂Ωin and ∂Ωout correspond to the inflow and outflow boundaries and ∂Ωslip corresponds to
the blood vessel walls; u0 is the initial condition for the velocity field and u∗ is the entrance velocity
that represent a trace of the initial velocity at the inlet surface; Ci(x, t), i = 1, . . . , 13 are scalar
functions representing the time evolution of the concentration of each coagulation or fibrinolytic factor
in the space domain Ω; Ri are nonlinear terms describing the chain of chemical reactions; Di are the
diffusion coefficients; Cbloodi are the inflow boundary conditions and C0

i are the initial conditions for
each coagulation factor i—we assume that a small blood clot has been already formed during the
initial and amplification phases.

The reaction terms Ri are listed below

RW = kW ĈP [IIa]

(
1− [IIa]

[IIa]∗

)
− (h1W [APC] + h2W [ATIII]) [W ], (3)

RIIa =
k2[W ][II]

K2M + [II]
− h2[IIa][ATIII], (4)

RII = − k2[W ][II]

K2M + [II]
, (5)

RIa =
k1[IIa][I]

K1M + [I]
− h1[PLA][Ia]

H1M + [Ia]
, (6)

RI = − k1[IIa][I]

K1M + [I]
, (7)

RATIII = −h2[IIa][ATIII]− h2W [W ][ATIII], (8)

RAPC =
kPC [IIa][PC]

KPCM + [PC]
− hPC [APC][α1AT ]− h1W [APC][W ], (9)

RPC = − kPC [IIa][PC]

KPCM + [PC]
, (10)
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Table 1. The values used in (16) to update the platelets concentration.

Parameters Values

AP min
(
Vn

V ∗
n
, 1
)

Vn 0.001 cm/min
V ∗n 0.00025 cm/min
h 0.001cm

H
πR3

core

2 cm
[Ia]∗ 350 nM

Rα1AT = −hPC [APC][α1AT ], (11)

RtPA = 0, (12)

RPLA =
kPLA[tPA][PLS]

KPLAM + [PLS]
− hPLA[PLA][α2AP ], (13)

RPLS = −kPLA[tPA][PLS]

KPLAM + [PLS]
, (14)

Rα2AP = −hPLA[PLA][α2AP ]. (15)

In these equations [.] denotes the concentration of the corresponding coagulation factors. We
stress that (3) does not describe real reactions, but rather a virtual process summarizing a whole
set of reactions regulating the production of prothrombinase and involving many more coagulation
factors6. In this respect [W] need not represent the actual prothrombinase concentration, but should be
interpreted as an auxiliary function, as it was pointed out in [18], leading to the correct determination
of the thrombin and fibrin. The reaction and inhibition rates k� and h� are taken from [6, 36]. The

parameter ĈP in (3) stands for the dimensionless platelets concentration and in its simplest form (see
[18]) is given by

ĈP =

(
1 + 1

1

2

AP
Vn

h

H
us

[Ia]

[Ia]∗
u

us

)
. (16)

Here, the factor 1
2 stands as an assumption that the slip velocity occurs mainly upstream the clot; AP

is the fraction of incoming activated platelets; Vn is the blood clot normal velocity; h is the thickness
of a slipping layer above the clot carrying activated platelets7; H is an aspect ratio dependent on the
injury shape and its orientation towards the blood flow8 and us is the blood slip velocity; [Ia]∗ is the
fibrin threshold concentration defining the clot boundary9, see Table 1.

In our simulations the domain Ω = {(x1, x2, x3) ∈ R3 : (x2
1 + x2

2) ≤ r, 0 < x3 < l} represents an
idealized blood vessel with radius r = 250µm and length l = 1500µm.

The parameters α and β in (1)3,4 are chosen in such a way that the blood velocity along the vessel
walls is equal to 5% of the imposed maximum velocity Umax = 8 cm/s and in the normal direction
satisfies the no-penetration condition: α = 1024 and β = 40.

Initial conditions for the velocity field u0 are obtained by solving the stationary Stokes problem
with slip boundary conditions and initial clot inside the computational domain Ω, since the process
is started from the propagation phase assuming that the injury is covered by an initial blood clot.

The blood clot is modeled in terms of the fibrin concentration saying that it is formed in those
vessel regions where fibrin concentration has achieved a threshold value that we set equal to 350 nM

6We recall that if one has to study disorders related with the deficiency or dysfunction of any of the bypassed factors,
then it is clear that the shortcut represented by (3) is no longer admissible.
7The thickness of the slipping layer is estimated to be of the order of ten platelets diameter, see [18].
8For a circular shape of radius R we have H = π

2
R.

9More details about the model, the virtual equation and possible extensions may be found in [18, 36, 37].
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[46]. Moreover, the clot region is identified by the domain Ωclot that is fully included into the blood
vessel domain Ω and is given as Ωclot = Ωcore + Ωlayer, where Ωcore is the core region and Ωlayer the
slipping layer. The core region completely covers the injury site and for simplicity both these domains
are taken as parts of ellipsoids E1 and E2 centered at the center point of the injury (x∗1, x

∗
2, x
∗
3) ∈ ∂Ω

with radii R
(m)
core and R

(m)
layer, respectively, where the index m = 1, 2, 3 prescribes the height, width and

length of the initial clot

Ωcore = {(x1, x2, x3) : Ω ∩ E1;E1 :=
(x1 − x∗1)

2(
R

(1)
core

)2 +
(x2 − x∗2)

2(
R

(2)
core

)2 +
(x3 − x∗3)

2(
R

(3)
core

)2 < 1},

Ωlayer = {(x1, x2, x3) : Ω ∩ E2 \ E1;E2 :=
(x1 − x∗1)

2(
R

(1)
layer

)2 +
(x2 − x∗2)

2(
R

(2)
layer

)2 +
(x3 − x∗3)

2(
R

(3)
layer

)2 < 1}.

Moreover, we assume that fresh blood doesn’t contain any of the activated coagulation factors
entering (3)–(15), therefore, the non-zero concentration of activated coagulation factors is present
practically only inside and downstream the clot (due to convection, diffusion has little influence). On
the contrary, non-active coagulation factors are present in their maximum amount in the fresh blood,
while inside the clot their concentration drops significantly.

Accordingly, the initial concentrations within the whole computational domain can be defined
by the following functions

Cactivei (tPP ,x) = f
(1)
i (x) and Cnon−activej (tPP ,x) = f

(2)
j (x).

Here, index i stands for the active coagulation factors: prothrombinase (W), thrombin (factor IIa),
fibrin (factor Ia), active protein C (APC) and plasmin (PLA); index j stands for the non-active coagula-
tion factors: prothombin (factor II), fibrinogen (factor I), protein C (PC), alpha-1 antitrypsin(α1AT),
tissue plasminogen activator (tPA), plasminogen (PLS) and alpha 2-antiplasmin(α2AP); time tPP
stands for the beginning of the propagation phase (PP) and functions f

(1)
i (x) and f

(2)
j (x) are defined

by

f
(1)
i (x) =


C0
i , in Ωcore

Cbloodi , in Ω \ Ωcore
⋃

Ωlayer

−C0
i · T1, in Ωlayer

,

and

f
(2)
j (x) =


C0
j , in Ωcore

Cbloodj , in Ω \ Ωcore
⋃

Ωlayer

Cbloodj · T2 − C0
j · T1, in Ωlayer

.

Here C0
i and C0

j are the initial concentrations of active and non-active coagulation factors taken at

the end of the amplification phase; Cbloodi and Cbloodj [36] are the concentrations of coagulation factors
in the fresh blood [6], see Table 2; functions T1 and T2 are defined by

T1 = − 1−X1

X1 −X2
, T2 =

1−X2

X1 −X2
,

with X1 and X2 defined by

Xk =
(x1 − x∗1)

2(
R

(1)
k

)2 +
(x2 − x∗2)

2(
R

(2)
k

)2 +
(x3 − x∗3)

2(
R

(3)
k

)2 , k = 1, 2,

where (x∗1, x
∗
2, x
∗
3) is the center point of the injury, as already mentioned.
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Table 2. Concentration of caogulation factors inside the initial blood clot and fresh
blood [6, 36].

Coagulation Initial clot Fresh blood
factors concentration (nM) concentration (nM)

W 1.0843 0.0
II 1195.8306 1400.0
IIa 0.6865 0.0
I 6654.5100 7000.0
Ia 350.1488 0.0
PC 59.8972 60.0
APC 0.1588 0.0
ATIII 1566.1334 3400.0
α1AT 44999.8284 45000.0
PLS 2178.26097 2180.0
PLA 3.8671 0.0
α2AP 104.9480 105.0
tPA 0.0906 0.08

3. Numerical resolution

For the numerical solution of the blood coagulation model we used the Finite Element Method (FEM).
The numerical implementation is done using an open source finite element solver FreeFem++10 and
the mesh is built taking an advantage of an automatic FreeFem++ mesh generator based on the
Delaunay-Voronoi algorithm, Fig. 1. In our simulations a fixed mesh is used, that is refined in the clot
region and contains 23.862 degrees of freedom (DoFs)11.

The blood flow and biochemical problems are solved sequentially, but the linear systems coming
from the space and time discretizations are solved in parallel using the sparse direct MUltifunctional
Massively Parralel (MUMPS) solver12. The direct method implemented in MUMPS is based on a
multi-frontal approach and to solve the system it constructs a direct factorization A = LU, A = LTDL
depending on the symmetry of the matrix A.

The computation time required to simulate the blood coagulation process using the synthetic
model in the two- and the three-dimensional cases is shown in Table 3. We expect that a larger number
of processors will decrease the computational time, however, that is not necessarily the case. It can
happen that a greater number of processors will increase the computational time and decrease the
quality of the convergence due to the amount of communications between the machines.

The outline of the model resolution is the following: solve the blood flow problem (1); update
the platelets concentration (16); solve the biochemical problem (2).

In the next sections the numerical methods to solve the blood and biochemical problems are
presented.

10FreeFem++ is a powerful tool that is suitable for the resolution of 2D and 3D multiphysics problems [23]. It has its

own high level programming language based on C++; it provides an access to different direct and iterative solvers and,
moreover, it gives an access to the parallel solvers (using the parallel version MPI [12, 27, 39, 40]) that are extremely
important in our case moving to the resolution of the three-dimensional problem.
11This number increases up to 1.431.720 DoFs adopting the mesh to the blood coagulation problem with 13 unknows
in the biochemical problem approximated with P1 elements and 4 unknows for the blood flow problem approximated

with P1 and P2 elements.
12It is possible to apply the Domain Decomposition Method, or other techniques and solve the bigger part of the problem
in parallel.
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(a) Inflow and Outflow views (b) Injury side view

Figure 1. Three-dimensional computational domain.

Table 3. Computational cost to simulate 60 seconds of the blood coagulation process.

Computational Computational Number of
domain time (hours) processors

2D Number of triangles 6320 1.75 1
Number of vertices 3274

3D Number of tetrahedrals 131040 6 4
Number of vertices 23862 5 8

4.5 12
4.3 24

3.1. Fluid subproblem

In this section we recall the numerical resolution of the blood flow problem by presenting the variational
formulation of problem (1) and its discretization in space by the finite element method. The nonlinear
convective term is linearized using a semi-implicit scheme while the time advance is performed using
an implicit Euler method.

We introduce the following spaces for the velocity and pressure test functions

V := {v ∈ (H1(Ω))d : v|∂Ω = g}, and Q := L2(Ω) = {q ∈ L2(Ω) :

∫
Ω

q = 0},

where H1(Ω) = {v ∈ L2 : Dαv ∈ L2(Ω),∀|α| ≤ 1} is a Hilbert space and derive the classical
variational formulation of the blood flow problem (1). To do that the system of equations (1) is
multiplied by a pair of test functions (v, q) ∈ (V,Q) for the velocity field and pressure and integrated
over the domain Ω. Moreover, we define the following bi- and trilinear forms

m : V × V → R : m(u,v) =

∫
Ω

ρu · v,

c : V × V × V → R : c(u,v,w) =

∫
Ω

ρ (u · ∇v) ·w,

a : V × V → R : a(u,v) =

∫
Ω

2µ(γ̇)D(u)D(v),

b : V ×Q→ R : b(u, q) =

∫
Ω

q divu.

Then, the weak formulation for the blood flow problem (1) reads as follows



8 J. Pavlova, A. Fasano and A. Sequeira

Find the pair (u, p) ∈ (V,Q) such that for all (v, q) ∈ (V,Q) we have

m(ut,v) + c(u,u,v) + a(u,v)− b(p,v)− b(u, q) +
1

ε∗

∫
ΩClot

uv (17)

= −
∫
∂Ω

1

β
(u · τ1)(v · τ1)−

∫
∂Ω

1

β
(u · τ2)(v · τ2).

Here, the last integral on the left hand side meant to model the blood clot. According to it the blood
velocity is penalized in those computational nodes where fibrin has achieved its threshold. Parameter
ε∗ is chosen as a very small number and we introduce a characteristic function H dependent on fibrin
concentration, such ∫

ΩClot

uv =

∫
Ω

(1−H)uv.

Let the domain Ω be approximated by Ωh =
⋃nt

k=1 Tk, where {Tk}k=1,...,nt is a family of tetra-
hedrals. Problem (17) is approximated according to the Galerkin method [30, 41] also applying the
penalty method [23]. Finally, the weak formulation reads as follows

Find the pair (uεh, p
ε
h) ∈ (Vh, Q̄h) ⊂ (V,Q) satisfying the following equations

m((uεh)t,vh) + c(uεh,u
ε
h,vh) + a(uεh,vh)− b(pεh,vh)− b(uεh, qh) (18)

+
1

ε∗

∫
ΩClot

uεhv
ε
h

= −
∫
∂Ω

1

β
(uεh · τ1)(vh · τ1)−

∫
∂Ω

1

β
(uεh · τ2)(vh · τ2),

∀(vh, qh) ∈ (Vh, Q̄h);

and
divuεh = εpεh,

where ε is a very small number.
A classical Taylor-Hood element technique is adopted to approximate the velocity vector field u

and the pressure scalar function p

Vh := {v ∈ H1(Ω)2|∀K ∈ Th, v|K ∈ P2} and

Qh := {q ∈ H1(Ω)2|∀K ∈ Th, q|K ∈ P1}.
Time discretization of (18) is done by an implicit Euler scheme subdividing the time interval

[tPP , T ] into a number of subintervals (tn, tn+1), n = 0, . . . , N . To discretize the convective term a
semi-implicit scheme is adopted. Finally, the following vector-matrix form is derived

M
Un+1 −Un

∆t
+ C(Un)Un+1 + AUn+1 + BTPn+1

+ BUn+1 + SUn+1 +
1

ε
HUn+1 = 0,

where the velocity and pressure are defined as U(t) = {u1(t), . . . , uM (t)}T and P(t) = {p1(t), . . . , pN (t)}T
and the matrices arising from the bi- and trilinear forms are

M = {Mij}Mi,j such that Mij = m(ϕi, ϕj),

C(U(t)) = {Cij(U(t))}Mi,j,k such that Cij(U(t)) = c

(
M∑
k=1

uk(t)ϕk, ϕi, ϕj

)
,

A = {Aij}Mi,j such that Aij = a(ϕi, ϕj),

B = {Bik}M,N
i,k such that Bik = b(ϕi, φk),

H = {Hij}Mij such that Hij =
1

ρ
m(ϕi, ϕj).
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Finally, the linear system with the penalization term takes the following form(
E BT

B −εI

)(
Uε

Pε

)
=

(
0
0

)
,

where matrix E is given by

E =
1

∆t
M + A + C(Un) + S +

1

ε
H.

3.2. Biochemical problem

We proceed with the resolution of biochemical problem (2). We recall that platelets concentration
should be updated at the beginning of each biochemical iteration.

The existence of simultaneous fast and slow reactions makes the system extremely complicated
to be solved numerically. In particular, reactions that include different rate constants and greatly vary
in magnitude, impose strong stability constraints on the time step size. Numerical difficulties also
come from the large number of equations present in our model, from the stiffness of the reaction terms
and from the advection-dominated nature of the problem (2).

To deal with all these potential causes of numerical instabilities we use a second order operator
(Strang) splitting method [24, 25, 28, 45, 49] and split (2) into two simpler subproblems—the reaction
and the advection-diffusion (AD) one [8]—that are solved sequentially on each time interval [tn, tn+1].

∂C∗

∂t
= R(C∗), on (tn, tn+ 1

2
), C∗(tn) = C(tn),

∂C∗∗

∂t
= D∆C∗∗ − u · ∇C∗∗, on (tn, tn+1), C∗∗(tn) = C∗(tn+ 1

2
),

∂C∗∗∗

∂t
= R(C∗∗∗), on (tn+ 1

2
, tn+1), C∗∗∗(tn+ 1

2
) = C∗∗(tn+1),

(19)

with C(tn+1) = C∗∗∗(tn+1).

The sequential order of subproblems resolution is very important in this case and the stiff operator
must always be the last one in the splitting scheme, i.e. in our case that is applied to the reaction part
[45].

3.2.1. Reaction subproblem. We solve the first subproblem consisting of a system of 13 ordinary
differential equations that describe the reaction chain of coagulation factors C on the time interval
[tn, tn+ 1

2
] and discretize them in time using the second order Trapezoidal rule

Cn+ 1
2

= Cn +
∆t

2j

(
R(tn, Cn) +R

(
tn+ 1

2
, Cn+ 1

2

))
.

Here, j stands for the number of the subiterations within the reaction loop and R are the reaction
terms given for each coagulation factor separately by (3)–(15). To solve the non-linear reaction terms
the Newton-Raphson iteration is adopted

C
(k+1)

n+ 1
2

= C
(k)

n+ 1
2

−
C

(k)

n+ 1
2

− Cn − ∆t
2j

(
R(tn, Cn) +R

(
tn+ 1

2
, C

(k)

n+ 1
2

))
I − ∆t

2j Jn
,

where Jn stands for an approximation to the Jacobian matrix

Jn =
∂R(tn, Cn)

∂C
.
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3.2.2. Advection-diffusion subproblem. We proceed with the advection-diffusion subproblem resolu-
tion on each time interval [tn, tn+1] and solve it using the Galerkin approximation.

First we define the finite element space for the test functions

W := {w ∈ H1(Ω)d : C|∂Ω = g},
and derive the weak formulation multiplying equation (2) by a test function w and integrating it over
the domain Ω.

After integration by parts and taking into account the fact that in our case the diffusion parame-
ters D are constant and that div u = 0 due to the fluid’s incompressibility, we introduce the following
bi- and trilinear forms

m : W ×W → R : m(C,w) =

∫
Ω

Cw,

c : V ×W ×W → R : c(u, C, w) =

∫
Ω

(u · ∇C) · w,

a : W ×W → R : a(C,w) =

∫
Ω

∇C∇w

and derive the weak formulation obtaining the semi-discrete approximation in space of the advection-
diffusion problem.

Find C ∈W such that for every w ∈W :

m(Ct, w) + c(u, C, w) + a(C,w) = (20)

−
∫
∂Ωslip

⋃
∂Ωout

(
−D∂C

∂n
+ uC · n

)
w +

∫
∂Ωin

Cbloodw.

We introduce the same triangulation of the domain Ω as in the case of the fluid problem (1)

Ωh =

nt⋃
k=1

Tk,

where {Tk}k=1,...,nt
stands for a family of tetrahedrals.

The usual Galerkin approximation undergoes spurious oscillations in the case of the dominated
convection flow. Therefore, in order to stabilize this behavior a Streamline-Upwind/Petrov-Galerkin
stabilization technique (SUPG) [15, 26] is adopted to obtain a smooth solution. Thus, the final weak
form is given as

Find Ch ∈Wh ⊂W such that for every wh ∈Wh ⊂W :

m ((Ch)t, wh) + c(uh, Ch, wh) + a(Ch, wh) (21)

+ s1(uh, Ch, wh) + s2(uh, Ch, wh) + s3(uh, Ch, wh) =

−
∫
∂Ωslip

⋃
∂Ωout

(
−D∂Ch

∂n
+ uhCh · n

)
wh +

∫
∂Ωin

Cinw,

where the trilinear forms si are defined by

s1 =
∑
K∈Th

τK (Ch,uh · ∇wh)K ,

s2 =
∑
K∈Th

τK (−D∆Ch,uh · ∇wh)K ,

s3 =
∑
K∈Th

τK (uh · ∇Ch,uh · ∇wh)K .

We obtain the following matrix-vector formulation

MCt(t) + CC(t) + AC(t) +

3∑
l=1

SlC(t) = 0, (22)
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where the vector of the concentrations is given by C(t) = {C1(t, . . . , CL(t))}T and mass, convection
and stiffness matrices arising from the bi- and trilinear forms are given by

M = {Mij}Li,j such that Mij = m(ξi, ξj),

C = {Cij}Li,j,k such that Cij = c

(
L∑
k=1

uk(t)ξk, ξi, ξj

)
,

A = {Aij}Li,j such that Aij = a(ξi, ξj),

Sl = {Slij}Li,j such that Slij = sl

(
L∑
k=1

uk(t)ξk, ξi, ξj

)
, l = 1, 2, 3.

We proceed with the time discretization of problem (22) on the time interval [tPP , T ] that corre-
sponds to the time period from the beginning of the propagation phase till the final clot dissolution. We
choose the second-order backward differentiation formula (BDF) and on each time interval [tn, tn+1],
n = 0, . . . , N we solve the problem

M
Cn+1 − 4

3C
n+ 1

2 + 1
3C

n

∆t
− 2

3

(
CCn+1 + ACn+1 +

3∑
i=1

SiC
n+1

)
= 0.

Finally the solution of the second subproblem is given in the following form:

Cn+1 =

(
M

∆t
− 2

3

(
A+ C +

3∑
i=1

Si

))−1

M

∆t

(
4

3
Cn+ 1

2 − 1

3
Cn

)
, (23)

where Cn+ 1
2 is taken as the solution of the first reaction subproblem of the current iteration and Cn

is the solution obtained at the end of the previous iteration.

3.2.3. Second reaction subproblem. For the resolution of the third subproblem—reaction part on the
time interval [tn+ 1

2
, tn+1], we apply the same technique as in case of the first subproblem

Cn+1 = Cn+ 1
2 +

∆t

2j

(
R(tn+ 1

2
, Cn+ 1

2
) +R (tn+1, Cn+1)

)
,

taking the value Cn+ 1
2

as a solution of the advection-diffusion problem (23).

The solution of the final subproblem will be the solution of the whole reaction-advection-diffusion
problem on the time interval [tn, tn+1]. We proceed to the next iteration in the same manner.

4. Numerical results

Finally, we present the numerical results of the blood clot evolution within the blood flow during the
propagation and fibrinolysis phases, Fig. 2.

We would like to draw the reader’s attention to the fact that the action of convection on fibrin
was reduced up to 10% of the local value of the blood velocity. This assumption is justified by the fact
that the created fibrin molecules immediately polymerize making strong connections with each other,
and therefore, the polymer fibrin stays more resistant to the blood flow. This simplification was also
applied in the two-dimensional case for consistency, however, numerical tests have shown that in the
case of mesh refinement it can be avoided.

4.1. Anticoagulant dominance case

The main goal is also to show the capacity of the blood coagulation model to predict different disorder
cases. Therefore, three different tests have been considered: the cases of anticoagulant dominance,
hypercoagulation and platelets deficiency13.

13To save the computational time these numerical tests were performed in 2D, however we note that all of them are
possible in 3D, with no major problems.
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(a) Onset

of the

propa-
gation

phase

(b) Prop-

agation

phase

(c) Fib-

rinolysis
phase (I)

(d) Fib-

rinolysis
phase (II)

Figure 2. 3D simulations of the platelets-fibrin clot evolution.

As an example of anticoagulant dominance, the case of an increased ATIII concentration by 30%
in blood is considered and compared to the normal blood.

The concentration plots for the main coagulation factors—fibrin, thrombin and prothrombinase—
from the beginning of the propagation phase till the end of fibrinolysis (approximately 30 mins) also
capturing their peak production during the propagation phase are shown in Fig. 3. It can be seen that
the amount of the produced concentrations in this case is smaller comparing to the case of normal
coagulation. Moreover, the clot at the peak of its evolution formed in the blood with the higher
concentration of ATIII is also smaller comparing to the normal case as expected, Fig. 4.

4.2. Hypercoagulation case

We refer to the opposite case of the one described in the previous section and study the possibility
of the decrease of inhibitors in the blood. As an example the case of ATIII deficiency is considered,
when the blood contains only 75% of the normal ATIII concentration. The concentration plots during
the peak evolution and clot shape are shown in Figs. 5 and 6. As it was expected in the case of ATIII
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(a) Prothrombinase concentration (b) Thrombin concentration

(c) Fibrin concentration (d) Fibrin concentration

Figure 3. Evolution of the concentrations in the case of ATIII surplus.

(a) Normal case (b) ATIII surplus

Figure 4. Blood clot size in the case of ATIII dominance at the peak of its formation.
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(a) Prothrombinase

concentration

(b) Thrombin concentration (c) Fibrin concentration

Figure 5. Evolution of the concentrations in the case of hypercoagulation.

(a) Normal case (b) ATIII excess

Figure 6. Blood clot size in the case of hypercoagulation at the peak of its formation.

deficiency the amount of produced thrombin and the size of the blood clot are much higher comparing
to the normal case.

4.3. Platelets deficiency case

The next example is related to platelets deficiency in the clot formation process. As an example, we
consider the amount of activated platelets supplied to the clotting region reduced by10% and compare
it with the normal case. The comparison in concentration production at the peak of the propagation
phase and clot shape are shown in the Figs. 7 and 8.

The graphs show that in the case of the platelets deficiency there is a delay in thrombin production
and additionally to that the produced amount of thrombin has also decreased resulting in a smaller
and delayed fibrin production.

5. Conclusions

In this work we have carried out the numerical resolution of a mathematical model for the blood coag-
ulation process incorporating the underlying biochemistry and the effect of the blood flow, including
blood slip at the vessel wall. The model was formulated in [18] and the selection of the coefficients was
made in [36] in a simplified geometrical context, using the differential system of [6] as a benchmark.
Advantages of the present model are: a reduced set of equations, the intervention of activated platelets
concentration, and the influence of blood slip in recruiting more platelets at the clotting site.
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(a) Prothrombinase

concentration

(b) Thrombin concentration (c) Fibrin concentration

Figure 7. Evolution of prothrombin, thrombin and fibrin in the platelets deficiency case.

(a) Normal case (b) Platelets deficiency

Figure 8. Blood clot size in the case of platelets deficiency at the peak of its formation.

The flow problem and the biochemical system were solved sequentially in such a way that at
each time step the blood and clot domains were changing according to the fibrin concentration.
In the computational nodes where fibrin concentration has reached a threshold value (defining the
clot boundary) the blood velocity has been penalized making the clot resistant to the blood flow.
Therefore, the biochemical components became affected by the blood flow only in those regions where
fibrin concentration was below the threshold. The FEM was used for the space discretization of the
blood coagulation model. The time discretation of the blood flow problem was done using the Euler
implicit scheme and the nonlinear convective term was linearized using a semi-implicit scheme. The
biochemical problem was solved using a second-order splitting method decomposing it into the reaction
and advection-diffusion parts that were solved sequentially. The time discretization was done using
second-order implicit schemes: trapezoidal rule for the reaction problem and second-order backward
differentiation formula for the advection-diffusion one, to keep the splitting method error close to the
second order. The linear systems arising from space and time discretization were solved numerically
using the sparse and direct parallel solver MUMPS.

Major concerns in the numerical resolution were: the existence of numerical instabilities, loss of
accuracy and a very large computational time when small time steps or a refined mesh have been used.
Special techniques have been adopted to overcome most of these difficulties in order to obtain reliable
results. Moreover, as a future work, the numerical resolution of the problem could be improved and
the computational time could be reduced using a domain decomposition method.
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The numerical results showed that the model allows to describe the coagulation process, including
both the thrombin burst and clot dissolution, emphasizing the influence of particular features, like
blood slip at the wall. The model is flexible enough to investigate e.g. the effects of abnormal values
of antithrombin.
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