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State estimation
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Need for state estimation

There are situations in which the state is not
available for direct measurement:

Physical reasons (too harsh
environments to place a sensor)
The state has no physical meaning
(only a mathematical meaning)
The state is corrupted by noise and one
wants to improve the measure

The state of a glass furnace
consists of the temperature in
a grid of points in a pool of
molten glass.
The temperature of the glass
is of the order of 1600oC ,
well above the molten point
of the metal used as a case to
thermocouple sensors (well
below 1000oC).

One may only measure the temperature at the glass pool surface, at the
top of the glass chamber or bellow it, and estimate the state from these
measurements using models.
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MPC and state estimation
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When the state is not available for direct estimation, it must be estimated
to be used in the MPC algorithm.
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Linear state estimation: predictive observer

Estimates the state using the observation up to the previous time.
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Estimation error
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Example: state estimation in a double integrator
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Example (cont.)
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Linear state estimation: current observer

Estimates the state using the most recent observation.
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Prediction/Correction Equations
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The observer as a filter

Up to now, nothing has been said about sensor noise or stochastic
disturbances.

The observer is a filter that has a frequency response.

If the bandwidth is to small, part of the state dynamics will be cancelled
(undesirable).

If the bandwidth is too large, the state dynamics has already passed
through the filter, and we are just aiding high frequency noise.

Problem: optimize the observer bandwidth to get the best compromise
between getting the state dynamics and cancelling high-frequency
noise.

This is done by the Kalman-Bucy filter (also known as the Kalman
filter).
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Optimizing the observer: the Kalman-Bucy filter
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Unbiased, optimal estimator

The Kalman filter is a current observer with the gain (Kalman gain)
optimized.
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Optimal nonlinear filtering - model

J. M. Lemos (Instituto Superior Técnico) Distributed Predictive Control and Estimation 2022 14 / 56



σ-algebra

J. M. Lemos (Instituto Superior Técnico) Distributed Predictive Control and Estimation 2022 15 / 56



Optimal nonlinear filtering: solution structure
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Optimal nonlinear filtering: Markov processes

The state of a deterministic system is a vector of variables such that, if we
know the control inputs and the plant model, allow us to compute its
future evolution, starting from an initial condition.

Markov processes represent the notion of state for stochastic
systems.
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Some probability formulas

A and B random variables.

p(A,B) = p(A|B)p(B)

p(A) =

∫
p(A,B)dB
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Optimal nonlinear filtering: steps of the estimate
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Optimal nonlinear filtering: prediction
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Optimal nonlinear filtering: prediction (cont.)
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Optimal nonlinear filtering: filtering
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Optimal nonlinear filtering: filtering (cont.)
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Optimal nonlinear filtering: filtering (cont.)

Let’s now put all together:

J. M. Lemos (Instituto Superior Técnico) Distributed Predictive Control and Estimation 2022 24 / 56



Optimal nonlinear filtering: filter equations
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The Kalman filter revisited

Objective: derive the equations of the Kalman filter as a special case of
the optimal nonlinear filter.

These procedure will give us a new of the Kalman filter, based on
probability.
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Product of 2 gaussian pdf
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Product of 2 gaussian pdf (cont.)
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Product of 2 gaussian pdf (cont.)
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Product of 2 gaussian pdf (cont.)
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Convolution of 2 gaussian pdf
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Convolution of 2 gaussian pdf (cont.)
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Convolution of 2 gaussian pdf (cont.)
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Conclusion: product of 2 gaussian pdf
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Conclusion: convolution of 2 gaussian pdf
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Coordinate transform in a pdf (scalar)
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Linear coordinate transform in a Gaussian pdf
(scalar)

J. M. Lemos (Instituto Superior Técnico) Distributed Predictive Control and Estimation 2022 37 / 56



Example: linear scalar model
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Example: linear scalar prediction
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Example: linear scalar prediction (cont.)
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Example: linear scalar prediction (cont.)
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Example: linear scalar filtering
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Example: linear scalar filtering
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Example: linear scalar filter
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Example: numerical results
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General Kalman filter: model

State dynamics:
xk = Axk−1 + Buk−1 + wk−1

Observation model:
zk = Hxk + vk

Process noise:
p(w) N (0,Q), Q � 0

Sensor noise:
p(v) N (0,R), R � 0
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General Kalman filter

The Kalman filter propagates in time the pdf of the state given the
observations.

In the linear case, this pdf is a gaussian. Hence, only the mean and the
covariance need to be propagated in time.
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Kalman Filter: Prediction/correction
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Extended Kalman Filter (EKF)

Nonlinear dynamics and/or observations:
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Extended Kalman Filter: jacobian approximations
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Extended Kalman Filter: prediction/correction
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EKF and Unscented Kalman Filter: gaussian
approximation
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Comparison example: car with a double inverted
pendulum
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Comparison example: car with a double inverted
pendulum
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Joint state and parameter estimation

State model depends on a vector of parameters wk :

xk+1 = F (xk , uk , wk) + Bvk

Model for the enlarged state (original state + parameters):[
xk+1

wk+1

]
=

[
F (xk , uk , wk)

wk

]
+

[
Bvk
rk

]

yk =
[
I 0

] [ xk
wk

]
+ nk

If not all the state components are directly measured, the output equation
is changed.
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Joint state and parameter estimation (cont.)
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