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Abstract

Arrow and turnstile interpolations are investigated in UCL (introduced
in [32]), a logic that is a complete extension of classical propositional logic
for reasoning about connectives that only behave as expected with a given
probability. Arrow interpolation is shown to hold in general and turnstile
interpolation is established under some provisos.

Mathematics Subject Classification (2010). 03B48; 68T37; 03B60;
03B70
Keywords. Probabilistic logic, unreliable connectives, arrow and turn-
stile interpolations

1 Introduction

Interpolation was introduced by Craig for first-order logic in a proof-theoretic
context [11, 12] and since then has been investigated for many different logics.
Namely, interpolation was also addressed in intuitionistic, modal and positive
logics [19], in provability logic [3], interpretability and hybrid logics [2, 1], as well
as in substructural logics [22, 26]. Moreover, it was further extended to many-
sorted logics [17]. Some negative examples are also reported in the literature,
concerning, in particular, modal and relevant logics [31, 37].

Two forms of Craig interpolation are extensively discussed in the literature.
Arrow interpolation assumes that the logic has implication and states that if
ϕ ⊃ ψ is a theorem then there is a formula θ using only common symbols of ϕ
and ψ such that ϕ⊃ θ and θ⊃ψ are theorems. Turnstile interpolation does not
require the presence of implication in the logic and states that if ψ is derived
from ϕ then there is a set of formulas Θ using only common symbols of ϕ and
ψ such that each formula of Θ is derived from ϕ, and ψ is derived from Θ.
Arrow and turnstile interpolation notions can be related when the logic has the
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metatheorems of deduction and modus ponens. Other forms of interpolation
have also been considered in the literature like uniform interpolation [15] and
Maehara interpolation [25, 13], among others.

Craig interpolation has been addressed using proof theoretic techniques as
well as using (non constructive) model theoretic abstractions like amalgamation.
Some fundamental work on the proof theoretic front was addressed in [7, 8].
Concerning the model theoretic line of research we should point out the results
included in [19, 14, 18] mainly for modal-like logics and algebraic logics. In [16]
a general framework for analyzing interpolation is proposed in the context of
institutions.

Preservation of interpolation has been investigated in the context of com-
bination of logics like fusion [23], fibring [10] and meet combination [33, 34].
Furthermore, interpolation can be preserved by back and forth translations [9].
Usually these results provide sufficient conditions for the preservation of inter-
polation. Several results on this front concern turnstile interpolation since the
logics at hand may not have an implication connective or the component logics
may have different kinds of implication.

Besides being an important logical property by itself, Craig interpolation
has applications in definability [4], projective classes [24] and automated rea-
soning [6]. Moreover, Craig interpolation has been applied in modular specifi-
cation [5], model checking of software applications [28, 20, 29] and in logics with
interacting agents [21].

Despite recent work on interpolation for logics with non-deterministic fea-
tures, namely in fuzzy logics [30] and stochastic satisfiability [36], it seems that
there is still scope for work in this area. Herein we discuss interpolation for a
logic called UCL, introduced in [32], extending propositional logic in a conserva-
tive way with some connectives having a probabilistic behavior. More precisely,
each occurrence of an unreliable connective c̃ in a formula behaves as c with
probability ν and as c (negated c) with probability 1−ν. In this setting, we dis-
cuss both arrow and turnstile interpolations as well as their relationship. The
results obtained are very different from those in the context of propositional
logic since in UCL not all instances of propositional tautologies are valid, modus
ponens does not hold in general and the metatheorems of deduction and modus
ponens hold with provisos.

In Section 2, we provide a brief overview of UCL including syntax, Hilbert
calculus and semantics. In Section 3, we present the relevant interpolation
concepts. We start by considering in Subsection 3.1 pure propositional based
logics and analyze the relationship between turnstile and arrow interpolations
when the metatheorems of deduction and modus ponens are available. Then, in
Subsection 3.2, we focus on the appropriate notions for capturing interpolation
in the context of UCL and again relate arrow and turnstile interpolations. In
Section 4, we show that UCL has arrow interpolation and in Section 5 we prove
that UCL enjoys turnstile interpolation with some provisos. Finally, in Section 6
we draw some conclusions and outline future work.
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2 An Overview of UCL

The logic of unreliable connectives UCL, introduced in [32], is a conservative
sound and complete extension of propositional logic that includes connectives
that only behave properly with a given probability. For example, ¬̃ is an unre-
liable connective that when applied to a propositional formula ϕ produces the
formula ¬̃ϕ that behaves as ¬ϕ with probability ν and behaves as ¬ϕ with
probability 1− ν.

We provide here only a brief overview of the main features of UCL, namely
syntax, semantics and Hilbert calculus.

Let Σ be the signature for the propositional logic PL containing the propo-
sitional constants tt (verum) and ff (falsum) plus the propositional connectives
¬ (negation), ∧ (conjunction), ∨ (disjunction), ⊃ (implication) and ≡ (equiv-
alence), as well as their negated counterparts ¬ (identity), ∧ (negated con-
junction), ∨ (negated disjunction), ⊃ (negated implication), and ≡ (negated
equivalence). Throughout this paper, L(X) is the set of propositional formulas
over Σ using a given set X of propositional variables.

The signature of UCL is the triple (Σuc, ν, µ) where:

• Σuc contains Σ and the following unreliable connectives:

¬̃, ¬̃, ∧̃, ∧̃, ∨̃, ∨̃, ⊃̃, ⊃̃, ≡̃ and ≡̃;

• both ν and µ are symbols used for denoting probabilities.

Each unreliable connective is assumed to behave properly with probability
ν. A formula is assumed to behave properly with a probability not less than µ.

Observe that we could have introduced most of the unreliable connectives
as abbreviations of the unreliable connective ¬̃, see [32].

By Σ̃ one means the subsignature composed of the unreliable connectives in
Σuc. Thus, Σuc = Σ ∪ Σ̃. Moreover, for each n ∈ N, Σn, Σuc

n and Σ̃n are the set

of n-ary constructors in Σ, Σuc and Σ̃, respectively. Observe that Σ̃0 = ∅ and
Σuc
n = ∅ for n > 2.

Given a PL formula ϕ and a UCL formula ψ, one writes

ϕ v ψ

for saying that ϕ is a possible outcome of ψ. This outcome relation is inductively
defined as expected:

• ϕ v ϕ provided that ϕ is a PL formula;

• c(ϕ1, . . . , ϕn) v c(ψ1, . . . , ψn) provided that n ≥ 1, c ∈ Σn and ϕi v ψi
for i = 1, ..., n;

• c(ϕ1, . . . , ϕn) v c̃(ψ1, . . . , ψn) provided that c̃ ∈ Σ̃n, and ϕi v ψi for
i = 1, ..., n;
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• c(ϕ1, . . . , ϕn) v c̃(ψ1, . . . , ψn) provided that c̃ ∈ Σ̃n, and ϕi v ψi for
i = 1, ..., n.

For each such ψ,
Ωψ

is the set {ϕ : ϕ v ψ} of all possible outcomes of ψ. Clearly, Ωϕ = {ϕ} for each
PL formula ϕ.

Terms exist in UCL for denoting probabilities. The signature of the first-
order theory of ordered real closed fields ORCF (shown to be decidable in [35])
is used for writing such terms. Recall that the signature of ORCF contains the
constants 0 and 1, the unary function symbol −, the binary function symbols
+ and ×, and the binary predicate symbols = and <. As usual, one may write
t1 ≤ t2 for (t1 < t2) ∨ (t1 = t2) and t1 t2 for t1 × t2.

In UCL, by a term one means a univariate polynomial in ORCF, using ν as
the variable. Symbol µ is also taken as a variable in the context of ORCF but
it is not used in UCL terms.

Three kinds of formulas exist in UCL for reasoning about formulas with
unreliable connectives:

• Formulas (possibly) with unreliable connectives1 that are formulas built
with the symbols in Σuc and X. Throughout this paper, Lc(X) is the
set of such formulas, henceforth known as c-formulas. For instance, the
formula

(x1 ∨̃ (¬̃x2)) ∧̃ x3

in Lc(X) has three unreliable connectives, while the formula

(x1 ∨ (¬x2)) ∧ x3

has no unreliable connectives. The formula ψ ≡ ϕ, where ψ ∈ Lc(X) and
ϕ ∈ L(X), is intended to state that ψ is equivalent to ϕ with probability
at least µ.

• Outcome formulas that are of the general form

Φ vP ψ

where ψ ∈ Lc(X), Φ ⊆ Ωψ and P is a term. Such an outcome formula
is intended to state that the probability of an outcome of ψ being in Φ is
at least P . Throughout this paper, Lo(X) is the set of outcome formulas.
For instance,

{(x1 ∨ (¬x2)) ∧ x3, (x1 ∨ (¬x2)) ∧ x3} vν2 (x1 ∨̃ (¬̃x2)) ∧̃ x3

should be true in any interpretation of UCL because the probability of the
outcome (x1 ∨ (¬x2)) ∧ x3 is ν3, the probability of the outcome (x1 ∨
(¬x2)) ∧ x3 is (1− ν)ν2, and so their aggregated probability is

ν3 + (1− ν)ν2 = ν2.

1Called circuit fomulas in [32] since they are used there for representing circuits with
unreliable gates.

4



We may use ϕ1, . . . , ϕm vP ψ instead of {ϕ1, . . . , ϕm} vP ψ.

• Ambition formulas that are of the general form

µ ≤ P

where P is a term. Such an ambition formula can be used for constraining
the envisaged truth probability µ of the c-formulas at hand. Through-
out this paper, La is the set of ambition formulas. For example, every
interpretation of UCL where the ambition formula

µ ≤ ν2 + (1− ν)2

holds should make the c-formula

(¬(x1 ∨ x2))≡ (¬̃(x1 ∨̃ x2))

true, since the probability of outcome ¬(x1 ∨ x2) is ν2, the probability of
outcome ¬(x1 ∨ x2) is (1− ν)2, and, so, their aggregated probability is

ν2 + (1− ν)2.

In the sequel, Luc(X) is the set Lc(X) ∪ Lo(X) ∪ La of all UCL formulas.
Given ψ ∈ Lc(X) and ϕ ∈ Ωψ, one writes

P[ψ . ϕ]

for the UCL term that provides the probability of outcome ϕ of ψ. This term is
inductively defined as follows:

• P[ϕ . ϕ] is 1 for each ϕ ∈ L(X);

• P[c(ψ1, . . . , ψn) . c(ϕ1, . . . , ϕn)] is

n∏
i=1

P[ψi . ϕi] for each n ≥ 1, c ∈ Σn

and ϕi v ψi for i = 1, . . . , n;

• P[c̃(ψ1, . . . , ψn) . c(ϕ1, . . . , ϕn)] is ν

n∏
i=1

P[ψi . ϕi] for each c̃ ∈ Σ̃n and

ϕi v ψi for i = 1, . . . , n;

• P[c̃(ψ1, . . . , ψn) . c(ϕ1, . . . , ϕn)] is (1 − ν)

n∏
i=1

P[ψi . ϕi] for each c̃ ∈ Σ̃n

and ϕi v ψi for i = 1, . . . , n.

For instance, the term P[¬̃(x1 ∨̃ x2) . ¬(x1 ∨ x2)] is the polynomial ν(1− ν).
Regarding semantics, each interpretation of UCL should provide a valuation

to the variables in X, a model of ORCF and an assignment to the variables ν
and µ. However, the choice of the model of ORCF is immaterial since all such

5



models are elementarily equivalent (see Corollary 3.3.16 in [27]) and, so, one
can adopt the ordered field R of the real numbers.

Accordingly, an interpretation in UCL is a pair

I = (v, ρ)

where v is a propositional valuation and ρ : {µ, ν} → R is an assignment such
that: {

1
2 < ρ(µ) ≤ 1
1
2 < ρ(ν) ≤ 1.

We now proceed to review the definition of satisfaction in UCL by a given in-
terpretation I = (v, ρ). To this end, one relies on the first-order logic satisfaction
fo and on the propositional logic satisfaction .

Starting with formulas in Lc(X),

I uc ψ

states that
R ρ fo µ ≤

∑
ϕ v ψ

v  ϕ

P[ψ . ϕ].

That is, the aggregated probability of the outcomes of ψ that are (classically)
satisfied by v is at least the value of µ.

Concerning formulas in Lo(X),

I uc Φ vP ψ

states that
R ρ fo P ≤

∑
ϕ∈Φ

P[ψ . ϕ].

That is, the collection Φ of possible outcomes of ψ has aggregated probability
greater than or equal to the value of P .

Finally, concerning formulas in La,

I uc µ ≤ P

states that
R ρ fo µ ≤ P.

That is, the required probability ρ(µ) for a formula in Lc(X) to behave properly
does not exceed the value of P .

Satisfaction is extended to mixed sets of formulas in Lo(X), formulas in
Lc(X) and formulas in La with no surprises. Given Υ ⊆ Luc(X), I uc Υ if
I uc υ for each υ ∈ Υ.

Moreover, entailment and validity in UCL are also defined as expected. Given
{θ} ∪Υ ⊆ Luc(X),

Υ �uc θ
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states that Υ entails θ in the following sense:

I uc θ whenever I uc Υ, for every interpretation I.

Finally, one writes �uc θ for ∅ �uc θ in which case one says that θ is valid.
The calculus of UCL capitalizes on the decidability of the following problems

which are used in some provisos: validity in PL, membership in L(X), emptyness
of intersection of two finite sets and theoremhood in ORCF. It contains the
following axioms and rules:

• the PL tautologies as axioms:

TAUT
ϕ

provided that ϕ ∈ L(X) and � ϕ;

• the modus ponens rule:

MP

ψ
ψ ⊃ ϕ
ϕ

provided that ϕ ∈ L(X);

• the following outcome axioms:

NO
∅ v0 ψ

;

SO
ϕ vP[ψ.ϕ] ψ

;

• the following outcome rules:

AO
Φi vPi ψ for i = 1, 2

Φ1 ∪ Φ2 v(P1+P2) ψ
provided that Φ1 ∩ Φ2 = ∅;

WO
Φ vP1

ψ

Φ vP2
ψ

provided that2

∀ν
((

1

2
< ν ≤ 1

)
⊃ P2 ≤ P1

)
∈ ORCF;

• the following ambition rule for each k ∈ N:

WA
µ ≤ Pi for i = 1, . . . , k

µ ≤ P
provided that3

∀µ∀ν

((
1

2
< µ, ν ≤ 1 ∧

k∧
i=1

µ ≤ Pi

)
⊃ µ ≤ P

)
∈ ORCF;

• the following unreliable connectives rule for each k ∈ N+:4

2Writing P < z ≤ P ′ for P < z ∧ z ≤ P ′.
3Writing P < z, z′ ≤ P ′ for P < z ≤ P ′ ∧ P < z′ ≤ P ′.
4Given a finite set Φ of PL formulas, we write

∧
Φ for the conjunction of the formulas in

Φ. As usual, this conjunction is tt when Φ = ∅.
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LFT

k∨
i=1

(∧
Φi

)
{

Φi vPi ψ
µ ≤ Pi

for i = 1, . . . , k

ψ
.

The reader will wonder why the (propositional) tautologies were taken as
axioms (TAUT) but not all their UCL instances. In fact, such instances are not
valid in general in UCL. For example, the unreliable instance (¬̃x) ⊃ (¬̃x) of
the tautology x⊃ x is not valid.

The reader will also wonder if MP is sound when the conclusion is a formula
in Lc(X). It is not always so since, for example,

¬̃x1, (¬̃x1)⊃ (¬̃x2) 6�uc ¬̃x2.

Most of the other axioms and rules are self-explanatory. But the lifting rule
(LFT) does require some motivation. Borrowing an example from [32], assume
that we want to infer that

((¬̃x1) ∧ x2)⊃ (¬̃x1)

holds with probability not smaller than µ. We can do so provided that we
constrain our ambition to µ being not greater than ν2−ν+ 1. Indeed, it is easy
to verify that (∧

Φ1

)
∨
(∧

Φ2

)
is a tautology as long as {

Φ1 = {ϕ1, ϕ3, ϕ4}
Φ2 = {ϕ1, ϕ2, ϕ4}

where 
ϕ1 is ((¬x1) ∧ x2)⊃ (¬x1)

ϕ2 is ((¬x1) ∧ x2)⊃ (¬x1)

ϕ3 is ((¬x1) ∧ x2)⊃ (¬x1)

ϕ4 is ((¬x1) ∧ x2)⊃ (¬x1).

Furthermore, it is straightforward to verify that both

Φ1 vν2−ν+1 ((¬̃x1) ∧ x2)⊃ (¬̃x1)

and
Φ2 vν2−ν+1 ((¬̃x1) ∧ x2)⊃ (¬̃x1)

hold. Thus, assuming that
µ ≤ ν2 − ν + 1
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the LFT rule allows us to conclude that

((¬̃x1) ∧ x2)⊃ (¬̃x1)

holds with probability not smaller than µ. In fact, for each i = 1, 2, we were able
to collect in Φi outcomes of ((¬̃x1) ∧ x2) ⊃ (¬̃x1) with aggregated probability
not smaller than the ambitioned upper bound for µ.

In the sequel we will often use the derived rule

ΩO
Ωψ v1 ψ

.

Derivability and theoremhood in this calculus are defined as usual. Given
{θ} ∪Υ ⊆ Luc(X),

Υ `uc θ
states that θ is derivable from Υ, that is, states that there is a derivation se-
quence for obtaining θ from the elements of Υ (as hypotheses) and the axioms,
using the rules of the calculus. Furthermore, when ∅ `uc θ, written `uc θ, one
says that θ is a theorem of UCL.

3 Interpolation Notions

We start by very briefly overviewing Craig interpolation in the general context
of pure propositional based logics before discussing Craig interpolation in UCL.

3.1 Craig Interpolation in Pure Propositional Based Log-
ics

Pure propositional based logics are conservative extensions of propositional logic
with just one kind of formulas, generated from a set X of propositional variables
along with the propositional and possibly additional connectives. For instance,
modal logics are in this category. Two notions of Craig interpolation, turn-
stile interpolation and arrow interpolation, are addressed herein. We denote by
var(η), where η is a formula, the set of all propositional variables that occur in
η.

A logic is said to enjoy the turnstile interpolation property for a set of for-
mulas ∆ and a formula η with ∆ ` η, if

there is Θ such that

(1) var(Θ) ⊆ var(∆) ∩ var(η)
(2) ∆ ` θ for each θ ∈ Θ and Θ ` η

whenever var(∆) ∩ var(η) 6= ∅,
otherwise either ∆ ` ff or ` η.

When var(∆) ∩ var(η) 6= ∅, such a Θ is said to be a turnstile interpolant for ∆
and η. A logic is said to enjoy the turnstile interpolation property whenever it
enjoys turnstile interpolation for every ∆ and η such that ∆ ` η.
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A logic is said to enjoy the arrow interpolation property for formulas η and
η′ with ` η ⊃ η′, if

there is θ such that

(1) var(θ) ⊆ var(η) ∩ var(η′)
(2) ` η ⊃ θ and ` θ ⊃ η′

whenever var(η) ∩ var(η′) 6= ∅,
otherwise either ` η ⊃ ff or ` η′.

When var(η)∩ var(η′) 6= ∅, such a θ is said to be an arrow interpolant for η and
η′. A logic is said to enjoy the arrow interpolation property whenever it enjoys
arrow interpolation for every η and η′ such that ` η ⊃ η′.

Observe that the above definitions follow the original one proposed by Craig
(see [11]) and are more restrictive than other forms of interpolation not imposing
any conditions when the set of common propositional variables is empty. For ex-
ample, the minimal normal modal logic K does not enjoy the Craig interpolation
property as defined above.

We start by showing that a turnstile interpolant can be reduced to a single
interpolant.

Proposition 3.1 Consider a pure propositional based logic, a set of formulas
∆ and a formula η such that ∆ ` η and var(∆)∩var(η) 6= ∅. Then ∆ and η have
a turnstile interpolant if and only if they have a singleton turnstile interpolant.

Proof: (→) Assume that the set of formulas Θ is a turnstile interpolant for ∆
and η. Let Θ′ be a finite subset of Θ such that Θ′ ` η. Then

• var(
∧

Θ′) ⊆ var(∆) ∩ var(η);

• ∆ `
∧

Θ′;

•
∧

Θ′ ` η.

Thus, {
∧

Θ′} is a turnstile interpolant for ∆ and η.

(←) Immediate. QED

We now discuss the relationship between the interpolation properties and
the metatheorems of deduction (MTD) and of modus ponens (MTMP).

We say that a pure propositional based logic has the MTMP whenever: if
∆ ` η ⊃ η′ then ∆, η ` η′. And we say that it has the MTD whenever: if
∆, η ` η′ then ∆ ` η ⊃ η′.

For example, modal logics enjoy MTD when considering local reasoning but
in general do not have MTD when considering global reasoning. When the
logic at hand has both MTMP and MTD we can relate turnstile and arrow
interpolation.

Proposition 3.2 Consider a pure propositional based logic where MTD and
MTMP hold. Then the logic has turnstile interpolation if and only if it has
arrow interpolation.
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Proof: (→) Assume that the logic has turnstile interpolation. Let ` η ⊃ η′.
Then, by MTMP, η ` η′. Consider three cases:
(a) var(η) ∩ var(η′) 6= ∅. Thus, by Proposition 3.1, there is a formula θ such
that var(θ) ⊆ var(η) ∩ var(η′) and η ` θ and θ ` η′. Hence, by MTD, ` η ⊃ θ
and ` θ ⊃ η′ and so θ is an arrow interpolant for η and η′.

(b) var(η) ∩ var(η′) = ∅ and η ` ff. Therefore, by MTD, ` η ⊃ ff.

(c) var(η) ∩ var(η′) = ∅ and ` η′. Immediate.

(←) Assume that the logic has arrow interpolation. Let ∆ ` η and ∆′ ⊆ ∆ be
a finite set such that ∆′ ` η. Then, by MTD, `

∧
∆′⊃ η. Consider three cases:

(a) var(∆′) ∩ var(η) 6= ∅. Thus, there is a formula θ such that var(θ) ⊆
var(

∧
∆′) ∩ var(η), `

∧
∆′ ⊃ θ and ` θ ⊃ η. Hence, by MTMP, θ ` η and∧

∆′ ` θ and so ∆ ` θ. Therefore, θ is a turnstile interpolant for ∆ and η.

(b) var(∆′) ∩ var(η) = ∅ and `
∧

∆′ ⊃ ff. Then, by MTMP,
∧

∆′ ` ff and so
∆ ` ff.

(c) var(∆′) ∩ var(η) = ∅ and ` η′. Immediate. QED

3.2 Interpolation Notions in UCL

The definition of interpolation in the context of non-pure propositional based
logics involves first the choice of the kinds of formulas that can appear as hy-
potheses and conclusion of relevant derivations. However, the symbols to be
considered in the definition of interpolation are always the elements of X.

In UCL we only consider turnstile interpolation when the set of hypotheses is
the union of a finite set of ambition formulas and a set of formulas possibly with
unreliable connectives, and the conclusion is a formula possibly with unreliable
connectives. Moreover, in UCL, we only consider arrow interpolation when both
the antecedent and the consequent of the implication are formulas possibly with
unreliable connectives.

We say that UCL enjoys the turnstile interpolation property for a finite set
Γ ⊆ La and Ψ ∪ {ψ′} ⊆ Lc(X) with Γ,Ψ ` ψ′, if

there is Θ ⊆ Lc(X) such that

(1) var(Θ) ⊆ var(Ψ) ∩ var(ψ′)
(2) Γ,Ψ `uc θ for each θ ∈ Θ and Γ,Θ `uc ψ′

whenever var(Ψ) ∩ var(ψ′) 6= ∅,
otherwise either Γ,Ψ `uc ff or Γ `uc ψ′.

When var(Ψ) ∩ var(ψ′) 6= ∅, such a Θ is said to be a turnstile interpolant for
Γ, Ψ and ψ′. UCL has turnstile interpolation if it has turnstile interpolation for
every Γ, Ψ and ψ′ such that Γ,Ψ `uc ψ′.

We say that UCL enjoys the arrow interpolation property for ψ,ψ′ ∈ Lc(X)
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with `uc ψ ⊃ ψ′, if

there is θ ∈ Lc(X) such that

(1) var(θ) ⊆ var(ψ) ∩ var(ψ′)
(2) `uc ψ ⊃ θ and `uc θ ⊃ ψ′

whenever var(ψ) ∩ var(ψ′) 6= ∅,
otherwise either `uc ψ ⊃ ff or `uc ψ′.

When var(ψ) ∩ var(ψ′) 6= ∅, such a θ is said to be an arrow interpolant for ψ
and ψ′. UCL has arrow interpolation if it has arrow interpolation for every ψ
and ψ′ such that `uc ψ ⊃ ψ′.

We are ready to discuss the relationship between turnstile and arrow inter-
polation in the context of UCL along the lines of Subsection 3.1. In the case of
UCL, the counterpart of Proposition 3.1 does not hold in general since it is not
always the case that if Γ,Ψ �uc θ1 and Γ,Ψ �uc θ2 then Γ,Ψ �uc θ1 ∧ θ2. For
example,

µ ≤ ν2 �uc x1 ∨̃ (¬̃x1)

as shown in [32] but

µ ≤ ν2 6�uc (x1 ∨̃ (¬̃x1)) ∧ (x1 ∨̃ (¬̃x1)).

Indeed, consider the interpretation (v, ρ) such that v(x1) = ⊥, ρ(µ) = 0.7 and
ρ(ν) = 0.9. Then

• v  δ1 ∧ δ1;

• v  δ2 ∧ δ2;

• v  δ1 ∧ δ2;

• v  δ2 ∧ δ1

where δ1 is x1 ∨ (¬x1) and δ2 is x1 ∨ (¬x1). Moreover, v does not satisfy the
other possible outcomes of (x1 ∨̃ (¬̃x1)) ∧ (x1 ∨̃ (¬̃x1)). So

(v, ρ) uc µ ≤ ν2 and (v, ρ) 6uc (x1 ∨̃ (¬̃x1)) ∧ (x1 ∨̃ (¬̃x1)).

The relationship between turnstile and arrow interpolations in UCL does not
follow so easily, namely because of the restrictions on the MTMP and MTD.
We start by discussing MTMP in UCL.

Theorem 3.3 (Metatheorem of modus ponens - MTMP)

Let Γ ⊆ La be a finite set and ψ,ψ′ ∈ Lc(X). Then,

if Γ `uc ψ ⊃ ψ′ then Γ, ψ `uc ψ′

providing that either ψ or ψ′ is in L(X).

12



Proof: The case where ψ′ ∈ L(X) follows immediately from MP. We now
discuss the case where ψ′ is not in L(X). Assume that ψ ∈ L(X) and Γ `uc
ψ⊃ψ′. Consider a derivation of ψ⊃ψ′ from Γ where ψ⊃ψ′ was obtained using
LFT (observe that LFT is the unique rule that can be applied to obtain ψ⊃ψ′
since ψ′ /∈ L(X)). Let

k∨
i=1

(∧
Φi

)
,

Φi vPi ψ⊃ψ′ and µ ≤ Pi, where Φi ⊆ Ωψ⊃ψ′ , for i = 1, . . . , k, be the premises
of that LFT application. Then

` ψ ⊃
k∨
i=1

(∧
{ϕ′ : ψ ⊃ ϕ′ ∈ Φi}

)
in PL since

`
k∨
i=1

(∧
Φi

)
.

Hence,

ψ `
k∨
i=1

(∧
{ϕ′ : ψ ⊃ ϕ′ ∈ Φi}

)
.

Moreover, for each i = 1, . . . , k,

Γ `uc {ϕ′ : ψ ⊃ ϕ′ ∈ Φi} vPi ψ′

because `uc Φi vPi ψ ⊃ ψ′ and ψ ∈ L(X). Therefore by LFT

Γ, ψ `uc ψ′

since Γ `uc µ ≤ Pi for i = 1, . . . , k. QED

The MTMP only requires restrictions on either the antecedent or the conse-
quent of the target implication.

On the other hand, MTD requires a bit more, namely constraints on the
given derivation. For this purpose, one needs two additional notions. Given
a derivation θ1 . . . θk of ψ from ∆, we say that θi depends on δ ∈ ∆ in this
derivation if either θi is δ or θi is obtained using a rule with at least one of the
premises depending on δ. Moreover, an application of MP is said to be classical
if both premises are in L(X). The proof of the following result is given in [32].

Theorem 3.4 (Metatheorem of deduction - MTD)

Let Γ ⊆ La and ψ,ψ′ ∈ Lc(X). Assume that ψ′ fulfills the following proviso:
either ψ′ is distinct from ψ or ψ′ ∈ L(X). Then,

Γ `uc ψ ⊃ ψ′

13



whenever there is a derivation establishing

Γ, ψ `uc ψ′

where all the applications of MP over dependents of ψ are classical.

We are now ready to discuss the relationship between turnstile and arrow
interpolation in the context of UCL. We start by providing conditions ensuring
that arrow interpolation implies turnstile interpolation.

Proposition 3.5 Let ψ,ψ′ ∈ Lc(X) such that

• ψ `uc ψ′ with a derivation where applications of MP over dependents of
ψ are classical;

• UCL enjoys arrow interpolation for ψ and ψ′ and if var(ψ) ∩ var(ψ′) 6= ∅
then the interpolant is in L(X);

• either ψ′ is distinct from ψ or ψ′ ∈ L(X).

Then, UCL enjoys turnstile interpolation for ψ and ψ′.

Proof: We consider two cases.
(a) var(ψ) ∩ var(ψ′) 6= ∅. Observe that, by MTD, `uc ψ ⊃ ψ′. Hence, by arrow
interpolation for ψ and ψ′, there is a formula θ in L(X) such that

`uc ψ ⊃ θ;

`uc θ ⊃ ψ′;

var(θ) ⊆ var(ψ) ∩ var(ψ′).

Then, by MTMP, ψ `uc θ and θ `uc ψ′. Therefore, θ is a turnstile interpolant
for ψ and ψ′.

(b) var(ψ) ∩ var(ψ′) = ∅. Observe that, by MTD, `uc ψ ⊃ ψ′. Hence, by arrow
interpolation for ψ and ψ′, either `uc ψ ⊃ ff or `uc ψ′. Then, either by MTMP,
ψ `uc ff or `uc ψ′. Therefore, UCL enjoys turnstile interpolation for ψ and ψ′.
QED

We now investigate when a turnstile interpolant is also an arrow interpolant.

Proposition 3.6 Let ψ be a formula in Lc(X) and ψ′ ∈ L(X) such that

• `uc ψ ⊃ ψ′;

• var(ψ) ∩ var(ψ′) 6= ∅;

• there is a turnstile interpolant θ ∈ Lc(X) for ψ and ψ′ such that

– there is a derivation for ψ `uc θ where applications of MP over de-
pendents of ψ are classical;

14



– there is a derivation for θ `uc ψ′ where applications of MP over de-
pendents of θ are classical;

– either θ is distinct from ψ or θ ∈ L(X).

Then, θ is an arrow interpolant for Γ, ψ and ψ′.

Proof: Observe that ψ `uc ψ′ by MTMP. Let θ be a turnstile interpolant for
ψ and ψ′ in the conditions above. Then by MTD `uc ψ ⊃ θ and `uc θ ⊃ ψ′.
Therefore, θ is an arrow interpolant for ψ and ψ′. QED

We get a result similar to Proposition 3.6 when ψ ∈ L(X) and the conditions
are modified accordingly.

We now provide conditions ensuring that turnstile interpolation implies ar-
row interpolation when there is no sharing of propositional variables between
the relevant formulas for interpolation.

Proposition 3.7 Let ψ,ψ′ ∈ Lc(X) such that

• `uc ψ ⊃ ψ′;

• var(ψ) ∩ var(ψ′) = ∅;

• UCL enjoys turnstile interpolation for ψ and ψ′;

• ψ ∈ L(X).

Then, UCL enjoys arrow interpolation for ψ and ψ′.

Proof: Observe that, by MTMP, ψ `uc ψ′. Hence, by turnstile interpolation
for ψ and ψ′, either ψ `uc ff or `uc ψ′. Consider two cases:

(a) ψ `uc ff. Then ψ ` ff, since UCL is a conservative extension of PL, see
Theorem 2.3 in [32]. Hence, ` ψ ⊃ ff by MTD. So, `uc ψ ⊃ ff since UCL is an
extension of PL, see Theorem 2.3 in [32]. Thus, UCL enjoys arrow interpolation
for ψ and ψ′.

`uc ψ′. Then it immediately follows that UCL enjoys arrow interpolation for ψ
and ψ′. QED

4 Arrow Interpolation in UCL

Herein we prove that UCL enjoys arrow interpolation. We start by showing that,
in UCL, each outcome of a valid formula in Lc(X) is a tautology.

Proposition 4.1 Let ψ be a formula in Lc(X) such that �uc ψ. Then � ϕ for
every ϕ ∈ Ωψ.
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Proof: Let v be a valuation. Since, �uc ψ, then (v, ρ) uc ψ where ρ is an
assignment such that ρ(µ) = 1 and ρ(ν) < 1. Hence

R ρ fo 1 =
∑

ϕ ∈ Ωψ

v  ϕ

P[ψ . ϕ].

On the other hand,

R ρ fo 1 =
∑

ϕ ∈ Ωψ

P[ψ . ϕ]

because `uc Ωψ v1 ψ. Since, for every ϕ ∈ Ωψ,

R ρ fo P[ψ . ϕ] > 0

then, v  ϕ for every ϕ ∈ Ωψ. QED

Now we show an auxiliary result about propositional satisfaction under par-
ticular substitutions. Before we need the following notation. Given ψ, η ∈ Lc(X)
and x ∈ X, we denote by ψxη the formula in Lc(X) obtained by simultaneously
replacing in ψ the occurrences of variable x by formula η.

Proposition 4.2 Let v be a valuation, ϕ ∈ L(X) and y ∈ X. Then

• v  ϕ iff v  ϕytt, whenever v(y) = >;

• v  ϕ iff v  ϕyff , whenever v(y) = ⊥.

Proof: The proof follows by a straighforward induction. QED

We are ready to state the existence of arrow interpolants for formulas sharing
propositional variables.

Proposition 4.3 Let ψ,ψ′ ∈ Lc(X). Assume that `uc ψ ⊃ ψ′ and var(ψ) ∩
var(ψ′) 6= ∅. Then there is an arrow interpolant θ ∈ L(X) for ψ and ψ′.

Proof: Let var(ψ) \ var(ψ′) = Y . We prove the result by induction on the
number of elements in Y .

Base: |Y | = 0. Let

θ =
∨
ϕ∈Ωψ

ϕ.

We now show that θ is an interpolant for ψ and ψ′.

(1) `uc ψ ⊃ θ. Indeed,

`
∧
ϕ∈Ωψ

(ϕ⊃ θ)

by propositional reasoning. Moreover,

`uc {ϕ⊃ θ : ϕ ∈ Ωψ} v1 ψ ⊃ θ
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and `uc µ ≤ 1. Therefore, by LFT, `uc ψ ⊃ θ.
(2) `uc θ ⊃ ψ′. Observe that, by soundness of UCL, �uc ψ ⊃ ψ′ and so, by
Proposition 4.1, for every ϕ′ ∈ Ωψ′ ,

� ϕ⊃ ϕ′, for each ϕ ∈ Ωψ.

Therefore, by propositional reasoning and completeness of PL,

`
∧

ϕ′∈Ωψ′

θ ⊃ ϕ′.

Moreover,
`uc {θ ⊃ ϕ′ : ϕ′ ∈ Ωψ′} v1 θ ⊃ ψ′

and `uc µ ≤ 1. Therefore, by LFT, `uc θ ⊃ ψ′.
(3) var(θ) ⊆ var(ψ) ∩ var(ψ′). Observe that var(ϕ) = var(ψ) for each ϕ ∈ Ωψ
and that

var(θ) ⊆
⋃
ϕ∈Ωψ

var(ϕ) = var(ψ) ⊆ var(ψ′).

So var(θ) ⊆ var(ψ) ∩ var(ψ′).

Step: |Y | = k + 1. Let y ∈ Y . We start by showing that

`uc ψytt ⊃ ψ′ and `uc ψyff ⊃ ψ
′.

(a) `uc ψytt ⊃ψ′. Since `uc ψ⊃ψ′, by Proposition 4.1, the soundness of UCL and
the completeness of PL, we have

` ϕ⊃ ϕ′, for each ϕ ∈ Ωψ, ϕ
′ ∈ Ωψ′

and so, by closure for substitution in PL,

` ϕytt ⊃ ϕ′, for each ϕ ∈ Ωψ, ϕ
′ ∈ Ωψ′ .

Since ϕytt ∈ Ωψytt iff ϕ ∈ Ωψ then

`
∧

ϕytt ∈Ωψytt
,ϕ′∈Ωψ′

ϕytt ⊃ ϕ′.

Moreover,
`uc {ϕytt ⊃ ϕ′ : ϕytt ∈ Ωψytt , ϕ

′ ∈ Ωψ′} v1 ψ
y
tt ⊃ ψ′

and `uc µ ≤ 1. Therefore, by LFT, `uc ψytt ⊃ ψ′.
(b) `uc ψyff ⊃ ψ′. The proof is similar to (1).

Capitalizing on (a) and (b) we now prove that

`uc (ψytt ∨ ψ
y
ff )⊃ ψ

′.
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Indeed,

`uc (ϕytt ∨ ϕ
y
ff)⊃ ϕ

′, for each ϕytt ∈ Ωψytt , ϕ
y
ff ∈ Ωψyff , ϕ

′ ∈ Ωψ′

by Proposition 4.1, (a) and (b). So, by LFT, `uc (ψytt ∨ ψ
y
ff )⊃ ψ′ since

`uc {(ϕytt ∨ ϕ
y
ff)⊃ ϕ

′ : ϕytt ∈ Ωψytt , ϕ
y
ff ∈ Ωψyff , ϕ

′ ∈ Ωψ′} v1 (ψytt ∨ ψ
y
ff )⊃ ψ

′

and `uc µ ≤ 1.

Using the induction hypothesis over `uc (ψytt ∨ψ
y
ff )⊃ψ′ let θ ∈ L(X) be an arrow

interpolant for ψytt ∨ψ
y
ff and ψ′. We now show that θ is also an arrow interpolant

for ψ and ψ′.

(1) `uc ψ ⊃ θ. We start by proving that

(∗) � ϕ⊃ θ, for every ϕ ∈ Ωψ.

Indeed, let v be a valuation and ϕ ∈ Ωψ such that v  ϕ. Then, by Proposi-
tion 4.2,

v  ϕytt ∨ ϕ
y
ff .

On the other hand, since `uc (ψytt ∨ ψ
y
ff ) ⊃ θ, then, by soundness of UCL and

Proposition 4.1, we have v  θ.
So, by (*), completeness of PL, the fact that UCL is an extension of PL, and by
LFT, we have `uc ψ ⊃ θ.
(2) `uc θ ⊃ ψ′ comes from the fact that θ is an arrow interpolant for ψytt ∨ ψ

y
ff

and ψ′.

(3) var(θ) ⊆ var(ψ)∩ var(ψ′). Since var(θ) ⊆ var(ψytt ∨ψ
y
ff )∩ var(ψ′) ⊆ var(ψ)∩

var(ψ′) the thesis follows. QED

Observe that the construction proposed in the proof of the preceding propo-
sition allows to obtain an arrow uniform interpolant since it depends only on
the antecedent and on the common language between the antecedent and the
consequent.

Theorem 4.4 UCL has arrow interpolation.

Proof: Assume that `uc ψ ⊃ ψ′. Consider two cases:

(a) var(ψ) ∩ var(ψ′) 6= ∅. Then the thesis follows by Proposition 4.3.

(b) var(ψ) ∩ var(ψ′) = ∅. By soundness of UCL, �uc ψ ⊃ ψ′. Then, by Proposi-
tion 4.1, � ϕ ⊃ ϕ′ for every ϕ ∈ Ωψ and ϕ′ ∈ Ωψ′ . So, by interpolation in PL,
either ` ϕ⊃ ff or ` ϕ′ for every ϕ ∈ Ωψ and ϕ′ ∈ Ωψ′ . Consider two cases:

(i) ` ϕ⊃ ff for each ϕ ∈ Ωψ. Then by LFT, `uc ψ ⊃ ff.
(ii) 6` ϕ ⊃ ff for some ϕ ∈ Ωψ. Then ` ϕ′ for every ϕ′ ∈ Ωψ′ since ` ϕ ⊃ ϕ′ for
every ϕ′ ∈ Ωψ′ . Then by LFT, `uc ψ′. QED

18



5 Turnstile Interpolation in UCL

In order to investigate turnstile interpolation in UCL, we need to prove first some
technical results. For this purpose we introduce a particular kind of substitution
so that we can reduce derivations in UCL to derivations in PL under some
conditions.

An outcome substitution is a map α : Σ̃→ Σ such that α(c̃) is either c or c,

for each c̃ ∈ Σ̃. This map can be easily extended to formulas in Lc(X) as well
as to sets of formulas. Given a formula ψ in Lc(X), we use α(ψ) to denote the
formula in L(X) resulting from applying α to ψ. Similarly, we use α(Ψ) when
Ψ is a set of formulas in Lc(X).

The first result concerns reflection of derivations from UCL to PL by an
outcome substitution.

Proposition 5.1 Let Γ ⊆ La, Ψ∪{ψ′} ⊆ Lc(X) and α an outcome substitution.
Assume that Γ,Ψ `uc ψ′ with a derivation not using the LFT rule. Then α(Ψ) `
α(ψ′).

Proof: The proof follows by induction on the length of a derivation of Γ,Ψ`uc ψ′
not using LFT.

Base:
(1) ψ′ is justified by TAUT. Then ψ′ ∈ L(X) and � ψ′. Hence, by completeness
of PL and monotonicity, α(Ψ) ` α(ψ′) since α(ψ′) = ψ′;

(2) ψ′ is in Ψ. Then α(ψ′) is in α(Ψ).

Step: ψ′ is obtained by MP from ψ′′ and ψ′′⊃ψ′. By the induction hypothesis,
α(Ψ) ` α(ψ′′) and α(Ψ) ` α(ψ′′) ⊃ ψ′. So, again by MP, the thesis follows.
QED

The following result shows that derivations in PL of all outcomes of a formula
from each outcome of a single hypothesis lead to a derivation in UCL.

Proposition 5.2 Let ψ,ψ′ ∈ Lc(X). Assume that, ϕ ` ϕ′ for every ϕ ∈ Ωψ
and ϕ′ ∈ Ωψ′ . Then ψ `uc ψ′.

Proof: Assume that, ϕ ` ϕ′ for every ϕ ∈ Ωψ and ϕ′ ∈ Ωψ′ . Then by MTD in
PL,

` ϕ⊃ ϕ′

for each ϕ ∈ Ωψ and ϕ′ ∈ Ωψ′ . Hence

`
∧
ϕ∈Ωψ

(ϕ⊃ ϕ′)

for every ϕ′ ∈ Ωψ′ . Therefore, by LFT, `uc ψ ⊃ ϕ′ for every ϕ′ ∈ Ωψ′ . Thus,
by MTMP in UCL (see Theorem 3.3), ψ `uc ϕ′ for every ϕ′ ∈ Ωψ′ . Finally, by
LFT, ψ `uc ψ′. QED

19



The next result states that hypotheses in Lc(X) play no role when deriving
outcome and ambition formulas.

Proposition 5.3 Let Γ ⊆ La be a finite set, Ψ ⊆ Lc(X) and η ∈ La ∪ Lo(X).
Assume that Γ,Ψ `uc η. Then Γ `uc η.

Proof: Consider two cases:
(1) η ∈ Lo(X). The proof follows by induction on the length of a derivation for
Γ,Ψ `uc η.
Base: η is justified either by NO or by SO. Then `uc η and so, by monotonicity,
Γ `uc η.
Step: η is justified either by AO or by WO. Assume that η is Φ vP2 ψ and
was obtained from Φ vP1 ψ by WO. Then, by the induction hypothesis, Γ `uc
Φ vP1

ψ and so, once again by WO, we conclude that Γ `uc Φ vP2
ψ. Similarly,

when η is justified by AO.

(2) η ∈ La. In this case η is obtained by WA from the premises η1, . . . , ηk in La.
Then, by the induction hypothesis, Γ `uc ηi for each i = 1, . . . , k and so, again
by rule WA, we can conclude that Γ `uc η. QED

The next result states the existence of turnstile interpolants under certain
conditions.

Proposition 5.4 Let Γ ⊆ La be a finite set and ψ,ψ′ ∈ Lc(X) where in ψ there
is at most one occurrence of each unreliable connective. Assume that

• var(ψ) ∩ var(ψ′) 6= ∅;

• Γ, ψ `uc ψ′ with a derivation having formulas ϕ1, . . . , ϕn ∈ L(var(ψ′)) such
that {ϕ1, . . . , ϕn} `uc ψ′ and no LFT rule was applied in the subderivations
of ϕ1, . . . , ϕn.

Then there is a turnstile interpolant for Γ, ψ and ψ′.

Proof: Consider a derivation of Γ, ψ `uc ψ′ having formulas ϕ1, . . . , ϕn ∈
L(var(ψ′)) such that {ϕ1, . . . , ϕn} `uc ψ′ and no LFT rule was applied in the
subderivations of ϕ1, . . . , ϕn. Hence

Γ, ψ `uc
n∧
i=1

ϕi

and so by Proposition 5.1,

α(ψ) `
n∧
i=1

ϕi

for each outcome substitution α. Then, by PL interpolation, for each outcome
substitution α, there is a turnstile interpolant θα such that

• var(θα) ⊆ var(α(ψ)) ∩ var

(
n∧
i=1

ϕi

)
;
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• α(ψ) ` θα and θα `
n∧
i=1

ϕi.

Let
θ be

∨
α

θα.

Then
ϕ ` θ

for each ϕ ∈ Ωψ since

Ωψ = {α(ψ) : α is an outcome substitution}.

Hence, by Proposition 5.2 and monotonicity,

(1) Γ, ψ `uc θ.

Moreover,

θ `
n∧
i=1

ϕi

and so
θ ` ϕi, for each i = 1, . . . , n.

Thus,
θ `uc ϕi, for each i = 1, . . . , n

and so
(2) θ `uc ψ′

since {ϕ1, . . . , ϕn} `uc ψ′. Furthermore,

(3) var(θ) =
⋃
α

var(θα) ⊆
⋃
α

var(α(ψ)) ∩ var

(
n∧
i=1

ϕi

)
⊆ var(ψ) ∩ var(ψ′).

So, by (1), (2) and (3), θ is a turnstile interpolant for Γ, ψ and ψ′. QED

The following result states the conditions that guarantee that UCL has turn-
stile interpolation.

Theorem 5.5 Let Γ ⊆ La be a finite set and ψ,ψ′ ∈ Lc(X) such that Γ, ψ `uc ψ′
with a derivation having formulas ϕ1, . . . , ϕn ∈ L(var(ψ′)) such that {ϕ1, . . . , ϕn} `uc
ψ′. Then, UCL has turnstile interpolation for Γ, ψ and ψ′ whenever:

• if var(ψ)∩var(ψ′) 6= ∅ then each unreliable connective occurs at most once
in ψ and the LFT rule was not applied in the subderivations of ϕ1, . . . , ϕn;

• if var(ψ)∩var(ψ′) = ∅ then ψ is in L(X), each unreliable connective occurs
at most once in ψ′.
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Proof: Assume that Γ, ψ `uc ψ′. Consider two cases:

(a) var(ψ) ∩ var(ψ′) 6= ∅. Then the thesis follows by Proposition 5.4.

(b) var(ψ) ∩ var(ψ′) = ∅. Observe that

Γ, ψ `uc
n∧
i=1

ϕi.

Then, by Proposition 5.1,

ψ `
n∧
i=1

ϕi.

So, by interpolation in PL, either ψ ` ff or `
∧n
i=1 ϕi. Hence, the thesis follows

straightforwardly. QED

We now provide an illustration of a turnstile interpolant for µ ≤ ν, x2 ⊃ x1

and ((¬̃x1)⊃ (¬x2)) ∨ (¬̃x3). Observe that

1 x2 ⊃ x1 HYP

2 (x2 ⊃ x1)⊃ (((¬x1)⊃ (¬x2)) ∨ ¬x3) TAUT

3 (x2 ⊃ x1)⊃ (((¬x1)⊃ (¬x2)) ∨ x3) TAUT

4 ((¬x1)⊃ (¬x2)) ∨ (¬x3) MP : 1, 2

5 ((¬x1)⊃ (¬x2)) ∨ (¬x3) MP : 1, 3

6 (((¬x1)⊃ (¬x2)) ∨ (¬x3)) ∧ (((¬x1)⊃ (¬x2)) ∨ (¬x3)) PL : 4, 5

7 ((¬x1)⊃ (¬x2)) ∨ (¬x3),
((¬x1)⊃ (¬x2)) ∨ (¬x3) vν ((¬̃x1)⊃ (¬x2)) ∨ (¬̃x3) SO

8 µ ≤ ν HYP

9 ((¬̃x1)⊃ (¬x2)) ∨ (¬̃x3) LFT : 6, 7, 8

Figure 1: µ ≤ ν, x2 ⊃ x1 `uc ((¬̃x1)⊃ (¬x2)) ∨ (¬̃x3).

µ ≤ ν, x2 ⊃ x1 `uc ((¬̃x1)⊃ (¬x2)) ∨ (¬̃x3)

as can be shown in Figure 1, and that the conditions of Proposition 5.4 are
satisfied. Consider an outcome substitution α such that α(¬̃) = ¬. Then

x2 ⊃ x1 ` (((¬x1)⊃ (¬x2)) ∨ (¬x3)) ∧ (((¬x1)⊃ (¬x2)) ∨ (¬x3))

which has (¬x1) ⊃ (¬x2) as an interpolant. Similarly, for the outcome substi-
tution α such that α(¬̃) = ¬. Thus, according to the proof of that proposition,
(¬x1)⊃(¬x2) is an interpolant for µ ≤ ν, x2⊃x1 and ((¬̃x1)⊃(¬x2))∨(¬̃x3).
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6 Outlook

Both arrow and turnstile interpolation were investigated in the context of UCL,
(cf [32]), a complete extension of classical propositional logic for reasoning about
unreliable connectives that behave correctly with a given probability. The first
step was the fine tuning of the notions of interpolation in order to cope with the
different kinds of formulas present in UCL. Then, we were able to prove that UCL
has unrestricted arrow interpolation. Furthermore, we also showed that UCL
enjoys turnstile interpolation under some moderate provisos. These provisos
came as no surprise because, among other reasons, in UCL the rule of conjunction
introduction is not sound, validity is not always preserved by substitution, and
the metatheorems of deduction and modus ponens both require provisos.

Concerning future work, we plan to assess the practical impact of the in-
terpolation properties of UCL when applying this logic to the verification of
circuits with unreliable gates. Like in other application scenarios, we expect to
find better algorithms by making good use of interpolants.

On another front, we intend to extend UCL in order to cope with probabilistic
propositional variables and analyze its properties namely interpolation. It seems
also interesting to extend this probabilistic setting to propositional logics with
modal-like operators, as well as to quantification logics.
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