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Definition

A stochastic process in continuous time {W (t), t ≥ 0}, is a
Brownian motion if the following properties hold:
• W (0) = 0 (without loss of generality)
• Has independent increments and stationary increments

(W (h + t)− W (t) ∼ N (0,h).)
• W (t) ∼ N (0, t)
• It has continuous sample paths.

There is a theorem that proves that the Brownian Motion exists!
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Is it true that W (t) and W (s) are independent?

By definition, the increments are independent. For instance, for
t0 < t1 < t2 we have that W (t2)− W (t1) is independent of
W (t1)− W (t0).
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First properties

• Cov(W (t),W (s)) = min(s, t) for all s, t ≥ 0.
• The following processes are still Brownian motions:

• Time translation {X (t) = W (t + s)− W (s), t ≥ 0} (with fixed
s ≥ 0)

• Scaling Invariance: {X (t) = 1
a W (a2t) : t ≥ 0}

• Time inversion: {X (t) = tW (1/t) : t > 0}.
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Verifying that {X (t) = W (t + s)− W (s), t ≥ 0} (with
fixed s ≥ 0) is a Brownian motion

• X (0) = W (0 + s)− W (s) = 0.
• For t0 < t1 < t2 we have X (t2)− X (t1) = W (t2 + s)− W (t1 + s),

and X (t1)− X (t0) = W (t1 + s)− W (t0 + s) are independent.
Also, they have stationary increments.

• X (t) has law N (0, t).
• It has continuous sample paths t 7→ X (t).
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Martingale property of the Brownian motion

The Brownian motion {W (t)}t≥0 is a martingale with respect to the
natural filtration Ft = σ(W (s); s ≤ t), t ≥ 0. More precisely

1 E[|W (t)|] < ∞ for all t ≥ 0.
2 W (t) is measurable with respect to the information given in Ft .
3 E[W (t)|W (s)] = W (s) for all t ≥ s ≥ 0.
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Martingale properties of functionals of Brownian
motion

The process X (t) = W 2(t)− t where {W (t)}t≥0 is a Brownian
motion, is also a martingale with respect to the natural filtration
Ft = σ(W (s); s ≤ t), t ≥ 0. More precisely

1 E[|X (t)|] < ∞ for all t ≥ 0.
2 X (t) is measurable with respect to the information given in Ft .
3 E[X (t)|X (s)] = X (s) for all t ≥ s ≥ 0.
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Martingale properties of functionals of Brownian
motion

The process X (t) = exp(σW (t)− σ2t/2) where {W (t)}t≥0 is a
Brownian motion, is also a martingale with respect to the natural
filtration Ft = σ(W (s); s ≤ t), t ≥ 0. More precisely

1 E[|X (t)|] < ∞ for all t ≥ 0.
2 X (t) is measurable with respect to the information given in Ft .
3 E[X (t)|X (s)] = X (s) for all t ≥ s ≥ 0.
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Differentiability

Almost surely, the Brownian motion is nowhere differentiable.
Furthermore, almost surely, for all t , either

lim sup
h→0

W (t + h)− W (t)
h

= ∞ or lim inf
h→0

W (t + h)− W (t)
h

= −∞
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Consequences
The randomness of Brownian motion means that it does not
behave well enough to be integrated by traditional methods, it
oscillates very very fast.

• Weierstrass function is an example of a real-valued function
that is continuous everywhere but differentiable nowhere. It is
an example of a fractal curve.

• Brownian motion is like a fractal: it looks statistically the same
at all scales, no matter how much you zoom in, provided that
space and time are scaled in the right way
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First and Second order variation

Bounded variation: A function f → [0, t ] → R is of bounded
variation if there is M < ∞ such that

k∑
j=1

|f (tj)− f (tj−1| ≤ M

for all k ≥ 1 and all partitions 0 = t0 < t1 < . . . < tk = t .
Otherwise, we say that it is of unbounded variation.

Functions of bounded variation are known to be differentiable.
Since BM is nowhere differentiable, it must have unbounded

variation.

Based on the notes of prof. Cláudia Nunes Quantitatitve Finance March 19th, 2025 March 19, 2025 11 / 36



Unbounded variation

For the proof, we need to recall the following results:
• Central limit theorem
• Strong law of large numbers: X̄n converges to E[X ] a.s.

Then we may prove that:

lim
n→∞

n∑
i=1

|W (ti)− W (ti−1)| = ∞
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Second variation

Suppose the sequence of partitions

0 = t(n)0 < t(n)1 < . . . < t(n)k(n) = t

is nested (that is at each step one or more partition points are
added), and the mesh

∆(n) = sup
1≤j≤k(n)

{t(n)j − t(n)j−1}

converges to zero. Then, almost surely,

lim
n→∞

k(n)∑
j=1

(
W (t(n)j )− W (t(n)j−1)

)2
= t

proof...
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Crossed variation

Using the usual terminology:

[X ,Y ]t = lim
n→∞

n∑
j=1

(
X (tj)− X (tj−1)(Y (tj)− Y (tj−1)

)

If the process X has continuous sample paths and Y has finite
linear variation, then

[X ,Y ]t = 0, ∀t

Based on the notes of prof. Cláudia Nunes Quantitatitve Finance March 19th, 2025 March 19, 2025 14 / 36



First definitions

Let {X (s), s ≥ 0} be a stochastic process adapted to the filtration
{FW

s , s ≥ 0} (the one that is generated by the Brownian motion
{W (s), s ≥ 0}. Then we want to define the following integral:∫ t

0
X (s)dW (s)

This is what we call the Itô’s integral.

Based on the notes of prof. Cláudia Nunes Quantitatitve Finance March 19th, 2025 March 19, 2025 15 / 36



∫ t

0
X (s)dW (s)

We need {X (s), s ≥ 0} to be adapted to the filtration {FW
s , s ≥ 0}. If

it is allowed to depend on future values then the integral may not
make sense or it may not have the properties we expect.
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Simple processes

In addition to the previous property, assume that {X (s), s ≥
0} is square-integrable:

E
[∫ t

0
X 2(s)ds

]
< ∞, ∀t

We say that {X (s), s ≥ 0} is a simple process if it is of the form:

X (s) =
n−1∑
i=0

Xi1]ti ,ti+1](s)

where 0 = t0 < t1 < . . . < tn = t and Xi are Fti -measurable
bounded random variables.

We will denote by S the class of all simple processes.
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Itô integral for simple processes

The Itô integral of X ∈ S is defined as:∫ t

0
X (s)dW (s) =

n−1∑
i=0

Xi(W (ti+1)− W (ti))

(and it is adapted to the filtration generated by the Brownian
motion)
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Properties

The Itô integral is a random variable

For X ,Y ∈ S , and a,b ∈ R, the following holds:
• E

[∫ t
0 X (s)dW (s))

]
= 0 (first Itô isometry);

• E
[(∫ t

0 X (s)dW (s))
)2

]
=

∫ t
0 E[X

2(s)]ds (second Itô
isometry);

•
∫ t

0(aX (s) + bY (s))dW (s) =
a
∫ t

0 X (s)dW (s) + b
∫ t

0 Y (s)dW (s)

•
{∫ t

0 X (s)dW (s)), t ≥ 0
}

is a martingale.
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Left/Midpoint/right

It is worth highlighting the importance of choosing the left
endpoint of Xi in the interval ]ti , ti+1], instead of say the middle
point (as is done in Stratonovich calculus), or the right endpoint.
The choice of left endpoint is suitable for finance: we choose how
much stock to buy when we see the price at the beginning of the
day. Choosing anything after ti would imply seeing into the future.

Also, unlike in traditional calculus, this choice matters: differ-
ent choices yield different results for even fairly basic inte-
grands.
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Quadratic variation

Let I(t) =
∫ t

0 X (s)dW (s). Then

[I, I]t =
∫ t

0
X 2(s)ds

So the quadratic variation of the Brownian motion is a number
(t ) but the quadratic variation of an Itô integral is a random
variable!
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General processes

Now would like to extend the definition of the integral to general
integrands. The proofs are finnicky and not very illuminating ...

Based on the notes of prof. Cláudia Nunes Quantitatitve Finance March 19th, 2025 March 19, 2025 22 / 36



General processes

Given a a general process {X (s), s ≥ 0}, adapted to the fil-
tration generated by the Brownian motion, we construct a se-
quence of simple processes {Xn(s), s ≥ 0},n ∈ N, which con-
verge pointwise to X , i.e.,

Xn(t , ω) → X (t , ω), ∀t , ω ∈ Ω

Then ∫ t

0
X (s)dW (s) = lim

n→∞

∫ t

0
Xn(s)dW (s)

where the last equality means that:

lim
n→∞

E
[∫ t

0
(X (s)− Xn(s))2ds

]
= 0

(convergence in L2, which implies converge in probability)
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Properties

All the properties of the Itô integral for simple processes also hold
for this more general class of processes
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What do we do with this definition? We compute integrals? Usually
NO! But there are some cases where one is able to compute an
integral Itô integral...
• Easy:

∫ t
0 cdW (s) = c(W (t);

• More elaborated but doable:
∫ t

0 W (s)dW (s)

∫ t

0
W (s)dW (s) =

W 2(t)
2

− t
2

Based on the notes of prof. Cláudia Nunes Quantitatitve Finance March 19th, 2025 March 19, 2025 25 / 36



Stochastic differential equations

We would like to solve differential equations of the form:

dX (t) = µ(t ,X (t))dt + σ(t ,X (t))dW (t)

for given functions µ and σ. But we face the following questions:
1. What is the meaning of dW (s)? (we know that BM is not

differentiable...)
2. How do we solve these equations?
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Answers

1. What is the meaning of dW (t)? (we know that BM is not
differentiable...)
Answer: Solving this is equivalent to solve:

X (t) = X (0) +
∫ t

0
µ(s,X (s))ds +

∫ t

0
σ(s,X (s))dW (s)

2. How do we solve these equations?
Answer: Most of the times, we don’t solve....

But we can propose a candidate for solution. Then, com-
puting the necessary derivatives, we may plug-in the ex-
pression in the stochastic differential equation and check
that it holds.
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Derivatives

Therefore we need to be able to compute derivatives.
For example, what if we want to compute df (t ,W (t))?

In standard non-stochastic calculus, one computes a derivative or
an integral using various rules. In the Itô stochastic calculus one
extends these rules to the stochastic terms.
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From the result:∫ t

0
W (s)dW (s) =

W 2(t)
2

− t
2
⇔ dW 2(t) = 2W (t)dW (t) + t

we already suspect that we will have new rules to compute
derivatives.
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Itô Formula

Let {X (t), t ≥ 0} be a Itô process, i.e., it is solution of:

dX (t) = µ(t ,X (t))dt + σ(t ,X (t))dW (t)

and let g : R+ × R → R, with g ∈ L1,2. Then {Y (t) =
g(t ,X (t)), t ≥ 0} is again a Itô process, and

dY (t) =
∂g
∂t

dt +
∂g
∂x

dX (t) +
1
2
∂2g
∂x2 (dX (t))2

=

(
∂g
∂t

+ µ(t ,X (t))
∂g
∂x

+
1
2
σ2(t ,X (t))

∂2g
∂x2

)
dt+

+ σ(t ,X (t))
∂g
∂x

dW (t)
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Equivalent formula

dg(t ,X (t)) = ∂tg(t ,X (t))dt+∂xg(t ,X (t))dX (t)+
1
2
∂2

x g(t ,X (t))(dX (t))2

Table of infinitesimals

dt × dt = (dt)2 = 0
dt × dW (t) = 0

dW (t)× dW (t) = (dW (t))2 = dt
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Black-Scholes formula
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Interesting and historical papers

• Black, Fischer, and Myron Scholes.The pricing of options and
corporate liabilities. Journal of political economy 81.3 (1973):
637-654.

• Black, Fischer. How we came up with the option formula. Journal
of Portfolio Management 15.2 (1989): 4-8.

Based on the notes of prof. Cláudia Nunes Quantitatitve Finance March 19th, 2025 March 19, 2025 34 / 36

https://www.sfu.ca/~kkasa/Black_89.pdf


Black-Scholes formula

Π(t ;X ) = e−r(T−t)EQ
[
g(S(T ))|FS

t

]
where g is the contract function of the derivative X and
{S(t), t ∈ (0,T ]} is the underlying stock price, which is solu-
tion of:

dS(t) = rS(t)dt + σS(t)dW (t)

i.e.,
{

S(t) = S(0)e(r−0.5σ2)t+σW (t), t ∈ (0,T ]
}

(the geometric
Brownian motion).
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Assumptions

(i) The underlying stock price follows a GMB.
(ii) The risk-free interest rate r and the asset volatility σ are

known functions.
(iii) There are no transaction costs.
(iv) The asset pays no dividends during the life of the option.
(v) There are no arbitrage possibilities.
(vi) ) Trading of the asset can take place continuously.
(vii) Short selling is permitted.
(viii) We can buy or sell any number (not necessarily an

integer) of the asset.
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