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On the H-Manipulability of Fuzzy
Social Choice Functions

Abstract

In voting theory the well-known Gibbard-Satterthwaite theorem is about
the manipulability of aggregators which consists of the aggregation of
individual preferences expressed as a complete ordering over the set of
alternatives. This paper deals with the generalization of such a the-
orem in a context where each individual expresses a fuzzy preference
(weak) ordering. This extension is called H-manipulability. The con-
cept of fuzzy game form as the generalization of Gibbard’s concept game
form is also introduced here in a fuzzy framework. The proof of the H-
manipulability theorem is relied on the connection of fuzzy social choice
functions with fuzzy aggregation rules. In particular, the dictatorship of
fuzzy aggregation rules corresponds to the H-dictatorship fuzzy social
choice.

Keywords: Fuzzy preference orderings, Fuzzy game form, Gibbard-
Satterthwaite theorem, H-manipulability, Dutta’s impossibility theorem.
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Introduction

Group decision making In collective group decision making real-world situa-
tions, a collective decision regarding the choice of the “best” alternative from a
finite set is usually obtained by applying an aggregation function or operator. Our
attention is restricted to a function associating a single alternative to a collection
of individual preference ordering over the set of alternatives. Modelling preferences
is often a very hard task in the field of group decision making. Traditionally, the
individual preferences can be modelled through binary relations. They can be crisp
or fuzzy according to the circumstances (e.g. Orlovsky, 1978; Basu, 1984).

On the manipulability in voting theory In voting theory, the strategic ma-
nipulation of non-dictatorial aggregation functions is always possible wherever the
model contains at least three alternatives and the objective consists of selecting a
single one. Each individual should give an ordering (preference pre-order or weak
order) over the set of alternatives modelled through a crisp relation (Gibbard, 1973;
Satterthwaite, 1975) (Henceforth G-S). Gibbard (1973) deduced this manipulability
result from the Arrow’s impossibility theorem (Arrow, 1963).

A key question Is it possible to find a collective decision representing sincere in-
dividual preferences when those are modelled through fuzzy relations over the set of
alternatives, i.e. is the collective decision obtained by a non-dictatorial aggregation
function?

About fuzzy preference relations We are interested in defining the manipula-
tion of aggregation functions starting with a collection of fuzzy individual preference
relations. In fact, when comparing alternatives, individuals are often affected by
the presence of uncertainty, ambiguity or imprecision due to imperfect knowledge
of data. Consequently, an individual might not be able to clearly state a prefer-
ence relation for any pair of alternatives. In the literature, it has been argued that
fuzzy relations incorporate inherent subjectivity and imprecision of human think-
ing (Goguen, 1967; Barrett and Pattanaik, 1985; Ovchinnikov and Owernoy, 1988).
Given two alternatives, it is assumed that an individual has a degree of preference
over such a given pair of alternatives.

Fuzzy Social Choice Functions (FSCF ) In addition, the uncertainty affects
the type of aggregation functions. The FSCF are used for mapping a collection
of fuzzy preference relations into a chosen collective alternative. It can be viewed
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as a two-step procedure (Barrett et al., 1986; Barnerjee, 1994; Garcia-Lapresta and
Llamazares, 2000). There exist two types of FSCF decompositions:

1. Aggregation and defuzzification

(a) Apply a fuzzy aggregation rule (FAR) that leads to a comprehensive
(collective) fuzzy relation.

(b) Generate from the fuzzy relation the best alternative by applying a choice
function that leads to a collective choice.

2. Defuzzification and aggregation

(a) Apply a choice function for each individual fuzzy relation to obtain an
individual choice set.

(b) Aggregate the individual choices using an aggregation function.

Purpose of the paper In this paper, we restrict our attention to the set of fuzzy
relations satisfying reflexivity, connectedness, and max-min transitivity. They are
called fuzzy orderings (Dutta et al., 1986). The fuzzy counterpart of G-S manipu-
lability is introduced and called H-manipulability. The purpose of this paper is to
prove the H-manipulability theorem relying on the fuzzy counterpart impossibility
result for FARs (Dutta, 1987).

Outline of the paper The organization of this paper is as follows. Section 2 is
devoted to elementary concepts, related to FSCF and FAR; the fuzzy counterpart
of Arrow’s impossibility theorem (Dutta, 1987) is introduced. Section 3 deals with
the generalization of the game form concept in the fuzzy framework. Section 4
introduces the H-manipulability theorem and resumes the different steps of its proof.
Finally, conclusions and avenues for future research are provided.
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1 Mathematical background

The focus of the paper is in the context where a group of several individuals has to
choose an alternative from a finite set of alternatives. Consider that the preferences
of each individual are modelled by using a fuzzy binary relation.

1.1 Elementary concepts

This section is consecrated to the basic data of the model, the standard definitions
on fuzzy set theory, and some elementary properties.

1.1.1 Basic data

Let

◦ X = {x1, x2, . . . , xj, . . . , xm} denote a finite set of alternatives, with |X| ≥ 3;

◦ χ = {S | S ⊆ X and S 6= ∅} denote the set of all non-empty subsets of X;

◦ N = {1, 2, . . . , i, . . . , n} denote a group of n individuals, with n ≥ 2.

1.1.2 Fuzzy relations

Definition 1. (Fuzzy binary relation)
A fuzzy binary relation, R, over X is a function R : X ×X −→ [0, 1].

A fuzzy relation can be considered as a fuzzy set in X × X with a membership
function R, introduced to model vagueness or imprecision. Generally, the impre-
cision or vagueness is detected when there are some difficulties to express clearly
our knowledge (is the turquoise color green or blue?). In our settings, the vagueness
affects the preferences of an individual. Thus, R(x, y) represents the degree to which
the crisp weak preference “the alternative x is at least as preferred as alternative y”
(Zadeh, 1965). Consequently, for each pair of alternatives x and y belonging to X,
we have a number R(x, y) ∈ [0, 1] interpreted as the degree of preferences of x over
y. The fuzzy relation R is considered as a weak fuzzy preference relation.

Definition 2. (fuzzy ordering)
A fuzzy relation, R, is said to be a fuzzy ordering, if it fulfills the following properties,

1. Connectedness: R(x, y) + R(y, x) ≥ 1,∀ x, y ∈ X;

2. Reflexivity: R(x, x) = 1,∀ x ∈ X;
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3. Max-min transitivity : R(x, z) ≥ min{R(x, y), R(y, z)},∀ x, y, z ∈ X.

Let H denote the set of all fuzzy orderings.

Definition 3. (Union and intersection of fuzzy subsets)
Let A : X → [0, 1] and B : X → [0, 1] denote two fuzzy subsets,

1. The union between A and B is the fuzzy set A ∪B such that

∀ x ∈ X, A ∪B(x) = max{A(x), B(x)};

2. The intersection between A and B is the fuzzy set A ∩B such that

∀ x ∈ X, A ∩B(x) = min{A(x), B(x)}.

Remark 1. If min{A(x), B(x)} = 0 for all x ∈ X, then A ∩B = ∅.

Given a fuzzy preference relation, R, there is no a clear way for deriving the
indifference relation (I) and the strict preference relation (P ) from R. Dutta (1987)
stated a manner of derivation of P and I in Proposition 1 as follows.

Proposition 1. (Fuzzy indifference and fuzzy strict preference)
Let R denote a connected fuzzy preference relation, R, satisfying the following con-
ditions,

1. R = P ∪ I;

2. I is symmetric, i.e., ∀ x, y ∈ X, I(x, y) = I(y, x);

3. P is anti-symmetric, i.e., ∀ x, y ∈ X, P (x, y) > 0 ⇒ P (y, x) = 0.

Then, ∀ x, y ∈ X,

P (x, y) =





R(x, y), if R(x, y) > R(y, x)

0, otherwise.

I(x, y) = min{R(x, y), R(y, x)}.
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Throughout this paper, we will follow the above derivation for P and I. In what
follows, the following notation is also needed.

Let,

◦ RN , denote the n-tuple individual fuzzy relations (R1, R2, . . . , Ri, . . . , Rn) ∈
T n;

◦ RN | R′
i, represent the fuzzy profile (R1, R2, . . . , Ri−1, R

′
i, Ri+1, . . . , Rn);

◦ RN | R′
1, R

′
2, represent the fuzzy profile (R′

1, R
′
2, R3, . . . , Ri, . . . , Rn);

◦ XH(RN | R′
i), denote the set {f(RN | R′

i),∀ R′
i ∈ H}.

1.2 Fuzzy aggregation rules

When a group of n individuals has to express their collective opinion on each pair of
alternatives, an FAR can be used starting with fuzzy individual preference relations.

Definition 4. (Fuzzy aggregation rule)
A fuzzy aggregation rule (FAR) is a function h : T n −→ T ,

RN 7→ Rs = h(RN).
where, T is a non-empty set of fuzzy preference relations.

In what follows T corresponds to H. The properties used by Dutta (1987) define
the fuzzy counterpart of impossibility Arrow’s theorem.

1.2.1 Impossibility conditions

Let h : T n −→ T denote an FAR. The function h satisfies,

1. The independence of irrelevant alternative (IIA)

If ∀ RN , R′
N ∈ T n, and ∀ x, y ∈ X with x 6= y,

◦ Ri(x, y) = R′
i(x, y) and,

◦ Ri(y, x) = R′
i(y, x), ∀i ∈ N , then

◦ Rs(x, y) = R′s(x, y) and Rs(y, x) = R′s(y, x).
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2. The Pareto criterion (PC)

If ∀ RN ∈ T n, aand ∀ x, y ∈ X with x 6= y, then P s(x, y) ≥ mini∈N Pi(x, y).

3. The positive responsiveness (PR)

If ∀ RN , R′
N ∈ T n, and ∀ x, y ∈ X with x 6= y,

◦ Ri(x, y) = R′
i(x, y),∀ i 6= j and,

◦ Rs(x, y) = Rs(y, x) and,

◦ (Pj(x, y) = 0 and P ′
j(x, y) > 0) or (Pj(y, x) > 0 and P ′

j(y, x) = 0), then

◦ P ′s(x, y) > 0

4. Dictatorship (D)

If there exists an individual k ∈ N such that

∀ RN ∈ T n, and ∀ x, y ∈ X with x 6= y, Pk(x, y) > 0, then P s(x, y) > 0.

Condition (IIA) states that when two distinct fuzzy profiles are considered, if
for a given pair of alternatives the degrees of preferences for each individual are
identical for both fuzzy profiles, then the social aggregate preference degrees are the
same for the considered pair of alternatives.

Condition (PC ) states that the strict social preference degree of an alternative
over another must be at least as high as each strict individual preference degree of
the given pair of alternatives.

Condition (PR) states that when two distinct fuzzy profiles are considered, if the
individual preference degrees of a given pair of alternatives (x, y) are identical for
each individual in both fuzzy profiles, except for the individual j and the preference
of j changes in favor of the alternative x, then, if the social aggregate preference de-
grees of (x, y) and (y, x) of the first profile are identical, x must be socially preferred
to y with a strict preference degree for the second profile.

Condition (D) states that when there exists an individual k such that for each
fuzzy profile, if he/she has a strict preference degree over a given pair of alternatives
(x, y), then x must be socially preferred to y with a strict preference degree.

1.2.2 Impossibility theorem

Moreover, Dutta (1987) showed the following fuzzy counterpart of the Arrow’s im-
possibility theorem.
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Theorem 1. (Impossibility theorem)
Let n ≥ 3 and h : T n −→ T denote an FAR. If h satisfies IIA, PC, and PR, then
h is dictatorial.

1.3 Fuzzy social choice functions

When a group of n individuals has to make a social choice from a finite set of al-
ternatives, a fuzzy social choice function can be used starting with fuzzy individual
preference relations.

Definition 4. (Fuzzy social choice function)
A fuzzy social choice function (FSCF ) is a function f : T n −→ X, where T is a
non-empty set of fuzzy binary relations over X.

Now, consider some properties of FSCF s needed to state the fuzzy counterpart
of G-S-theorem. They are defined from the concept of dominance degree, proposed
by Basu (1984) as follows,

G(R, S)(x) = min
y∈S

R(x, y), ∀ x ∈ S.

We consider that the manipulator uses,

BH(S, R) = {x ∈ S | G(S, R)(x) ≥ G(S, R)(y),∀ y ∈ S}

as a choice function. Such an individual is said to be H-manipulator since he/she
is H-rational (Dutta et al., 1986). Therefore, the definition of the manipulability of
an FSCF is defined as follows.

Definition 5. (H-manipulability and H-dictatorship)
Let f : Hn −→ X denote an FSCF . The function f is

1. H-manipulable by individual RN ∈ Hn if there is R′
i ∈ H such that

G(Ri, XH(RN | R′
i))(f(RN | R′

i)) ≥ G(Ri, XH(RN | R′
i))(f(RN))

2. H-strategy-proof if there is no RN ∈ Hn at which f is H-manipulable.

3. H-dictatorial if there exists a dictator k ∈ N , i.e. for every R ∈ Hn and all

x 6= f(RN) ∈ X, G(Rk, X)(f(RN)) ≥ G(Rk, X)(x)
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Some necessary conditions, however, are needed for a choice function C(S) to be
H-rationalizable in terms a fuzzy ordering, R, starting with a subset S of the set of
alternatives X. In other words, the basic relation RC of C, defined as follows: for all
x, y ∈ S, xRCy if and only if x ∈ C({x, y}), must satisfy the following proposition
(Dutta, 1987).

Proposition 2. (Necessary condition for H-rationalizability )
Let C denote an exact choice function which is H-rationalizable in terms a fuzzy
ordering. Then,

1. C satisfies property β+, i.e.,

∀ x, y ∈ X, ∀ A,B ∈ χ, [x, y ∈ C(A), and x ∈ C(B)] ⇒ [y ∈ C(B)];

2. RC is quasi-transitive, i.e. PC is transitive;

3. ∀ x, y, z ∈ X, if (xPCy, yICz, xPCz), then C({x, y, z}) = {x}.

2 Fuzzy game form

In this section, we adopt the concept of game form by Gibbard (1973) and extend
it to the fuzzy framework.

Definition 6. (Fuzzy game form)
A game form is a function g : (S1, S2, . . . , Si, . . . Sn) −→ Z, where Si represents a
set of strategies assigned to each player i ∈ N . The values of g are called outcomes,
and denoted by Z. The function g is said to be a fuzzy game form, when the set of
strategies for each player corresponds to the set of fuzzy binary relations.

Remark 2.
an FSCF, f : Hn −→ X is a fuzzy game form such that, the set of strategy for each
player is a fuzzy binary ordering over X and the set of outcomes, Z, is included in X.

It should be noted, however, that nothing in the structure of a fuzzy game form
tells us which strategy “honestly” represents any given preference ordering. Ma-
nipulability is then a property of a game g(s1, s2, . . . , si, . . . , sn) plus n functions
σ1, σ2, . . . , σi, . . . σn, where for each individual k and a fuzzy preference ordering Rk,
σk(Rk) is the strategy for k which honestly represents Rk. In other words, where a de-
cision making system is characterized by a fuzzy social choice function, f , it is char-
acterized also by functions, g, σ1, σ2, . . . , σi, . . . σn, such that, the collective decision
with the fuzzy profile, RN , corresponds to g(σ1(R1), σ2(R2), . . . , σi(Ri), . . . σn(Rn)).
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Now, in order to establish the H-manipulability result in terms of fuzzy game
forms, we define the strategy dominance as follows.

Definition 7. (Dominant strategy)
A strategy s∗ is dominant for a given player, k, and a certain fuzzy preference
ordering, R, over Z, if there exists no SN = (s1, s2, . . . , si, . . . , sn) ∈ T n such that

G(R, Z)(g(SN)) ≥ G(R, Z)(g(SN | s∗)).

In other words, a strategy s∗ is R-dominant for player k if, no matter what strategies
are fixed for every one else, strategy s∗ for k produces an outcome with a degree of
dominance at least as high as the degrees of the remaining outcomes. Formally, a
strategy s∗ is R-dominant for player k if, for every n-tuple strategy SN ∈ T n,

G(R, Z)(g(SN | s∗)) ≥ G(R, Z)(g(SN)).

Therefore, the definition of H-straightforward fuzzy game forms is presented as
follows.

Definition 8. (H-straightforward fuzzy game form)
A fuzzy game form is H-straightforward if for every player, k, and a given fuzzy
preference ordering, R, over Z, there is a strategy which is R-dominant for k.

Moreover, the concept of H-dictatorship for a game form g is defined in the same
manner for an FSCF , i.e., a player k is H-dictator for g, if for every SN ∈ T n,

∀x 6= g(SN) ∈ Z,G(Rk, X)(g(SN)) ≥ G(Rk, X)(x)

3 H-manipulability theorem

The objective of this section is to prove the H-manipulability theorem. The following
steps will be followed.

1. Stating by proving that if a fuzzy game form with at least three possible
outcomes is H-straightforward, then it is H-dictatorial (Theorem 2).

2. Then, proving that if a fuzzy social choice function, f , with at least three
possible outcomes is non H-dictatorial, then it is H-manipulable (Theorem
3).
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Theorem 2. (H-dictatorship of fuzzy game form)
If a fuzzy game form with at least three possible outcomes is H-straightforward, then
it is H-dictatorial.

Proof

Let g denote a H-straightforward game form with at least three outcomes. We must
prove that g is H-dictatorial.

Since g is H-straightforward, for every i and R, there is a strategy s which is
R-dominant for i.

For each fuzzy profile RN , set σ(RN) = 〈σ1(R1), σ2(R2), . . . , σi(Ri), . . . σn(Rn)〉.
The functions σ and σ1, σ2 . . . , σi, . . . , σn will be fixed throughout the proof; the
function f will be the composition of g and σ, so that for all RN ,

f(RN) = g(σ1(R1), σ2(R2), . . . , σi(Ri), . . . , σn(Rn)).

The proof of this theorem will follow the following steps

1. Define a fuzzy aggregation rule h such that for each fuzzy profile RN , a fuzzy
ordering Rs = h(RN);

2. Prove that this function, h, satisfies all impossibility conditions except non-
dictatorship;

3. Apply the impossibility theorem by Dutta (1987) to deduce the dictatorship
of h;

4. Finally, prove that the dictatorship of h corresponds to H-dictatorship of g.

Let us now detail steps of the proof.

1. Construction of a fuzzy aggregation rule

Let h denote a fuzzy aggregation rule, h : Hn −→ H with Rs = h(RN), such
that

BH({x, y}, Rs) = f(RN ∗ {x, y})
where,

BH(S,R) = {x ∈ S | G(R,S)(x) ≥ G(R, S)(y),∀y ∈ S}.
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In other words, if n individuals with RN fuzzy preferences have to choose be-
tween x and y using f , their choice will correspond to the set BH({x, y}, Rs).
Thus, the outcome of f is H-rationalizable in terms of the fuzzy ordering Rs.

Therefore, if f(RN ∗ {x, y}) = x, we have Rs(x, y) > Rs(y, x). Also, if
f(RN ∗ {x, y}) = y, we have Rs(y, x) > Rs(x, y). The choice function, defined
by the outcome of f must verify, however, Proposition 2 to be H-rationalizable
in terms a fuzzy ordering R.

More precisely, we fix the function h : Hn −→ H such that,

∀ x ∈ X, Rs(x, x) = 1

and ∀ RN , R′
N ∈ Hn, and ∀ x, y ∈ X with x 6= y,

Rs(x, y) =





1, if Ri(x, y) > Ri(y, x), ∀i ∈ N

α ∈]1/2, 1], if f(RN ∗ {x, y}) = x

β ∈ [0, 1/2[, if f(RN ∗ {x, y}) = y

where, α + β ≥ 1.

In addition, we suppose that Rs(x, y) = Rs(y, x) only if Ri(x, y) = Ri(y, x),
for all i ∈ N . We can now easily show that Rs satisfies reflexivity, connect-
edness and max-min transitivity. We shall show that h is an FAR which
satisfies the Dutta’s conditions except dictatorship.

2. Verification of impossibility conditions by Dutta, except dictatorship

(a) IIA

If ∀ RN , R′
N ∈ T n, and ∀ x, y ∈ X with x 6= y,

◦ Ri(x, y) = R′
i(x, y) and,

◦ Ri(y, x) = R′
i(y, x), ∀i ∈ N , then

◦ f(RN ∗ {x, y}) = f(R′
N ∗ {x, y}).

Thus, Rs(x, y) = R′s(x, y) and Rs(y, x) = R′s(y, x). Therefore, we can
conclude that IIA holds for the function h.
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(b) PC

If ∀ RN , R′
N ∈ T n, and ∀ x, y ∈ X with x 6= y, we have

P s(x, y) =





Rs(x, y), if Rs(x, y) > Rs(y, x)

0, otherwise.

However, Rs(x, y) > Rs(y, x) is verified only when f(RN ∗ {x, y}) = x.
Thus,

Rs(x, y) =





1, if Ri(x, y) > Ri(y, x), ∀i ∈ N

α ∈]1/2, 1], otherwise

Therefore, if Ri(x, y) > Ri(y, x),∀i ∈ N , then

Pi(x, y) > 0,∀i ∈ N and P s(x, y) = 1 ≥ mini∈N Pi(x, y).

Otherwise, P s(x, y) = α or 0 and mini∈N Pi(x, y) = 0, since there exists
an i ∈ N such that Ri(y, x) ≥ Ri(x, y). Therefore, we can conclude that
PC holds for the function h.

(c) PR

We suppose that ∀ RN , R′
N ∈ T n, and ∀ x, y ∈ X with x 6= y,

◦ Ri(x, y) = R′
i(x, y) for all i 6= j; and,

◦ Rs(x, y) = Rs(y, x), then

we have necessarily that ∀i ∈ N , Ri(x, y) = Ri(y, x). Thus, we have,
Pj(x, y) = 0.

Consequently, we must now show if P ′
j(x, y) > 0, then P ′s(x, y) > 0.

Indeed, if P ′
j(x, y) > 0, then R′

j(x, y) > R′
j(y, x). Thus,

G({x, y}, R′
j)(x) ≥ G({x, y}, R′

j)(y).

In addition, for all RN , f(RN) = g(σ1(R1), , σ2(R2), . . . , σi(Ri), . . . σn(Rn))
and, g is supposed to be H-straightforward game form.

Thus, g(σ1(R
′
1), σ2(R2), . . . , σj(R

′
j), . . . σn(R′

n)) is equivalent to x. Then,
R′s(x, y) = α > R′s(y, x) = β and P ′s(x, y) = R′s(x, y) > 0. Therefore,
we can conclude that (PR) holds for the function h.

3. Dictatorship of the function h
Since the function h fulfills all the impossibility conditions, i.e. IIA, PC, and
RP, it must be dictatorial from Theorem 1.
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4. Equivalence dictatorship with H-dictatorship

We prove now that a dictator for h is a H-dictator for g. We suppose that h
is dictatorial, then there exists an individual k ∈ N such that ∀ RN ∈ T n, and
∀ x, y ∈ X with x 6= y, Pk(x, y) > 0, then P s(y, x) = 0.

Thus, G({x, y}, Rs) = x and G({x, y}, Rk)(x) > G({x, y}, Rk)(y). Conse-
quently, k is H-dictatorial for g when X = {x, y}.

We suppose now that

◦ X = {x, y, z};
◦ Pk(x, y) > 0;

◦ Pk(x, z) > 0 and;

◦ Pk(y, z) > 0.

Since k is dictatorial for h, then we have

P s(x, y) > 0, P s(x, z) > 0, and P s(y, z) > 0.

We shall show that f(RN) = x. It is sufficient to prove that

(i) G(X, Rs)(x) ≥ G(X,Rs)(y) and,

(ii) G(X, Rs)(x) ≥ G(X,Rs)(z).

To prove the first inequality, three cases are considered. We will prove our
result based on the fact that, if for all x, y, z ∈ X(Dasgupta and Deb, 1996),





Rs(x, y) > Rs(y, x),

Rs(y, z) > Rs(z, y),
⇒ Rs(x, z) ≥ min{Rs(x, y), Rs(y, z)}

when Rs satisfies the max-min transitivity.

(a) Rs(x, y) > Rs(y, z) > Rs(y, x)

Since we have

Rs(x, z) ≥ min{Rs(x, y), Rs(y, z)} = Rs(y, z),
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G(X, Rs)(x) = min{Rs(x, y), Rs(y, x)} ≥ Rs(y, z) > Rs(y, x) = G(X,Rs)(y)

Then,
G(X, Rs)(x) ≥ G(X, Rs)(y).

(b) Rs(y, z) > Rs(x, y) > Rs(y, x).
Since we have

Rs(x, z) ≥ min{Rs(x, y), Rs(y, z)} = Rs(x, y),

G(X, Rs)(x) = Rs(x, y) ≥ Rs(y, z) > Rs(y, x) = G(X,Rs)(y).

Then,
G(X, Rs)(x) ≥ G(X, Rs)(y).

(c) Rs(x, y) > Rs(y, x) > Rs(y, z)

Since we have

Rs(x, z) ≥ min{Rs(x, y), Rs(y, z)} = Rs(y, z),

G(X, Rs)(x) = Rs(x, y) ≥ Rs(y, z) = G(X, Rs)(y).

Then,
G(X, Rs)(x) ≥ G(X, Rs)(y).

The same reasoning is used to prove that G(X, Rs)(x) ≥ G(X,Rs)(z) and we
obtain that if P s(x, y) > 0, P s(x, z) > 0 and P s(y, z) > 0, then f(RN) = x.
Also, if the same conditions about the fuzzy relation of individual k, we can
conclude thatf(RN) = x. Consequently, k is H-dictatorial for f . 2

The above result is used to prove the H-manipulability theorem.

Theorem 3. (H-manipulability theorem)
If a fuzzy social choice function, f , with at least three possible outcomes is non H-
dictatorial, then it is H-manipulable.

14



Proof

Suppose that f is non H-dictatorial and has at least three possible outcomes. Then,
f is a game form, f is not H-straightforward (Theorem 2) and thus for player k and
R, no strategy is R-dominant for k. The relation R here is a fuzzy ordering over
the set of outcomes, Z, and a strategy is a fuzzy ordering R∗ over the set X, Z ⊆ X.

Let R∗ extend R to X, such that for all x in Z,

G(X, R∗)(x) = G(Z, R)(x). (1)

Then, in particular, R∗ is not R-dominant for k. Hence, for some n-tuple strategy
RN of fuzzy orderings of X, it is not the case that,

G(Z, R)(f(RN | R∗) ≥ G(Z,R)(f(RN)).

But, since (f(RN | R∗) and f(RN) are in Z, from (1),

G(X, R∗)(f(RN)) ≥ G(X,R∗)(f(RN | R∗).

and f is H-manipulable. Assuming Theorem 2, we have proved Theorem 3. 2
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Conclusions

We established the fuzzy counterpart of G-S manipulability theorem. The proof is
strongly relied on the Dutta’s impossibility theorem established for fuzzy aggregation
rules. A possible avenue for future research is to extend the fuzzy counterpart of
G-S manipulability theorem for other domains of fuzzy social choice functions.
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