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Resumo

No presente trabalho, propomos uma possivel formulagao tedrica para o estudo do controlo 6timo
nos dados na fronteira para a classe das equagoes de Stokes com condigoes de fronteira mistas.
Fornecemos também uma explicacao tedrica do problema e dos espacos funcionais usados de forma
a deduzir (i) o problema de controlo étimo estd bem posto, e (ii) para fornecer as condigoes
necessarias de otimalidade de primeira ordem, que no nosso caso serd também uma condigao sufi-
ciente.

Consideramos custos quadraticos do tipo de velocity-tracking, de vorticidade ou entao uma soma
dos dois com diferentes pesos.

Para o processo de otimizacao um método de descida é utilizado. Sao apresentados resultados
numéricos (2D) para vdrios casos, num dominio que pretende simular a bifurcacao arterial que se
forma apds um bypass.

Palavras-chave : Equagoes de Stokes com condigoes de fronteira mistas; problema nao esta-
cionario; elementos Finitos; controlo 6timo na fronteira; equacoes diferenciais parciais; dinamica

de fluidos



Abstract

In the present work er propose a possible framework for a optimal boundary control problem, for
the time dependent Stokes mixed boundary conditions.

We provide a theoretical framework to address (i) the well posedness analysis for the optimal
control problem related to this system and (ii) the derivation of a system of first-order optimality
conditions.

We consider the minimization of quadratic cost (e.g., tracking or vorticity) functionals of the ve-
locity. A descent method is then applied for numerical optimization.

Numerical results are shown for (2D) simulation of an arterial bifurcation after a bypass is done.

Keywords: Optimal boundary control; partial differential equations; fluid dynamics; Time- de-
pendent Stokes equations with Dirichlet-Neumann boundary conditions;finite element method
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1 Introduction

Optimal control problems (OCP’s) in the framework of partial differential equations, is a research
field with challenging theoretical questions, for mathematical analysis and definition of numerical
efficient algorithms, which has a large range of applicability on engineering, as for instance, in
aerodynamics. In the present work, we will focus on doing the minimization of quadratic cost
functionals, or a combinations of quadratic cost functionals (see for example [15; 4; 24; 11; 12;
9]), associated to a non-stationary, incompressible fluid dynamic problem, with mixed boundary
conditions. To be more precise, we are interested in minimizing a particular collection of cost
functionals, which are constrained to be evaluated at solutions (in some sense) to the following
mixed boundary time-dependent Stokes equation:

0

afz:Jer—uAy:f,inQT,(l)

V-y:O,inQT,(2)

y:g7inF1X(O7T) ’ (3) (1)

y=0,inT, x (0,7), (4)
puVy-n—pn=0,in Ty, x (0,7) , (5)
y(0,.) =yo , (6)

where Q and it’s boundary parts are illustrated in (1) (we denote by I'y =T';, UT.), T is a fixed
terminal time and Q = Qr = Q x (0,T). The components (1) and (2) of this system of equations
describe the behavior of an imcompressible fluid with low viscosity in the domain €2. The condition
(3) is the imposed Dirichlet condition, and (4) is the no-slip condition and is physically interpreted
as saying that the fluid aggregated to the wall has no movement. This condition in the framework
of blood flow may also be interpreted as saying that the walls have no movement. Lastly, the
condition (5) is an artificial condition, that is usually used in this type of problems, which appears
from a simplification for the variational formulation that appears when integration by parts is done
in (1) of (1).

One possible application of this theoretical problem, may be the study of the control of the blood
flow in an arterial bifurcation, after a bypass is done!, with the goal of knowing which velocity
profile must exist on I'. in such a way that the vorticity of the fluid is minimized, or the prox-
imity (in some norm which is usually the L2—norm) to some target velocity, that we know to be
representative of a well-behaved blood flow. Also is very common, and we do that in here, to
add a penalization parameter, to the cost functional, which in our case is a quadratic functional
depending on the control.

Boundary control problems in the context of fluid dynamics, isn’t a new subject, and a large amount
of theory and research has already been done, see for example the book [11] where the author shows
a collection of typical problems in boundary optimal control.
However, as far as we know, the type of bound-
ary conditions considered in the present work is not
yet fully studied, at least on the framework of a
r, o time dependent problem. Also, notice that in our

/ ot case, we do not ask the boundary control function
u, to satisfy an integral condition frcu - nds =
0.

rin

Figure 1: Omega Domain.
In what follows, we discuss some of the references that

can be found in the literature, which were relevant for
our work.

The stationary version of our problem, was studied in [24]. In that article, the authors considered
a similar domain as the one illustrated in figure (1), and they were also interested in minimizing
the vorticity and target velocity functionals, by controlling the input velocities in I'., where this

IThe bypass being the upper part of the bifurcation, and the obstructed the bottom one of the image (1).



functionals were evaluated on a collection of pairs (y,u) (u being the control and y the velocity)
which are restricted to satisfy in some weak sense the stationary Navier-Stokes problem in 2, given

by,

—puAy+ (y-V)y+Vp=0in Q

V.-y=0in Q

ylr, =u

Jlo. =0 (2)
yrin:,uin

(Ony —pn)lr,,, =0

As we can see, this problem is very similar to ours, but, however, by introducing the time depen-
dence we fall into a problem which is not easily adapted by the work done in that paper. From
there, and the examples in [11] which are about boundary control problems, we also took the idea
of using, for our weak formulation, velocities which do not necessary have null trace in I'. U T';,.
This type of functions play an important role in the first order conditions for optimality.

In [15] a boundary control problem in a time-dependent framework is considered, but in that
case, the control is done in the whole boundary,

ye —vAy+(y-V)y+Vp=0in Q

-V-y=0inQ 3)
y=DBuin X
y(0,-) = yo in

where  is a bounded domain in R%, Q = Q x (0,T) and ¥ = 9Q x (0,7). In that article, the
method used to arrive to the first order optimality conditions were very useful to our problem.
The paper also provides, some guide steps for which functional spaces we should look for in this
type of problems, in order to define a proper weak formulation for our problem.

Lastly, we refer to the article of [12] were they also address a minimization problem for a ve-
locity target functional, associated with a time-dependent Navier-Stokes equation,

%—F(yV)y%—szOian(O,T)

V.y=0inQx(0,7)

y=ginT.x (0,T) (4)
y=0in (I'\T,) x (0,7)

y(0,-) =yo in Q

However, as can be seen, the problem has not a mixed boundary condition,and therefore, since the
solution must satisfy the equation V-v = 0 and the boundary value in I'\ I, is null, we must have,
by a compatibility condition, that
/ g-nds=0 (5)
e

where n is the unitary normal to the boundary in I'.. This restriction is not realistic in our case
since it is possible to have a control with non zero boundary flux, as for example a parabolic inflow
inI,.

Other works were also seen such as [4; 11; 9; 7] and were important for the present work.

This work is organized as follows. In section-2 we give a motivation for the weak formulation
and define the functional setting for our weak problem. This part is very important not only
for the state equation but also for the first order necessary conditions of optimality. In section-3
we analyze the well-posedness of the state equation, by using the classical Galerkin method for
a linear parabolic PDE. In section-4 we give a proof of the existence of an optimal solution for
the minimization problem and also we deduce the first order optimality conditions. In section-5
we turn our attention to the discretization of the problem and lastly in section-6 we present some



numerical results, for a velocity tracking functional, with observations on the whole domain, and
also in some particular areas of the domain, in order to also study the influence of the observations
zone on efficiency of the numerical method to reach the target flow. A vorticity functional and a
combination of the two is also considered. On those simulations, we considered two cases for the
input and fixed velocity v;,: (i) the case with the total obstruction v, = 0, and the case of a
strongly decreasing function with a high value on the center of I';,,, in order to modulate a type of
almost total obstruction.

2 Functional Setting and Preliminary Results

In this section we start by giving a motivation for the definition of the functional spaces that we
will use in the weak formulation. After, we show a possible way of construction lifting operators,
for the Dirichlet boundary data, a norm that yields an Hilbertian structure for the set of boundary
functions on the control zone, and the set of admissible initial conditions. We close this chapter
with some important notes.

2.1 Motivation for the Functional Spaces

In classical terms, a solution of the problem (1) is a pair (y, p) that satisfies the equation, and such
that y € C?1(Qr), where the superscript indices correspond to the order of the derivatives in x
and in ¢, by this order, and p € C*(Qr).

However this formulation is too strong. For instance, if we consider f € L*(0,T;L?(€2)) (see the
subsection (7.3) of the appendix for the definition of this spaces), which is the case for many of
the applications, we have that in general f would be a discontinuous, both in the time and space
variables, and in this case , there is no hope in finding a classical solution u that satisfies (1), since
then we would get that the second space derivatives of u are equal to a discontinuous function,
and therefore y cannot be in C%1(Q).

Therefore we need to weaken the concept of solution to (1), in order to proof the well-posedness
for a more variability of forms of the equation (1). This corresponds to consider solutions in a
bigger space, which must contained the set of the classical ones. In some cases using regularity
improving results, which can be seen, for instance, in the books, [8] or [21], we can proof that, in
fact, the founded weak solution, is also a classical solution. These results are build under some
regularity assumptions on the force term f, the boundary conditions, the initial condition and also
on the regularity of the boundary 052, and we will talk about them on the chapter of the solution
regularity, but not in a deep way.

In order to accomplish the goal of weakening the concept of solution to (1), we will use the classical
Sobolev spaces (see the chapter (7.2) of the appendix for a quick review and the notation used)
or in more detail [8; 1; 32; 33; 22], the LP(0,T; X) spaces where X is a Banach space (appendix
section (7.3)) or in detail [8; 32; 33], and vector-valued (see appendix section or scalar distributions
(7.4)) or in detail [32; 33].

As usual we will denote by 2(Q) = {p : ¢ € C§()} the set of test functions whose dual
space 2(Q)*, is called the set of distributions on Q. Also to set notations, we will denote by (-, )
the L?() inner product, by ((-,-)) the H}(Q) inner product, and lastly by (f,¢)x- x the duality
product between a functional f € X* and an element of X.

Let us now introduce a space that is fundamental for our construction (see [2] pag.3)

EQ)={uecC®Q)?:V-u=0, supp(u) NT'p? = 0}

where supp(u) is the support of u, i.e, is the biggest closed set where the function v is different from

zero. Notice that the functions of &(£2), which is not an empty set, are characterized by having

null divergence and null trace in the Dirichlet boundary part of 9Q2. &(£2) has also functions which

2I'p =T Uy, UT..



have non-null traces on 92\ I'p. By this fact, this set is not contained in Z(2), but, and this is
very important, &(€2) contains the set ¥ = {p € 2(Q)?: V- p =0}.2

Now we introduce a formal motivation to the weak formulation, and therefore of the used func-
tional spaces.

We start by supposing that every term of 1-(1) is sufficient regular, both in time and in space?,
and multiply that equation by ¢ € &(Q) followed by integration in the space variables. We get,
by using Green formulas, which are valid if we assume enough regularity (see [10]), and the fact

©lr, =0, that

(50) +nVuVo) = (fop) + [ (uuen—pm)e

Cout

From the do-nothing condition (equation (5) of the system (1)), the last term on the right hand
side is zero, from where we get that for every ¢ € £(Q),

(%(t% so) + 1(Vu(t), Vo) = (f(t),¢) for all t € [0,T] (6)

where we suppressed the space dependence.

Notice now that if, ¢ € H} () := {u € H'(Q)? : 7p(u) = 0}, where 7p is the trace operator
7p : HY(Q) — L*(T'p) ( for the definition and properties of this operators see the appendix section
(7.2)), the above argument still makes sense (see [10]).

This motivates the definition of the space

~ ——HY Q)
vV =£(9Q) (7)

Now since clearly V C H! ()2, and is constituted by functions with null trace in I'p, with [I'p| > 0,
by theorem 7.3, the space 1% equipped with the inner product of H}(Q) is a Hilbert space.

Until now, we only weaken the space of test functions and not the solution u. Suppose now that
u is C! in time (in particular we can fix t = ¢y € [0,T]) but only H'(£2)? in the space coordinates,
that is, u can be seen as a vector valued function u : [0,7] — H'(Q)? which is C! in the variable
t. In this case all the terms in the expression (6) still makes sense. But again , assuming classical
diferentiability for the solution u, can be restrictive, since as said above, we are interested in
analyzing a problem with a force term of the form f € L?(0,T; X), X being a Banach space, which
does only have L? regularity in time.

So we want our solution u to also have at least L? regularity in time®, but in this cases we need to
clarify the meaning of the time derivative. This can be done by using the notion of derivative in
the sense of vector-valued distribution (see appendix section (7.5)).

Notice now that from the no slip condition in I',, for almost every time, we are looking for a
solution, which has null trace on the lateral boundary ¥, =T',, x (0, 7).

Therefore, it makes sense to introduce the space L?(0,7; V) where,

Vi={uec H(Q)?:V-u=0, and 7y (u) = 0} (8)

with 7, : HY(Q)? — L?*(T,,) being the trace operator on the subset I',, of ', which is linear and
continuous as can be seen in the appendix section (7.2).

Let us see, that V is a Hilbert space, when equipped with the H}(2)? inner product.

Since the operator 7, : H'(Q)? — L?(T,,) is a continuous operator, when the spaces H*(2)? and
L?(T',,) are equipped with the usual norms, 7, has a closed kernel. Moreover, since the divergence
operator div : H}(Q)? — L?(Q)? is also continuous and linear, we get that V is the intersection
of two closed sets, and therefore is a closed subset of H(Q)? for the H!(Q)? norm. By the fact
that every closed subset of a complete space, is also complete, we get that V is complete. Notice

3This inclusion is fundamental for the application of the DE Rham’s theorem, which is used to the construction
of a pressure field.

4This regularity assumptions allows us to fix a time ¢ € [0, T.

5The choice of L? regularity can be explain by the fact that this space as a Hilbert structure, what can be more
easily work with, then only a Banach space.



now, that from the Poincaré’s inequality (theorem 7.3), since € is bounded and the functions of
V have null trace in a subset of 9Q with positive Lebesgue measure, the H! norm is equivalent to
the H} norm in the subspace V. So the two norms are equivalent, and since V is complete for the
H' norm is also complete for the H} norm.

In conclusion V is a Hilbert space for the inner product of Hg ().

In this context, motivated by (6), we are looking for a solution u(t) € L?(0,7;V) and a time
derivative /(t) also in L?(0,7T;V) such that

(W (t),v) + u(Vu(t), Vo) = (f(t),v) a.e t € (0,T) and for all v € V (9)
Notice however, that if u(t) € L*(V) and f(¢) € L?(0,T; L*(Q)?) then from (9) we get that

ou

(5,’0) = (f(t),v) — u(Vu, Vo) ,YweEV aete (0,7) (10)

and the expression on the right defines a continuous functional in V for almost every t € (0,7).
Therefore the term on the left «/(¢) should also be in V* for almost every ¢ € (0,T).

We conclude that u’(t) should be in the bigger space L?(0, T’; ‘7*), and we arrive to the variational
formulation

(u'(t)7v>‘~,*,‘~, + u((u(t),v)) = (f(t),v) ae t € (0,T) and for all v € V (11)

The above reasoning, leads us to the introduction of the space
W(0,T) := {u € L*>(0,T;V) : u/(t) € L*(0,T; V*)}

on which we define the norm

1/
Wl = (1ol 2 + 19el 22 )
It is also useful to introduce the following time dependent Sobolev spaces,
W(0,T) :={u e L*(0,T;V) : u/(t) € L*(0,T;V*)}

with norm

1/2
llwiory = (Ille) + 1132-))

T T
which is induced by the inner product (u,v)w(,r) = / (y(t), u(t))vdt —|—/ (v (t),u (t))y=dt and
0 0
the space

W(0,T) :={u e L*0,T; V) : u/(t) € L*(0, T; V*)}

with the norm with the norm

1/2
llwo.ry = (Il + 15 22 5-))

T T
which is induced by the inner product (u,v)w o) = / (y(t),u(t))ydt —|—/ (' (), (t)y.dt .
0

It is possible to proof by using the theorem 7.6, that W(0,T) and W(0,T) Oare Hilbert spaces for
the inner products introduce above. The introduction of this time-dependent spaces is by now not
intuitive. However we can antecede their justification, by saying that is from the space W(0,T')
that we will get the a proper lifting for the Dirichlet data, and the space W (0,T') is the space from
where we will get a variational solution, for our variational problem to be define later.

It is possible to proof a certain time regularity for the functions in W(0,7") and W (0,T), which
will be useful for the weak formulation for the present problem, but first one needs to introduce
another two spaces , H and H given by

~ —L2(Q)
H=¢£&9Q)



and
2

2
H:{veHl(Q)Z:V-v:Oandﬁ(v):()}L =

and we give to H,H the inner product of L? (©2) which gives to these spaces a Hilbertian structure.

By definition is clear that H contains the set V. To see that we also have VC H notice that since
HY(Q)2 C L%(Q)2, by choosing a function y € V C H(Q)2, y satisfies

|y — ynllmr ) — 0

for a certain sequence {y,, }nen in &(Q). Now from the fact that for every z € H'(Q)?, ||z]|12(q) <
||| 1 (q2), we also have that

Y = ynllzz) < Y — Ynllar@) — 0
pr— 2 ~
and therefore y is also in £(2) = H.
Now we proof a density result.

Lemma 2.1. The set V is dense in H.

Proof: For this proof we start by introducing the stationary version of the problem (1) with
homogeneous Dirichlet data on I'p =T1",, UT';,, UT., and with f € H

—pAu+ VP = fin
V-u=0in Q

12
u=0inTp (12)

pVu-n—pn=0in Ty

The weak formulation of (12), using the space Vv, is given by,
Find u € V , such that p((u,v)) = (f,v) , forall v € V (13)

Notice that the application ((.,.)) is an inner product in ‘7, and therefore, is a bi-linear, bounded
and coercive application on V. Thus by the Hilbertian structure of \7, and the Lax-Milgram
theorem (see [31]), the Stokes solver operator A : H — V is well defined, linear and a bounded
operator. _ _

Now, since® by theorem 7.2, HY(Q)? —— L*(Q)?, we also have that V —< H. In fact, let
{tn}nen C V be a bounded a sequence, and let I : H(Q) — L2(€2) be the compact embedding
operator. Thus, since V .C H'(Q) and I(V) C H, the sequence {I(uy,)}nen is contained in H and
by the compactness of I, has a subsequence which is convergent for an element of LQ(Q) But since
H is closed in L? (€2), the subsequence converges for an element in H what yields V << H. Let
I:V — H be the compact injection.

Now, since the operator A : H — V is continuous, the operator A : H — H given by A=1TIoA,is
compact, since is the composition of a compact operator with a continuous one. _

This operator is also positive” and self-adjoint. In fact, for arbitrary fi, fo € H, let A(f1) = uy
and A(f2) = ug

(Af1, f2) = (ur, fo) = p((ur, us)) = (fi,u2) = (Afa, f1) , for allfy, fo € H

and

(Afr, f1) = pl(ur,w0)) > Cllw |2

where C is the coercive constant of ((.,.)). Notice also that the strict positiveness implies that A
is injective.

From the above properties we can conclude, by the spectral theorem for self-adjoint, compact

6In the case of two Banach spaces X C Y, we denote by X «<+< Y the fact that the injection I : X — Y, given
by I(z) = z is a compact and linear operator.
7An operator T : X — X, with X a Hilbert space, is a positive application if (Txz,z) >0forallz € X



and positive operators, that exist a family {A1, Ag,...} of eigenvalues, which satisfy A; > 0 for
all i € N and \; — 0 when i — oo, and that also exists an orthonormal family of vectors in H
{u1,us,...} , such that A can be written as

A(u) = Z)\n(u,un)un ,Vue H (14)

Now, since A(H) = V C H, the orthonormal vectors {un} are all in V, and they define a Hilbertean

base for Im(A) = V, and since V = Ker(A)* = {0} = H, we conclude that V is dense in H as
we wanted to show. O

Now, from definition V is dense in H, since H is the closure of V in the L?-norm, which i 1s the norm
of H, and also, from lemma 2.1 that V is dense in H. Therefore, we have the Gelfand’s® triples

Ve H— V* Ve He V*
what leads us to the conclusion, using the theorem 7.7, that W(0,7T') — C([0, T, H) and W (0,T’) —
C(]0,T); H), i.e , any function in W(0,T) is a continuous function from [0, 7] to H eventually after

a change in a set of measure zero, and the same for W(0,T).

Now, since H C H and they both have the same norm, we have that H < H. This yields that
wW(0,T) — C([0, T]; H).

A very important consequence of this type of embedding is that an analogue integration by parts
formula is valid (see [30]).

Lemma 2.2. Let t € (0,7].

For every y(t),p(t) € W(0,T)

/0 W/ (5), p())v-wds = (y(1). p(t)) — (4(0), p(0)) — / ((s).p/(8))v-ds (15)

And similarly, for every y(t),p(t) € W(0,T)

Notice that in this formulas (.,.)5 = (,.)u = (.,.) and so we do not distinguish them, denoting
all simply by (.,.)

We take here the chance, to make an observation, that clarifies some steps in the proof of theorem
(3.1). The equation (11) can be written in a equivalent integral formulation, which is sometimes
more convenient to work with, given by

T T T _
[ W@ wpg+ [ uu@).Vo®) = [ (1000)p. ¢ forallv e 2OTST) (10
0 0 0

or
<“/(t)7v>\7*,17 + u(Vu(t), Vo) = (f(),v)y. 7 ae. t €(0,T) , and for all v € 1% (17)

Let us proof that in fact the formulation (16) is equivalent to (17).

Lemma 2.3. The formulation (16) is equivalent to (17)

Proof: Suppose that u € W(O, T) satisfies the formulation (17). If we proof that

(u'(t),v(t))v*y + u(Vu(t), Vo(t)) = (f(t),v(t))y. 7 ae. t € (0,T) , and for all v € L2(0,T;V)
(18)

8For a Gelfand’s triple V needs to be densely and continuously inject in H.



then, since f € L?(0,T; L*(Q)), which can be seen as f € L?(0,T; ‘7*), and from the fact that
u € W(0,T), the terms above are all in L!(0,7) and thus (18) can be integrated from 0 to T to
obtain (16).

We just need to proof that (18) is valid, what can be seen by using step functions.

Let v(t) = Z 1g, (t)v;, with E; being Lebesgue mensurable sets in [0,7] and v; € V, then from
i=1
(17) and the linearity of the operators involved,

(W' (), v()) 5. 5 + n(Vu(t),v(t) = (f(t),v(t) . v =
= Z 1, (t)((u’(t),vﬁ‘;*ﬁ + p(Vu(t),v;) — (f(t),vi>‘7*7‘7) =0, for a.e. t€(0,7T)

i=1

Now from definition, every function v(t) € L2(0,T; V) is the limit of a step function sequence v, (t)
such that v, (t) — v(t) a.e in ¢. Then, due to continuity, and since (18) is valid for step functions,
it is also valid in every v(t) € L2(0,T;V) .

Suppose now, that u(t) € W(O,T) satisfies (16) and we want to see that (17) is also valid. By
contradiction let us suppose that exists a z € V and a Lebesgue mensurable set £ with non zero
measure such that taking v = z in (17) the difference of the terms is, without lost of generality,
positive, almost everywhere in . Then taking the function v(t) = 1,(t)z we get that

T T T
/0 W' (), o) 5 + / H(Vu(t), Vo(t)) / S0 v®)p. 5 > 0

and (16) fails, what is a contradiction. t

Now, since we do not have an homogeneous Dirichlet condition, we will, at some point, use the
lifting technique, in order to obtain an appropriate variational problem. As we mentioned in the
introduction, another way of addressing this type of boundary condition, is by introducing some
weak form of boundary conditions as is done for example in [24]. However in the present work we
prefer to use the lifting technique.

The liftings that we need to use must satisfy some conditions, such has the null divergence condi-
tion for almost every time, and this consequently will affect the type of boundary controls that we
can use. In fact we will only be permitted to use boundary controls, for which we know that there
exists a lifting for that boundary data, that satisfies the incompressible condition.

First we need to define the set of admissible trace functions for our problem, since not every
function in® L?(0,T; H'/?(00)) is appropriate, because may not satisfy the flux condition (a con-
sequence of the fluid being imcompressible ). A way of dealing with this problem is to first define
an appropriate lifting space, and then define the set of admissible traces functions as the set formed
by the traces of the functions in that lifting space. This approach have same limitations, from the
point of view of applications, since we do not know a priori which functions are in those set of
admissible traces.

This is a major difference from the problems with only Dirichlet boundary control, since the con-
trols g € L?(0,T, H'/?(9)) in that case must necessary satisfy

/ g - nds = 0 for almost every t € (0,7
00

and in practice this can be known a priori.
Also in some references [11; 12], the type of boundary controls which are admissible, are for example
of the form

7 ={ue 12(0,1;H2(1s,) ) - /

u(t) - nds = 0 for almost every ¢ € (0, T)}
Lin

This spaces are not considered in this work, because they became unrealistic in the modulation
of , for instance, the blood flow in a artery, as we mentioned in the introduction, since we may

9The space H'/2(Q) can be defined as the image of the trace operator 7 : H'(Q) — L2(8Q). Therefore
HY2(Q) C L2(8Q).



consider the case of parabolic inflow.
In what follows, we make a construction of the admissible set of controls for X, velocity inputs
for 3;, and the constructions of the liftings operators.

2.2 Lifting and Admissible Boundary Functions
2.2.1 Lifting L. and Admissible Boundary Functions for .

We want to treat the input velocity y;,, and the control velocity y. in a separated way, since in the
control problem, we will fix y;,,, and make the control on the boundary function y.. To do this we
decoupled these two functions on the boundary, treating them as functions from different spaces,
and then we add them, to obtain a function that verifies the Dirichlet boundary conditions.

We begin by introducing the following trace operators,
Tt L2(HY(Q)?) — L2 (%) To: L2(HY(Q)?) = L*(2.)  7p: L*(HY(Q)?) — L*(Zp)

where ¥;, =T, x (0,7),%, =T, x (0,T) and X. = T'. x (0,T). These applications are linear,
and, in the case that the spaces involved have the usual norms, they are also continuous .

Now we define the set
W(0,T) := {ue W(O,T): 7jn(u) =0}

Notice that, W.(0,T) is composed by the functions of W(0,T") which have null trace on the segment
Yin of the lateral boundary X. Also recall, that the functions in W(0,7") have by definition a null
trace in ¥, and they are null divergent for almost every instant.

We set the admissible boundary functions in ¥. to be the set I, = 7.(W.(0,T)), and we define
the restriction of 7. to W.(0,7T) by

Te(u) : W.(0,T) — . Te(u) = Te(u) for all u € W.(0,T)

We want the space .7, to have a complete norm induced by an inner product!?. Also this norm
must allow, the linear lifting operator L. : 9. — W.(0,T'), (which we still need to define) and the
trace operator 7., to be continuous.

This requests can be fulfilled as we show in the following lemmas 2.4-2.9.

Lemma 2.4. There exists a lifting operator, that we will call L., that maps boundary functions
y € T, to elements of W.(0,T), with the property that (and that is why is called a lifting)

Te (Lc(y)) =y for everyy € 7, (19)

Proof: We start by admitting that the norm of the image space of 7i,,, L?(3;,), is the L? norm,
in order to guarantee that the trace operator 7;, : W(0,T) — L?(%;,) is linear and continuous,
and therefore has a closed Kernel in W(0,T').

Then, the vector space W.(0,T) is a closed subspace of the Hilbert space W(0,7"), and therefore,
is also a Hilbert space, when equipped with the same inner product of W(0,T).

Now, we assume (H1) that the norm of the space 7. C L?(3.) is the L? norm, what again, leads to
the continuity of 7. : W.(0,7) — J.. The hypotheses (H1) will only be used in order to construct
an operator L. : 7, — W.(0,T) that verifies

L.(y) = g € W.(0,T) such that 7.(g) =y

10For the control problem is important that the test space is reflexive. This is verified if it is a Hilbert space.



and this operator is well defined independently of (H1), being this hypotheses only temporary.
Now with (H1), the quotient space W.(0,T)/Ker(r.) is a Banach space for the quotient norm !

er(T.) — inf U 20
1[glllw.0,1) Ker(r) uewc(oyT):Tcu:Tch |lw(o,1) (20)

where we denote [g] the class of W.(0,T)/Ker(r.) with g € W.(0,T) as it’s representative. Observe
that from the definition of this norm,

= inf u = inf u—0
Ilglllw.0,7)/ Ker(re) e o l[ullwo,1) oo I llwo,)
which tell us that the infimum if it is attained, is attained by the optimal approximation of 0 by
elements of the affine space S = {u € W.(0,T) : 7ou = 7.9} C W.(0,T) . It is possible to proof
that the optimal approximation exists and it is unique. To see that we enunciate the next auxiliary
lemma (see [20]).

Lemma 2.5 (Optimal Approximation). Let X be a Hilbert space and A C X a subset which is
complete (close), convex and non-empty. Then for every x € X there exists an unique element
ag € A such that

_ — inf |z —
e = aollx = inf ||z — ol x

The affine space S is clearly non-empty. It is also convex, since for every A € [0,1] and for
every u,v € S, by the linearity of 7,

and thus also Au+ (1 —X)v € S.

To see that S is closed, let {u,}neny C S be a convergent sequence to an element v € W, (0,7),
and we want to see that u € S. By the continuity of the trace 7. (which is the case if H1 is valid),

nlgl;o Te(un) = Tc(nlgngo Up) = Te(u)

On the other hand, the sequence 7.(u,) = 7.(g) for every n € N, by definition of S. Then

T.(9) = nh—>ngo TC(un) = TC(U)

and thus u € S.

Therefore since W.(0,T') is a Hilbert space, from lemma 2.5 we conclude that the infimum of (20)
is attained by a unique element in S. Now, let y be an arbitrary element of .7, then by definition
of this space, exists at least one element g, € W.(0,7") such that 7.(g,) = y, and we can define
the affine set Sy, = {u € W.(0,T) : 7e(u) = 7.(gy) = y}. Moreover, this afine set has the same
properties as the set S above, being non-empty, convex and closed. Therefore, by lemma 2.5, for
every y € 7, exists a unique g, € Sy, C W.(0,T) such that

_ o o
Gl = 0§ Ilbw, o (@) =y

This suggests the definition of the following lifting operator L. : 7. — W.(0,T), given by
T3y —geW(0,T)
where ¢ is the (unique) element of S, that attains the infimum of the quotient norm

- I
||g||W(0,T) ulélsyHU”W(o,T)

Tn [20] we have the result that, the quotient space X/M, of a Banach space X, is complete for the quotient
norm, iff the set M is closed.

10



where S, is defined above.
In this way we have a well defined operator L. : J— W.(0,T') that satisfies, the lifting property,
as we wanted to show. O

Let us proof that L. is linear.

Lemma 2.6. The lifting operator L. is linear.

Proof: Suppose that « € R and y € 7, and let g = L.(y). We want to proof that L.(ay) = ag.
Let v € S,y be the element that attains the infimum, (as we saw this element exists and it is
unique). Then

v = inf U = inf U
Hellr07) = oy 0 BE ymee 11O = i o B ), 0T
= inf |law]|w(,r), make the subs. w = u
wEW(0,T):7c(w)=y ’ o
= |a inf |lw|lwo,T)

weW, (OvT):Tc (w):y

= |CY|||9||W(0,T) = ||049||W(0,T)

Thus, since by the linearity of 7., we have that 7.(ag) = a7, (g9) = ay. But as we saw, ag is also a
minimizer of the quotient norm, therefore by uniqueness v = ayg, and so, L(ay) = v = ag = aL(y).

Before finishing the proof of the linearity, we make an observation. Let y be an element of 7,
and g = L.(y), then

= inf U = inf —-m
||9HW(O,T) WEW (0T ) re (u) =y I HW(O,T) meher(r) llg HW(07T)
Let us see that the infimum are equal. First they are both achieved since, the left infimum was
already analyzed, and the right hand side infimum is obtained by the optimal approximation of g
by elements of Ker(7.), which is a closed subspace of W.(0,T), and thus lemma 2.5 guarantees the
existence and uniqueness of the infimum element.
By simplification we denote

I =

y HU||W(0,T) inf ) ||9 - m||W(0,T) =J

inf
uEW(0,7):7c(u)= meker(Te

We want to see that J = I. Suppose by contradiction that I > J, and let g — m (with
m € Ker(7.)) be the unique element whose norm is equal to J. Choosing u = g — m, we get that
u € W.(0,7), 7e(u) =y, and
I < [ullwo,r) =J
which is a contradiction, and therefore I < J. Using the same reasoning we conclude that I > J,
and thus J = 1.

Now since

= .f — 'f -
||9HW(O,T) uGWC(O,ITI‘l):TC(u):y||UHW(O’T) mellclelr(mHg mHW(o,T)

we conclude that choosing m = 0 we obtain exactly ||g|| which is the infimum, and since this m is
unique by lemma 2.5, we can say that the zero is the optimal approximation of g by elements of
ker (7).

Now we enunciate the next lemma, which is valid only for closed subspaces (see [20]).

Lemma 2.7. Let X be a Hilbert space, x € X and A C X, a closed subspace of X. Then, the
following affirmations are equivalent,

(i)ag is the best approximation of x by elements of A

(t)ag € A and (x —ap) L A

11



In our case, since Ker(r.) is a closed subspace of the Hilbert space W.(0,T'), lemma 2.7 is
valid. Now since, zero is the best approximation of g by elements of Ker(7.) we have by lemma
2.7-(ii) that

g L m for every m € Ker(r,) (21)

Returning to the poof of the linearity of the lifting L., let y1,y2 € J. have the liftings g1 = L.(y1)
and go = L¢(y2), also let v = L.(y1 + y2). We want to proof that v = g; + g2, what finishes the
proof of the linearity of L..

Suppose by contradiction, that v # g1+g¢2, then since 7.(v) = 7.(g1+92) we have that v = g1+g2+m
where m € Ker(7.) is non null.

/ g l+g 2

Figure 2: Ilustration of the reasoning.

Notice now, that since g; and go are minimizers, they are orthogonal to the kernel of 7.
Therefore g1 + g2 L m and by the Pythagoras’s theorem we have that

ol 0,7) = llmllGno,ry + llor + g2llivor)

and since, by hypotheses m # 0, we arrive to a contradiction since ||g1 + ga||lw(o,7) < ||v||lw(0,1)
and v is the element that attains the infimum.
Therefore, we must have L(y; + y2) = v = g1 + g2 = Le(y1) + Le(y2)- O

We introduce in .7, the norm'2, given for every y € 7., by

lyllz. = ILe(W)llweo,m (22)

We have the following continuity result.

Lemma 2.8. The operators 7. : W.(0,T) — (%, IE ||<9) and L. : (yc, || - ||9) — W.(0,T), where

|| - |z, is the norm in (22), are continuous.

Proof: The trace operator 7. : W.(0,T) — (%7 IE ||qc> is still continuous, since it is linear, and
for every g € W.(0,T)

[T 7. = ||Le(Te(9)lwio,r) = uEWC(O,Ti)g'E(u):TC(g) lullweo, ) < lgllwo,r)

where we used the fact that by construction of L.,

L(7e = inf
L@l =, o inf - lullaon

and the fact that the space W, (0,7) is not modified by the hypotheses (H1)'3, and thus the ele-
ment g is an element of the set Sg = {u € W.(0,T) : 7.(u) = 7.(¢g)} which is the same set where

12We have to verify that this application is in fact a norm, what is done in the lemma 2.9.
I3Notice that the space W.(0,T) is defined using 7;,, and thus is independent of the hypotheses (H1) .
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the infimum that defines the norm of the lifting result is calculated. Thus, with this norm for .7,
we still guarantee the continuity of the trace operator 7.

The lifting operator L, is also continuous, since it is linear and bounded

IL)lw.0.r) = 1L lwo,r) = llgllz. < llgll.

O
Regarding the wanted Hilbertian structure for 7., we have the following result.
Lemma 2.9. The space (.|| - ||2.) is a Hilbert space, for the inner product given by:
for every g1,92 € T
(91:92) 5. = (Lelg1), Le(g2))weo,m)
Proof: Our first step is to see that, in fact, || - ||#, is a norm. This is a simple consequence of

the lifting operator being linear. In fact, for every g1,¢92 € 7. and a € R,

(@) 5 llgrll 7. = [Le(g1)l[wio.r) = 0

(i) if [|lg1]| 7. = ||Le(91)|lweo.m) = 0 < Le(g1) = 0 in W,(0,T) and thus 7.(Le(g1)) =0
(i11) ||legrl| 7. = [|Le(ogr)llwio,r) = lloLe(gr)|lwio,r) = lell|Le(g1)llwo,r) = lelllg1]l 7.
(iv)
g1 + 921l 7. = ||Le(g1 + g2)llwio,r) = [[Le(91) + Le(g2)llwio,m)
< ILe(g)llweo,r) + [[Le(g2)lwo, ) = lg1ll7. + |lg21l .
Thus it is proofed that || - || . is a norm in 7.

Now let us see that this norm makes the space complete. Let {g,}neny be a Cauchy sequence
in J,. and, from the continuity of the lifting operator we get that the image sequence y,, = L.(gn)
is a also a Cauchy sequence in W.(0,7T"), since

||yn - ymHW(O,T) = HLc(gn) - Lc(gm)”W(O,T) = ||gn - gm||9C

Thus, the sequence {yn}tnen has limit y € W.(0,T) (since W.(0,T) is complete). Using the
continuity of the trace operator 7. (which we saw that is continuous when 7. has this norm) we
have

Jim g = Jim o) = fim o) = ly) € %

and therefore every Cauchy sequence in .7, is convergent.

Lastly, we observe that we can induce the norm || - || #,, by the inner product

(91,92) 7. = (Le(91), Le(92))w.0,1) = (Le(91), Le(92)))wio,1)

since the inner product of W.(0,T) is the same as the original space. Notice that [|g1||%, =
(91,91) 7. = (Le(91), Le(91))wio,r) = HLc(gl)H@V(O,T), and therefore this inner product induces in
fact the norm which is complete.

To see that the application (-, )~ is in fact an inner product in 7 is a simple consequence of the
linearity of L. and the properties of the original inner product (-, -)wo,7)- U

2.2.2 Lifting L;, and Admissible Boundary Functions for ¥;,

Now we focus in constructing an appropriate trace space for the input velocities function in 3;,.
We define the set
Win(0,T) :={u € W(0,T) : 7e(u) = 0}

13



where the operator 7. : W(0,T) — (L?(2.), ]| [|z2(s.)) is the original trace operator. Notice that,
since 7. is continuous, the space W, (0,7T) is a Hilbert space.

In the above construction, the map 7;, € Z(W(0,T), L?(Z;,)) was continuous since we used the
L?—norm in the image space. Now we define the restriction of this map to the set W;,, and the
respective image space to be

Tin : Wi (0,T) = Ty, Tin(u) = Tin(u) for all u € W;,(0,T)

By now 7, does not yet have a norm. However we will need to introduce a norm in this vector
space, that guarantees the existence of a linear and continuous lifting L;, : Z5,, — W;,(0,7). In
this case, we do not need the space .7, to have an hilbertian structure, since the only property
that we really need is an estimate of the lifting with respect to the traces.

Using the same method, as was used to obtain the lifting L., we can construct a linear and
continuous lifting L;y, : (in, || - | 75,,) = Win(0,T) where for every g € Z,,

gl 7., = I Lin(9)|lweo,m) (23)

We close this section about the traces spaces with the following proposition that is a simple con-
sequence of the above constructions.

Proposition 2.1. For every y. € J. and yin, € Jin, we can always find an element of u € W(0,T),
that satisfies

U 2. = Yc
u Sin = Yin
u’zw =0

in the trace sense.

Proof: Given y;, € 9, and y. € 7, by using the lifting operators, we can define the object
= Lc(ye) + Lin(yin), which is a function in W(0,T).

Now, since W(0,T) C L?(H'(Q)), the function u has a well defined trace f = 7x,(u) € L?(Xp)
and we want to see that the restriction of this trace function to the sets X;,, . and X, coincide
with the trace imposed conditions, y;,, y. and zero respectively.

The restriction of f to X, is given by

XSS = X2in © X2p © T8(U) = Xz, © T8(1) = Tin(4) = Tin(Uin) + Tin(te) = Tin(tin)

where we used the fact that xx,, oxx, = xx,, because ¥;, C Xp, the definition of 7, (see section
7.2), it’s linearity and the fact that 7, (u.) = 0 since u, € W.(0,T).
Also from the definition of 7;, and the fact that w;, € W;,(0,T) we have that

XSin S = Tin(Win) = Tin(Uin) = Tin(Lin(Yin)) = Yin

Therefore, the function u € W(0,T') has a trace, that when restricted to the boundary part ¥,
coincides with the imposed trace data y;,.

The same reasoning leads us to the conclusion that, we also have u’zc =y, in the trace sense.
For the part X, of the lateral boundary, we need to verify that w has zero trace. From the
definition of W(0,T), we get that 7, (u(t)) = 0 for almost every ¢t € (0,7) and therefore the trace
of u restricted to that part of the boundary is null. O

2.3 Admissible Initial Conditions

Let us now discuss the admissible initial conditions. We want the initial condition ug € H to have
compatible information on the Dirichlet segment of the boundary, with the boundary information
of the liftings gin, = Lin(Yin), g9c = Lc(yc) where y;,, € Ty, and y. € Z,. That is, we want that,

w0 = (Lin(in) (0) + Le(y)(0) ) € H (24)
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Let us see that the condition (24) makes sense. In the following arguments we use the notation
Win(0,T) ®W.(0,T) to denote the set of functions g € W(0,T') that may be written ( may not be
uniquely) in he form g = g, + g where g;,, € W;,,(0,T) and g. € W.(0,T).

Since the functions y;,,y., that impose the Dirichlet boundary conditions, belong to .7;,, 7. re-
spectively, we get that the sum of the lifting § = L (yin) + Le(ye) is in W, (0,T) @ W.(0,T) C
W(0,T) — C([0,T]; H), and therefore we can talk in the point evaluation §(0).

Now we define the following observation operator 7§ : W(0,7') — H, given by the following chain

of compositions,
W(O,T) S5y —C([0,T];H)

where 19 : C([0;T];H) — H, is the observation operator on the instant ¢ = 0. 7y is linear and
bounded, and therefore continuous. Thus, since we have a chain of composition of linear and
continuous operators, 7¢ is also continuous and linear.

Definition 2.1 (Space ). We define the set of admissible initial conditions as
H = 15(Le( ) ® 76 (Lin(Tin))

where L., L;, are the above lifting operators.

g = g(0)

We close this section with the following result.

Proposition 2.2. 57 # 0, and for every ug € S, there exists at least two functions vy, € Tin
and y. € I, , whose liftings, satisfies the compatibility condition with the given ug.

Proof: Let ug be an arbitrary element of . Then, by definition, exists y;,,y. belonging to
Tiny T, respectively, such that

Up = Té (LC(:UC)) + 7'8 (Lin(yin))

and therefore, the liftings of the boundary data y;,,y. satisfy the initial compatibility condition,
since

o — (Le(ye))(0) = (Lin(yin))(0) = 0 = uo — (Le(ye))(0) — (Lin(yin))(0) € H
t

When dealing with the control problem, we fix y;, € Jin, ug € S, and in this case the con-
trol y. must be chosen from a proper set in such a way that the initial condition compatibility is
satisfied.

2.4 Chapter Final Notes

Note (1): We have that W(0,7T) < W(0,T) To see that this is possible, (see footnote) we need
to show that the injection of W(0,T") in W(0,T") is continuous.

Let u be an element of W(0,T), then u € L*(V) and the derivative v’ € L?*(V*). We define

the application F': L?(V) — R by

T
F(v) = /0 (' (t),v(t))y- vdt , Yo € L*(V)

and the duality product makes sense, since Ve V. ~
This application is linear since, for every o, 3 € R and v, z € L3(V)

T
Flav52) = [ /(0 00(0) + 2(0)- vt

=aA<UWw®NWﬁ+BA<M@JWWwﬁ
= aF(v) + pF(2)
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and also bounded

|F(v)] = |<U/7U>L<V*),L2(V)\

< [l L2 vyl ol L2 vy

= Hul||L2(V*) UHL2(‘7*)

where we used the fact that L2(V) < L2(V), which cames from the fact that V < V. Therefore F

is an element of L2(V)*, a space that, from theorem (7.5), is isometrically isomorphic to L2(V*),
therefore, exists a unique f € L?(V*) such that for all v € L2(V),

Foy = [ {50 __at
[, (s,

7
Notice that from the isometrically isomorphism, ||f||L2(‘~,*) = ||F||L2(‘~,)* < ||| L2 v+
Thus, u € L*(V) and /| = f € L2(V*), so u € W(0,T) and we have the estimate

al 7029 < Neallono.r)

Now that @ is seen as an element of W(O,T) the sum v = u + w is well defined and is an ele-
ment of W(0, 7).

Note (2): We do not have, for the space W(O,T), where our solution is suppose to be, the
integration by parts formula. This seems to be a problem since we need it for some proofs. But
we can at least say that for a special set of functions we have this integration by parts formula.
In fact, the solution, will be obtained by a decomposition process such that, where W(0,7T) 3 u =
U+ w, with & € W(0,T) seen as an element in W(O,T) and w € W(0,T).
Now, to use integration by parts, we need to use as test functions a special set of functions, that
for our proofs is sufficient. Consider the function v(t) = V(t) where V € V and ¢ is at least
a C! function in [0, 1]. From the results of the appendix (derivative) we conclude that the weak
derivative of v(t) coincides with the strong derivative which is given by v'(¢) = V¢'(t).
Thus we can conclude that, v(t) € W(0,T) and v(t) € W(0,T) at the same time. In fact, from the
fact that the weak derivative coincides with the weak derivative, we get that v(t),v'(t) € L2(V),
and thus the derivative u/ is also in L2(V*).
Also, v(t),v'(t) are in L2(V), since L2(V) < L2(V), and from this we get that v'(£) € L2(V*). Let
us see, how we can use integration by parts. Let u € W(O,T) be of the form u = u + w where
w e W(0,T) and u € W(0,T) seen as an element in W(O, T). Then for a function v(t) of the above
form we have

T

T T
| W vetp. gt = [ @ Veorp.pit+ [ @ Vo). pi
0 0 0

T T
= [ @ Vet vie + [ @ Vo). gt
0 0

where in the last equality is due to the fact that

T T
/O (@ (), Ve(t)p. pdt = F(Vep(t)) = /0 (@' (), Vep(t)) v wdt

where the map F' was defined on the note-1.
Now, since, as seen above, v(t) € W(0,7) N W(0,T) and w € W(0,T),w € W(0,T), now we can
use integration by parts and obtain,

T T T
/<%Vﬂmwmﬁ+/(Mﬂﬂmmyﬁ:f/<EV¢@Nwﬁ+@U%ﬂﬂV%%MW¢®V)
0 0 0
T
- / (w, Vi ()5 gt + (w(T), o(T)V) — ((0), p(0)V)

T T

:7/ <a7v¢/(t)>vyv*dt—/ (w, Vgal(t»v";*dt
0 0

+ (u(T), o(T)V) = (u(0), (0)V)
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2.5 Functional Spaces

We close this section with a conclusion with the functional spaces that are used in this work. We

decided to add this page in order to facilitate the reading process.

EQ):={uecC>®Q)?:V-u=0,supp(u) N\T'p =0}

1

Vi=£0Q) llullg = [IVul|L2(q)
~ —1?
H:=&(Q) ullg = llullL2(a)
Vi={ue H(Q)?:V-u=0, and 7(u) = 0} lullv = [[Vul[L2 (@)
L2
H:={ue H(Q)?:V-u=0, and 7 (u) =0} uller = [lullL2(@)

~ ~ 1/2
WO,T) = {ue I2V):u' € L2V} lullwiom = (1l + 1W1225-,)

1/2
W(0,T) = {ue LX(V) o € BV} llllwory = (1ullZagn + 101B2m) )

— ~ 1/2
W(O,T) = {u e (V) € XV} lullgor = (1ula + 111Bap))

W(0,T) < C([0,T);H)  W(0,T) < C([0,T); H) both with the max norm

W (0,T) :={u € W(,T) : Tin(u) = 0} same norm as W(0,7)
Win(0,T) :={u e W(0,T) : 7(u) = 0} same norm as W(0,7")
Te :=1(We(0,T)) lull 7. = [[Le(w)lw(o,r)

Tin = Tin(Win(0,T)) lull 7., = || Lin (u) lwo,1)

H =1} (LC(Z)> e (Lm(%n)) same norm as H

3 Analysis of the Forward Problem

(25)

In this section we start by introducing a weak formulation for the problem (1), followed by the

study of it’s well posedness which is the main goal of this chapter.

For a better exposition we introduce the following operators,
a:VxV-oR (u,v) — u(Vu, Vo)

and the same operation but with a different domain

a: HY(Q) x HY(Q) - R (u,v) = u(Vu, Vo)
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This two operators are continuous, since they are linear, and bounded.
In fact, for every ¢, € V

la(p, &) < ulIVelllIVoll = ullelly 6]l
and for every u,v € H'(2)?
la(u, )| < pllVull[IVol] < pullul [ e 0]
We also define the following linear applications that are induced by these two bi-linear maps,
o V=V u /u € V* defined by (Fu, )y 7 = a(u,v) ,YoeV (39)
and similarly

A:HY(Q)? = (HY(Q)?)* u i Au € (H(Q)?)* defined by

<Au, 90>(H1(Q)2)*,H1(Q)2 = a(u, ’U) , Yov € Hl(Q)2 (40)
Notice that if @ is an element of V, @ is then, also in H!(2)? and we have
a(u,?) = a(u,0) Vo eV (41)

Thus, @ may be interpreted as an restriction of a to the subset V C H'(€)2. Notice however
that the norm used in the space V is not induced by the norm in the bigger space H'(€)2, which
may lead to some confusion if we had denoted the operators a,a with the same letter, since they
continuity constants are not the same. _

The expression (41) has an important consequence. Suppose that @ € V is a function that for

every v € V has the value _
a(u,v)=0,YVvevV

Therefore by (41) we have also that a(u,v) = (Au,v) g1« g1 =0 for all v € V. Now, since ¥ C V
and Au € H'(Q)*, we may use the theorem 3.2 for the construction of the pressure field. This is
the main reason why we introduce the operator A : H' — HY C H™!, since, if we had instead,
worked only with & : V' — V* the theorem 3.2 will stop to be valid, because we do not have
VcH!L

We also denote by 2/u(t) the functional in L2(V*) given by

T T
(U0 00 250y g2 = [ 000t = [ u(Tute), Toe)ar

and similarly we denote by Awu(t) the functional in L?([H'(£2)?]*) defined by

(Au(t),v(t)) 2 (1), L2 (a) :/0 a(u(t),v(t))dt:/o w(Vu(t), Vo(t))dt

We have the following lemma.

Lemma 3.1. Foru(t) € L%(V) we have that «/u(t) is in L*(V*). In the case of u(t) € L2(H(Q)?)

we have that /u(t) € L2(V*) or in L2(V*) by restricting the evaluation to V or V respectively.

Lastly we have the following estimates

||du(t)||L2(‘7)* < ||427Hg(L2(\7),L2(x7*) |UHL2(\7) for all u € LQ(‘N/) (42)
Aw)| L2 () < Az 1y Crllu(®)]| L2y for all w € L*(H'(Q)) (43)
||Au(t)||L2(V*) S HA‘|$(H1,H1*)O2||u(t)HL2(H1) fOT‘ CI,H (S L2(H1(Q)) (44)

where Cy,Cy denote the Poincaré’s constants.
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Proof: Let us see that in fact «/u(t) is in L2(V*).

The linearity is simple, therefore we only focus on the boundeness property. Let ¢ be an element
of L*(V), then

T
(L uE): Oy o) | < [ 0Ol Ol

T
< / 11| 7 7 [la(O) 15 o (0|t

T 1/2 T 1/2
<1l ([ Ttolzae) ([ eIz ae)

and the above inequality implies

H'Q{U(t)um(\y/)* < H%Hg(m(\?),y(%))Hu||L2(x7)

which is the boundness of /u(t) and the estimate (42).
Using the same argument as above we can also conclude that Au(t) € L2([H'(Q)]*) and that, for
every p € L2(H(Q))

T
(Au(t), o(8)) g arryey. o | < / [ Aa(®) | aroye (0] e

T
< / Al ozt oy )1 1o (8) 1t

T 1/2 T 1/2
<Az ey ([ aBnde) ([ o)

what gives [[Au(t)||r2(m+) < A2, mr+)|u(t)||L2(g1). Now, if we restrict the evaluation of
Au(t) to V or V, and denote this operator by the same letter, the above estimations change if we
consider the norms of V or V instead of the H!—norm.

[Aw®)]] 257y < [|All 2w Cillul)L2cm)
[[Au(t)||L2 vy < |[All 2 mr)Callu(®)||L2 am)

For these estimates, we used the fact that, for example, for a u(t) € L*(H'), and for every

o(t) € L2(V)
‘/ (Bau(t), v() (e, e dt| < / [ Au(®)] e [o(8)] |t
T
< [ s o)l o0

T
< ALz (A+ ) [ Nu®)]la [[o@)]|dt
0

<Al my /(L + [z vl 7

where in the last step we used the Cauchy-Schwarz inequality. (|

The fact that for a u(t) € L*(H'), we have Au(t )“7 € L%(V*) is important for the weak solu-

tion definition, since we need the lifting of the Dirichlet data to be mapped, via A, to a functional
in L2(V*) when restricted to V.

3.1 Weak Form and Variational Form

To simplify, we will say that we are in conditions of hypotheses-2 (H2) if we have a f(t) €
L2(0,T; L%(Q)), Yin € Tin Ye € Z. and an initial condition yy € # which is compatible with
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the Dirichlet data.

In the case (H2) is valid, we know from propositions 2.1 and 2.2, that there exists liftings of ¥, ye
denoted by, g;, and g. respectively, and that the function W(0,T) 3 § = §in + g. satisfies the
Dirichlet conditions, and the compatibility conditions with the initial condition

yo — (0) € H
We are now in conditions to give the definition of the weak solution of (1).

Definition 3.1. [Weak solution] Suppose that the hypotheses (H2) is wvalid. We say that y €

W(0,T) is a weak solution to the problem (1) if it satisfies

A<y@ﬂm»%ﬁa+1;Mmomuwu:Z;U@m@mﬁﬁrmueL%aﬂ?)

y(0) =wo (45)
7e(Y) = Ye

The initial condition y(0) = yo, at first sight may no make sense, since we do not have, at least
as far as we know, that W(O, T) — C([0,T],H). However in this particular case, since yq is chosen
as an element of s and not arbitrarily in H, and, the solution is obtained by a decomposition
process which yields a specif form that we will specify bellow , we can in fact see by the proofs
to come, that this condition is always satisfied, and therefore this conditions makes sense in &
posteriori analysis.

The system of the definition 3.1 has the asymmetric problem, that we are seeking for a solu-
tion in W(0,7) C L?(V) and using test functions in L?(V). To avoid this we use the lifting
technique which allows to write the problem in definition 3.1 in the equivalent form

T T T
/ o ~ _ o 277
Find w € W(0.7) such chat § ], (@ Oege gt + [ w01t = [ (L@).0)y. gt Vg € 12(T)
w(0) = yo — y(0)
B (46)
where the operator L(t) € L2(0,T;V*) (see lemma 3.2) is given by

~

(L), )5 7 = (F(£),0) = (T (), 0)p 7 — V), V)V , v €V ae. t€ (0,T)  (47)

)

Problem (46) is a better variational problem then the one in definition 3.1, since this variational
problem has the good property, that we are seeking the solution in L2(1~/), the same space of the
test functions.

Before proving the equivalence between the problems (46) and (45), let us see that in fact L(¢)

belongs to the space L2(V*).

Lemma 3.2. In the case (H2) is satisfied, we have that the operator L defined in (47) is in Lz(%).

Proof:

(L), 0) g wl < WF Ol Cllvlly + [[VHE) L2 [Vl 2 + (17 (1))

v-llvlly

therefore for almost every ¢ € (0,7)
LBy < GollfF Oz + wllg@OIly + 117 ()]

From the Minkoski’s inequality if f,g € L?(0,T) then

T T T
/IU+Wﬁ§/,ﬁﬁ+/g%t
0 0 0

V=
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Therefore the L?(V*) norm of L(t) is given by
T T 2
[ IEOIR < [ (1@ + ulF Ol + 17Ol ) a

T T T
g/ |\f(t)||2dt+u/ ||§(t)||§{édt+/ |7 (t)]|2.dt by Mink.” ine. 2 times
0 0 0
< IFINZ2 2y + max{L, w7l o, r)
O

The initial condition in (46) makes sense, since the space W(0,T) — C([0,T], H), and by hy-
potheses (H2), the object yo — y(0) € H. In the following lemma y denotes the lifting of the
Dirichlet data, which is given by the sum of L, (yin) + Le(ye), where y;n, € 5y, and y. € .

Lemma 3.3. The problems (46) and (45) are equivalent in the sense that, if y € W(O,T) is a
solution of (45) then y —y = w is a solution of (46), and on the other hand if w € W(0,T) is a
solution of (46) then the function y =y + w is a solution of the problem (45).

Proof: Suppose that y is a solution of (45). Then the difference y — 3 is in w(0,T) since both
functions have the same trace on ¥ p. We define w = y — y. Then we have that

we W(0,T)
w(0) = y(0) = y(0) = yo — y(0)

A<W@Mﬁ»my+WW@W@Mt

I
o\
Y S
h
=
S
<t
<

and therefore w is a solution to (46).

On the other direction, let w(t) € W(0,T) be a solution of (46). Then the function y = § + w is
in W and satisfies

y(0) = w(0) + y(0) = yo — 5(0) + y(0) = yo
T T
| wtro®)p. g+ atwio o)t = [ (10905 5
0 0
and therefore u is a solution of (45). O

The problem (46) can also be written in the form, Find w € W(0,T) such that

{(w’(t),v(t))v*y +a(w(t),v(t))dt = (L(t),v(t))y. yVv € Va.ete (0,T) (48)
w(0) = yo — y(0)
in a more compact form by
w'(t) + Fw(t) = L(t) in L2(V*)
{wm>=yo—am> )

or even in the form

(w/(t),z;)‘;*"; +(Fw(t),v)v-v = (L), v)g. 5 , Vv E V and a.e. in (0,7) (50)

w(0) = yo — y(0)

By the section (7.4) on the appendix, the problem (50) can be also written by using the continuous
extension of the map (-,4-) 5 to the space V* x V,

{(w’(t),v + (Fw(t),v) = (L(t),v) , Yo € V and a.e. in (0,T) 51)

w(0) = yo —y(0)
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3.2 Well Posedness of the Variational Problem

Before proceeding to the proof of existence and uniqueness of solution to the problem (46) (or
equivalently (49)-(51)), we proof a simple result.

Lemma 3.4. The operator a : VxV-oRisV- elliptic, i.e, exists a o > 0 such that

a(u,u) > of|ul% , YueV

Proof: For every u € V we have by the Poicaré’s inequality that, ||Vul||2 > C2||ul[?, therefore

a(u,w) = pl|Vull* = pllul|F

We have the following well posedness result which is guided by [29] and [33].
Theorem 3.1. If assumptions (H2) are verified, then exists a unique solution g € W(0,T) to

(46).

Moreover, the solution satisfies the estimate,

T
lllw o1, SK(||90||2+/0 I1L(0)]12.)

where L is the functional define by (47), and go = yo — 4(0).

Proof: (i) Existence:
For the proof of the existence we use the Galerkin method, which provides a constructive form of
obtaining the solution

We start by observing that Visa separable Hilbert space, therefore exists a set of linearly inde-
m

pendent vectors {v; }jen whose linear span is dense in ‘N/, i.e, {Z a;v; + m is finite } = V.

j=1
The set {v;}jen is also linear independent in the set H and with the Gram-Schmidt orthonor-
malization process'* we can obtain a new set (which we also denote by {v;};en) of orthonormal

elements in inner product of H. By the footnote, we conclude that this new vectors, having the
same span, they have also the same closure in the V' norm, and therefore their span is again dense
inV.

Now for m € N fixed, we define the ansatz,
gm(t) = Zgim(t)vi
i=1

where the coefficients functions g;,, are unknown scalar functions defined on [0,T]. We impose that
the function g,,(t) satisfies the system of equations,

d )
(agm(t),vj) + 1(Vgm(t), Vu;) = (L(t),v;) for j € {1,..,m} and a.e. t € (0,T) (52)
The system (52) is incomplete, we need to introduce the initial condition. We want the solution
g € W(0,T) to satisfy g(0) = go in H. Therefore we impose that our ”approximate solution” g,
has an initial condition that converges, in the H norm, to the imposed initial condition, i.e,

gm(0) = Zgjm(O)vj = ijmvj — go in H as m — o0 (53)
j=1 j=1

4By applying this process we obtain a new set of linear independent vectors v; whose span is the same as the
original vectors.
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Let us see how to determine a possible set of values {{;,, } such that the condition (53) is satisfied.
By intuition, we will try to define the sequence of initial values as the coefficients of the orthogonal
projection (using the H inner product) of the element gq in the space £ ({v1, va, ...un, }). Therefore
we need to see that the sequence

m

gm(0) = Z(QO>Uj)Uj — goin H

Jj=1

m
We start by seeing that, the point gy is an accumulation point of the set {Z a;vj : m is finite}.
j=1
Let € > 0 be arbitrary, then by the density of V in H exists a y € V such (the H norm is the L?
norm)

€
loo = llg < 5 (54

Also since y € V, exists a element of the span Z({vj}jen) such that

1 " €
gllyfzaﬂjl\v<§ (55)
p j=1
and since || - |[¢ > Cpl| - [| 12
By the triangular inequality
m
llgo = D _ajusll < e (56)
j=1

Since the value of € > 0 may be arbitrarily small we conclude that gg has the representation
(oo}
go = Z QU4 (57)
j=1

Now since the vectors v; are orthonormal in H , we can explicit calculate the coefficients o; by
using the inner product,

o0
(go,vj) = (Zo‘ivivvj) = aj(vjvvj) =q

i=1

Using the Bessel’s inequality we have that

Zl(go,vj)IZ < Ilgoll® (58)

=1

and therefore using again the orthonormality of the vectors v; in the inner product of H , we obtain
the important estimate

[lgm (O)II* = Z (g0, v5)|* < Z (g0, v5)* < lgol* (59)

and moreover

g0 = 9m (O = 1D v5(90,03) = > vi(go, vl = || D (90, v;)|| = O when m — oa
i=1 i=1 i=m-+1

Thus to the system (52) we add the condition

9im(0) = o = (go, v;) for j € {1,...,m} (60)
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Using the expression which defines g,, on the system (52) and (60) we obtain the following differ-
ential system for the coefficients g, (t),

{Zﬁl(vi,vj)ggm(t) + 3 a(vs, v;)gim () = (L(t),v;) ae t € (0,T)

Gim (0) = (go,v;) (61)

Notice now that, since the vectors {v;} are orthonormal in H we have that the matrix (vi,v5)45 is
the identity, and so the system (61) is equivalent to

{gzm(w + 3 g gim (1) = (L(1),vy) ae t € (0,7) (62

9im(0) = (g0, v:)
for i € {1,2,...,m}, where a;; = a(v;,v;).
From a result of [9], the unique vector solution of the system (61), gm = (g1m, -, Gmm) € [H*(Q)]™
has absolute continuous functions as it’s components.

Now if we multiply (52) by gjm(t) and add the result from j = 1 to j = m we obtain in al-
most every ¢t € (0,7T) the expression

(%gm(t%gm(t)) +a(gm(t), gm (1)) = (L(t); gm (1)) - ¢ (63)

Notice that de time derivative in (63) makes sense, since the time coefficients g;,,,(t) are absolute
continuous functions, and so % gm (t) exists almost everywhere in (0,T).

Estimates for g,,

As mentioned before the proof, the function L(t) belongs to L2(V*). This fact tells us that

the function (L(t),v;){. ¢ is square integrable since

T T
| 10.ve. pla< [ za)

using the Holder’s inequality and the fact that the set (0,7") is bounded, we also have that
<L(t),’0j>‘~/* v is in Ll(O,T).
Thus we can integrate the term (L(t),v)y. - Also, from the fact that (L(t),v;)y. ¢ is square

v;]|2dt < o0

2
V*

integrable we get that the coefficients g, (t), gl,,(t) from (62) are also in L?(0,T) what leads us
to gm, gh, € L2(0,T;V).

Now for an arbitrary but fixed 7 € (0,T], we have, using integration by parts, the identity

| Gt am @)t = 5 (a1 lan(0)1P)

Thus, integrating (63) over [0, 7] yields

T

NP + [ @) m®)dt = SlomOIF + [ (L@@ gt (6

Using the V-coercivity of the application a(.,.) the integral term with a(.,.) in (64) is non-negative.
Also the integral with the term (L(t), gm(t))y. i can be estimated by using the Cauchy-Schwarz
and Young inequalities.

T T
/(L(t),gm(t»‘;*";dtﬁ/ (L), gm (8)) 5 7 ldt
0 0

T
< / IZ(O)]]5-|lgm ()] dt , Cauchy-Schwarz
0

T]. ) T6 )
<[ ZNEOIE + | Sllgm®I%, Y
_/O 5 LD /0 5l9m()I[5; . Young
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This leads us, using (64), the ‘N/—coercivity of a and the Bessel’s inequality (58) , to the following,
19w (7)1 +/0 201]|gm (1) 2t < ||gm (7)]]? +/0 2a(gm(t), gm(t))dy
=g OIF +2 [ (L0905 pt

Tl T
< |\go||2+/ —||L<t>||2~*+/ ellgon (1) 2
o € 0

V=

and choosing € = 2pu,

T 1 T
m(T)]]? < 2/—Lt2~< %/7“% 65
g (D17 < [lyolI” + ; 2#” 5. < llgollz + ; 2#” ®Il5- (65)
(65) says in particular that the sequence {gm }men is a bounded sequence in L>(0,T; H)
If instead we choose € = u we get
2 g 2 2 1 2 2 1 2
lonIF + [ lan @l < ool + [ - IEOIR. < laolly+ [ LIz, 69

what implies that {g,, }men is also a bounded sequence in L2(0,T; V).

Passage to the limit

Since the sequence {g, }men is by (65) bounded in L>°(0, T; H) we know from the Banach-Alaoglu-
Bourbaki theorem ([5] pdg. 66 theorem 3.16), that exists a subsequence {gp,, } C {gm} which con-

verges in the weak* topology to a uw € L*°(0, T} PNI) Note now that by the identification H = H* |
(which is possible since H is an Hilbert space) we have L*°(0,T; H) = (L'(0, T; H))*

Thus gm, 2w implies that for every v € L1(0, T }NI)

T
/ (gm — u,v)dt =0 (67)
0
when k — oco. _ _
On the other hand, from the fact that L2(0,T;V) is a Hilbert space, this implies that L?(0,7;V) is
a reflexive space, and thus every bounded sequence in this space has a subsequence which converges
weakly for some 2z € L2(0,T;V).

So taking a subsubsequence g, C gy, we have g, — z in L(0, T} IN/)
Written in another way when v — oo,

T
/ (9 — z,v)dt = 0, Yo € L*(0,T; V) (68)
0
or even in another way
T ~
/ (v — 2,0)p pudt =0, Vv € L*(0,T;V*) (69)
0 .

From the density of V in H we have
<f7v>\7*,\7 = (f7v)ﬁ ; vf € ﬁvvv € ‘7

and thus from (69) and the fact that H* C V*
T ~
/ (9 — z,v)dt = 0, Vv € L*(0,T; H) (70)
0
Notice now that by the Holder’s inequality L2(0,T; H) C L'(0,T; H), then by (67) we have

/OT (gy,v)dt — /OT (u,v)dt
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and from (70)

thus

/OT (g,,m)dt — /OT (z,v)dt

T T
/ (z, v)dt = / (u,v)dt
0 0
for each v € L?(H).

So we have that u = z € L2(0,T; V) N L*°(0,T; H).
We also have that g, (0) — go strongly in H. To see this, observe that from (66) we can get
1
lgm (D% < llg0ll% +/0 ;IlL(t)llg* (71)

Now since g, (t) is a continuous function in relation to the variable ¢, we get

1/2 fad
2)P =K (72)

T
1
= 2 1
oo ma = s lam (Ol < (laolly + [ LIE()

Now we see that for every t € [0,7] and every m € N ||gm(t)||% < K2 which is equivalent to say
3 lgim()? < K2, vt € [0,T] and Ym € N
i=1

This yields the strong convergence of g,(0) to go in L%(£2).

In fact,
19.00) = goll = 115" g7 (0w = S (gosvual | = | S g:(0)uill =0
i=1 i=1 i=v+1

Consider now j € N arbitrary but fixed, and let N> v > j. From (52)

(S gm(6),07) + B(Vgm(2),07) = (L(2) ) para j € {1,.m}

choosing ¢ € C1[0,T] such that ¢(T) = 0 and multiplying the above equation by ¢ we get

(%gm(t)ad)j) + N(ng(t)7v¢j) = <L(t)?¢j> paraj € {17 "7m} (73>

where ¢;(t) = ¢(t)v;.
Integrating the equation (73) from 0 to T, and using the formulas of integration by parts, which
are valid in this context (see [11]), we arrive at

T

T T
/0 (%gm(t),¢j)dt+/0 u(ng(t),ngj)dt:/O (L(t), &) dt &

T d T
_A (gm(t)vaqu)dt-‘r/o N(vym(t)7v¢j)dt :/0 <L(t)7v¢j>dt+ (gl,(O),ng(O))

Now notice that from the regularity of ¢;, this element is in L?(0, T} 17)
Taking the limit ¥ — oo we arrive at, using the weak convergences and the strong convergences
seen above,

T

T d T
- [ G go)as [ 0. Vo) = [ Do)+ (0.0,0) 0

The expression (74) is also valid in 2((0,T)), and thus we get that

& (2(0),15) + a=(0), ) = (L), 0y o (75)



in the sense of the scalar distributions.

On the other hand, since j € N was chosen in an arbitrary way, (74) is valid for every V; with
j € N, which is a dense set of V. _

Thus we have that (74) is valid in V' and we arrive at

d ~
a(z(t),w = (L(t) — A 2(t),v) , forallv eV

But, this from lemma 7.9 is equivalent to say that

L(t) — e/ z(t) = 2'(t)

where 2/(t) is the derivative in the sense of the vector valued distributions, and since L(t) — <7 z(t) €
L2(0,T;V*) we also have that 2/(t) € L2(0,T;V*). So z(t) € W(0,T).

It remains to check if the initial condition z(0) = go is satisfied.

To see this, we choose a function ¢ € C1([0,T]) such that o(T) = 0. With this differentiable
function we define a function in L2(V) by v(t) = ¢(t)v where v € V. From an appendix result,
we know that the function v(t) has the weak derivative v'(t) = ¢/(t)v which is again in L2(V) and
therefore is also in L2(V*).

Now since z(t) € W(0,T) is the solution of 2/(t) + «/z(t) = L(t) in L2(V*), we have that, using
integration by parts

T T T
/ (), 0(t)) . gt + / (o 2(), 00 5 = / (L), o). gt
0 0
T T
o / D) pedt + / (o 2(t), v(t)) i 5 = (2(0),0(0)) + / (L(t), 0(t))g. gt

Now from the construction of z(¢) we also have that for the same v(¢) as above

T T T
—/0 <Z(t),v’(t)>‘7y*dt+/ (e 2(t),0(t) p. = (90,0 (0))+/ (L(t), v(t)) 5. ppdt

0 0

Therefore we conclude that
(90 = 2(0),v(0)) = (90 — 2(0),v)(0)
ans choosing ¢ € C*(]0,1]) which has ¢(0) # 0 we arrive at
(9o — 2(0),0) =0, for all v € V

and since the inner product is a continuous application and V is dense in H we get that go = 2(0),
that is, our solution candidate, z(t) satisfies the initial condition.

Uniqueness
Consider the homogeneous version of (49), i.e, L = 0 and g9 = 0. If this problem has only
the null solution, then the uniqueness is proven.

Writing the system (49) with a solution y as a test function (notice that y exists from the existence
argument seen above) we get

(jy y) +u(Vy, Vy) =0 & *Ily( NI? < —ully@)[[3 <0

Thus y(¢) is a non-increasing function, therefore ||y(t)|| < [|y(0)|| = 0, and this leads to y(t) =0
for ¢t € [0,T7.

Estimate for the solution:

T
We saw that g, — z in the sense of L?(0,T;V), and since the operator / ||g(t)||?~/dt is a norm
0
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in that space, is convex and continuous, and thus is weakly lower semicontinuous.
Then, from (appendix) we have that

T T T
| looliza < timint [ g0t < (llonll + [ 1L )
0 Y=o Jo 0

As we saw our solution z, assumes z'(t) = L(t) — &/2(t) in L*(0,T;V*) and we have that, us-
ing triangular inequality

1" @OIIF. < (IIL@)]

2
N PN R O[S

and using Young’s Inequality, we get choosing ¢ = 1.

1" @15 < 2IIL@)|

2 2 2
7. T2A PNz

Then we have the following chain of inequalities

/ T

T T
bt <2 [ ILOI.d+ 2y [ 1t

T T
2 2 2 2
<2 [ Ot +2011 1y g g (ol + [ LN 1)
T
<21+ 11 ., (ol + [ 1L a2)
o— 2
and we call K =2(1 + Hﬂ”z(f/,f/*)c)'
Thus we can see that the solution g satisfies the estimate
1210y < K (g0l + 12 ) (76)

where K = K + 1. O

Theorem 3.1 gives us the unique solution to the variational problem (46), which by construction
is an element of W (0,T") that satisfies,

w'(t) + Fw(t) = L(t) < w'(t) + w(t) = f(t) — 7 (t) — Aj(t) , in L2(0,T; V*)

where A7(t) is restricted to V.
Thus the function y(t) = y(t) + w(t), is solution to the equation

Y (1) + w(t) + Aj(t) = f(t) & y'(t) + Ay(t) = f(t) , in L*(0,T; V")

where we used the fact that (Zw(t), ). 7 = (Aw(t), ) (1)~ m1. Since as was seen in (note 1)
u € C([0,T]; H), in particular y(0) is well defined. Moreover, since by construction w(0) = yo—gy(0)
we get that y(0) = yo, and the initial condition is satisfied.

Also, again by construction, the Dirichlet boundary condition are satisfied in the sense of the
traces, since we have that

w|g, =0 and §|2D =gp = §+w|2D =gp
where
Yin in Zzn
gp = § Ye in X, (77)
0in X,

Thus we have just proved that the problem (1) has a weak solution in the sense of definition 3.1.
To see the uniqueness, if we choose another lifting 31, and determine another variational solution
wy such that y1 = y1 + w1is also a weak solution of (1), we get that y —y; € W(0,T), because
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both ¥,y satisfy the same Dirichlet boundary condition on ¥p. Also y — y; is a solution to the
homogeneous problem

(y — 1) (t) + Aly — y1)(t) = 0 in L2(0,T; V*)
(?J - yl)(o) =0

Notice that, since (y—y1)(t) € L?(V), and A(y—y1)(¢) has, in the above expression, the evaluation
restricted to V', we have that for all v € V' and for almost every ¢ € (0,7T),

(Aly —y1)(0), )y = al(y —y1)(1),0) = al(y — y1) (1), v) = (F(y —y1) (1), V). ¢
and therefore the system is equivalent to

(=)' (t)+ o (y — ) (t) = 0 in L2(0,T;V*)
(y—v1)(0) =0

By the uniqueness proved in the theorem 3.1, this system has only the zero solution, and we con-
clude that y = y;.

The following estimate result is important for the proof of the existence of an optimal solution in
control chapter.

Lemma 3.5. There exists a positive constant C" such that

~ 1/2
lolleqomm + Wy < O (10l + 17 1B g gy + inl%, + llell ) (78)

Proof: We start by observing that'®

11 0.2y < 2(W1F0.z + ol 02y ) (79)
To see this, we have the following chain of inequalities

19102y = 17+l 0.0 = 17+ w22y + 17+l 2
©.1) (0.1) (V)

T T
— [l ulpdes [ 174w
0 0

T T T T
§2/ \|y||%dt+2/ le\%dt+2/ ||y'||2~*dt+2/ |
0 0 0 0

= 2|[7150.1 + 21wl 0.1

2
2 dt

2
2 dt

< QHgH%}V(O,T) + 2Hw||%/[/(0,T)

where we used the fact that [Jw[|§ = [[w]|2, the Young’s inequality with e =1 (see the lemma 7.1
and post commentary).

Now, we have from the estimates for the liftings of the Dirichlet’s data

1910,y = 1| Zin (i) +Le(e) o,y < 2l Lin in) a0+ 21 Le(e) liyo. ) = 2|ym||29m+2||?éc||§z
80

To estimate the term ||U}HI2/V(O,T) we use (76).
Thus,

||w||%/V(O,T) < K(|lgoll* + ||L(t)”iz(07T;‘7*)) (81)

where go = yo — §(0).

15Notice that W(0,T) < W(0, T).
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From (79), and the above estimates we get that

1913 0.2 < 2(19inl %, + gell% + K (190112 + 117122 0,254y + 1710z,

Fl320.00))

< 2(1lyanlZ,, + el %, + K (llg0l 2 + 122 g gy + w171 s ey W 1))
(H%n“ﬂm 1gell%, + K (9ol + L1 s 7.7+ + 2L 1 v oy W o)) )

< 2(Ily (Ng0ll? + 11122 g e + max{L 11 B r,arnyo) Hlgl )
(\Igo|\2+||f||L20TV +llyinl, +11sel,)

SK(\|Z/0\|2+ GO + 17122 57+, + inl 5, + el )

+ ||£7||?%(H1,(H1)*)

/\

Observe now that

|@(0)|\2 < Hy”C(OT H) < C||y||w o1 = 20(”1‘/m| 7, T ||yc )
and thus we arrive at the estimate
1/2
lls0,2y < K (1190l + 1R g 1) + il %, + 1ell,) (82)

Now, by the continuous embeddings W(0,7) — C([0,T];H) and W(0,T) — C([0,T]; H) exist
constants ¢, co > 0 such that

19118 o, yim) < 2<|@HQC([&T];H) + ||w||20([°’T]4H))
< 2oy + ol o.r)

and using the estimate (82) we get

1/2
2+ el %) (83)

O

olloqomm + llaer < C (190l + 171205, + 9inl1

3.3 Pressure Recover

Let us now see that with a velocity y € W(O, T) we can construct a pressure field, such that the
Stokes equation is satisfied in the distribution sense.
For that we need to use the next two results which are from [29].

Theorem 3.2. Let Q be an open set of R™, and let f = {f1, fa,...fn} be a vector such that each
component f; € ' () fori € {1,...,n}. Then a necessary and sufficient condition for

f=Vp, for somepe 2'(Q)
is that (f, @) =0 for every ¢ € ¥ (Q).

The next theorem is also from ([29] pag. 14) and gives more regularity to the distribution p
obtain from theorem 3.2, under certain conditions.

Theorem 3.3. Let QQ C R"™ be a Lipschitz and bounded set. If :
(i) p is a distribution which has all the derivatives D;p € L?(Q) then p € L*(Q) and

Pl L2 () < c(D[IVDl|L2(0)
(ii) p is a distribution which has all the derivatives D;p € H=1(Q) then p € L*(Q) and

1Pl L2 () < c(DIIVDllE-1(0)
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T) be a weak solution of (1) in the sense of our definition 3.1. Thus, y satisfies

Let y(t) € W(0, k
) = f(t) in L?(0,T;V*), which is equivalent to

y'(t) + Ay(t
(' (t) + Ay(t) — f(t),v) = 0 for almost every ¢ € (0,T) and Yo € V

Integrating this expression from 0 to ¢t € (0,7] we get

/Ot<y'(s),v>‘~/*"~,ds + (AY(t) — F(t),v) = 0 for every t € (0,T) , Yo € V (84)

t
where Y (t) = / u(s)ds belonging to C([0,T); V) and F(¢ / f(s)ds belonging to C([0, T]; L*(Q)?)
0

In (84), the integral on the left can be evaluated using integration by parts. In fact by note-2,
we are in the special case of (t) = 1 which is a C* function in [0, 7], with the particularity that
¢’ = 0. Thus we have

t
/ W' (s),v)5. ds = (y(t) — y(0),v) for every t € [0,T],Vv € V
0
Thus we arrive at the functional
y(t) —y(0) + AY () — F(t)
which is well defined in [Hg(Q)?]*, since for each t € [07T] F(t) is an element in L*(Q)? and
therefore in [H}(2)?]* , AY (t) is an element in (H*(Q)%)* € H~1(2)? and (y(t)—yo) € H C L*(Q)%

Thus, this functional can be seen as an element of H~1(£2)? for each t € [0, T]. Moreover since this
functional has the property,

(y(t) —yo+ AY (t) — F(t),v) =0 for all v € 1%

and ¥ C V, we conclude from theorems 3.2-3.3 the existence of a function P(t) € L2(2) for each
t € [0,T], such that

y(t) —yo + AY (t) + VP(t) = F(¢) for each t € [0,T] (85)
Notice now that, when Ay is restricted to Vit gives the same result as (—Ay, v).
Since y(t) —yo + AY(t) — F(t) € C([0,T], H~1(Q2)) we get from the gradient isomorphism that
P(t) € C([0,T), L3(£2)).
This regularity in P(t) is sufficient to let us differentiate (85) in time, in the sense of the distributions
in @, to give us
/() = nAy() + Vp(t) = £(t) in Q (36)

being this equation understood in the sense of the distributions in Q.

Suppose now, that we have more regularity on y and on the pressure p, for instance, y € TWT(O7 )N
L?(0,T; H*(Q)?) and p € L*(0,T; H'(2)?). Thus since

w(Vy(t), Vo) + (Y (t) — f(t),v)p. 5 =0 for all v e V and a.e t € (0,7)
substituting in this expression f by y'(t) — pAy(t) + Vp(t) we obtain

(HAy(t) = Vp(t),v) 5. 5 + w(Vy(t), Vo) for all v € Vand a.et € (0,7)
and using integration by parts [10] we get

0= (uAy(t) — Vp(t), V). v + u(Vy(t) (uVy -n — pn)udt

,uVy ‘n— pn) vdt

\*1\

Ouf

for every v € V and a.e t € (0,T).
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3.4 Regularity

This section is dedicated to the regularity of the weak solution of problem (1). In our case we are
dealing with a second order parabolic operator

Pu = u; — a" Dyju (87)

where in this case a¥ = d0i; to give the Laplacian. In fact the operator P is parabolic since we
have (Evans Definition for a parabolic operator) since exists a constant 6 > 0 such that,

2

> i@, 06 = 0f¢f? for all (2,1) € Q,€ € R?

ij=1

Our method for a solution construction gave us a function y(¢,x) which is in L?(0,T; H'(2)).

Is natural to question if the weak solution y has more regularity both in space and time.

With respect to higher regularity for the space variables, one can proves (see Lieberman theorem
6.6) the following result,

Theorem 3.4. Let y be the weak solution of the second order parabolic equation Py = f where
f € L2(0,T; L?(2)), if the coefficients of the operator P satisfy

||[Da™||p~ < K

for a positive constant k. Then for any subset Q' CC Q, we have D*y and y; in L*(0,T; L*(9)).
Moreover, exists a constant C not depending in y such that

ID*yl| 20 + Wl r20y < C(I|1Dyll 20y + 1111 2202))

The theorem (3.4) yields that y(¢,-) is locally in H? for almost every ¢ € (0,7).
To extend this type of regularity to the all domain €2, that is to have y(t,-) € H2(2) for almost
every t, every consulted book on PDEs solutions regularity asks the domain to have a smooth
regularity. This is not our case and therefore we only hope to have interior regularity.

Another possible way of improving the solution’ s regularity is done in the book [3]. However
the author in those results are using the semi-group theory and interpolation results, a topic that
we do not discuss in the present work.

4 Optimal Control Problem

In this section we turn our attention to our boundary control problem, on the {2 domain. We start
by giving a proper definition of our minimization problem, followed by analyzing if it has at least
one solution. We close this chapter with a deduction of the first order optimality conditions.

4.1 Preliminary Definitions for the Minimization Problem

We are interested in analyzing a similar optimal problem as what was done in [24], but with the
differences that in the present work, we consider only the Stokes equations, and we add the time
dependence.

We fix some input velocity in ¥;,, an initial condition yg, which both must be in some appropriate
spaces (see chapter 2.2 and 2.3 for their definition), and a force term f € L2*(L?*()). In this
framework we want to minimize a cost functional, which will be defined shortly, with evaluation
constrained to the pairs (y, u), where y is the weak solution in the sense of the definition 3.1, which
depends on u, a boundary velocity (that also should be in a proper space U that we will define
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bellow) that we control, in order to minimize the cost.
Now we specify, which type of cost functionals are the ones that interested us and the space where
we will do the control.

We are interested in minimizing cost functionals of the form
J(y,u) = a1 J1(y) + a2 J2(y) + J5(u) (88)

where, for the functional J; we are interested in the two following cases

3SR a0 =5 [ 0 -l or n) = § [V xwo)a
with y4 € L?(V), and where, Jo, J3 are given by
JoiH R Ta(w) = 5lly — wall2 (59)
with y4 a fixed element of H
J3:iU R Ja(u) = glull? (90)

with 7 > 06,
In what follows, to simplify, we assume that a; = as = 1, but the results are unchanged by that
assumption.

Now, we construct the framework for our minimization problem.
Consider that we have an initial condition yy € J#, a fixed input boundary velocity y;n € Tin,
with lifting L;p, (y:n). Notice that this input velocity must be chosen not in arbitrary way, but in
the set ~

@/yo = {yzn € %n : Elyc € % such that Lc(yc) + LG(yzn) — Yo € H}

in

Recall that by choosing yo from # we have by lemma 2.2 that the set %" is not empty.

Suppose now that, U is a Hilbert space!”, for the inner product (-,-)y, and let B € £ (U, .7,)
be a given operator,'® such that there exists an object uy € U and a closed subspace Uy C U that,

(LC(B(U()))> (0) = (yo — Lin(yin)(0) € H (LC(B(ul))) e H for all u; € Uy

Then, we define the affine space U= ug + Uy, which is closed (since Uy is closed), convex, and has
also the property that B ((7) is a set of admissible velocities.

In fact, by the linearity of B and L. we have that, for every = € ﬁ, since x has the form z = up+u
with ug € Uy,

Le(B(x)) = Le(B(uo) + B(u)) = Le(B(uo)) + Le(B(u))

and therefore
Le(B(@))(0) = (yo — Lin(yin)(0)) = Lo(B(uo)) + Le(B(W)) — (Yo — Lin(yin)(0)) € H

Therefore, the afine space U , is composed by the elements of U, with the property that they are
mapped, via B, to a boundary velocity in .7, and whose lifting, together with the lifting y;,, verify
the compatible property with the initial data y9. Thus, the control must be done in U.

To simplify the notation, we will denote for a given y. € ., L.(y.) by Je, and we do this only for
L. leaving the notation for L;, unchanged.

161n our study cases we will always consider the case 7 > 0.
17T from here that cames the motivation to define a norm in 7. such that this space is a Hilbert Space.
18We use the notation L(X,Y) to denote the set of all the linear and continuous operators from X to Y.
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Now, consider the following variational problem. Given L.(B(u)) = Bu € W.(0,T) find w €
W(0,T) such that

{(w’(t),v)v*,g. + p(Vw(t), Vo) = (Fin(t),v)5. o — u(VBu, Vo) — (Bu , V). YWweEV and ae. t € (0,T)

w(0) = (yo — Lin(yin)(0)) — Bu(0)
(91)
where Fj,(t) is the functional given by,

<Fin(t),v>\7*,\7 = (f(t)v U) - a(Lm(ym)(t),v) - <Lin(yin)/<t)a v>\7*7\7 , Vo € ‘7 and a.e. ¢ € (07T)
which may be written as
(F; (t),v>‘7*_"~, = (f(t),v)—(A(Lm(ym))(t),v)v*yv—(Lm(ym)’(t),v>‘7*7‘~, , Vo € V and a.e. t € (0,7)

Notice that, if w(t) € W(0,T) is the (unique by the theorem 3.1) solution to (91) then, Bu+w is
the (unique) solution of

(w+ Bu)'(t) + A(w + Bu)(t) = Fin(t) in L*(V")
(w+ Bu)(0) = yo — Lin(yin) (0

and has the traces
0 in Ezn
Bu in Y.
0in X,

Notice also that if we sum L, (yin) to Bu + w, we obtain a function y = L;y, (;n) + Bu + w such
that, y is the weak solution of (1) in the sense of our definition 3.1, and has the traces,

Bu in X,
01in Xy

and also satisfies the initial condition y(0) = yo.

Thus by defining the state equation e : W(0,T") x U— L2(1~/*) x H given by

T
er(w,u) = <w/(t)vv(t)>L2(\~/*),L2(\~/) +/0 p(Vw(t), Vo(t))dt — <Fi”(t)’U(t)>L2(\7*),L2(\7)+

T . —_— .
+ /0 p(VBu(t), Vo(t))dt + (Bu (1), 0()) 1oy 2y » Y0 € (V)
e2(w,u) = Lin(yin)(0) + Bu(0) + w(0) — yo

we consider the following minimization problem

{min J(Lin(gin) + Bu+ 0, (Lin(yin) + Bu+w)(0), u) 92)

e(w,u) =0 for u € U

Let us now illustrate two possible cases for the definition of U.

Example 1: consider U = 7., that from our construction is a Hilbert space when equipped with
the norm || - || 7., and we set B € .£(7., ;) as the identity map. In this case, we choose @ as one
element in 7, that satisfies

Lc(a)(o) - (yO - Lin(yin)(o)) € ﬁ

(such @ exists by lemma 2.2), and the subspace Uy is defined as the set Uy := {u € J, =

U : Le(u)(0) € H}. This is the same as saying that Up is the pre-image of H, via the map
8oL, : J. — H. Since this composition map is continuous, and the set H is closed in H, we
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obtain that Up is a closed!® subset of 7.

Example 2: consider the space U = W.(0,T) and B = 7. : W.(0,T) — 7. which as we have seen
is linear and continuous.
In this case, we choose ug as an element in U = W,(0,T) such that L.(Bug)(0) — (Yo — Lin(yin)) €

H , and for the subspace Uy we choose the set
Up := {u € W.(0,T) : 7¢ 0 Le(7e(w)) € H}

which is the pre-image of the closed set H by the map 7§ o L. o 7. : W.(0,7) — H, which is
continuous, and so Uy is a closed subset of U. In this work since we are interested in a boundary
control, we will focus on the first example.

4.2 Existence of an Optimal Solution

Now we focus on proofing that the problem (92) as at least one solution. For that, we first proof
two lemmas.

Lemma 4.1. The functionals Jy, J2, J3 all satisfy the property of boundness from below, and they
are all weak lower semi-continuous .

Proof: The boundness from bellow is simple since this functionals assume only non-negative
values. To see the weak lower semi-continuity we will prove that these operators are convex and
continuous.

Before recall the lemma 7.2 of the appendix. Now, since the norm is a convex application and the
function [0, 00[> x + 2 is convex and increasing, we may conclude that the composition || - || is
always a convex map.

Therefore the maps Js, Jo defined above, are convex. They are also continuous since they are the
composition of continuous applications.

For the first example of .J;, we also may use the above argument to conclude the continuity and
convexity, but for the case when Jp is given by

W) =5 [ 19 < u)Par

we need to be more careful.
First notice that in two dimensions the curl of a vector field w, is given by
Guz 8’[1,1
Vxu=—-—_—
Y 8951 8$2
Therefore the curl operator Vx : V — L2(Q) is well defined and is linear?®. Now, we have that for
A €[0,1] and u,v € L?(V),

IV x M+ (1= X)o] |2 = []AV X u+ (1= )V X 0|[725) < AV x ul[? + (1= N[V x o]

where in the first step was used the linearity of Vx, and in the second inequality, the convexity
of the norm squared. Thus the operator is convex. To see the continuity we only need to see that
the operator Vx : L2(V) — L?(L?(2)) is bounded, since we already know it is linear. To see the
boundness, let u be an element of L?(V), then for almost every y € (0,7,

2 S —
IV xu®Il” =115~ = 5.,

8’[1,1 ||2

ou ou ou
>~ gl <2(lig P+ |

o)

8’11,1 H2

g

8u2 GUQ
g P+ 1212)

<2(|\
- 2||Vu(u)||2 = QHU( )

_ 19Notice that H has the L2 norm and by definition H is closed subset of L2 (). Since H C H, we also have that
H is a closed subset of H.
20The linearity is a simple consequence of the linearity of the derivation.
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Therefore

T T
/O IV % u(t)|[2dt < 2 / u(t) 13t = 2l[ul 22,

Lemma 4.2. The cost functional J defined in (88) is weakly lower semi-continuous.

Proof: We introduce the following operators to make the argument more precise . We define,

Iy o) — L*(V) W(0,T) 3 y(t) — y(t) € LA(V)
Lo,y = L2(V) W(0,T) 5 y(t) — y(t) € LA(V)
Lijo,ry = H W(0.T) 3 y(t) = y(T) € H
Iyt ~ H W(0,T) 5 y(t) = y(T) € H

The above operators are linear and continuous. Now we introduce the operator I : W(0,T) x U—
L?(V) xH x U , and for simplification of notation, we will denote L?(V) x H x U by X, given by,
for y e W(0,T) and u € U,
TH
I(y,u) = <I§/I//(O T)(y) + QIV(O,T) (Le(B(u))) + I\X’(O,T) (Lin(yin)), Ly om W)+

which may be also written in a not too heavy form,

1(g,) = (y(8) + Le(B))(6) + Lin(in) (1), y(T) + Le(B))(T) + Lin(in)(T). )

where the functions are seen in the appropriate spaces in order to have the vector image in X. The
operator I is not linear, is only affine linear, unless the term L;,(yin) = 0. However we have the
following important property. Given A € [0,1] and (y, ), (w,v) € W(0,T) x U,
I()\(y,u) r(1- A)(w,v)) - I(()\y (1= Nw, du+ (1 — )\)v))
(IV oy A+ (1= Nw) + By (Le(BOu + (1 = M)

+IW 0,T) (LG Yin )7 W(O T)(/\y+ (1 - /\)w) +I$y£ T)( ( (/\u+ (1 - )‘) )))

+ Lin(yin), A+ (1= A)o)

= M(y,u) + (1 =N I(w,v)

where we use the linearity of the maps, and the decomposition L;,(yin) = ALin(yin) + (1 —
A)Lin, (yin,) where X € [0, 1].

The operator I is also continuous, when we consider the spaces with the Cartesian norm. In fact,
let (Yn,un)nen be a converging sequence to (y,w) in W(0,T) x U, with the Cartesian norm, that
is, we have that

1y un) = (4, 0) o095 = 3/ 119m = 911y 0.7y + llum — wll2
what in particular implies that

1 = ylliv 0.y = 0 llun —ull% =0
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Then we have

1@ wn) = 1, )% =|| (90 + Blun) + Lin(in) s 0 (T) + Bla)(T) + Lin(yin)(T)

~ (3 Bl + Lin(yin) 9(T) + BE(T) + LinCyia) D), ) ||

= (I[ym =y + Blun) = B |32y + |13 (T) = 9(T) + Blun)(T) = Blu)(T)| [+
| )

< 2(llyn = 9l + |1B(wn) = B@)l 32, + 9 (T) — y(DI i+

1B n)(T) = Ba)(T)| + llun — ul2)

where in the last step we used the Young’s inequality with ¢ = 1. Writing the above expression
with the operators in evidence becomes,

DN H
@ wn) = L, )l < 2(11550.m) = 912y + 1 Fhom) (Blun) = B) By + 11550 1y (n = )l i+
111350 2y (Blan) = B()) | + [ = )

and since the operators IXYV(O,T)’ I@'V(O’T), IVTV’?/O’T) and I&,’X)’T) are bounded and linear we get,

(Y, un) = I(y, w)|[% < 2<||I¥v(o,T)||“2f(W(0,T),L2(V))||(yn v+

+ |‘I&(O,T)||3?(W(O,T),L2(V))||LC(B)||;(W(O’T)76)Hun - UH?7+

TH
+ HIW(O,T)H?%(W(O,T),H)Hyn — Il o)

T H
+ |‘IW(QT)||=2‘E,”(W(0,T),H)|‘LC(B)H;(W(07T)7[7)||UH - U||?7 + |Jun — “||?7)

—0

since ||yn — yllwo,ry — 0 and ||lu, — u|lz — 0. Therefore I is continuous and affine linear.

This fact yields that the sequence (yn,u,) in W(0,T) x U that weakly converges to (y,u) is
transformed, via the map I, in a sequence (11 (yn, tn ), I2(Yn, tn), I3 (Yn, wy)) which converges weakly
to (I1(y, u), Ia(y,u), Is(y,u)) in X (see appendix commentary after property (R5)).

With this, the cost functional J : W(0,T) x U—Ris given by

J(y,u) = J1(Proji(I(y,u))) + Ja(Proj2(I1(y, u))) + Js(Projs(I(y, u)))

where the Projection operators Proji, Projs, Projs are the projections of the components of the
image vector I(y,u). These projections are linear, and continuous with respect to the norms that
we defined above. Notice that if (y,,u,) — (y,u) in W(0,T) x Tj', by the continuity and affine
linearity of I, together with the linearity and continuity of projections we get that

Proji(I(yn, un)) ~s Proj; (I(y,u)) in Lz(V) Proja(I(yYn, un)) =2 Projs(I(y,u)) in H
Projs(I(yn, un)) = Projs(I(y,u)) in U

Now since from lemma 4.1, the functionals Jy, Js, J3 are weakly lower semi-continuous, we have by
(R3) from appendix that

J(y,u) = J1(Proj1(I(y,w))) + J2(Proja(I(y,w))) + Projs(I(y,u))
< liminfn — ocoJy (Proj1(I(yn, un))) + Jo(Projo(I(yn, un))) + J3(Projs(I(yn, us)))

= liminfn — coJ (Yn, un)

We are now in conditions of giving a proof of existence of an optimal solution to (92).

Theorem 4.1. Given, f € L*(L*(Q)), ugp € S, an input velocity gi, € %.° with the lifting
given by Lin(gin). Let U be the Hilbert space mentioned above, with the affine subset U having the
properties also mentioned above. Then the problem (92) has at least one solution.
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Proof: Since the functional J is the sum of functionals which are bounded from bellow, J is
also bounded from bellow. Thus, exists a minimizing sequence {u,} C U. Since Js is radially
unbounded, that is,

J3(u) — oo when ||u||ly — o0

we conclude that the sequence {uy}nen C U is bounded in U. Let Yn = E\u/n + w,, where w,
is the unique solution of e(w,,u,) = 0. From the estimates (83) we have that the sequence

{Yn}nen C W(O, T) has the estimate (notice that this solution has zero trace in %,

lynlloo.rye) + vnllory < C (110 = Lin(in)l 2 + 1Finl 2a(py + 1 Bual %)

Since ||up ||y < M for some M € R and B is bounded we conclude that the sequence {y,} is also
bounded in W(0,T") and in C([0,T]; H). Again, since y,, = w, + Bu,, we conclude that {w,} is

also bounded in W(0,T). But the norm of w in W(0,T") coincides with the norm W(O,T) and
therefore w,, is bounded in W(0,T). Consequently, by a method of successive subsequences we
conclude that there exists u € U and w € W(0,T') such that

Uy Suin U w, 2 win WO0,T)  w,(0) S w0)in H wy(T) % w(T)in H  (93)

The first to weak convergences are consequence of (R5 of the appendix). For the final two, the
weak convergence is consequence the following composition chain of continuous maps,

—C([0,T);H)
T

w(o,T) C([0,T); ) Sxtuation on t, 77

veW(0,T) —veC(0,T);H) —v(t) € H

Since this composition is again continuous and linear, it conserves the weak convergence by (R2).
We have that the weak convergence also occurs in H since H — H.
The expression (93) has also as consequence that

wy, % w in L2(V) w!, 2w’ in L2(V*) (94)

n

It is also possible to proof that in fact we have that w, converges to w strongly in L*(H) (see [15]),
but this result is not necessary for our case.

Now on the other hand, since the lifting operator L. : J. — W.(0,T) (denoted by the tilde
symbol) and the operator B € £ (U, .J.) are continuous, their composition is again linear and
continuous, and conserves the weak convergence of u,, in U for the space W.(0,T) (if it necessary
by taking another subsequences) and thus

Bu, % Bu in W,(0,T) Buy, (0) % Bu(0) in H Bun(T) % Bu(T) in H (95)
Again this implies that

Buy, % Buin L2(V) Bu, % Bu i L2(V) (96)

Let us see that the weak limit (w,u) found is admissible, that is, e(w,u) = 0 and v € U. u is

clearly in U since this afine subspace is close for the weak convergence, and u,, € U for every n € N.
To see that e(w, u) = 0, first recall (R1 of the appendix). For every v € L?(V) we have

T
<€1(wn»Un),U>L2(x7*),L2(f/) = (w;(t),v(t)}Lz(f/*)’Lz(‘;) +/0 p(Vwn(t), Vo(t))dt — (F; (t)a”>L2(\7*),L2(\7)+
— —/
+ u(VBun(t), Vo(t)) + (Bun (1), U(t)>L2(x7*),L2(\7)
= <w;(t)>v(t)>L2(\7*),L2((/) + <d(wn)(t)aU(t)>L2(\7*),L2(\7) - <Fin(t)>U(t)>L2(\7*),L2(x7)+
—_— —/
+ <A(Bun)(t)aU(t)>L2(\7*)7L2(\7) + (Bun, (t)av(t)>L2(\7*)7L2(x7)
=0
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for each n € N, thus the sequence e (w,,, u,) converges strongly to zero in LQ(‘N/*) and thus also
weakly. On the other hand since the operators o7, A are continuous and linear (they conserve the
weak convergence), by the weak convergence of (94), (96) we have that the limit is also

0= nILH;O<61(wn7un)7U>L2(X7*),L2(‘~/) =(w'(t), U(t»Lz(f/*),Lz(\N/) + (dw(t), U(t»Lz(\N/*),Lz(\?)
_<Fin(t)vU(t)>L2(\7*)7L2(\7) + <A(Bu) (t)7v(t)>L2(\7*),L2(\7)
—~
+ (Bu a”(t)>L2(x7*),L2(\7)

Thus, since v € L?(V) was chosen arbitrary, we have e;(w,u) = 0 as we wanted to see.

For the convergence of €x(wn,un) = Lin(yin)(0) + Buyn(0) + w,(0) — ug = 0 for every n € N
we again have strong convergence of this sequence to zero in H. On the other hand by the weak
convergences of (93), (96) we have that

lm ea(wn,un) = Lin(Yin ) (0) + Bu(0) 4+ w(0) — ug

n—oQ

and thus also ez (w, u) = 0.

Then the pair (w,u) is admissible. Notice now that w, also converges weakly to w in L?(V),
a consequence of the continuous embedding L2(V) — L2(V). Therefore the sequence wy, + Bu, +
Lin(yin) % w4 Bu+ Lin (yin) in L2(V), and w,,(T) + Buun(T) + Lin (yin)(T) 2 w(T) + Bu(T) +
Lin(yin)(T) in H, (notice that W(0,T) — C([0,T];H)). Then invoking the weakly lower semicon-
tinuous property of J we get that

J(w + Bu + Lin(yin), w(T) + Bu(T) + Lin(ysn)(T), w) < lminf J(wy + Bug + Lin (yan), wa(T)+
By (T) + Lin (yin)(T), tn)
= inf

and therefore the problem (92) has at least one solution. g

4.3 First Order Necessary Conditions

For that we start by recalling some classical results from optimization problems with PDE’s that

we took from [16]. Suppose that we are interested in analysing the following minimization problem,
min J(w) such that w € € (97)
weWw

where W is a general Banach space, with ¢ being a non-empty, convex and closed subset of .

We have the following result which permits to characterize the optimal solutions for the problem
(97).

Proposition 4.1. Let W be a Banach space, € C W a non-empty, convex and closed subset. Let
J:V = R where V is a open neighborhood of €. If w € € is a solution of (97) and J is Gateaux
differentiable at w, the following optimality condition holds,

wet, (J(0),w—ww-w>0,YweE (98)

If additionally, the cost functional J is convez, the condition (98) is also a sufficient condition, to
w be a optimal solution of (97)

Proof: Let w € € be arbitrary. We define the function W(t) = w + (1 — t)w = tw + (1 — t)w
and therefore, by the convexity of €, for each t € [0,1] W (t) € €. Since W is an optimal solution
we have,

J@+ (w—w)t) — J(w) >0 for all ¢ € [0, 1]
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Also since J is Gateaux differentiable at w, we may conclude that

0< lim J(@ + (w — w)t) — J(w)

Tl N
t—0+ t = (J@)w = Ww-w

This inequality is valid for every w € €, since w was initially chosen as being arbitrary.
Suppose now that J is convex and that w € € satisfies (98). Then since J is convex,

JWw+ (w—w)t) < tJ(w) + (1 —t)J(W) & J(@+ (w—w)t) — J(W) < t(J(w) — J(w))
and therefore, for each ¢ €]0, 1] we have

J(@+ (w —w)t) — J(w)

(J' (@), w = W)yw+w topt+ r < J(w) — J(w)
and since, by hypotheses (98) holds, we get that,
J(w) = J(@) >0 for all w € €
and thus, W is an optimal solution of (97) t

The result of the proposition (4.1) is quite general, and we are interested in a particular case
of minimization problems that may be written as

min  J(y,u) such that e(y,u) =0 and u € Uyq (99)
(y,u) €Y XU

where J is a functional cost to minimize, which depends on the control u € U,y and the state
equation y, which is a solution of the equation e(y,u) = 0.

In order to obtain well-known results for this type of problems, we will assume the following as-
sumption,

Hypotheses 3 (H3):

(i) Uug is a non empty, convex and closed set.

(ii) The applications J : Y x U - R and e : Y x U — Z are Fréchet differentiable, and the spaces
Y, U, Z are Banach spaces.

(iii) For all w € V', where V is an open neighborhood of U4, the equation e(y,u) = 0 has a unique
solution y = y(u).

(iv) The operator e, (y(u),u) € £ (Y, Z), has a bounded inverse for every u € V.

Notice that with this assumptions, we may conclude that the solution map U,y > u — y(u)
is, by the Implicit theorem function, is locally Fréchet differentiable. Is also common, in the case
(H3) is valid, to introduce the reduce cost functional,

J:Uu—R J(u) == J(y(u),u)
and the initial minimization problem (99) is equivalent to

min.J(u) such that u € Uyg (100)
uelU

Using the proposition (4.1) we have the following result.

Proposition 4.2. Suppose that the assumption (3) are satisfied. If u € U,q is a local solution to
(100) the u satisfies the variational inequality,

U € Uyq and <j'(ﬂ),u — Wy >0 for allu € Uyq (101)

wE have the following.
Proposition 4.3. The hypotheses (H3) are satisfied.
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Proof: The proof is done in steps.

(i) The admissible set U is clearly non-empty. It is also closed since U = & + U and Uy is
closed. To see that is convex, is enough to recall that U is an affine space.

(ii) To proof that the cost functional, J, is Fréchet differentiable, we have the following two lemmas

Lemma 4.3. The functionals Ji, Jo, J3 are Fréchet differentiable.

Proof: We start by recalling that if H is a Hilbert space, the function f : H — R given by,
H > x — ||z||% is Fréchet differentiable, and the derivative at the point z calculated in the
direction A is given by

f(x)h = 2(z, h) gy

In fact, since in a Hilbert space ||z||3; = (x,2)y we have that,
Fa+h) — f(@) = o+ b+ B — (5,20
=2(x,h)g + (h,h) g
and since the term (h, h)y = O(||h||%) we have the result.

With this simple result for the derivative of the square norm function in a Hilbert space, we
can conclude that our examples for the J,, J3 functionals are differentiable. In the case of J; be
given by the velocity tracking functional,

1

T
1
i (V) R ) =5 [ 1) = wa Ot = 5l = wallsc

we may also apply the above result, since the space L?(V) is a Hilbert space. However, for the
case of vorticity functional

1 T
h: (V) - R hw) =5 [ IV o)
0
we need to use the chain rule, since this functional is given by the composition of || - [|3. W) ° VX.

The curl operator Vx is linear, therefore the derivative is the operator itself, and we get

T
= [ (7% y(6) - (¥ x ho)ds

0
t

The following lemma is important also to see the application of the chain rule, since it will be
used in the derivation of the reduce cost functional.

Lemma 4.4. The cost functional J is Fréchet differentiable with the derivative given at the point
(y,u), in the direction (w,v), by

— —

T (o) (w,0) = (5 (g 0), w0+ B gy neco + (F5(s), () + B)T)) + (sl ), vh

Proof: This could be done by seeing that J is a sum of three Fréchet differentiable functions. As
an example we will proof the F-differentiability for the function J; : W(0,T) x U — R, given by

jl(y, u) = Jj (Projl (I(y, u)))

which is sufficient, since the differentiability of the other terms is completely analogous.
Let (w,v) be in W(0,T) x Uy a direction for the derivative calculation®'. From the chain rule we
have (which is valid since all the terms in the composition are F-differentiable),

T (g, u)(w,v) = J{ (Proji(I(y,u))) o Proji (I(y,u)) o I' (y, u) (w, v)

21Notice that v must be chosen from Uy is order to have u + v still in U.
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Now, since the operator Proj; : X — L?(V) is linear and bounded, the Fréchet derivative of this
operator is itself. For the operator I, as we saw, this operator is not linear but affine linear, and
therefore, the Fréchet derivative is given only by the linear part. More precisely, the derivative
loses the constant term that depends on Ly, (yin),

Iy, w)(w,v) = (w0 + B(v), y(T) + Bo)(T), )
Now, using the fact that jl is a functional we may write the derivative as
(J1(y, u), Projy ((w+ B(v),y(T) + B()(T),v))) L2(v+y,2(vy = (J1 (4, u), w + B(0)) 2y, 12(v)
where in the last inequality w and E\(/v) are being seen as elements of L?(V).

A similar argument holds for the derivatives of J, and Js; and therefore we conclude that J is
Fréchet differentiable with derivative at the point (y,u) in the direction (w,v) given by,

Iy w)(w,v) = (T3 (g, w),w + B)) sy s2) + (s w) w(T) + BE)T)) + (J5(yw), v
t

In the case of the Fréchet differentiability of the state equation we have.

Lemma 4.5. The state equation is Fréchet differentiable.

Proof: Suppose that (y,s) € W(0,T) x Up, and again, notice that s needs to be in Uj in order
to the sum u + s still be an element of U, and let us calculate the difference

er(w+y,u+s)—e(wu)=w +y + & (w+y) — Fn+ABu+s)) +B(u+8)l —w' — o (w)
+ F,, — A(Bu) — Bu
=y +/(y) + ABu+5)) — A(Bu) — (B(u+ 5)) — Bu.
=y + o/ (y) + A(Bs) + (Bs)’
= (y + Bs)' + A(y + Bs)
Therefore the map F(w,u) : W(0,T) x Uy — L*(V*) given by
F(w,u)(y,s) = (y+ Bs) + A(y + Bs)

is our candidate to the Fréchet derivative of the map e;. To finish we only need to see that F(w,u)
belongs to L(W (0,T) x Uy, L*(V*)). The operator is clearly linear since for any (y1, s1), (y2, s2) €
W(0,T) x Up and o, 8 € R we have that

F(w,u)(a(yr, s1) + B(yz, s2)) = F(w, u)(ayr + By, as1 + Bs2)
= (ay1 + Byz2 + B(asy + Bs2)) + A(ayy + Byz + B(asy + Bs2))
= a(y1 + Bs1)' + al(y1 + Bs1) + B(y2 + Bsa)' + BA(y2 + Bsy)
= aF(w,u)(y1, s1) + BF(w, u)(y2, s2)
For the boundness we have, that for every (y,s) € W(0,T) x Uy

1 (w, ), )] s ey = g+ Bs) + ALy + B9) o

<2y + Bs) |2 gy + 2140 + B)| iy
< 20|y + B) |32y + 2lA (e 1)) (1 + )y + Bl 722
< dmax([|Al|% g g1y (1+ ) D (Y ||L2(V*) +1yl1720))

+ dmax(||Al 2 ey (14 )% D (185 225, + 1 Bsl32)

= 4max((141% o1 gy (1% 1D (11 0.y + 1851 Brorr))

42



Now by definition we have
1B5l[0.m) = 1Bsl%, < IBllZw,a)llsllE
Therefore, exists a constant K > 0 such that
1/2
1P, 0)ws5) Loy < K (o) + sl

Now we focus on the derivative of the map es. Again let (y,s) € W(0,T) x Uy, and let us calculate
the difference

ea(w+y,ut s) = e2(y,8) = Lin(9in)(0)) + Blu+5)(0) + (w +y)(0) = wo = Lin(9in)(0)) — Bu(0) — w(0) + ug

= y(0) + Bs(0)
where we used the linearity of the evaluation map 7¢ : C([0, 7], H) — H, the map B and the Lifting
L..

Thus our candidate to the Fréchet derivative of ey is the map F(w,u) : W(0,T) x Uy — H given
by F(w,u)(y, s) = y(0) + Bs(0). We just need to see that this operator is in L(W(0,T) x Uy, H).
The linearity is simple,

Fy(w,u)(a(y1, s1) + Bya, s2)) = Fa(w, u) (o + Byz, asy + Bsa)
— (ay1 + By2)(0)B(asy + Bs2)(0)

— a(y1(0) + B51(0)) (ys(0) + Bsy(0))
= aFy(w,u)(y1, s1) + SFa(w,u)(ys2, s2)

For the boundness
[1F2(w, w)(y, 5) | = [[y(0) Bs(0) I < 2/[y(0)][% + 2/|Bs(0)] 1%
< 2||1U||20([0’T];g) + 2||§;||20([0,T];H)
< 2¢ (11l 0.z + 1 B3l )
< 26 (il 0.1 + 1B 0, 15113
= K (llylfy 0.2y + 15113

where ¢ = max{cy, ¢}, being ¢y, ¢ the constants of the embeddings W (0,T) < C([0,T]; H) and
W(0,T) < C([0,T]; H) respectively. Therefore the derivative e2(w,u)(y, s) = y(0) + Bs(0). O

T

(iii) This assumption in (H3) is valid by the theorem 3.1.

(iv) For this last verification we will calculate the Fréchet derivatives since they are useful later.
Notice that since the Fréchet derivative of e : W(0,T) x U — L*(V*) x H exists, so does exists
too the partial derivatives e,, : W(0,T) — L?(V*) x H and e, : Uy — L?*(V*) x H. The partial

derivative in order to u, at u € U, in the direction du € Uy, is given by

ey (w,u)(du) = (B((su)/ + ABbu, B(6u)(0)) in L*(V*) x H
For the partial derivative in order to w we have,
ew(w,u)(y) = (' + < (y),y(0)) (102)
what corresponds to the equation
ew(w,u)(y) = (f,v0) for (f,v0) € L*(V*) x H (103)
which has a unique solution y € W(0,T), using the proof of theorem 3.1.

Notice that the operator e, (w(w),u) : W(0,T) — L*(V*) x H is an isomorphism. In fact, using
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the same reasoning as the one done in the existence theorem 3.1 we can conclude that, for every
f € L>(V*) and v € H the variational problem (103) has a unique solution y € W(0,T), and
therefore e, (w(u), ) is a bijection. The theorem 3.1 also provides a estimate for the solution, and
thus, the operator e,, is also bounded. Then, using the Banach’s open map theorem we conclude
that both ey, (w(u),u) and e, (w(y),u)~! are continuous. O

It is also useful to consider the adjoint equation
ew(w,u)*y = g in W*(T,0) for y € L*(V) x H (104)

where we have identified L2(V*)* = L%(V) (see appendix theorem 7.5) and H with it’s dual.

For the variational formulation of the adjoint equation (104), we suppose that ¢ € W*(0,T)
has the special form

<ga ¢>W*,W = <gla ¢>L2(l~/*),L2(\~/) + (90» ¢(T))

where g1 € L2(1~/*) and gy € H. In this case, the variational formulation (104) is given by, for
every ¢ € W(0,7T)

T
<_y/a¢>L2(\7*),L2(\”/) "‘/i/o (Vy(t), Vo(t))dt = <917¢>L2(\”/*),L2(\"/) (105)
y(T) = g0

As seen in proposition 4.3 ey, (w(w), u) : W(0,T) — L2(V*) x H, has a bounded inverse. Again
by proposition 4.3 the map e : W(0,T) x U — L2(V*) x H is F-differentiable in W(0,T) x U.
Therefore, by the application of the Implicit Function Theorem (see [16]), given u € U we know
that locally, the map Usur—s w(u) is F-differentiable, and the derivative may be calculated by

w'(u) = —ey ((w(u), u)fleu (w(u),u) (106)
Thus, for every direction du € Uy we have
w' (u)du = —ey (w(u), u)fleu (w(u),u)du € W(0,T)
The reduce cost functional is given by o
J:U—=R
U 3w Jw) + Lin(yin) + B, wu)(T) + Lin (yin)(T) + Bu(T), u)

It is important to know the evaluation of the derivative of the reduce cost functional on a direction
ou € Uy, since we know that a necessary condition for a point u € U to be an optimal solution is,
by proposition (4.2)

(J'(u),v—wp-y >0,Yoel

Using the chain rule we have (we denote y(u) = w(u) + Lin (yin) + Bu),

(' (w), 6uype o = (T (y(w), ¥ (W)du) L2 gvey p2evy + (To(y(@)(T)), ¥ (w)6u(T) ) + (J4(w), du)y
= (J1 (y(w)), 0 (W)du) 2 (), p2 vy + (1 (Y (), BOU r2(v-), r20v) + (T (y(w) (1)), w' (u)du(T))m
+ (J3(y(u)(T)), Bou(T))w + (J4(u), du)y

Now, notice that w’(u)éu belongs to W(0,T). Moreover, J;(y(u)) € L?(V*) and therefore the

restriction of this functional to the subset L2(V) of L2(V) defines a functional in L2(V*) denoted
with the same letter. On the other hand this restriction is also an element in W* since it defines
an element in that space, via the mapping

<J{ (y(u)>7 ¢>W*7W = <J{ (y(u))’ ¢>L2(\7*)7\7

We do the same reasoning for the functional J4(y(u)(T")). This operator is in H* = H and thus it’s
evaluation can be restricted to the closed subset H of H to give rise to a functional in H* = H.
In the same way this induces a functional in w* via the mapping,

(T3 (y(w)(D)), dyww = (J2(y(u)(T)), ¢(T))
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Thus we have

(' (W), Suhpe v = (] (W), w0 (WU o5y oy + (T (W), BOuY ooy paery + (J5y(w)(T)), w' (u)ou(T))
+ (3 (y(u)(T)), Bou(T))g + (J4(u), Su)y

which can be written as

(' (), 5u)u-0 = (1 (y(w), w' (w)su)w=w + (J] (y(w))s BSw) 12y, 02w + (Ja(y()(D)), 0’ (w)su(T))w- w
+ (T3 y(u)(T)), Bou(T))s + (3 (u), duyer
Recall now that we have the derivative w’(u) = —ew(w(u),u)*ieu(w(u),u), where the operators

ew(w(u),u) : W(0,T) = L2(V*) x H and e, (w(u),u) : U — L2(V*) x H. Thus, the adjoint of the
derivative w’(u) is the operator

w'(u)" = —ey(w(w), u) ew (w(u),u) ™" (107)

where ey, (w(u),u)™* : W* — L2(V) x H and e, (w(u),u)* : L2(V) x H — U* = U, and therefore
we have

(J' (), 6u) v o = (=eu(w(w), u) ew(w(u), u) "7 (y(u), 6uy + (J1(y(u), Bow) p2(ve),c2(v)
+ (—eu(w(u),u) ey (w(u), w) 5 (y()(T)), 0u)y + (Jo(y(u)(T)), Bou(T))su + (J4(w), Su)y

Defining the ®(y(u)) = J;(y(u)) + J5(y(u)(T)) this defines an element in W* via the mapping
(@, O) e = (T W), 8) ey gy + (T (T)), (T)) 5 for every & € W(0,T)
Introducing A = —ey, (w(w), u) *®(y(u)) € L2(V) x H we obtain

(' (u), 6w) v+ = (ea(w(u), u)" N, 0u)ur + (J{ (y(w)), Bou) p2 vy 1200y + (Ja(y(w)(T)), Bou(T) )i + (J3(u), o)

The equation B B
A= —ey(w(u),u) *®(y(u)) in L*(V) x H

is equivalent to solving the adjoint equation
ew(w(u),u) X = —=®(y(u)) in W(0,T)* (108)
We have the following lemma.

Lemma 4.6. The equation (108) has a unique solution X = (A1, Ao) € L2(V) x H . Moreover A
is the (unique) solution in W(0,T) of the variational problem

T
{<)\/1a D) L2veyL2(v) T N/O (VAL(1), Vo(t))dt = —(J{(y(w); &) 27+, 1277y for all ¢ € W(0,T)

M(T) = =J3(y(u)(T)) 109)
109
and Ao = A1(0).

Proof: First notice that the operator e, (w(u),u) : W(0,T) — L%(V*) x H is an isomorphism. In
fact, using the same reasoning as the one done in the existence theorem 3.1 we can conclude that,
for every f € L?>(V*) and v € H the variational problem (105) has a unique solution g € W(0,T),
and therefore e, (w(u),w) is a bijection. The theorem 3.1 also provides a estimate for the solution,
and thus the operator e,, is also bounded. Then, using the Banach’s open map theorem we con-
clude that both e, (w(u),u) and e, (w(y),u)"t are continuous.

Now using a classical results from functional Analysis (see the lemma 7.5 of the appendix) we may
also conclude that the adjoint operator ey, (w(u),u)* : L2(V) x H — W*(0,T) is an isomorphism.
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Since the operator e, is a bijection from W(0,T) to L2(1~/) X fi:, using the lemma 7.5, that the
image of e} is closed in W(0,T)* and is given by
Im(ews) = (Ker(ew)) ™ = ({0})" = W(0,T)*
what is simply the surjectivity.
On the other hand, since Ker(e) = (Im(e,))t = (Y)* = 0 in Y*, what is the injectivity.

We also have that ||ewH$(W(0,T),L2(x7*)xFI) = ||er|\g(LQ(V)XEW(O,T)*), and thus using again the
Banach’s open map theorem we have that e, (w(u),u)* has a bounded inverse.

With this, we can conclude that the adjoint equation (108) has a unique solution, A € L2(V) x H,
that is, exists an unique A = (A1, Ag) with A\; € L?(V) and Ao € H such that they satisfy the
equation

(s el (w0(0), 0)6) (. pagire) + M0 4 (@), W) g = — (T (1)), 6) o ey 12— (S W(W)(D)), B

for all ¢ € W(0,T). This, by the definition of the partial derivatives el e, is equivalent to
A = (A1, \o) be solution of the variational equation

T
VIR P / (VA1(8), VOE)dt+ o, 5(0)) 7 = — (1 (1)), 6) i gy~ W) (D)), 6)

for all ¢ € W(0,T), which may be written as

T T
A <>‘1(t)a ¢,(t)>\77\7* dt + M/O (V/\l(t)v V(b(t))dt + <)‘0; ¢(O)>f] = 7<J{ (y(u))v ¢>L2(\7*),L2(\7)7
— (J3(y(u)(T)), ¢) 7 for all ¢ € W(0,T)

Suppose now that the function Ay is in W(0,T), a fact that we will soon see, it is true. Therefore
the integration by parts formula is valid, and the above equation is equivalent to
T

T
| =040 005 gt [ (T2, Vo0t + (o = 2100600 g =~ 00 025 200
— (Ty()(T)) = M (T), 6(T))  for all 6 € W(0,T)

If we now, restrict ¢ to be only in the space 030((0, T); ‘7) C W(0,T) we get, since the values
of $(0) = 0 = 6(T),
T

| =040 00)5 gt [ (T2 Vo0t = ().} )15, for al 6 € O (0.7 )

and since C2°((0,7); V) is dense in L?(V) and the applications in the above expression are con-
tinuous, we have that

T T ~
/0 *<)‘/1 (t)a ¢(t)>177‘7*dt + ,u/o (V/\l(t)a V¢(t))dt - *<J{ (y(u)), ¢>L2(\7*),L2(\7) for all ¢ € Lz(v)

(110)
In particular (110) is valid in W(0,T) C L2(V) and this implies that
(Ao = A1(0),(0)) 7 + (Ja(y(w)(T) + M (T), §(T)) g = 0 (111)
what yields
Ao = A1(0) M (T) = = J5(y(u)(T)) (112)

With this we conclude that, if instead of looking for a A; in the larger space L?(V), we restrict
ourselves to searching for a solution A\; € W(0,T), we arrive at a an equation for Ay, which is,

T
(AL O) 2oy, 20y + li/o (VAL(t), Vo(t)dt = —(J1(y(u)), d) p2(57+) 12 (i) for all ¢ € W(0,T)

A(T) = =J2(y(u)(T)) )
113
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an equation that has a unique solution X; € W (0,T). Therefore we know that exists a A\; € W (0,T)
that by construction, satisfies the adjoint equation for the term A;. Since, we have seen that the
solution of the adjoint equation is unique, we must have A\; = A;. Moreover, by the above calcu-
lations, the second term of the Lagrange’s multiplier satisfies Ag = A1(0). O

To resume we have the following result which characterizes a optimal solution.

Proposition 4.4. Let (w,w) be a optimal solution to the problem (92). Then exists an adjoint
state A = (A1, o) € L2(V) x H such that (we denote by 7 the function , W+ E(\/ﬂ) + Lin(gin)

e(w,u) =e(w(w),w) =0, State equation

T
Adj. eq. 1) 12 (e, L2(7) +“/0 (VAL(8), Vo (t))dt = (1), 8) 12(i7-) L2(7y Jor all 6 € W(0,T)
M(T) = —J3(y(T))

e U and (J'(W),u— W)y v = (e} (w(@), DA, u — D)y + (J1(¥), LeB(u = @) L2 (ve),L2(v)+
+H(J5@(T)), LeB(u —u)(T))m + (J5(@),u —u)y > 0 for allu € U, Variational Inequality

5 Numerical Implementation

5.1 Discrete Concepts and Results

Since our cost functional is constrained to be evaluated in the pairs (y(u),u) € W(0,T) x U where
y(u) is the weak solution in the sense of the definition 3.1, which depends on the control u, our first
step is to discretize the state equation in order to, given a u € 17, obtain an approximate solution
for the forward problem.

By construction, if w(u) satisfies the state equation, i.e., e(w(u),u) = 0, then the function

ylu) = /GL/) + w(u) + Lin(Yin), where y;,, € F5, is a given trace function, is a solution to the
weak problem of definition (3.1), where again the data ug, f are prescribed. Therefore by solving
the state equation we are in fact solving the weak formulation (3.1).

Now, solving the state equation numerically is not simple, since we are using as test functions
free-divergence functions, which are not trivial to implement. However we can avoid this problem
by using another problem from which the weak formulation (3.1) is the reduce form.

To introduce that we look again to the problem (1) and we introduce a weak formulation where
we do not use free divergence functions. The payback of this procedure is that, by doing this, we
will introduce another variable to our problem, the pressure P.

As done before, we will assume that the hypotheses (H2) are satisfied. Therefore the variational
formulation for the strong form where we do not use free divergence functions is given by the
following definition.

Definition 5.1. Suppose that Hy is valid. We say that y(t) € L2(HY(Q)?) with y'(t) € L*([HY(Q)*]?)
is a weak solution for the problem with pressure, if exists and a pressure field p € L*(L?(Q)) such
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that (y,p) satisfy

T

T T !
/0 <y/(t)’v(t)>(H1)*7H1dt+u/0 (Vy(t),Vv(t))dtf/O (p(t),(V~v(t)))dt:/O (f(t),v(t))at
for allv € LQ(H%D (Q)?)

/0 ((v : y(t),q(t))dt =0 for all q(t) € L2(L*())

Y = VYin m Ny,
Y =Ye N Mg
y =0 1in Xy
y(0) =yo

(114)

Let us see that the problem (114) makes sense.

Since the function y(¢) is in the set {u(t) € L*(H*(Q)) : u'(t) € L*(H*(Q)*)}, and H*(Q) is dense
in L2(Q) (by the fact that Q is a Lipschitz set) we conclude that y(t) is, after making a change in
a set of measure zero, a continuous function, that is, u(t) € C([0,T7]; L?(2)). Therefore, the initial
condition yo = y(0) in the problem (114) makes sense, since yo € S C L?(1).

The boundary conditions are to be understood in the trace sense, and finally the integrals in the
first and second equation of (114) are also well defined, by choosing the functions in the spaces
mentioned.

We have the following result.

Lemma 5.1. If y(t) is a solution in the sense of the definition 5.1, then is also the solution in the
sense of the definition 3.1.

Proof: We start by observing that, by choosing as a test function, in the second equation ¢(t) =
V - y(t), which is possible since,

T T
IV - yllL2 20y :/o ||V'Z/(t)||2L2(Q)dt < 2/0 ||vy(t)||2L2(Q) < 2[|yllz2 (a1 ()

we get that,
T
/0 IV (1) 2yt = 0

and so, the function V-y(t) = 0 (zero in the space L*(Q)) , for almost every ¢ € (0,T). Therefore, for
a.e. t € (0,T) the function y(t) has null divergence that is y(t) € {v(t) € L*(H*(Q)) : V-v(t) = 0},
and since satisfies the boundary conditions y|s,, = 0 in the trace sense, we also have that for a.e.
t € (0,7), y(t)|r, =0, and thus y(t) € L*(V).

w

In the first equation, since the space V C H%D(Q), we may restrict the equation only to the

test functions v(t) € L?(V), and therefore, since this functions have null divergence, the integral
term with the pressure disappears, what yields,

T T
(Vy(t), Vo(t))dt = / (f(t),v(t))dt for all v € L*(H[ (2)?)
0
(115)
Now since the derivative y/(t) belongs to the space L?(H!(2)*), we may define the restriction
operator

T
/0 (W' (), v(t) (mry- rdt + M/o

T
<Ry/’U>L2(\7*),L2(\7) = <y/7U>L2((H1)*),L2(H1) :/0 <y/(t),’l}(t)>(H1)*,H1dt

which is the restriction of the derivative operator y'(t) to the set L2(V) C L?*(H'(Q)). This
operator is also continuous when the space V' is equipped with the norm of V.
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In fact, since the norm of H'(£) is equivalent to the norm || - || we get, by the continuity of y/(t)

that, for all v(t) € L3(V),

/ r / 2 1/2 r 2 1/2 /
Ry 0) ooy o] < ( / Iy () ny-t) / o) Zndt) " < Iy @l Colloll oy

where C), is a Poincaré constant.

Therefore the derivative y/(¢) has a continuous restriction to the space L?(V) (equipped with it’s
norm) that we denote by the same symbol /(). To conclude, since y(t) € L?(V) and the derivative
is also in L2(V'), this implies by definition that , the solution of (114) y(t) is in the space W(O, 7).
Moreover it also satisfies the boundary conditions and equations of the definition 3.1 and therefore
To resume, y(t) is a solution to the problem in the definition 3.1. O

Now we turn to temporal discretization, and enunciate the following result which gives us a con-
sistency result for the time derivative approximation by finite differences.

Lemma 5.2. Let v, v, vy be function in L2(t,, t,y1; L2(Q)) the we have,

vn+1 -

v
|[Osvn41 — TnHQLQ(Q) < AtllugelZ2 s, 10000020

Proof: We start by calculating the weak-time derivative of the function (¢t — ¢, )uy.
So, let (t) be a function of C§°(t,.tn+1), and we calculate

/t " ($) (s — t)ug(s)ds (116)

n

Notice that v(t) = @(t)(t — t,) is also in C§°(tn, tnt1), thus

/t T S (5)(5 — ta)ue(s)ds = /t " (8) (s — b (s)ds - /ttm ¢ (syu(s)ds

n n n

N _/t T os)(s — tuun(s) + w()p(s)ds

n

that is we have that the weak time derivative of the function f(t) = (¢ — ¢,)ue(t) is f'(t) =
(t — tn)uge(t) + ug(t) wich is in L2(t,, s, +1; L2(Q)).
Now by (7.9) we have that, by using the above equation

(= to)unltas) = [ (5= b)) ds =

n

= /tt"“ ((s = tn)use(s)) + /ttn+1 ug(s)ds = /;n+l ((8 = tp)ues(s)) + tns1 — un

n n n

which may be written as,
Up41 — Up 1 [iner
U(tns1) — “T = Kt/t (s — tn)up(s)ds (117)

n

Therefore we have

t
Up41 — Un 1 ntl
lue(tnsn) = = ey = 21 [ (5= ta)un(9)dslEao
tn

1 tnt1 9 2
<z ([ 1= tu)leds)

1 /tn+1 2
= — s — to)|||uee (8)||L2(0)ds
el 6= tllhun(llzzds)
1 /t"Jrl 25 \1/2 /t"+1 1/2\2
< — s—ty)|°ds u(8)|| L2 ds
sl 1e=6Pds) () unllzzds) ")
At

= ?||Utt||2L2(tn,tn+1:L2(Q))
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O

Now we will focus on space discretization. Since in the fully discretization method, we will solve
in each time step a steady Stokes problem, it is important to recall some concepts and results that
will be useful analysis of the numerical method.

Therefore we start by recalling some concepts for the general abstract saddle point problem (this
results are form [31]), which is given by finding (u,v) € V x Q (real Hilbert spaces) such that

! _ : A
{Au+Bpf1nV 18)

Bu=r1in Q'
where the operators A and B are given by
A:V = V', defined by (Au,v)y v =a(u,v) B:V — Q" , defined by (Bu,q)v/ v = b(u,q)

and where a: V xV — Rand b: V x Q — R are two bi-linear and and bounded applications. We
say that the problem (118) is well posed if the application

U:V xQ— V' xQ given by ¥(u,p) = (Au+ B'p, Bu) = (f,7) (119)
is an isomorphism from V x Q onto V' x Q'.

Now we recall a well know result which uses the inf-sup condition concept. Before the result
let us introduce the imbbeding operator Ey : V' — Vj given by,

(Eoo,v)vy v, = (@, v)v v for every ¢ € V' and v € V)
Notice that this operator is bounded. In fact for every ¢ € V',
[(Eo¢, v)vyvol = Ko, v)ve v | < ol [vllv
and thus ||Eod||vy < [|¢]lv-

Proposition 5.1. Let V,Q be two real Hilbert spaces with inner products (-,-)yv and (-,-)q which
induce the complete norms ||-||v and ||-||q respectively. Then the following properties are equivalent:

(i) There exists a constant B;s > 0 such that

nf b(v,q)

sup ————— > [ 120
q€Q:q#0 veV:v#£0 ||UHV||(]HQ * ( )

(i) The operator B’ is an isomorphism from @ onto V' and

1B'allv: = [Bis|ldllq for all g € Q (121)

(iii) The operator B is an isomorphism from VOJ- onto Q' and

[|1Bo|| > Bisllvllv for allv € Vg (122)

The result of the proposition 5.1 is fundamental to obtain the well-posedness of the saddle point
problem. The following result makes that connection, and we show the proof to demonstrate how
the inf-sup condition is fundamental for the resolution of a general saddle point problem.

Theorem 5.1. The problem (118), (with r = 0 in our case) is well-posed if and only if the fol-
lowing two conditions are satisfied:

(i) The operator Ey o A is an isomorphism from V onto V|

(ii) The bi-linear form b(-,-) satisfies the inf-sup condition.
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Proof: The proof is guided by [31]. First we see that the conditions (i) and (ii) are sufficient.
Thus, suppose that (i) and (ii) are satisfied. Now we show that the reduced problem,

a(u,v) = (f,v)y/ v , for all v € V) = Ker(B) (123)
has a unique solution. The equation (123) can be written in an operatorial form
Eyo A(w) = Eo(f) in Vy (124)

and since EgoA is, by (i), an isomorphism from V; to V{j, we conclude that existence and uniqueness
of the solution w for the equation (124), ant therefore there’s a unique solution to (123).
Now we see that with the w obtained above, we can construct in an unique way, a pressure p such
that (w,p) are the unique solution to (118) with » = 0 in @’. Since E,A is an isomorphism, is by
definition, a bijection from Vj onto V{ and also continuous. Therefore by the Banach’s Open Map
theorem we have too that (Ego A)~! is bounded.
Thus,

lwllv = [|(Bo 0 A)~" o Eofllv < C||Eg o fI| < C||fllv (125)

and so, we have a stability condition for the solution w.
Now we construct the unique pressure, by using the inf-sup condition. Notice that since, by (123)
we have that

a(w,v) — (f,v)y v < (Aw — f,v)y vy =0 for all v € Vp

that is,Aw — f € V', and by the proposition (5.1), we have a unique p € @ that satisfies
Bp=Aw—finV’ (126)

Moreover we have the estimate, which again cames from the proposition (5.1)
1 !
Iplle < = IIf — Awl[y < || fllv/ (127)
18

Therefore the application of the definition is a isomorphism.

Now we show that the condition (i) and (ii) are also necessary. For that we assume that the
application ¥ : V x Q — V' x Q' is an isomorphism.
We start by seeing that in this conditions the inf-sup condition (ii) is satisfied. For that, consider
the operator B which is defined as the restriction of B to the subset V5= C V.
Thus since V is a Hilbert space and V) is a closed subset of V', we have the algebraic and topological
decomposition

V=Vae Vi (128)

and so, for every u € V', u assumes a unique decomposition of the form u = ug + @, where ug € Vj
and @ € Vg-. With this decomposition we can observe that

B(u) = B(ug + i) = B(ii) = B* (1) (129)

Now since the application W is, by hypotheses, an isomorphism, we must have that Range(B) = @',
but from (129), Range(B) = Range(B*) = Q', that is B is surjective.

To see the injectivity, suppose that exists u1,us € Vg-, with Btu; = Btuy = ¢. Then B*(u; —
ug) = 0 and therefore u; — uy € V. But since VOJ- is a vector space, and u1,us both belong to
VOL, then uq — us is also in VOL. But the only element that is in Vo NV, is the zero element, thus
u; = up and Bt is injective, and then is a bijection from Vj" onto Q'.

By the Banach’s Open Map Theorem we also can conclude that, since B+ is linear and bounded,
that (B+)~! is also linear and bounded, and therefore exists a strictly positive constant C' such
that

1B ellv < Clidlle (130)
and by choosing in (130) ¢ = Btv with v € V we get

1
Zlellv < l1Beller (131)
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and by the proposition (5.1) the inf-sup condition is satisfied.

Now let us see that the condition (i) is also verified. Let ¢ € Vj an arbitrary element. By
the Hanh-Banach’s theorem exists at least a function f € V' such that,

Eof =¢inV

Defining (u,p) = ¥(f,0), then the element w is in Vp, since it satisfies Bu = 0 (second equation of
the definition of ¥), and we have
Au+B'p=finV’ (132)

On the other hand
(Eg o B'p,v)vyv, = (B'p,v)v v = (Bu,p)gr.q =0forallve Vg (133)
Therefore Ey o B'p = 0 in Vj, and using the equation (132) we get
EyoAu= Eof =

and since the element ¢ € Vj was chosen in an arbitrary way, we conclude that E,A is surjective.
To see the injectivity we argue by contradiction. Suppose that exists v; # vg in Vg with Ego Avy =
Epovg = ¢, then Eyo A(vl —v2) = 0. Let ¢ € Q arbitrary and we define

Avy + B'g = f1 Avy + B'q2

where we must have, by the hypotheses that ¥ is an isomorphism and Bvl = Bv2 = 0, that

i # fo.
Therefore we have A(vy —v3) = f1 — fa & U(v1 — v2,0) = (f1 — f2,0).
Now since, Ey o A(vy — vg) = 0, we have,

0 =(Ep o A(v1 — v2),v)vy v, =)A(v1 —v2),v)vr v =) fi = fa, V) v

and therefore f; — fo belongs to V', and by the proposition?? (5.1) we get that I!p € @ such that
B'q=fi — fa.
But then we would have,

U (v1 = v2,0) = (f1 — f2,0) = ¥(0,q)

which is a contradiction since the application V¥ is an isomorphism. O

The following result, gives a sufficient condition on the bi-linear form a(-, -), for the well-posedness
of the problem (118).

Lemma 5.3. If the bi-linear form a:V xV — R is Vy-elliptic, i.e. , exists o > 0 such that
a(v,v) > al|v||} for all v € Vq

then we only need b(-,-) to verify the inf-sup condition, in order to the problem (118) to be well-
posed.

As we said at the beginning of this chapter, we will need, in the fully discrete-method, at each
time iteration, to solve a saddle point problem. Therefore we give an analysis of this type of
problems in a discrete form, which are very similar to what we have done in the continuous case.
We begin to introduce the discretized form of the problem (118), which is given by,

Find (u”,p") € V* x Q" such that,

{ah(uh7vh) + bh,(Uh,ph) = <f7vh>v/7\/ for all v® S Vvh (134)

bh(uh,qh) = (r, qh>Q/7Q for all g" € Q"

where V" and Q" are finite dimension spaces, which are said to be conforming if they satisfy
Vh c Vand Q" c Q. Also the applications ap, : VP x VP - R, by, : V x Q" — R are the discrete

22Notice that the inf-sup condition was already verified.
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forms of the applications a,b. In the case of V", Q" are conforming, the discrete maps, are simply
the restriction of the continuous maps, to the finite dimensional subsets V" and Q".
With analogy to the continuous case we also introduce the discrete inf-sup condition. We say that
the application by, : V" x Q" — R satisfies a discrete inf-sup condition, if exists a constant Bg;s > 0
such that

bh (Uh7 qh)

inf sup —mVod) 54 135
eatigo i, o Tonllvrllgillgn = 4 (135)

As we said,in the case that V" Q" are conforming by, is equal to b. Also in that cases the norms
in (135) are the norms of the bigger spaces V, Q.

Continuing with the analogy with the continuous case, we define the operator
SR VAL (Qh)/ <BhUh,qh>Qh/7Qh = bh(vh,qh)
and the adjoint
B;L : Qh — (Vh)/ <Uha B;th>vh,vh = bh(Uhv qh)

In our case the application b: V x @Q — R is the negative divergent, i.e. ,
b(u,q) = — / (V-u)qde for u e V=HY(Q),q € Q = L*(Q) (136)
Q

and therefore in this case By, = —divy, and the adjoint is the discrete gradient (B},)" = grady,.

We saw that the kernel of B plays an important role in the theory, and therefore seems natural to
introduce the discrete kernel, which we will call the set of discretely divergence-free functions

Vh =" e Vb (", ¢") = 0 for all ¢" € Q"} (137)

It is known that the Taylor-Hood spaces Py /Py—1 with k > 2, are finite element spaces which make
the discrete form by, of the application b of (136) satisfy the discrete inf-sup condition (135). We
will in particular use the case P»/P;, and with this choice we can see that if v" is in V! then,
since?® V - P, C P; we have

0:b(vh,Vovh):/V-vh(x)2dx
Q

and therefore v" has in fact a null divergence in the L2(Q) sense.

Since we are dealing with finite dimensional subspaces of real Hilbert spaces, V" and Q" are
also?* real Hilbert spaces. Thus, by using the spaces P2/P1 for the space discretization, the inf-
sup condition is valid for b, and by the fact that a is also coercive, the same construction as in
the continuous case can be done, in order to establish the well-posedness of the discrete problem
(134).

Now we introduce the discrete spaces that we will use in the numerical simulations.

First we define a polygonal domain Q ~ Q see the images (3),(We do not do a analysis of this
approximation error). This approximate domain in our case was obtained by using the Gmesh
software, where using an image of the real domain ) we define, by a sufficient number of bound-
ary points, a contour which is done by connecting the boundary dots with splines. Then using a
Gmesh command we can define a mesh for that contour. The final product, which can be seen in

23Let us see that this is true.
Let u be a function of Pz, then it has the form u(z,y) = a1 +a22+azy+asry+asz?+agy? with a;,i € {1,...6} € R.
If we calculate the divergence of u we get

V- u(z,y) = a2 + a3 + as(y + x) + 2a5x + 2a6y € P1

Therefore we V - Po C Py.
24Recall that every finite dimensional subspace is closed. Therefore every finite dimensional subspace of a Hilbert
spaces is also a Hilbert space for the same inner product.
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image (3-right) is an approximation Q of Q, where the borders are define as the arests of frontier
triangles, and so the domain is polygonal. Is important to notice that the boundary part I'. has
no error of approximation when we use the €.

I

rin

Ly

(a) Original Domain (b) Our ©

Figure 3: Our Q shown by using the Freefem++ software. This is our coarser mesh.

For the mesh refinement we used a Freefem++ command (the splitmesh command) which di-
vides every triangle on the previews mesh by a given number, which we call the order of refinement.
In image (4) we applied a splitmesh of order
two to the original mesh, a process that di-
vides every original triangle in a regular form.
If we continue to apply this type of refine-
ment of can define a regular family of tri-
angulation .7}, h being the a mesh parame-
ter.

e

L
.
i

For this type of triangulation we will use the
classical P, — P; Taylor-Hood finite elements
spaces to define the discrete functional space
Figure 4: Example of a refinement of order two. for the velocity and pressure, Vj,, P, respec-
tively, given by

Py:={qn:qn € C%(Q) with g|x € P(K),VK € T}
Vi, :={vp, 1 vy € C°(Q) x CO(Q) with vy |k € P*(K) x P*(K),VK € 9}

It is well known that this choice of functional discrete spaces for the velocity and pressure, satisfy
the discrete inf-sup condition?®.

Now, let N,,N, be the number of velocity and pressure nodes respectively. The Lagrangian base
functions are in this case given by continuous functions {¢; }", {%};v:pl in Q2% such that

¢i(v;) = dij Vi(pj) = 0ij

where ;; is the Kronecker delta and {v; }j.vz”l, {p; };V:”l are the velocity and pressure nodes respec-
tively.

Since the velocity vector field has dimension two, we need 2 x N, base functions to fully describe
the discrete velocity. This base functions are given by

(pi}2Ne = (¢:,0) if i € {1,..., N,}
=000, 65 mod v, ) if i € {N, +1,...,2N,}

25In the 2-dimensional case, a sufficient condition for P, — Py discretization to satisfy the inf-sup condition, is
that the triangulation at hand , has at least 3 triangles. This result can be seen in [Volker lemma 3.128]
26We will also write sometimes €.
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Every u € V" and p" € P" assumes the form

2N, Np
uP(2,y) =Y wid(x,y) P y) = pitil,y) (138)
=1 i=1

This representation is fundamental for the sake of obtaining the variational formulations in the
discrete case. We take here the opportunity of introducing the following matrices which are used
in the numerical process.

—~ M 0 . Nz, N,
M= { ] with M Ne= :/gm- (139)
0 M i=1,j=1 o Jj
A= [’g SJ with A% = p / Vi : Vo, (140)
Q
, N..N, i No.N, ol
B=[B, B, with B, ", = Q—£¢§ Byt _/Q—d—y¢§ (141)

In practice the values on the matrices are not exactly the integrals, which are calculated by using
quadrature rules, and here is made another error of approximation for the Stokes solution. In the
case of a vorticity minimizing functional cost is also useful to introduce the vorticity matrix, since
for the computation of the cost it is necessary to calculate

L0 xp

for two given functions 1, ¢ € V. Thus
In 2-D the vorticity of a vector field v is a scalar function given by
0 0
Tay 2 v
ox oy

so if we use two base function ¢,, ¢; we get the following 4 cases

06i 90 4 i.je{l,...,N,}
o 8(% 0
/ i a@% ifi€{1,.,N,}j€{N,+1,..,2N,}
5 x
(Vor)is = [ (Vx 8V xa)=d72 Ju o
Q / -3 8—] if je{l,..,N,}i € {N, +1,...2N, }
Q oz OJy
9¢; 09; . . .
1,...
/§8x e ifi,j e {Ny,+1,...,2N,}
We also defined introduce the following discrete spaces 27:

Von := {vn € Vi : oalr,, = 0}
Voon := {vn € Vi : vp|r,ur,, =0}
Vooon := {’Uh €V vy

P.Ur,Ury, = 0}
T = YpVh = {/j,h : pup, = Ypvp, with vy, € Vh}
Tlh = fyth = {Mh L = Y1V0h with vy, € Vh}

Now suppose that the conditions Hy are valid and. We set V = H1(Q = and P = L?(f2), which
are approximated by the finite element spaces Py/P;.

We denote by 1:5 the discretization of the Dirichlet boundary of Q, and in the same way are defined
Fm Finv Fout~

2"Here we used the same notation of the article [4]
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Now we focus on the time discretization. For that, let [0,7] be the temporal interval of anal-
ysis and we define the time step At (also denoted by dt sometimes). Therefore we have a list of

time instants {tn}ZiéV‘ where t,, = At x n and N, = —.
This time instants will be the nodes for the linear Lagrangian functions with respect with time
() = 0
With this we may define the following time dependent discrete spaces (notation from [16]):
Vi = {y:[0,T] x Q= Ryt )lg € Vy(, (@, y)lr, €PLon=1,..,N;}
Ph={r:[0,T]x Q= R:7(t,)|g € P",7(-, (x,y)|1, €PL,n=1,..,N;}
where I, = [t,—_1,tn]. The spaces Vf[ﬂ VftOh are define on a similar way. In this framework every
function of Vd}z can be written in the form

2N,

Ny
Vi syt (1,y) = > oh(t) Y vi (e, y)
n=0 k=1

and a function of V! is uniquely defined if we have the collection of values {yﬁ}ﬁég J/Z;r Therefore

in order to define solutions for the Stokes non-stationary problem we need a way of determining

the coefficients {yg}gég ],\C[”:l. This can be achieved by using the Euler implicit scheme that we will

shortly define.

We close this part by noticing that, (we used the same notation of [4] ) if we define
My, =4z € Voop : forevery K € 7, f KNT. =0 = z|g =0}

The functions of .#)}, are the discrete liftings for the boundary data on I'.. In particular, given a
function y € Viop, the can be written in the form?®

y= Z ai¢i+zai¢i
i€I\I. i€l

and notice that

> @i, € Vooon > i, € My,

ISTAV S i€l
Since this decomposition is unique for every element in Vjg; we have
Voon = An @ Vooon (142)

This fact will important for the gradient construction.

5.2 Euler Implicit Scheme

In the following we will denote y(t,, (z,y)) by y! for every function y € V! or the analogous
spaces. Also ult = II"(ug) is a discretization of the initial condition, where II* : V' — V" is an
interpolation operator, and lastly, we denote by f™ the value of f"[g, and analogously g" .

With this, the Implicit Euler scheme is given by,

Forn=1,...,N; find (3/2+177TZ+1) € VP x P" such that
1
o At

vy = yh_1)e" + M/N Vyn : Vo' — /JTZ(V M) = [ [ for all o™ € Vo
Q
/~(V ~yMg" =0 for all ¢" € P"
Q

Q Q

yh = g™ in rh

28The set indexes I is given by indexes of the nodes which are not in I';, U Ty, and therefore T c {1,....,Nu}.
Then, in order to duplicate for the y component of the velocity, we define I = I + (I + Ny) C {1...,2Ny}.

56



This scheme defines a collection of N; systems of equations on for each fixed n € {1,..., N;} we

have a system to determine the coefficients {y}}"* and {pZ}iv’“

Let us now see that this scheme gives for an appropriate v, f, g a unique discrete solution (y", "),
that is stable. In the following we will use an equivalent system for the Implicit Euler scheme,
where we introduce the boundary conditions in a weak form: Forn =1,...,N; find (y!, |, 7" ;) €
Vh x P" such that

/At —yh_1)e +M/Vyn V" /ﬂﬁ(vwh)+<SZ,A>Tﬁ,<Tﬁ>* =
Q
5 o for all " € Vi,
Q

[(v ~yM)g" =0 for all ¢" € P"
Q
<W1(y2)7>\> ho(Thys = (9" )‘>T’1 (Thy* for all A € (T1)

(143)

The equivalence between (in the sense that if (y”, 7", s") is a solution to the weak form then

(yh, 7" is also a solution to the original formulation) the above scheme and the original one is
given by the fact that, since for every A € (T1)* we have (v, (y’;))\)Tlh_’(Tlh)* = (g™, TP, (Th)* we

must also have that v;(y?) = ¢" in I

We have the following property of this numerical scheme.

Lemma 5.4. The implicit Euler scheme produces a unique solution which is stable.

Proof: Uniqueness: To analyze the uniqueness we will focus on analysing the uniqueness for

each time step, since this is sufficient. Suppose that n € {1,..., N;} is fixed and that the functions

on the previews times steps had already been calculated (in the case n = 1, notice that the

yh = " (yy) which is a give data), so to determine (y”, 7 sh) € Vh x PP x (T})*

Y h h Yn_1 h h
”+Vv+b,,:”‘+/”foallev

v u/ Yn 2 Ve (o, (5 57)) S ALY ﬁf@ rall ot € Vor

b(y (q,A) = (G, (q,N)q+q for all (¢,)) € Q

where we have Q = P" x (T})*, and
fl;h((pa (q7>\)) = - /ﬁ(v . @)q + <A?(ID>F1 5 for (907(]a /\) S VOh X Q <Gna (Q7)\)>Q*7Q = <gn7>\>F1

The continuous analogous b to the operator b s given by

b(gpa (q7>\)) = _/ﬁ(v : (P)Q‘F <>\?<p>l—‘1 ) for (‘pvq’ /\) S Hll‘ (Q) X L2( ) (f%) <Gn’ (Q7>\)>Q*,Q = <gn7A>F1

where 7 = Hééz(l"l)

It is possible to proof that the map b satisfies the inf-sup condition (see [24]). Now, usually the
b application for the saddle point problem in the Stokes Equations framework in a bounded and
polygonal domain €2, is only given by

b: HY(Q) x L*(Q) - R b(v,p):—/ﬂ(v-v)p

and in this case, when the space discretization is done by using conforming finite element spaces
(for example as in our case the P,/P; Taylor-Hood), the discrete analogous b” of b is given by

VU HY Q)M x L2 - R (" p") = b(o", p") for all (v, p") € HY (w)" x L2(Q)"
and therefore since H'(Q)" x L2(Q)" ¢ H'(Q) x L?(Q) we get that

(", p") = b(", p") > BI[0"| |1 oyn

Ph L2 (Q)h
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that is, if b has the inf-sup condition, then b" has it too.

However, in our case, the above argument is not so linear since a linear functional A € (T{)* is not
in general contained in (.7;)*. Notice that TJ* C .7;. Therefore every linear functional A € (T]")*
has, by the Hahn-Banach theorem, an extension (which may not be unique) X\ € 73, which has
also [l (zpy- = [[All.z--

Thus, for every (v, p", s") € Vi x P" x (T{)*

B, (", 5)) = — /~<v )+ (5, 0P e
Q
=- /~(V Mt 4+ F ) g
Q
> 811" vy 11012 + 1301

= Bl lven \/ 112" H0 + U™ [Ern).
(17)

= Bllv" lve 1", ")l

and in this case we also have that b. It is simple to see that the right-hand-side of the system
(144) is a linear functional in Vg, x Q. Also if we define the map ay, : von, X Vo, = R by

1
ap(u ") = At/u v —I-u/ vul . Vol (145)

The map a is Vo, — coercive since
[l [2

a(v, o) = — LD 42

h||2
- > 1l Ve 2. g

L2(%Y)
by consequence, we get that the saddle point problem (144) has a unique solution on each step.

Stability: This is important to see that in finite time the approximate solution does not blow up
in finite time. N
For each n ¢ {1,..., N¢} if we choose as a test function in (144) ¢ = yl. of the decomposition

yh = yn + yl with yﬁ being the lifting and y» € V" N Ker(B)

Then we get

yh—yh o~ b oo ~
[”T”yﬁﬂwﬁwntv%z/jnyi%@
Q Q

h h

Yn — Yn—1 3, T “h ynl yn n

Zn on-l vh:vh:/ h/ /vhv
/S~2 Ar yn+/i/§ Yn : Vyp S AL + fyn Yn Vi

Now we have the following identity, and in what follows we denote the L2(§~2) inner product by the
symbol (-, ),

vh—Yiy
n n 2 _ 2

Also from the inf-sup condition,

(146)

IVgn| < *IIg lz2(r) (147)

By using the classical Cauchy-Schwarz inequality, the Poincaré inequality and (146),(147),

Y2 >+2p AtV yh| 2 < 2AtC \If”l\|\VyZIHQAtuIIVyZIIIIVyZIHJIIQ 9" M2l IVyRl+lyh_[1?
(148)
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Now by Young’s inequality exists €1, €2, €3 > 0 such that

284G |03 < 20, (AU VT (149)
2 8eu VN < 2, (2L ISR (150)
2§p|| n_ gne 1||L2(F HVZUQH < 2;’ <€3||9n—§;21||%2(1‘1 ||V29€3||2> (151)
Choosing €; = %, €x = 3,€3 = % yields,
IGEIP + k[P < Aol + Kallg™ P+ 1| S8 — ) + 1k as2

and by adding to (152) the term uAt||V§E| |2, and using the inequality (147), we get (K, = K2+ﬁ)

S )

ly][2 + I\Vyn|\2<At(K1||f”||2+K4llg 17

Summing up from n = 0 to n = Ny, and using the telescopic sum we have

g2 hi2
T |") + 11wk (153)

Ny Ny

— BAL ,

llype P+ = IVynll® < ZAt(Klllf [ + Kallg"|1?
n=1 n=1

Now since g € L2(L2(I'1)),g' € L2(L*(I1)) and f € L*(L%*(Q)) the Riemann sums on the right
hand side is bounded independently of At and arrive at

Ny
S AUV < K (154)
n=1
and by the Poincaré inequality also
Ny
> Atljynl]? < G K (155)
n=1
O

5.3 First Discretize then Optimize

In this section we will study the method discretize then optimize for the minimization problem at
hand.

This method consists in first discretizing all the terms in the PDE and the cost functional, deter-
mining a gradient for the discrete minimizing problem, and then apply a descent method to find
a possible minimum for the cost. There are other processes to find a possible minimum for the
discrete functional cost, but here we will only focus on the descent method.

Let T, C T = 99 be the boundary segment where we do the control, and let ¥, = T'. x [0,T] be
the lateral boundary. We denote by %1t/= (also denoted by %" for short) the discretization of the
lateral control boundary ..

Yhehe is composed by a collection of Ny + 1 sets of N, nodes, being N; the number of time
intervals, and N, the number of boundary nodes in T'.. For example, in figure (5) we considered 3
time intervals, or equivalently 4 times states, given by the number of lines in the figure, (which gives
N; = 3), and for the space discretization we considered N, = 4 nodes for each time state, given by
the number of red nodes. This gives a total of N; x N, = 12 parameters which we desire to control.
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Observation: Notice that we do not consider the
nodes in the lateral boundary, given by the orange
nodes, since these, already make part of the T?
(boundary with the no-slip condition), and therefore
are fixed with the value zero. Also the nodes in

. . . . the initial time (¢ = 0) given by the color black,
are also not considered in the control since they are

. . . . fixed by the initial condition imposed on the prob-
lem.

Figure 5: Example time boundary dis-

cretization Now the controls will be given by tensors in R(
the number 2 comes from the number of directions for the

vector velocities at each node. The state solution is composed by the velocity 3" € R(Ne+1)xNax2

and the pressure 7" € RNVe+UXNo  wwhere N, is the number of velocities nodes and N, is the

number of pressure nodes.

N )X Ngx2
9

h
Given an initial condition u?, we define the Stokes solver 5’,?0 : UM — VI by the operator
that for every control u” € U" gives the velocity solution 3" which is the solution for the Implicit
Euler scheme.

We use the cost functional (in this case the velocity tracking cost)

T T
T a ugy
J(uh):§/0 /F ||Vuh|\%cdsdt+§/0 /ﬁHSho(uh)—dededt

which can be discretized to

Ny Ny
T « upy
Jh ) = EZ/F ||Vuh||l%cds+52/§|\5h0(uh)_Zd||2dxdt
n=1 c n=1

where the time integrals were approximated by a trapezoidal rule.

We recall that the stokes solver is determined by the following collection of systems of equations

y{} :l;lh(yoh)
/ (%).¢+M/Vyz:V@—/WZ(V'@):QV‘PEVO%O
Q O Q

h

Si” (uh) = y" such that Q(V : yﬁ)q =0,Vq€ Py
yh=g" in [

y" = ul in Te

Yy =0inTw

which is equivalent to determine in each time step the solution (y”,7") for the linear system

M 7 T h M, h
50 )04

n

where the block matrices were defined in previews subsection. To solve this system we only used
a pressure stabilizer, by transforming the Stokes system matrix to

M4 BT N M1 A BT
B 0

where

Cx?vNP:/Qed)f(m,yW?(%y)
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Let us now differentiate the cost functional with respect to the control. Since in the derivative will
appear the Fréchet derivative of the Stokes solver we start by calculate that.

Notice that 5”,:3 (uhy = ZP(uh) + 5’:8 (0). In fact, if .#P(u") = 2" and 78 (0) = v" then,

=0

1

( <p+u/Vzh:Vgohf/~p2(V~<ph):OforallcphEVoh
Q

(V- zMg" =0 for all ¢" € P"

St
'>\

in s

—Olth UFh

:?3::3

_h
_O

h
)
/ ( h_1)<,0h+,u/~VUZ:V¢h7/~62(v.wh):/~fn<ph for all SﬁhGVOh
Q Q S
(V-oM)g" =0 for all ¢" € P"

Q

Z—Omf}burh

}

h
- gin in an

then the sum satisfies the scheme of the Stokes solver.

The operator .. is the linear part of y,? ° and therefore, since is also bounded, is the Fréchet
derivative of the Stokes solver.

Now, let v" € U” be a control direction. then the derivative of the cost functional is given by?"

Ny

(JI(u fTAtZ / Vull s Vol + oAty /~ (y:S (") — 2 A ("),

n=1 n=17%

N; .

(ol (u" = TAtZ/ Vaul ol ozAtZ/~ (V x 20 (")) (V x 2 ("))
n=1"

(5 (u" —TAtZ/ Vul VUZ+@/~ (y:g(uh)Nt — 2N A2 ("),

Q

Now we do the analysis for the type J!' but the other are completely analogous. Our goal is to
calculate the gradient of this discrete cost.

To simplify the notation, given a direction §v" for the derivative, we will denote the solution
to the linearized Stokes solver . (6v") by 6y, which is given by

dyfy =0
1
/~ ;0" = dyn_1)e" + u/~ Yoy : Vo' — [ Sph(V - ") =0 for all " € Viop
Q Q Q
/N(V S5yM)g" =0 for all ¢" € P" (157)
Q

Syl = 6v" in I‘Nf}
Syl =0in Th UT],

Now suppose given a function 2" € V(?tOh we will use for every n € {1,..., N;} the function z"
as a test function for the equation (157-2), to obtain for each n € {1, ..., N;}

/~ Ai(éyhn — 5yﬁ,1)zh + u/~ V&yz o V. /~ 5pZ(V . zh) =0
a At o a

29the gradient appearing in the boundary integral is the tangential gradient
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By doing partial summation and using the fact that dy = 0 we get

N, Ny
h(s, h h h(_h h h _h
Z /; Zn (5yn - 671—1) = Z /~ 5yn(zn - Zn+1) + /~ 5yNtZNt+1
=i/ =i/ Q
where we also needed to introduce the element zf{,t +1 € Voon-

Now by using the decomposition (142) we have that, for each n € {1,...N;}, sy" = 5/3;5 + Ey\ﬁ
with oyl € ), and dy! € Vooon.

Therefore,
N, - 1 — N, - N,
SR~ i)+ [ xS [ Vo v =Y [ a(w sl
A 1~ Al —
=—> = [ oyhGzn—2h )—/ YR, 21 T u/WyZ:VZZ
;At o + o At INTNeFL ;::1 a

Let 2" € V90" but with time interval analysis [dt, T +dt], satisfy the following system of equations,

h _
ZNy4+1 =

1
[ A= st +u [ Vel veh = [ oh(Veet) =a [ (4~ ) tor all ¢ € Vooon
o At a o o

[(V-zﬁ)quforallquh
Q

(158)
where (2!, o") € Vogon x P" for each n € {1,..., N;}. Th right hand side of (158-2) changes with
the cost functional. For example, we also may have

a/~(V x y")(V x @) , n € {1,.., N} if it is the vorticity cost functional
Q

0
a/~(yzhvt — za)p
Q

if it is the final state functional

The solution z" of (158) is called the discrete adjoint state. By using the adjoint z” in the linearized

equation we get , (notice that /N(V - 2Mph =0 for all p" € P")
Q

Ny 1 — Nt —
R T I o / Yoy : Vit

Ny Ny
1 — 1 — —
=5 = [ syhzh 2 7/75'1 h > /vah:vh
ft/ﬁ yn(zn Zn—i—l) ﬁAt yNtZNt+1+n=1‘u ﬁ yn Zn

n=1

but since dy" € Vyoon the adjoint equation is satisfied by using dy! as a test function and we arrive
at,

N; N; N, Ny
> Ot/ﬁ(yfi—»ﬁﬁyﬁz /ﬁ on(Voyh) ==Y 5 /ﬁ 5yZ(ZZ—ZZ+1)—/ﬁ Eéy%/zhvarZu/ﬁ vyl V)
n=1 n=1 n=1 n=1

(159)
Also notice that
0= [k au) = [ oh(vGul) =~ [ k(7 aup) (160)
Q Q Q
and that
/5 (ul — =)oyt = / (" — 22)04k + / (! — =)oyt (161)
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By using (159),(160) and (161) we get,
N, —
(0J"(u"), 50" —TAtZ 'V(Svh+ZAt</ h(V . §h) — /VZ v 5yn+a/( " z;i)éy,’:)—
Q Q

n=1
/ )oYl

the above expression leads us to an expression for the gradient of the discrete cost J" at a point .
However this representation is not easy when we see the above calculations in the functional sense,
but they become much more easy in the matrices sense. To transform to the matricial form, notice
that the space U” is of finite dimension®® and therefore is isomorphic to a subspace of RNt*2Ne,
where the components of this vectors have a particular order, in fact the, given a function u" € u”
(see footnote 31) the coefficients are mapped to a tensor

n=1

N¢,2N.
n=1,i=1 YYn:ﬁ,i:i =

" [YY]

S

and the vector u € RN+*2Nt ig given by the vertical concatenation of the lines of YY in such a
way that, to simplify, we will denote uy = Y'Y, = ;er, the k-th block of the concatenation, which
is related to the solution at the time t; = k x At. In RVtX2Ne we introduce the inner product3!

Ny
(v,u) = AthZ:Mpcun for all u,v € RNtXNex2

n=1

where (-,-)2 denotes the usual R inner product. Now we transform the gradient expression to
obtain a Riezs representative for the gradient, with respect to inner product in RVt*2Ne which is
the scalar product in the control space.

N, N, . - -
(D" (u™), 5uM) :TAtZ /ﬁ Vul : Vvt + Z At(/ﬁaﬁ(v <o) — u/ﬁv,zz v oyl + a/ﬁ(yﬁ - zﬁ)&yﬁ)—
= n=1
S [kt

- TAt Z( n)TMFc (51)2)

n=1

Ny
+ At Z (BTUZ — p Al — M (2l =2t )+ aM(yl — zﬁ))id (6vM)

c

where for a vector L € RNtX2Nv we denoted by (L);ez. the vector composed by the components of

the original L which have indexes i € I..
Now it is easy to see that a representation for the gradient is given by the vector

n

R(VJ"(u"))n = Tul + M (BT b pAZh - MG -2 aM (Yt - zg)) fornel, .., N
- 1€

c

This leads us to the following descent method for the purpose of finding the solutions to the dis-
crete minimum problem,

30Every function in u € U™ assumes a representation

Ny
Py = S0 S o sl y)
n=1 i€l

3lit is easy to see that the application is in fact an inner product, since the matrix Mr, is positive definite.
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Algorithm:

1. Set m =0
(i) Define an initial control (u")g
(i1) Define the solution to the state equation(y™)o
(#ii) calculate the initial cost J™((u")g)
2. Minimization Loop, set m =m + 1
(iv) Solve the adjoint equation to get (2", "), by using the state equation (y")m,_1
(v) Determine the gradient J"((u"),,) by using the expression (...)
(vi) Step size Loop (Armijo Rule) & € {1, ...,10}

(vi).(1) Define the candidate to new control (ﬁ)mﬂ = (") — (2.0)FVI((uP),0)

(vi).(2) Determine the new state solution (y"),41

(vi).(3) if Jh((flfl}-;)m_l’_l) < JM(uh) set (u)gn = (17’;)m+1 otherwise go to (vi).(1) and set k =k + 1
(vii) Stop criterion test if J"((u")my1) — J"((u")m) < €' stop; otherwise go to (iv)

Lastly, we restricted our simulation to the observation on a small sub domain w C €. In this
case the discrete functional will be given by

N; N
Jh(u) = g Z At/F |V |ds + % Z [y — 2"2dx (162)
n=1 c

n=1v%

The purpose will be to see the influence of the w choice, in the rate of convergence in the minimizing
process (in the case it converges). In practice we are interested in evaluating the influence when w
is in the following positions

L,

Yo )
i <

Figure 6: positions.

Our intuition says that when w assumes the position 1, the minimization process still must
work, in position 2 may work and that lastly in the case 3 does not work.

6 Numerical Results

In this section we give examples of application of the above numerical method. Our main goal is
to obtain a minimization process, for the cost functional J, which can be a velocity tracking func-
tional or a vorticity functional, in the bifurcation domain (see image 1) and analyze the influence of
the observations domains and the cost parameters 7, @ in the efficiency of the minimization process.
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Before doing our main purpose, we show the application for a collection of simple problems, with
an increase on complexity, where we know what to expect the solution to be, by using the technique
of manufactured solutions. This technique consists on defining analytic solutions, in our case set
the target velocity and the respective pressure, and then define the right hand side such that they
all combined satisfy the non-stationary Stokes equations. This first step it is useful to test the
behavior of the numerical method implemented.

In the following, the PDE is on a rectangular domain Q, I' = 02 will be divided by I'1,I'3 being
the bottom and top of the rectangular, respectively and I's, 'y the right and left sides respectively.

In our first test, and also the simpler, the target flow is given by the stationary velocity field,
which is a type of a Poiseuille flow, Zy(z,y) = (y(l —y), 0) and the corresponding pressure is set

to be p(z,y) = —2z + 4. Notice that, both the velocity and pressure are independent of time, and

therefore in particular BZéatz,y) = 0. This velocity field and pressure combined, satisfy the following

Stokes system (notice that v = 1 by simplification)

—AZy+Vp=0inQx(0,1)
V-Zg=0inQx (0,1)
ZdZOiIl F173 X (0,1)

(Test =1) 3 7, = (y(1 — y),0) in Ty x (0, 1) (163)
0Z, :
T;—pn:()mFQ x (0,1)

up = (y(1 —y),0) in Q

The second test consists in introducing to the above Poiseuille flow, a time dependency. This
can be done by, for instance, defining the target flow as Zy(x,y,t) = (sin(mf)y(l — y),O) and
the corresponding pressure to be p(z,y,t) = sin(nt)(—2z 4+ 4). In this case we have to solve the

problem

% — AZy+ Vp = mwcos(nt) (y(l —), 0) in Q x (0,1)

V- Zg=0inQx(0,1)
Zd:OiIl ].—‘1’3 X (071)

Test — 2 164
(Tes ) Zq = sin(rt) (y(1 — y),0) in T'y x (0,1) (164)
0
a—nd—pnzomr2 x (0,1)
uy = (y(1—y),0) in ©
In the last example we considered,
Z,
%—AZd—l—Vp:Fian (0,7)
V-Zy=01in Q x (0,T)
Zg=0inT 0,T
(Test —3) 4 24 =0 T1ax (0.T) (165)

Zq = sin(rt)(y(1 — y),0) in Ty x (0,7T)
07, .

a—nfl—pn:omr2 x (0,7)

up = (y(1-y),0) in Q

where in this case = [0.1,0.5] x [0,2], T = 2 and the field F' is given by

sin(mt)m2(cos(rx) sin(ry) — sin(ry)) + 7 cos(nt) * (cos(rx) sin(ry) — sin(ry))
sin(mt)7w2(=3 * cos(wy) sin(wz) + sin(mx)) + 7 cos(nt)(— cos(my) sin(mx) + sin(rx))

F(x.y,t)= {

In the third problem the target flow is Z4(x, y,t) = sin(nt) ( cos(mzx) sin(my)—sin(my), — cos(my) sin(rx)+

sin(wx)) and the corresponding pressure p(z,y, t) = sin(wt) ( — sin(7z) sin(y)m). In this work we

were not concerned in analyzing the numerical method (which is the implicit Euler scheme) to
solve the Stokes system in the non-stationary case. However, is good practice to see that in
fact this first step of the minimizing process is well constructed, and so, in order to see that
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the Euler scheme is sufficiently good for the problem at hand, we in the test 3 (the more com-
plex one ) show the errors committed in the numerical approximation of the target velocity.
In table (7), we show the errors |[Z} — Z4|[12() at the final time ¢ = T,
and in table (8) we present the approximation errors in the and max-
imum norm of the collection |[(Z})n — (Za)nllr2(0)- The errors com-
| 01 | o0oos67197 | mitted in the numerical approximations are sufficient low for our pur-
0o | oooesoriz | POSC It is a'lso possible to see .that in this case seems that a refine-
ment in the time step has more impact than a refinement on the space
mesh.

h Error

Figure 7: Space dis-

. Let us now turn our attention to the minimization process results. In what
cretization error.

follows we will always consider that the maximum number of iteration is 50

and that the time discretization is dt = 0.05, if is not said nothing more.
Also the minimization algorithm may stop in 4 cases: by reaching the maximum number of itera-
tions, by the relative error criterion, by the step-size criterion, or finally by the small decreasing
criterion. The latter 3 stopping criterion consist in stopping if

(i)relative error criterion: the following relative error is smaller then 0.01

dt
Z —|Jul — (z8),|]> < 0.01

(ii) The step-size routine reaches the maximum value of iterations and even in that case we do not
see any decrease in the cost functional value.

(iii) If the difference J"((u™)" ) — J((u")") < €101

As said before, we start by analyzing the numerical method in the square domain with the Test-1.
For the cost functional to minimize we choose the velocity tracking

-
JM(uh, o) 25/ |Vvh|2+oz/ lul — Zh 2
Iy Q

where in this and the following cases we will denote by u" the state equation with respect to
the boundary value (control) v". In figure (9) we can observe the evolution of the absolute error
[[ul — (Z1),|| 12 along time. In (9) with fixed o = 3 we observe that the optimal solution strongly
depends on the parameter 7. This is expected since we increase the relative importance of the
term |[ul! — (Z),||z2 in the cost functional, when we decrease 7, leading the optimal solution to
the target flow. From (9) we may extrapolate that a needs to be 1000x higher than 7 to one get a
optimal solution obtained by the stopping criterion of the relative error, and not from the criterion
of the maximum number of iterations. It is common to, in this type of minimization problems,
consider values of 7 much lower then the ones choosed for «.
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Figure 9: With fixed a = 3, varying 7.

On the case of the Test-2, when we introduce time we increase the diffi-
culty and even in this simple case we start to obtain some results which are
contrary to some obtain in the stationary case. For example in image (10a)
we see that for the same «, in general when we decrease 7 we obtain optimal
solutions which are more closer to what we expect, which is the known target g1 | 0.000177682
flow. However, for the case 7 = 0.001 the algorithm stops by the maximum
iteration number criterion, not having time to converge to the expected so-
lution.

Also we observed that, in the case a bigger time interval, in order to have cretization error.
a change of growth of the target flow, we see that this change makes the
optimal solution to have some difficulties to follow this change.

~01 | o.o0s7797 |

Figure 8: Time dis-
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(a) With fixed a = 10, varying 7. (b) With fixed 7 = 0.01, varying a.

Figure 10: Comparison of the numerical solution with the target flow.

Now we turn to our main goal, doing the minimization on the bifurcation. In this work, our
domain has the form of the set in image (6), with z = 0.09 and y € [0.5143,0.6086] for T,
x = 0.0021 and y € [0.2682,0.3649] for T';, and lastly € [0.87.92],y € [0.0.35,0.43] for T'pys.
Also this domain is discretized in our experiments in such a way that we have 3616 triangles, 7541
velocity nodes (counting the ones on the Dirichlet boundary) and 1963 pressure nodes.

Similarly to [24] here we consider two different scenarios being, (i) a total occlusion of the host
artery which is done by imposing v;, = 0 in I';,,, and (ii) the presence of a residual blood flow in
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which case we have v, # 0 in I';,. In the second case we will consider the following type of input
functions

vin(y) = cexp(—(y —7)*/(20%))

where c is a positive constant, ¥ is the mid point of I';;, and b = 0.01. This type of functions can
modulate a strong obstruction but not total. Also notice that this type of functions do not have
zero trace, but in numerical terms their value on 0I';, is so small that the computer makes it zero.

Starting with the case v;, = 0, we defined the target flow in €2 to be the Stokes solution with
a parabolic inflow, given by*? —10000(y — 0.6086)(y — 0.5143) which leads to the numerical solu-
tion in (12a).

a=10 a=100 a=1000

Cheration | cost | Relerror | Cost | Releror | Cost | Rel.error |
| 2 | 316968 [ 0.988501 259.29 0.888334 | 450.765 | 0.215586
| 4 | 312459 | 0979312 | 227.681 | 0.809692 | 437.795 | 0.148082

| 6 | 309585 0.97197 212.248 0.754305 | 437.729 | 0.142144
| 8 | 307752 | 0966102 | 204713 | 0715295 | -~ | - |

10 30.6583 0.961414 201.033 0.687819 = =

Figure 11: Costs and relative errors, with 7 = 0.1 and « varying.

In the table (11) we show the value of the cost functional and the relative error for the first
10 iterations of the minimization process. In this process we consider dt = 0.05, 7 = 0.1 and the
initial guess as the null control (v*)y = 0, which yields the initial state equation to be also null.
It is possible to observe that in fact the minimization algorithm works, since in each iteration we
obtain a cost smaller then the previews one.
In the case of @ = 1000, we see that the algorithm stops at the 7-th iteration, but not because the
target flow was reached, but because the difference between two consecutive iterations was smaller
than 0.0001. In particular we can see that in the case of this alpha the optimal solution is not
near the target flow, being however another solution which is near a stationary point of the cost
functional.

In the cases of & = 10,100, the algorithm stops at iterations 37, 36 respectively. By the ob-
servation of table (11) we could argue that for this /s the optimization method is converging to
the desired velocity, since the relative error is always decreasing. However when the process stops
we saw that for o = 10 the relative error was near 0.94 and for o = 100 was near 0.6 being the
descent method, in fact, converging to a minimizer which does not correspond to the target flow.
It is also possible to observe, that in the first iterations we have a strong decrease in the cost which
starts to fade. This is a typical characteristic of the steepest descent method. We also observed
that the optimal solutions are given for each of this « cases, by a parabolic flow but with different
maximum values for the parabola, being the highest value obtained in the case of the highest
«, what makes sense, since in that case we are giving a minor importance to the boundary cost
functional parameter.

In image (12) we represent the target flow (left) and the optimal solution (right) for the case
of a = 1000, 7 = 0.01, and stopping in 9 iterations. This choice of parameters appears to be
sufficient to one obtain a very precise approximation of the target flow, with a relative error under
0.01.

32We multiply the boundary function by the term 10000 only to have bigger values for the cost functional.
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(a) Target flow. (b) Optimal solution.

Figure 12: Comparison of the numerical solution with the target flow, with a = 1000 and 7 = 0.01.

For the second case, with v;, # 0 we considered the function

—(y — 0.3165)?

vin(y) = 40exp ( 2(0.01)2 )

inifial Magnitude
20 30 4.0e+01

" |

Figure 13: Final state of the initial guess.

For this case, we also started with a null initial guess for the control (v?)? = 0, which defines
the numerical solution represented in (13). The results of the first 10 iterations of the minimizing
process are presented in the table (14). In image (15) we show the comparison between the target
flow and the numerical solution. It is interesting to see that in the case of @ = 10,100 the costs
obtained in the first iterations are equal to the ones obtained in the case v;, = 0. This would
suggest that for the minimization process the change in the boundary condition on I';,, from a
null to a non-null boundary function, does not influnciate the minimizing process, since we are
obtaining the some control values on each iteration, and therefore the same cost values. However,
for the case a = 1000 the costs are different.

a=10 =100 a=1000
[ iteration | cost | Relerror | Cost | Releror | Cost | Rel.error |
| 2 | 316968 [ 0.899933 259.29 0.808741 | 98.1015 | 0.146545

| 4 | 312459 [ 0.891568 | 227.681 | 0.737144 | 50.6053 | 0.0344236
| 6 | 3009585 | 0.884883 | 212.248 0.68672 | 49.8506 | 0.0177446
| 8 | 307752 | 0.879541 | 204713 | 0.651206 | 49.8378 [ 0.0152359

10 30.6583 0.875273 201.033 0.626192 = =

Figure 14: Caption
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Notice that the optimal solution is very similar to the target flow, and was obtained in 9
iterations with a relative error under 0.01.

optimal Magnitude
10 20 30

farget Magnitude:
o 20 &

9.7e-34
30 40e+01 I
[

4.0e+01
1.8e-33 1 [
|

(a) Target flow.

(b) Optimal solution.

Figure 15: Comparison of the numerical solution with the target flow, with o = 100 and 7 = 0.01.
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Figure 16: Stream lines of the target flow.

Figure 17: Stream lines of the optimal flow.

Now we analyze the influence of the choice of the observations set w (see image (6)). We will
on a first study, consider the functional

Ny Ny
Tl uhy = % > At/F IVl |2ds + % Z/ lul — (2!, |2da
n=1 c n=1v%

where the target flow is represented in the image (12a), and again we start with the initial guess
(v™)° = 0.
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In this case we are more interested in the relative error reduction than the cost functional reduc-
tion, since our analysis is motivated by seeing where to choose the subset w in such a way that we
can easily obtain the target flow, without the need of using all the domain. In terms of applications
this would correspond to choose the best subset w (possibly with some restrictions on this choice,
but here we are not concerned about that) on which we focus our observations in order to better
control the blood behavior on the bifurcation.

Notice that in the case of a partial observation set for the velocity tracking functional, a reduction
on the functional cost does not necessarily mean a reduction on the relative error of approximation
to the target flow. Because of this fact, the optimization method when applied on a subset w of
zone-3, for the velocity tracking functional, will not reduce the Rel.error. In this case this cames
from the fact that, starting with the null control, ((v")g) = 0, the initial cost J"*((v")¢) = 0 which
is a minimum and therefore V.J"((v")y) = 0, and the process gives in the next iteration always the
same solution. For the case where we choose v;, # 0 happened the same, and we observed that
the relative error did not change.

Now turning our attention to the zones 1 and 2 we will define the following subsets of Q: wy 1,w1.0
by being the intersection of [0.1,0.2] x R,[0.3,0.4] x R, with the upper channel, and ws 1,ws.2 by
being the intersection of [0.55,0.65] x R,[0.7,0.8] x R with Q. Therefore, Q1 ,, ¢ € {1,2,3} are
subsets in the zone-1 and, s ;, i € {1,2} are subsets in the zone-2. For the partial tests we fixed
the parameters in v = 10000 and 7 = 0.001 in order to guarantee that the parameter has enough
importance.

In the case v, = 0 and the target flow is given by the one represented in (12a), and we set
the initial guess to be the null control. In images (18) we have the evolution of the functional costs
and the relative errors committed along the iterations.
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03 .\ ...... omeza22 150 \ —Omegal.2
02 : 100
0.1 \ 50 ___\¥
0 t 0 t
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Iterations Iterations
(a) Relative errors evolution. (b) Costs evolution.

Figure 18: Partial observations in the case v;, = 0.

It is possible to observe that the subset ws o is the one who shows a stronger decrease, in the
relative error. However this is not enough to suggest that the zone ws o is better that the other
ones, when the objective is to choose a subset that permits a faster (and a convergence) approach
to the target flow.

In the case v;, # 0, we chose the target flow to be given by the one represented in (27a) and
we set again, the initial guess to be the null control.
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Figure 19: Partial observations in the case v;, # 0.

In image (19a) we can observe the evolution of the relative errors along the iterations, and
again it seems that the zone w2.2 shows a faster decrease in the rel.error. However in comparison
with the other zones, the change in the rate of decrease is so low, and they all attained the same
finite relative error, that we can not argue that there is a better zone. Here we also considered 150
iterations, since we observed that after this number of iterations the relative error shows a very
low decrease.

We also show in image (20), the inlet function in I', for the various simulations, depending on
the zone of observation in image, and for the two cases of v;;, = 0 or vi,20. It is possible to see
that they are very close the exact inlet, for the various cases. This is contrary to what we were
expecting, since we thought that observations closer to the control boundary would impose a better
approximation to the exact inlet then the observations made far way from the control zone. Also,
since we are not giving to much importance to the parameter 7, which controls the gradient of the
control, we were expecting inlet functions (at least in the case of far way observations, such as in
the case of w2.1,w2.2), to have a less accentuated curvature, but permitting the some amount of
flux.
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(a) Inlet for the case of vin, = 0. (b) Costs evolution.

Figure 20: Inlet for the case of v, # 0.
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We now consider the case of the vorticity functional cost given by

Ny

dt /1
h(, h  h _E: vh2 \V/ h|2
J (u ,v )_n=1 2 (5/1—:6| Un| +a\/ﬂ| Xun| )

For this case we obtained the values in the table (21) where we considered o = 10 and a varying
7. In there we considered the initial guess as the parabolic flow of (12a).

1=10 1=1 1=0.1 1=0.01

|1 | 945306 289667.7 14100.5 12967.8
| 3 | 0.059648 19745.2 3674.26 3062.11

| 5 | o0.000771 126.213 27.2943 23.3615

Figure 21: Evolution of the cost functional values for different values of 7, a = 10.

In the case of 7 = 10, we gave too much force to this parameter, and in this case, the numerical
method will tend do the null solution, and we observed that this convergence is fast (in 5 itera-
tions). If we start to decrease 7 we are permitting the minimization process to tend to non-null
solutions, but however this rate of convergence is slower (notice that in 6-th iteration with 7 =1
we still have a cost value of 43.3271).

Now we consider the case with v;, # 0 and starting with a function which is illustrated in image
(final state) (22a), which has the vorticity magnitude illustrated in (22b). After we applied the
minimization process, with the vorticity cost functional, and obtained the velocity field (final state)
showed in (24a) with a vorticity magnitude in (24b). Notice that the numerical solutions has an
exit of fluid in the control boundary I'.. Also this process seems to make the vorticity almost
uniform along the domain.
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(a) Final state for the initial guess. (b) Initial Vorticity

Figure 22: Initial vorticity.
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Figure 23: Stream lines of the initial guess, final state.
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Figure 24: Final vorticity.
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Figure 25: Stream lines of the optimal solution, final state.

We close the numerical tests by giving an example with the functional cost

dt
Tt k) = / Vo |2+a/| — ) |2—|—a1/|V><uh|>

where the target flow is the one in image (18a) and the parameters are given by 7 = 0.1,a =
10000, @7 = 10. As is expected the optimal solution should look closer to the target flow since we
are given much more importance to the least square part of the functional cost than the control
and vorticity term. We star with the initial guess represented in (27a), and after (x) iteration we
obtain the function represented in (27b). Notice that from the initial guess we the method starts to
converge towards a numerical solution which starts to have a parabolic flow on the upper channel,
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and remains unchangeable the bottom channel. Also we do not exactly obtain the target flow due
to the vorticity minimization. The initial cost was 32408 and the minimized cost has the value
24797 what corresponds to a decrease of 23 per cent. We also obtain for the optimal solution a
rel.error of 0.51 in with respect to target flow.
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(a) Target flow. (b) Optimal solution.

Figure 26: Comparison of the numerical solution with the target flow, with a = 10000, oy = 10
and 7 = 0.001.
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(a) Target flow. (b) Optimal solution.

Figure 27: Comparison of the stream lines of numerical solution with the target flow, with @ =
10000, a3 = 10 and 7 = 0.001.
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7 Appendix

7.1 Functional Analysis

In this subsection we recall some important results from functional analysis, that we took from the
books [20] and [5].

(R1) If f, 2 f in o(E*, E**) (that is a weak convergent sequence of functionals in E* ), then
fn 2= fin o(E, E*) that is (f,,2)g- g — (f,2)p- g for all x € E.

(R2) This is a simple result but is just for completeness. Let A : X — Y be a continuous
application, where X,Y are Banach spaces. If z,, — = in X then Az, — Az in Y.

(R3) Every continuous and convex functional f : E — R is weakly lower semicontinuous, that
is, for every weakly convergent sequence z, — « in E we have

liminf f(x,) > f(x)

n—oo

(R4) Every convex and closed subset of a Banach space is weakly sequential closed.

(R5) Every bounded subset of a reflexive Banach space is weakly sequentially relatively com-
pact. In particular we have that in every Hilbert space, the bounded sequences have at least one
subsequence that converges weakly to some element of the space.

The above results are crucial for the proof of an optimal solution for the control problem. In
our work, we do not, in general treat with linear and continuous operators, but instead, with con-
tinuous and affine linear operators.

Notice that if an operator is only affine linear and continuous, the result (R2) is still valid.

In fact, let T : X — Y be an affine linear and continuous operator. Then T assumes the form
T = L+bwhere L : X — Y is aliner and continuous, and b is a fixed element of Y. Now if {z}, }en
converges weakly to « in X, we have, by (R2), that Lz, 2y Lx. Also, since Tx,, = Lz, + b, and
the term b of the right hand side can be seen as a constant sequence in Y, and therefore strongly
converges to b, we have that Tz, = Lz,, + b — Lz + b = Tz and therefore Tz, — Tx.

Now, we mention some auxiliary simple results, that were used during the constructions of some
of the results in this thesis

In this work we use for many estimates the following result (from [31]),
Lemma 7.1 (Young’s inequality). Suppose that a,b > 0 then for all € > 0 we have

2 2
@, (166)

p< &
W50 Ty

This result allows us to obtain some upper estimates for ||z + y||%, where z,y € X and
[| - |lx is @ norm. In fact due to the triangular inequality, and the fact that the square function
R > x — 22 € R is an increasing function in [0, oo, we have that

2
e+ ll% < (l=llx + llyllx)

Now since || - ||x is a norm, is therefore non-negative, and we can apply the lemma 7.1, where we
chose e =1

2 1 1
(l2llx+lyllx)”™ = 2l Ayl 2l yllx < llelZ+yE+2G 25+ 5 ll%) = 20l +yll%)
Thus we get that for every z,y € X

e+ ll% < 2(lll% + llyll%) (167)
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In the proof of the existence of an optimal solution for the minimization problem, we need a
convexity result which is given by the next simple lemma.

Lemma 7.2. Let g : R — R and f: X — R be two convex functions, where g is also assumed to
be an increasing function. Then the composition go f : X — R is a convex function.

Proof: Let A €[0,1] and u,v be in X. Then,

g(FOu+(1=29)) < g(M @) + (1= 05 0) < Ag(F () + (1= Ng(f ()
U

As a simple example of application of the lemma 7.2, one can see that the function X > z + ||z||%
is a convex function. In fact by defining g : R — R, the function g(x) = 22, and f : X — R by
f(z) = ||z||x we get the result.

To finish this first subsection of the appendix, we recall a result from [1] with respect to the
equivalence of Cartesian norms.
Given two Banach spaces X,Y the product vector space X x Y with the norm ||(z,y)||xxy =

1/2 . . .
(Ilzl1% + lvlI3) /? is also again a Banach space. Moreover, since the product vector space X x Y’
has finite dimension, the following norms are all equivalent to the norm considered

1/
1@ 9)llxxyp = (el +[yll) ", p € [1, 00

(@, 9)l[xxv oo = max{][z][x, [lyllv} , p = o0

Thus, without loss of generality we always consider the norm of the vector product space to be the
norm with p = 2.

7.2 Sobolev Spaces

In this subsection we recall the definition of the Sobolev spaces, and give some classical results
regarding them. We were mainly guided by [1], [33], [8], [25] or [22]. The Sobolev spaces are
defined as

WEP(Q) = {u € LP(Q) : D*u € LP(Q) , for |a| < k}

where p € [1,00] and k € N, with the norm

1/p
lulli = (D2 10wl )
lal <k

with which this spaces became complete. In the case of p = 2, we denote W*2(Q) := H*(Q) to
highlight, that in this case we have a Hilbert space.
Still for the case p = 2, we define the Sobolev Spaces of fractional order H*(Q2) 0 < k, which are
defined by using interpolation techniques, (see [22]).

The following result is from [25].

Theorem 7.1 (Trace Theorem). Suppose that Q is bounded and has a Lipschitz boundary. Then
there exists a linear and continuous operator T : WHP(Q) — LP(09), called trace operator, such
that -

7(u) = ulaq for all u € ¢*(Q)

Ker(7) = WyP(Q)
_1
Range(7) = W, *"(99) ¢ LP(99)

and ezists a constant ¢ > 0 such that for all u € WHP(Q)
< Cllullwr ()

F@llr0m) < IF@I 100,
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From theorem 7.1 we see that, for instance, the space H'/? (0Q) may be characterize by being
the set of functions which are traces of functions in H'(Q2). This functions, are in particular in a
subset (strict subset) of L?(9Q), and the theorem 7.1, also says that the trace operator is contin-
uous if we consider in the image space the L? or the Sobolev H'/? norm.

In this work we use traces operator only on a subset of the boundary, I'p C I' = 012, and therefore
it is crucial to define the traces operators for this boundary parts, and analyze their properties.
We will only consider the case of the domain H!(Q) for these operators.

A trace operator of this kind can be constructed in the following way. Let xp be the characteristic

function
( ) lifxeTp
"E prg
XD 0 otherwise

The we define 75 : H}(Q) — L?(I'p) as the composition

Therefore for a given u € H'(2), the image 7p(u) is the restriction of the trace of u, 7(u), to the
subset I'p of T. Tt is easy to see that this function is in L?(I'p) since,

/FD |75 (u)|?ds = /FXD|?(U)\2ds < /F |7(u)|?ds < oo (169)

Also, (169) tells us that the operator 7p is bounded, since by theorem 7.1, for every u € H' ()

1T (WllL2rp) < IF(W)|L2@y < Cllulla g

By the fact that 7p is also linear, we have the continuity of this operators.

For the case of the traces for the lateral boundary, we can use the above operators to define them.
In fact, by using the same reasoning as done in [30] we have that, since the operator 7 is linear and
continuous from H!(Q) to L(T'), we also have that the operator (we denote by the same letter)
7: L*(0,T; HY(Q)) — L2(0,T; L3(T")) is linear and continuous. Therefore we can construct the
trace operators on subsets Xp = I'p x (0,7) C ¥ is the same way as we constructed 7p, and get
linear and continuous trace operators, for boundary sub parts.

The following two results are from [31].

Theorem 7.2 (Sobolev Imbeddings). Suppose that Q C R? is bounded and has a Lipschitz bound-
ary. Let j and m be non-negative integers and let p satisfy 1 < p < oo Then we have the following
cases:

(i) If mp < d, then the imbedding

Wj+m’p(Q) s Wj’q(Q)7 for1<q<

In particular we have that

dp

mP(Q) < LI(Q 1<q<
WmEQ) < LUQ), for1<q< o= 0

(ii) If mp = d. Then
WmP(Q) — Li(w), for 1 <¢< oo

(iii) Suppose that mp > d then
W™P(Q) — Cp(Q)

where
Cp(Q):={feCQ): f is bounded }

(iv) Rellich—Kondrachov theorem: the imbeddings (i)-(ii) are compact for this same conditions on
Q
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As a simple application of the theorem 7.2, we can see that, if 2 is a Lipschitz bounded set, then
H'(Q) is compactly imbbeded in L?(f2), that is, the application I : H*(Q) — L?(2) is compact.
As a consequence, every bounded sequence in H!(Q) is mapped via I to a sequence in L?(Q) which
has at least a subsequence that converges strongly to an element of L?((2).

Theorem 7.3 (General Poincaré inequality). Let f € W, *(), then

[fllzr ) < CplIV fllLe(q) for p € [1,00]

In particular if f € H%O, where Ty C 9N with positive Lebesgue measure |T'g| > 0, then the above
inequality is again valid.

7.3 LP(0,7T;X) Spaces

In this section we introduce the spaces LP(0,T; X) where X is a separable Banach space.
This spaces are fundamental when dealing with evolution PDE’s such as for example the Heat equa-
tion. Basically, they introduce the notion of measurability, integrability and weak differentiability
for functions of the type

tel0,T—yt)eX

For detail about the next definitions and results see for example [8], [32], [33] or, on a more simple
way [16].

To define this spaces we start by the introduction of the Bochner integral, which is a general-
ization of the Lebesgue integral to vector valued functions 33.

Definition 7.1. (i) A function s:[0,T] — X is called a simple function, if it has the form

m

)= 315

where the sets E; C [0, T] are Lebesgue mensurable, and y; € X.

(ii) A function f :[0,T] — X is called strongly mensurable, if there exists a sequence {sy }nen, Sn :
[0,T] = X of simple functions, such that

sn(t) = f(t) , for almost every t € (0,T)

With the definition 7.1, it is possible to introduce the notion of integrability of vector valued
functions.

Definition 7.2. (i) For a simple function s(t) = Z 1g,(t)y; we define the integral in [0,T] by
i=1

T m
/ s(t)dt = > |E;ly:
0 i=1

where |E;| is the Lebesque measure of the set E; C [0,T].

(i) We say that the function f : [0,T] — X is Bochner-integrable if there exists a sequence of
simple functions {s, }nen, Sn : [0,T] = X such that

T
/ lsn(t) — F(8)||xdt — 0 , when n — o
0

33We call to a function y : [0,T] — X, where X is a Banach space, a vector valued function.
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(iii) In the case that f is Bochner integrable, the integral of f in the interval [0,T] is defined
by

T T
/ f)dt = lim Sp(t)dt
0

n—oo 0

To see that the concepts, introduced in (7.2) are well defined®?, see [32], where it is used the
Pettis’s theorem.
Also notice that with this definition the integral is not a value in C, as usual, but a element of the
Banach space X.
We have the following property for these integrals, which were took from [8].

Theorem 7.4. A strongly mensurable function f : [0,T] — X is Bochner-integrable if and only if
the function t — || f(t)||x is Lebesgue integrable, and in this case

||/ f(t)dt]| / o

Also, for every F in X* we have

(r/ ' sy = | (R0 - v

This notion of integrability, motivated the introduction of a class function spaces, that are
analogous to Lebesgue spaces, which are used for evolutionary equations.

Definition 7.3 (LP(0,T; X) spaces ). Let X be a separable Banach space. We define for 1 < p <
oo the space ,

T 1/p
L?(0,T; X) == {y :[0,T] = X strongly mensurable such that ||y||pe 0,71 x) = (/ ||y(t)||§(dt> < oo}
0

Moreover, for the case p = oo

L0, T;X) == {y :[0,T] = X strongly mensurable such that [|y||peo,1;x) := ess supte[o’T]Hy(t)HX}

When there is no confusion, we simplify the notation of LP(0,7T; X) by LP(X). This spaces are
Banach spaces when equipped with this norms (see theorem (7.5)), and when we see the elements
as equivalence classes, that is, y € L?(0,T; X) is a equivalent class, composed by all the functions
g € £P(0,T; X) which are equal almost everywhere to y.

We also enunciate the two following technical results, from [16].

Lemma 7.3. For anyy € LP(0,T;X) , 1 < p < oo there exists a sequence {s,}nen of simple
functions with s, =y a.e in (0,T), and s, — y in LP(0,T; X). Moreover functions of the form

> eilt)yi, . o€ CE((0,T), 4 € X
i=1

are dense in LP(0,T; X) for 1 < p < co.

Theorem 7.5. Let X a Banach separable space. Then for 1 < p < oo the spaces LP(0,T; X) are
also Banach spaces.

For 1 < p < oo the dual space of LP(0,T;X) can be isometrically L1(0,T; X*), where q is the
conjugate of p, by means of the pairings

T
R Y / (0(t), y(t)) x- xdt
0

34Tn particular that the integral is independent of the sequence {sn}nen, of simple functions.
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If X is a separable Hilbert space, the L?(0,T; X) is a Hilbert space, for the inner product,

T
(v,9) 20,7 x) ::/0 (v(t), y(t)) xdt

In this work we use multiple times the following lemma.

Lemma 7.4. If X,Y are Banach spaces which X < Y then L*(X) — L3(Y).

Proof: Since X — Y exists a constant ¢ > 0 such that for every z € X ||z||ly < ¢||z||x.

Now suppose that x is a function of L?(X). Let us see that we have ||z(t)||y < c||z(t)]|x a.e.
int € (0,7). We need to see that this a class property, what means, that if £ and & are two
different representatives of x(t) then the inequality holds.
Thus let #(t) be a representative of the class x(t) € L?(X). Therefore, the pontual evaluation
makes sense, and since the function Z(t) is defined and is equal almost everywhere, to x(t), we get
that

@Iy < clla®)llx = clla(®)llx for ac. t € (0,7)

by the embedding X — Y.
Let now, Z(t) be another representative of the class x(t) € L?(X). Since #(t) = (t) a.e. in (0,7)
we also have

1Z@)ly < cllz(t)][x ae. t € (0,T) (170)

Therefore, the inequality (170) is independent of the representatives &, # of the class x € L?(X)
and then is a class property. Thus we can write ||z(t)||y < c||z(t)||x and since z € L*(X) we

conclude that r r
1/2 1/2
([ leoBa) ™ < [ lioteripea)
0 0

which is equivalent to say that for ever z € L*(X), z is also in L*(Y) and satisfies, ||z[12(y) <
¢/|z]|L2(x), or in other terms L*(X) — L*(Y).

7.4 Gelfand Triples

In this section we introduce the concept of Gelfand triples which play an important role in the
theory of abstract parabolic equations. Here we will mainly use the results given in [33]. We start
by recalling a definition and a classical result from functional analysis.

Definition 7.4. Let A be a non-empty set of X. We denote by A+ the set
At ={feX*: f(x) =0 for all x € A}

Let B C X*, we define the set
1B:={zeX: f(x)=0 for all f € B}

Lemma 7.5. Let X,Y be two Banach spaces, and let T € L(X,Y) with the adjoint T € L(Y™*, X*).
Then the following are equivalent,

(i) Im(T) is closed in Y .
(i) Im(T*) is closed in X*.
(iti) Im(T*) = (Ker(T)) "

(iv) Im(T) = L(Ker(T™))
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As a consequence,

Lemma 7.6. Let X,Y be two Banach spaces and A : X —'Y be a continuous and linear operator.
Then,
Im(A) is dense in' Y < A* is injective

In general the canonical application J : X — X** is not an isomorphism, that is in general X
is not reflexive. But in the case it is, we may do the identification X = X** which yields that in
this case

A is injective < I'm(A") is dense in X* (171)

Also recall that form the Riesz’s representation theorem, every Hilbert space is reflexive. In the
case of H to be a Hilbert space, is usual to make the identification H = H™*, this corresponds to
identify every u € H with the map (u, )y in H*, or vice-versa. Now we introduce the concept of
a Gelfand triple.

Definition 7.5 (Gelfand Triple). Let V' be a reflexive Banach space and H a Hilbert space, and
therefore we make the identification H = H*. Assume that the embedding V' — H is continuous,

injective and that the image of i, Im(i), is dense in H. Thus, we have that the injection map
i*: H — V* is, by lemma 7.6, injective. Also by (171), Im(i*) is dense in V*. Therefore both
1,1* are injective, continuous and have dense images. In this case we write

A scheme of this kind is called a Gelfand triple.

Since the map i is continuous
lliv||g < d||v]lv , Yo eV
If we re-norm the norm of V', we obtain an equivalent norm and we can achieve,
livl[g < [lvlly , Yo eV = [lil| <1
and since ||i*|| = ||i||] < 1, we have that
[ iv]lv < [liv]|g < |lvlly , Vo eV
or, by using an abuse of notation,
lvllv- < |lvllg <|lvlly , Vo eV

(This chain of inequalities must be seen carefully since the same v denotes different objects).
Now denoting by (-, )z the inner product in H, by definition of the operator i*, we have that for
every h € H, and for every v € V,

<i*h, U>V*,V = <h, i’U>H = (h, Z"U)H
(where we identified h with the functional (h,-)g). Also we have that

[(hyiv)u| = [G@*h, v)vev| < [[i"h[y-

ollv < [|p[mllvllv

Thus, every h € H can be seen as a functional in V. Since Im(i*) is dense in V*, for every f € V*
we have a sequence h,, € H such that ¢/(h,) — f in V*, or in other terms,

<f, 'U>V*,V = lim (hn, ’i’U)H
n—oo
Thus for every v in the unit ball on V| we have that the map (-, iv) g can be uniformly continuously
extended to V*. We denote by the same symbol the continuous extension of the map (-,4-)g to

V* x V. Therefore sometimes can appear the expression (f,v)y with f € V* and v € V, and we
must interpret this operation in the new extended operator sense.
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As an instructive example (see [33]) we consider the Gelfand triple
Hy(Q) < L*(Q) — H™1(Q) = [Hy ()]

Since the space 2(1) is by definition dense in H{(2), and it is possible to see that is also dense in
L?(Q), thus H}(Q) is densely and continuously embedded in L?(£2) and we get a Gelfand triple.
Also by the Riesz representation theorem, exists an isomorphism R : H~1(Q) — H}(Q), which
coincides with the identity when H{ is equipped with it’s inner product.

Let v = Rf for some f € H=(Q), then for every ¢ € H}(Q)

(F.¢) = /Z@ih 0
= /( Av+v)p = (—Av+v,p) 2
Q

where the integrals must be understood in the distributional sense 2*(Q2).
Now using the continuous extension map we obtain

(fs 90>H*1,H3 = (f,¢)r2
and notice that in general f does not belong to L?(2). From this we take that
(f,¢) = (~Av + v,9) for every ¢ € 2()

what implies that f = R™'v = —Av +v

Remark: It may happen that V, H are both Hilbert spaces, but in this case, since we are us-
ing the inner product of H, the Riesz isomorphism from V' — V* does not coincide with the
identity.

7.5 Space W(0,7)

Definition 7.6 (Distributions with values on a Hilbert space). Let 2 be an open set in R™ and H
be a Hilbert space. We say that a linear map T : 2(Q) — H is a distribution of 2*(Q, H), if for
every compact subset K CC Q there exists constants p,c > 0 with

T @) < c-sup D [D*(p(@))] . ¢ € D(2) with suppp C K

zeK
[s|<p

Now we introduce the concept of differentiation for this type of distributions.

Definition 7.7 (Differentiation). Let s = (s1, ..., 8n) the derivative DT is defined by
(D*T, @) := (=1)*(T, D*¢) for all ¢ € Z(Q)
It is possible to see that the derivative of a distribution, of any order, is again a distribution,

that is,
ITe2"(VH) = D°Te2"(LH)

Let f : Q — H be locally integrable, that is, for all K cC Q C R*, K compact, f € L'(K, H).
We associate to f the distribution from Z*(2, H)
f= T by (o) = [ )o@ o€ 2(2)

where the integral is in the Bochner sense. We have the following result.
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Lemma 7.7. The map L*(Q, H) — 2*(Q, H) is injective and continuous.

Lemma 7.8. Let Hi, Hy be two Hilbert spaces with H1 — Ho where the inclusion is continuous.
The we also have 2*(Q, Hy) — 2*(Q, Hy) continuously.

Now suppose that we have the Gelfand triple, V — H — V*.
d
Then, if f € L2((0,T); V), we have that di; € 27((0,T); V) and since V < V*, we also have from

lemma 7.8, that % € 7°((0,T); V*).

This motivates the definition of the space W (0,T") where we ask more regularity for the derivative,
being a functions and not only a distribution,

W(0,T):= {f € L*((0,T);V): 4 € L*((0,7);V*)}

T
equipped with the inner product

T T
(f:9)w ::/O ((f(t),g(t)))dt+/0 (%(tt),d‘(zl—it))wdt

We have the following and important result.

Theorem 7.6. The space W(0,T) is a Hilbert space.

Lastly is also possible to see that the functions in W(0,T') are continuous.

Theorem 7.7. We have the continuous imbedding

wW(0,T) — C([0,T], H)

The next result can be seen in [29] or in [28], and makes the connection between the derivative in
the sense of the vector valued distributions and the derivative in the sense of the scalar distributions.

Lemma 7.9. Let X be a given Banach space with dual X* and let u and g be two functions
belonging to L*(0,T; X). The following three conditions are equivalent,

() , u(t) :£+/0 g(s)ds, , £ € X aete(0,T)

(if) | / u(t) (t)dt = / g6t , ¥ € 2((0.T))

d
(i44) , %m(t),n} =(g(t),n) , Yn € X", and in the sense of the scalar distributions

(iii) is equivalent to say, that for all ¢ € 2((0,T)) we have

T T
/o %W’f%m‘ﬁ(t)df:* /0 (u(t), n)e(t)dt

Also, notice that the item (ii) is the derivative of u(¢) in the sense of vector-valued distributions.
This connection is important to the conclusion of theorem 3.1.

7.6 Weak Derivative

In this section we give the proof that if v(t) = Vp(t) where ¢(t) is a regular function (at least
C10,T]) and V € X (X being a Banach space), then the weak derivative in time (derivative in

84



the vector distribution sense) coincides with the classical derivative v'(t) = Vi¢/(¢).
The classical derivative is indeed given by v'(t) = V¢/(t) since

_ _ / _ _ /
i POV = o(to)V =" (to)Vllx _ . [IVIxle(t) = ¢(to) = ¢'(to)
t=to [t — to] t—to [t — o]

= [[Vllxo(lt —tol)

Let f € X* then, for every ¢(t) € 2((0,T)). Notice that for every t € [0,T] , (f,o(t)V) =
(f, Vyp(t), from the linearity of f € X*.
Thus

T T
/ V() x- x (£)dt = / V) xx(0)9 (1)t
0 0
(. V)xex / o(1)¢! ()dt
0
T , T
— (f.V)xe x / (p(O(®) dt — (£, V) x- x / o (1)o(t)dt
0 0
- / (V! (1)) x- xd(t)dt

and thus we have proofed that Vf € X*, %(fm(t)) = %(f,go(t)V} = %(f, ¢'(t)V), which by

lemma 7.9, is equivalent to say that the derivative, in the vector distribution sense, of v(t) is the
function ¢'(¢)V, as we wanted.
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