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3
Unconstrained, linear receding horizon

control
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Basic MPC algorithm
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Adjust this set of future controls 

to optimize this set of future outputs

According to the receding horizon (RH) strategy, apply to the plant only
the first sample of the optimized sequence of future controls and repeat
the process at time k + 1
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Linear-quadratic, unconstrained MPC problem

Consider a SISO plant to start.

Cost functional:

JRH(uk+H−1
k ; k) :=

H∑
i=1

(y(k + i)− r(k + i))2 + ρu2(k + i − 1)

MPC problem
min

uk+H−1
k

JRH(uk+H−1
k ; k)

subject to
x(k + 1) = Ax(k) + bu(k)

y(k) = Cx(k)
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Linear state prediction

Iterate the state model to get state predictors from present time k

x(k + 1) = Ax(k) + Bu(k)

x(k + 2) = Ax(k + 1) + Bu(k + 1) = A2x(k) + Abu(k) + Bu(k + 1)

x(k+3) = Ax(k+2)+Bu(k+2) = A3x(k)+A2Bu(k)+ABu(k+1)+Bu(k+2)

In general

x(k + i) = Aix(k) + Ai−1Bu(k) + Ai−2Bu(k + 1) + . . .+ Bu(k + i − 1)
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Output prediction

State predictors:

x(k + i) = Aix(k) + Ai−1Bu(k) + Ai−2Bu(k + 1) + . . .+ Bu(k + i − 1)

Output predictors: multiply the state by C :

y(k + i) = CAix(k)+CAi−1Bu(k)+CAi−2Bu(k +1)+ . . .+CBu(k + i−1)
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Pencil of predictive models
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Compact notation

Y :=

 y(k + 1)
...

y(k + H)

 , Y ∗ :=

 r(k + 1)
...

r(k + H)

 , U :=

 u(k)
...

u(k + H − 1)



W :=


CB 0 0 . . . 0
CAB CB 0 . . . 0

CA2B CAB CB
. . . 0

...
. . .

. . .
. . .

...
CAH−1B CAH−2B . . . CAB CB

 Π :=


CA
CA2

CA3

...
CAH


With this notation:

Y = WU + Πx(k), JRH = (Y − Y ∗)>(Y − Y ∗) + RU>U
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The cost as a quadratic form of U

Use the model Y = WU + Πx(k) in the cost to get

JRH = (Y − Y ∗)>(Y − Y ∗) + ρUTU

JRH = (U>W> + x>(k)Π> − Y ∗>)(WU + Πx(k)− Y ∗) + ρUTU

JRH = U>MU + 2(x>(k)Π>−Y ∗>)WU + (x>(k)Π>−Y ∗>)(Πx(k)−Y ∗)

M := U>U + ρI

The cost is a quadratic form of U.
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A detour: gradient rules

Gradient of a linear function:

x ∈ Rn, f (x) = b>x

∇x f (x) = b>

Gradient of a quadratic function:

x ∈ Rn, f (x) = x>Ax

∇x f (x) = 2x>A
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Optimized control sequence

JRH = U>MU + 2(x>(k)Π>−Y ∗>)WU + (x>(k)Π>−Y ∗>)(Πx(k)−Y ∗)

Taking the gradient with respect to U and transposing:

U>M = −((x>ΠT − Y ∗>)W

U = −M−1W>Πx(k) + M−1W>Y ∗
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MPC control law for unconstrained LQ problems

U = −M−1W>Πx(k) + M−1W>Y ∗

According to the receding horizon strategy, only the first control of this
sequence is applied to the plant:

u(k) = −KRHx(k) + Kff y(k)

KRH := e1M
−1W>Π Kff := e1M

−1W>

where
e1 =

[
1 0 . . . 0

]
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Choice of the horizon: the Michelin star restaurant
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Choice of the prediction horizon

TimeH

Stabilizing,
infinite-horizon LQ gainKRH

TimeH

Stabilizing,
infinite-horizon LQ gainKRH

Large horizon

Small horizon

The prediction horizon must be large enough so that the first gain is
sufficiently close to the infinite horizon LQ gain that stabilizes the
closed-loop.
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4
Optimization and constraints
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Parametrization of a line segment between 2 points
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Convex sets
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Convex functions
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First order convexity condition
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Uniqueness of the minimum
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Equality Constraints
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Inequality Constraints
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Constrained Optimization
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Regular Points
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Dual optimization
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KKT (Karush-Kuhn-Tucker) conditions
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How to solve the KKT conditions
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Exercise on KKT
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Exercise on KKT (cont.)
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Exercise on KKT (cont.)
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Exercise: Least-squares solution of linear equations
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Solution
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KKT conditions for inequality constraints

Minimizex f (x)

subject to gi (x) ≤ 0

Lagrangian function

L(x , µ) = f (x) +
m∑

i=1

µigi (x)

Complementary conditions

µigi (x) = 0, for i = 1, . . . , m
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Numerical approximation

Robbins-Munro gradient scheme to approximate the Lagrange
multiplier

µk+1 = µk + γkµkg(x)

Just one constraint (to simplify). The index k is the number of
iterates.

γk must converge to zero, but such that
∑

k γk =∞,
∑

k γ
2
k finite, for the

algorithm to converge.

Example: γk = γ0/k .

If the constraint is active, g(x) = 0 and µk will approach a value that is
not zero.

If the constraint is not active, g(x) < 0 and µk → 0.
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Example: constrained stochastic control

MinimizeuJ = E [y2(t)]

Subject toE [u2(t)] ≤ c2

Lagrangian function

E [y2(t)] + µE [u2(t)]
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Ey2=2

CM

MUSMAR

Adjust the Lagrange multiplier (weight on the control action) such
that

µ(E [u2(t)]− c2) = 0

Approximate by µt+1 + µt + γtµt(u(t)2 − c2)
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Numerical solvers

Interior point methods use the fact
that a convex problem can be
reduced to a linear programming
method.
Linear programming problems can be
solved numerically either by
searching along the frontiers defined
by the constraints or by a sequence
of points in the interior of the region
defined by these constraints.
Sequential quadratic methods solve a
sequence of quadratic problems
based on dual optimization.
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The fmincon solver
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Nonlinear MPC
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Nonlinear MPC - general formulation
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LQ MPC with state
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6
Stability constraints
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7
State estimation
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8
Distributed MPC
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