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Equality constraint in the terminal state 

Maximize 𝐽(𝑢) = Ψ(𝑥(𝑇) + ∫ 𝐿(𝑥, 𝑢)𝑑𝑡
𝑇

0
 

Subject to �̇� = 𝑓(𝑥, 𝑢), 𝑥(0) = 𝑥0, 𝑥(𝑇) = 𝑥𝑇, 𝑢(𝑡) ∈ 𝑈 

 

Pontryagin’s Principle (necessary conditions for optimality) 

�̇� = 𝑓(𝑥, 𝑢), 𝑥(0) = 𝑥0, 𝑥(𝑇) = 𝑥𝑇, 𝑢(𝑡) ∈ 𝑈 

−�̇�′ = 𝜆′𝑓𝑥 + 𝐿𝑥 

There are no constraints on 𝜆(𝑇) because the terminal state is specified 

𝐻(𝜆, 𝑥, 𝑢) ≔ 𝜆′𝑓(𝑥, 𝑢) + 𝐿(𝑥, 𝑢) 

At each 𝑡 ∈ [0, 𝑇] the Hamiltonian 𝐻 is maximal with respect to 𝑢 

[JML-CEE] chap. 12 
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Ex. 1 – Shortest path between 2 points [JML-CEE] p.468-470 

    

What is the shape of the function 𝑥(𝑡) such that the length of the line 

connecting points (𝑎, 𝐴) and (𝑏, 𝐵) is minimum? 
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Transform the geometrical problem into an optimal control problem 

    

minimize  𝐽(𝑢) = ∫ √1 + 𝑢2𝑑𝑡
𝑏

𝑎
 

Subject to �̇� = 𝑢, 𝑥(𝑎) = 𝐴, 𝑥(𝑏) = 𝐵 
  

t
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a bt

x(t)
u

𝐽 = ∫ √1 + (�̇�(𝑡))
2

𝑏

𝑎

 

�̇� = 𝑢 

𝐽(𝑢) = ∫ √1 + 𝑢2𝑑𝑡
𝑏

𝑎

 

 



CMNO – Optimal Control - Equality constraints in the terminal state 4 

J. Miranda Lemos  IST-DEEC Área Científica de Sistemas Decisão e Controlo 

 

maximize  𝐽(𝑢) = − ∫ √1 + 𝑢2𝑑𝑡
𝑏

𝑎
 

Subject to �̇� = 𝑢, 𝑥(𝑎) = 𝐴, 𝑥(𝑏) = 𝐵 
 

𝐿(𝑥, 𝑢) = −√1 + 𝑢2,     𝐿𝑥 = 0,        𝑓𝑥 = 0 

−�̇�′ = 𝜆′𝑓𝑥 + 𝐿𝑥      �̇� = 0    →    𝜆 = 𝐶𝑜𝑛𝑠𝑡. 

𝐻(𝜆, 𝑥, 𝑢) = 𝜆′𝑓(𝑥, 𝑢) + 𝐿(𝑥, 𝑢) = 𝜆𝑢 − √1 + 𝑢2 

Optimality condition: 
𝜕𝐻

𝜕𝑢
= 𝜆 −

𝑢

√1+𝑢2
= 0    Since 𝜆 = 𝐶, then 𝑢 is also constant 

The solution is a straight line (constant slope). 

To find the value of the constant, solve the state equation and impose the 

terminal condition. 
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Solution of the state equation with 𝑢 constant: 

�̇� = 𝑢, 𝑥(𝑎) = 𝐴, 𝑥(𝑏) = 𝐵 

Integrate both sides and use the fundamental theorem of calculus: 

𝑥(𝑡) = 𝑥(𝑎) + ∫ 𝑢(𝜎)𝑑𝜎
𝑡

𝑎

 

Since 𝑢 is constant: 

𝑥(𝑡) = 𝑥(𝑎) + 𝑢(𝑡 − 𝑎) 

Apply the terminal condition 

𝐵 = 𝐴 + 𝑢(𝑏 − 𝑎)      →     𝑢 =
𝐵−𝐴

𝑏−𝑎
 

The geometrical interpretation is immediate. 
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Ex. 2 – Mobile robot with final state specified  [CEE-JML] p. 471-474 

Robot moves along a straight line only. 

Model (double integrator): 

�̇�1 = 𝑥2,      �̇�2 = 𝑢    

Find the optimal control that drives the robot from the initial state 

𝑥(0) = [
1
1

] 

to the terminal state 

𝑥(1) = [
1
0

] 

Minimizing       𝐽(𝑢) =
1

2
∫ 𝑢2(𝑡)𝑑𝑡

1

0
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Hamilton form of the state and adjoint equations 

Remember:   𝐻(𝜆, 𝑥, 𝑢) = 𝜆′𝑓(𝑥, 𝑢) + 𝐿(𝑥, 𝑢)         −�̇�′ = 𝜆′𝑓𝑥(𝑥, 𝑢) + 𝐿𝑥(𝑥, 𝑢) 

Then:    
𝜕𝐻

𝜕𝜆
= 𝑓(𝑥, 𝑢) = �̇�       

𝜕𝐻

𝜕𝑥
= 𝜆′𝑓𝑥(𝑥, 𝑢) + 𝐿𝑥(𝑥, 𝑢) = −�̇�′ 

Hence, we conclude the Hamilton form of the state and adjoint equations: 

�̇� =
𝜕𝐻

𝜕𝜆
        �̇�′ = −

𝜕𝐻

𝜕𝑥
 

When the maximum of the Hamiltonian is attained for a point that is interior tp 

the set of admissible control values, 𝑈, the optimal condition is 

𝜕𝐻

𝜕𝑢
= 0 
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Hamiltonian properties 

For time invariant dynamics and Lagrangian, the Hamiltonian is constant in 

time. 

Remember:    �̇� =
𝜕𝐻

𝜕𝜆
        �̇�′ = −

𝜕𝐻

𝜕𝑥
        

𝜕𝐻

𝜕𝑢
= 0 

𝐻(𝜆, 𝑥, 𝑢) = 𝜆′𝑓(𝑥, 𝑢) + 𝐿(𝑥, 𝑢) 

Then: 

𝑑𝐻

𝑑𝑡
=

𝜕𝐻

𝜕𝜆
�̇� +

𝜕𝐻

𝜕𝑥
�̇� +

𝜕𝐻

𝜕𝑢
= 0 

Meaning that the Hamiltonian is constant in time. 

This property holds even if 𝑢 is not smooth (the previous proof is no longer 

valid). 
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The Hamiltonian is constant along an optimal path – Ex. 1 

Mobile robot with minimum energy [CEE-JML] p. 434-436 

maximize 𝐽(𝑢) = 𝑥1(𝑇) −
1

2
∫ 𝑢2(𝑡)𝑑𝑡

𝑇

0
 

subject to      �̇�1 = 𝑥2,  �̇�2 = 𝑢 

 

𝐻(𝜆, 𝑥, 𝑢) = 𝜆′𝑓(𝑥, 𝑢) + 𝐿(𝑥, 𝑢) = 𝜆1𝑥2 + 𝜆2𝑢 −
1

2
𝑢2 

𝜆1(𝑡) = 1,       𝜆2(𝑡) = 𝑇 − 𝑡,        𝑢∗(𝑡) = 𝑇 − 𝑡 

Along an optimal trajectory �̇�1 = 𝑥2,  �̇�2 = 𝑇 − 𝑡 

𝑥2(𝑡) = 𝑥2(0) + ∫ (𝑇 − 𝜎)𝑑𝜎 = 𝑇𝑡 −
1

2
𝑡2𝑡

0
  

𝑥1(𝑡) = 𝑥1(0) + ∫ (𝑇𝜎 −
𝜎2

2
) 𝑑𝜎

𝑡

0
=

𝑇

2
𝑡2 −

1

6
𝑡3     →     𝐻 =

1

2
𝑇2 
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The Hamiltonian is constant along an optimal path – Ex. 2 

Mobile robot with minimum fuel [CEE-JML] p. 436-437 

maximize 𝐽(𝑢) = 𝑥1(𝑇) − ∫ 𝑢(𝑡)𝑑𝑡
𝑇

0
 

subject to      �̇�1 = 𝑥2,  �̇�2 = 𝑢   0 ≤ 𝑢 ≤ �̅� 

 

𝐻(𝜆, 𝑥, 𝑢) = 𝜆′𝑓(𝑥, 𝑢) + 𝐿(𝑥, 𝑢) = 𝜆1𝑥2 + (𝜆2 − 1)𝑢 

In this example the optimal control is bang-bang. 

Compute the Hamiltonian in each interval in which 𝑢 is constant to get 

𝐻(𝜆, 𝑥, 𝑢) = �̅�(𝑇 − 1) 

The Hamiltonian is constant! 
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