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Abstract

We probe the hypothesis of forming static (in the spacetime metric) dipolar like configurations of boson stars
(BSs) from the head-on collision of two ground state BSs with opposite phases. We perform non-linear numerical
simulations of ground state BSs in a model without self-interactions (mini-BSs) and show that the instabilities
created during the collision lead to the gravitational collapse to a black hole (BH); however, by introducing fourth
and sixth order self-interacting terms in the scalar potential (Q-stars), we show that the binary is robust enough to
withstand at least 16 repetitive collisions. These results support the healing power of self-interactions and provide
a candidate mechanism for the formation of dipolar BSs. With this in mind, we study the dynamical stability of
dipolar BSs in the model of Q-stars (doublet Q-stars). We show the existence of two (candidate) stable branches:
the relativistic stable branch (for scalar field frequencies near the lower limit) and the Newtonian stable branch (for
scalar field frequencies near the maximum value). Solutions outside of these branches show a migrating behaviour,
whose final destiny still requires further investigation.
Keywords: Scalar field, Klein-Gordon, general relativity, binary, dipolar

1. Introduction

Scalar classical fields, more specifically complex scalar
fields, feature, in the Klein Gordon (KG) theory mini-
mally coupled to Einstein’s gravity, macroscopic stable
configurations named Boson Stars (BSs) [1]. In recent
illustrations, dynamically robust Boson Stars (BSs) were
considered good candidates to match the predictions made
for the merger of two BHs [2] and to mimic the (effective)
shadow of a black hole shadow [3]. Their role as BHs
mimickers in other models [4], and their feature as good
candidates for some of the DM sources in our universe [5],
supports their astrophysical interest. Moreover, the ad-
vances in modern astronomy, e.g. the increasing precision
of gravitational wave detectors [6], places us on the verge
of discovering new and more accurate results capable of
distinguishing the nature and behaviour of these compact
objects.

In this sense, establishing the models that comprise the
different families of BSs is essential to build a collection
of dynamically stable BSs as the theoretical basis for the
analysis of experimental data. One such family is that of
dipolar BSs, a particular case of the large class of multipo-
lar BSs introduced by Herdeiro et al. [7]. In this work, we
shed some light on the unstudied dynamics of these solu-
tions while establishing a connection between their forma-
tion mechanism and the final state of a head-on collision
between two spherical BSs. Additionally, We argue that
head-on collisions between two ground state (spherical)
BSs can only produce a stable binary system if the model
contains self-interactions.

We give, in section 2, a general background knowledge
on ground state BSs with and without self-interactions and
on excited BSs, with the particular case of a dipolar BSs.
We display our results in section 5, where we show that
the head-on collision between two ground state stable BSs
without self-interactions (mini-BSs) leads to an unstable
binary system. Then, in section 6, we perform the same
study but for BSs with self-interactions (Q-stars), where
by following and extending the study of [8], we show ro-
bust stability for the case of head-on binaries in phase
opposition. Ultimately, we study in section 7 the dynami-
cal robustness of dipolar BSs with a self-interacting scalar
potential, named “doublet Q-stars”.

2. Background

The action S for Einstein’s gravity minimally coupled to
a complex massive scalar field ϕ reads,

S =

∫
d4x

√−g

[
R

16π︸︷︷︸
Lg

− 1

2
gab (∂aϕ

∗∂bϕ+ ∂bϕ
∗∂aϕ)− U

(
|ϕ|2

)
︸ ︷︷ ︸

Lϕ

]
, (1)

where Lg and Lϕ are the Einstein-Hilbert and the scalar
field terms of the Lagrangian. The above equation leads
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to the EFEs and the KG equation,

Rab −
1

2
gabR = 8πTab, (2)

∇a∇aϕ =
∂U

∂|ϕ|2ϕ, (3)

respectively, where the stress-energy tensor reads,

Tab =∇aϕ
∗∇bϕ+∇bϕ

∗∇aϕ

− gab
[
∇cϕ

∗∇cϕ+ U
(
|ϕ|2

)]
. (4)

Together, equations (2) and (3) compose the Einstein-
Klein-Gordon (EKG) system of equations. Finding a so-
lution for this system implies finding a suitable function ϕ
for a given scalar potential U . For BSs the simplest ansatz
for scalar field is the harmonic one,

ϕ = ϕ0 (r, θ, φ) e
−iωt, (5)

where ω is the oscillation frequency of the star and
ϕ0 (r, θ, φ) is a real spatial profile function.
Ground state BSs, that lie within the spherical sec-

tor, i.e. have a spherically symmetric scalar field density
distribution,

ϕ (r, t) = ϕ0 (r) e−iωt, (6)

where ϕ0 (r) ∼ e−r
√

µ2−ω2
/r. In particular, those obeying

a free-field potential,

U
(
|ϕ|2

)
= µ2 |ϕ|2, (7)

are labelled “mini-BSs”. These possess a well-founded for-
mation mechanism [9] while fulfilling the criteria of dy-
namical stability [10, 11]. Additionally, preliminary tests
on binary systems have showed dynamical robustness un-
der head-on and orbital collisions [12, 13]. Similarly, BSs
whose scalar field obeys a sextic self-interacting scalar po-
tential,

U
(
|ϕ|2

)
= µ2 |ϕ|2

[
1− 2Vλ |ϕ|2

]2
= µ2 ϕ2

0 − 4 µ2 Vλ ϕ4
0 + 4 µ2 V 2

λ ϕ6
0, (8)

denoted as “Q-stars”, where Vλ = 1/σ2
0 (σ0 > 0 is a con-

stant that determines the compactness of the star), also
possess a well-founded formation [14] and stability [15, 16]
mechanisms, and have proved, as well, to be dynamically
robust in binary systems [8].
BSs in excited states, also denoted as the non-

spherical sector of multipolar BSs, correspond to the non-
zero (ℓ, m) sector of the akin quantum numbers of the
hydrogen orbitals [17]. We focus our attention on the
(n = 2, ℓ = 1, m = 0) case, also denoted as a dipolar BS.
Introduced by Herdeiro et al. [7] as solutions obeying a
free-field potential, they represent axially symmetric con-
figurations of the scalar field,

ϕ (r, θ, t) = ϕ0 (r, θ) e−iωt, (9)

with an odd-parity distribution that resembles the config-
uration of the final state of head-on binary of spherical

BSs, i.e. in the ground state, with their scalar field os-
cillating with opposite phases. For the particular case of
self-interacting dipolar BSs, i.e. obeying a scalar potential
of a Q-star, named “doublet Q-stars” [18], so far, no model
have been constructed, leaving their stability spectrum an
open question.

3. Numerical framework
The code employed for the numerical simulations makes
use of the EinsteinToolkit (ET) [19, 20] infrastruc-
ture. The latter is an open source, community-driven in-
frastructure for numerical relativity that uses the BSSN
(Baumgarte, Shapiro, Shibata, Nakamura) evolution sys-
tem [21, 22] with standard “moving puncture” Gamma-
driver and 1 + log gauge conditions [23]. Divided into
different “thorns”, the toolkit provides the tools to numer-
ically evolve the EKG equations with the Cactus Com-
putational Toolkit [24, 25, 26].

In the 3+1 formalism, to characterize our spacetime we
define the line element as,

ds2 = −α2dt2 + γij
(
dxi + βidt

) (
dxj + βjdt

)
, (10)

where α is the lapse function, βi is the shift vector, and γij
is the induced metric in each spatial foliation. Together
with the line element, the extrinsic curvature is given as,

Kij = − 1

2α

(
∂

∂t
− Lβ

)
γij , (11)

and, analogously, the “canonical momentum” of the com-
plex scalar field ϕ is,

Kϕ = − 1

2α

(
∂

∂t
− Lβ

)
ϕ, (12)

where L is the Lie derivative. The full EKG system equa-
tions reads,

∂tγij =− 2αKij + Lβγij , (13)

∂tKij =−Di∂jα+ α
(
Rij − 2KikK

k
j +KKij

)
+ LβKij + 4πα [(S − ρ) γij − 2Sij ] , (14)

∂tϕ =− 2αKϕ + Lβϕ, (15)

∂tKϕ =α

(
KKϕ − 1

2
γijDi∂jϕ+

1

2
□ϕ

)
− 1

2
γij∂iα∂jϕ+ LβKϕ. (16)

where Di denotes the covariant derivative with respect to
the 3-metric, and the source terms are given by,

ρ ≡Tabn
anb, (17)

ȷi ≡− γa
i Tabn

b, (18)

Sij ≡γa
iγ

b
jTab, (19)

S ≡γijSij , (20)

where ρ, Si, Sij and S denote the energy density, momen-
tum density, stress, and the trace of the stress as observed
by a normal observer (moving along the normal vector na),
respectively.
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For numerical evolutions, it is convenient to rewrite the
equations above in the strongly hyperbolic BSSN scheme.
In this scheme we introduce a conformal metric γ̃ij ,

γij =
1

χ
γ̃ij , (21)

related to γij by a conformal factor χ = (detγij)
−1/3

cho-
sen such that detγ̃ij = 1 holds at all times. Next, we
split the extrinsic curvature into a trace part (K) and a

traceless conformal part
(
Ãij

)
,

Ãij = χ

(
Kij +

1

3
Kγij

)
, (22)

where the traceless conformal part is decomposed as:
Ãij = χAij . The full EKG system reads,

∂tγ̃ij = βk∂kγ̃ij + 2γ̃k(i∂j)β
k

− 2

3
γ̃ij∂kβ

k − 2αÃij , (23)

∂tχ = βk∂kχ+
2

3
χ
(
αK − ∂kβ

k
)
, (24)

∂tÃij = βk∂kÃij + 2Ãk(i∂j)β
k − 2

3
Ãij∂kβ

k

+ χ (αRij −Di∂jα)
TF

+ α
(
KÃij − 2Ãk

i Ãkj

)
− 8πα

(
χSij −

S

3
γ̃ij

)
, (25)

∂tK = βk∂kK −Dk∂kα+ α

(
ÃijÃij +

1

3
K2

)
+ 4πα (ρ+ S) , (26)

∂tΓ̃
i = βk∂kΓ̃

i − Γ̃k∂kβ
i +

2

3
Γ̃i∂kβ

k

+ 2αΓ̃i
jkÃ

jk +
1

3
γ̃ij∂j∂kβ

k

+ γ̃jk∂j∂kβ
i − 4

3
αγ̃ij∂jK

− Ãij
(
3αχ−1∂jχ+ 2∂jα

)
− 16παχ−1ji, (27)

∂tϕ = − 2αKϕ + Lβϕ, (28)

∂tKϕ = α

(
KKϕ − 1

2
γijDi∂jϕ+

1

2
□ϕ

)
− 1

2
γij∂iα∂jϕ+ LβKϕ. (29)

Additionally, our system is subject to a set of constraints
given by the Hamiltonian and Momentum constraints,

H ≡ R+K2 −KijK
ij = 16πρ, (30)

Mi ≡ DiK −DjKij = −8πji, (31)

respectively.

4. The ansatz

4.1. Spherical boson stars
We consider, for isotropic coordinates, a spherically sym-
metric scalar field of the form (6), with ω > 0, and a

spherically symmetric metric of the form,

ds2 = −e2F0(r)dt2 + e2F1(r)
(
dr2 + r2dθ2

+ r2 sin2 θdφ2
)
, (32)

where F0 and F1 are the metric functions. We impose the
following set of boundary conditions:

∂rF0,1|r=0 = 0, ∂rϕ0|r=0 = 0, (33)

F0,1|r=∞ = ϕ0|r=∞ = 0, (34)

The solutions are constructed by employing the same
approach as for Kerr BHs with scalar hair, see e.g. the
description in [27].

4.2. Head-on boson star binary
For a system of two spherically symmetric BSs, placed
along the x − axis at positions r1 : (x1, 0, 0) and
r2 : (x2, 0, 0), whose purpose is to collide head-on, with
no boost, we define the system’s initial data with: 1) a
spacetime metric, gab, which is the sum of each solution’s

metric, g
(i)
ab (i = 1, 2), minus the flat metric ηab; and 2)

a complex scalar field, ϕ, as the sum of each star’s scalar
field, ϕ(i),

gab = g
(1)
ab + g

(2)
ab − ηab, (35)

ϕ (t, r) = ϕ
(1)
0 (r1) e

−iωt + ϕ
(2)
0 (r2) e

−i(ωt+ϑ), (36)

where one of the solutions possesses a phase difference of
ϑ relative to the other, to allow modelling systems that
can have identical or non-identical stars. However, given
the non-linearity of the EKG equations, the superposition
between two solutions is not a solution of these equations.
By super-positioning the two solutions, we incur in a vio-
lation of the EKG equations, which can be quantified with
the Hamiltonian constraint equation (30). We will see that
by increasing the distance between the stars, that is, by
increasing D ≡ |x1 − x2|, the Hamiltonian constraint vio-
lation decays exponentially. As such, by placing the stars
sufficiently apart from each other, we can minimise the vi-
olation and be confident that the results of our simulations
have relevant physical meaning.

Regarding the phase difference ϑ between the two stars,
we will see that the binary will behave differently for dif-
ferent values between 0 ≤ ϑ ≤ π. More specifically, we
will cover two different scenarios for two different values
of ϑ, ϑ = {0, π}: the first, where both stars are identical,
i.e. are in-phase (ϑ = 0), we denote by ip-BBS scenario;
the other, where they are in phase opposition, ϑ = π, we
denote by op-BBS scenario. For the latter scenario the
anti-symmetric property of the scalar field ϕ on the anti-
symmetry plane (corresponding to the y = 0 plane if the
collision is being made along the x− axis) causes an effect
similar to a repulsive force that acts and overcomes gravity
at short distances, preventing the merger from happening
[28].

4.3. Dipolar boson stars
Dipolar BSs are given their name due to a dipolar distri-
bution of their scalar field. Their scalar field function has
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the form of an axisymmetric harmonic ansatz (5) and the
scalar field amplitude, ϕ0, is given as,

ϕ0 ≡
∑
ℓ, m

Rℓ (r) Yℓm (θ, φ) , (37)

whereRℓ and Yℓm are the radial amplitude, and the spheri-
cal harmonics, for n = 2, ℓ = 1, m = 0. For the spacetime
metric we assume an axisymmetric ansatz as well,

ds2 = −e2F0(r, θ)dt2 + e2F1(r, θ)
(
dr2 + r2dθ2

)
+ e2F2(r, θ)r2 sin2 θ dφ2, (38)

in terms of the three functions F0, 1, 2, with which we pro-
vide the system’s initial data, along with the scalar field
amplitude, ϕ0. Their energy and Noether charge densities
are localised in two distinct components, named poles, lo-
cated symmetrically in the z− axis at z = ±z0, where the
proper distance between these components is defined as,

L = 2

∫ z0

0

dr eF1(r,0). (39)

Our initial data is subject to the following set of bound-
ary conditions:

∂rF0,1,2|r=o = ∂rϕ0|r=0 = 0, (40)

F0,1,2|r=∞ = ϕ0|r=∞ = 0, (41)

∂θF0,1,2|θ=0,π = ∂θϕ0|θ=0,π = 0. (42)

Also the metric functions are invariant w.r.t. a reflection
in the equatorial plane, θ = π/2, while the scalar field
changes sign, which implies,

∂θF0,1,2|θ=π/2 = ϕ0|θ=π/2 = 0. (43)

5. Dynamical systems of mini-BSs
Throughout the following sections, we will be working in
adimensional units. The time t and length r variables, pre-
viously given in geometrical units ([t] = [r] = L), are now
multiplied by the reduced mass µ, which has units of L−1.
Time and length are therefore given in these dimensionless
units, as [tµ] = [rµ] = 1.
The first family of BSs, named mini-BSs, are static (in

the spacetime metric), spherically symmetric configura-
tions whose scalar field obeys the free-field potential (7).
We follow the geometrical unit convention,

c = G = 1, (44)

with,
µ = 1.

We analyse the five solutions, and their binaries, high-
lighted in Figure 1 and presented with numbers 1 to 5 in
Table 1. Since BSs have no defined surface, given their
matter density exponential fall-off, we define the radius
R99 as the perimetral radius R1, derived from the radial
coordinate r as R99 = eF1r, containing 99% of the BS
mass. We pay particular interest to these five solutions

1radial coordinate R that defines a circumference along the equa-
torial plane with perimeter ≃ 2πR

Table 1: Mini boson star models.

Solutions ω/µ ϕ0 (r = 0) µMADM µR99

1 0.85 0.056 0.633 7.270
2 0.88 0.042 0.624 8.855
3 0.89 0.037 0.616 9.493
4 0.90 0.033 0.605 10.213
5 0.95 0.015 0.490 16.207

Figure 1: The domain of existence of mini-BSs in an ADM
mass (M)/Noether charge (Q) vs. complex scalar field fre-
quency (ω/µ) diagram. The highlighted points represent
the five solutions analysed in this section.

given their region in the ADM mass/Noether charge vs.
scalar field frequency diagram in Figure 1. Here we look
at the difference between the Noether charge and the ADM
mass, i.e. the system’s binding energy E = M − Qµ, in
units with µ = 1, to provide a preliminary criterion for sta-
bility: in the case where E > 0, that is, when the system
possesses an excess of energy in the form of binding energy,
the star becomes unstable against fission of its bosonic
particles into unbound particles [29]. In the diagram, this
occurs for scalar field frequencies ω/µ ∼ [0.77, 0.86] and
ADM masses/Noether Charges between [0.2, 0.5]; if the
system has no excess of energy, which is the case for our
five solutions, we expect the solutions to be stable. How-
ever, to firmly establish their stable nature, we need fur-
ther stability analysis, e.g. linear perturbation theory or,
in our case, numerical simulations.

All binaries, in both the ip-BBS and op-BBS scenarios,
showed the same final fate—the gravitational collapse to
a BH. In the op-BBS a scalar field repulsion was observed
for the 4th and 5th solutions shortly before the gravita-
tional collapse under the strong instabilities. Therefore,
we can argue that such solutions, under such extreme per-
turbations, are not dynamically robust, even though being
dynamically stable when isolated.

6. Dynamical systems of Q-stars

We question whether a theory with self-interactions pro-
duces the mechanism to allow the dynamical robustness
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Figure 2: The (preliminary) domain of existence of Q-
stars in an ADM mass (M)/Noether charge (Q) vs. com-
plex scalar field frequency (ω/µ) diagram. The highlighted
point represents the solution analysed in this Chapter.

Table 2: Q-star models.

Solutions ω/µ ϕ0 (r = 0) µMADM µR99

1 0.27 0.036 1.456 8.898

of its solutions in a head-on collision. In this sense, we
introduce the second family of BSs, named Q-stars, whose
scalar field obeys the attractive scalar potential (8).
We follow the geometrical unit system (44) with,

µσ0

√
8π = 1,

where,
σ0 = 0.05.

Following the line of work of [8], we construct the so-
lution depicted in Figure 2 and defined in Table 2 by its
amplitude, mass and radius.
We evolve both the single and the binary configura-

tions in a grid with five and four refinement levels, re-
spectively. We change the grid’s size and resolutions to
X ∈ [−255,+255] and Y,Z ∈ [0,+255] (in adimensional
units), ∆Xi = 0.25, in the innermost level, and the time
resolution to: ∆t = 0.1∆Xi = 0.025.

6.1. Single systems
The solution was evolved under no external perturbations
(other than numerical noise) up to tµ = 140 and showed
no formation of instabilities. In Figure 3, the real com-
ponent of ϕ, extracted from the numerical evolution at
rext = 8.104, is plotted against its analytical counterpart,
showing agreement between both.

6.2. Binary systems
For the binary scenario we placed both stars along the
x − axis at a distance of Dµ = 80, that is, at x1 = −40
and x2 = 40.
We begin by evolving the binary within the ip-BBS sce-

nario, i.e. with identical stars, as depicted in Figure 4,

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

0 20 40 60 80 100 120 140

φ
R
(r

=
8
.1
0
4
)

tµ

Figure 3: Single Q-star with ω/µ = 0.27. Evolution of
the real part of ϕ at rµ = rex = 8.104. The analytical
expected value — 0.0328 cos (0.27t) — is illustrated as the
red line while the numerical evolution is shown by the blue
triangles.

Figure 4: Head-on collisions of Q-stars in the ip-BBS sce-
nario. Real part of the scalar field for the Q-star binary
in the ip-BBS scenario. The binary has its stars centered
at xµ = {−40, 40}.

up to tµ = 800. Upon merger the binary forms a single
highly perturbed star. The resulting star oscillates vio-
lently around the origin, radiating the excess of kinetic
energy via gravitational wave radiation and by ejecting
part of its scalar field as a method of gravitational cooling,
matching the results in [8]. The snapshots of the scalar
field in the plane z = 0 are shown in Figure 5 (top panel),
revealing the behaviour described above.

Given our motivation in finding stable configurations of
binaries, we focus our attention on the op-BBS scenario.
We evolve two stars with opposite phases in the scalar
field internal oscillation, as Figure 6 shows, up to tµ ∼
6500. Our results show that, as the stars come together,
a repulsive interaction between the two emerges, causing
them to bounce off each other and return to almost 85%
of their initial position, reaching a distance of rµ ∼ 34
after the first bounce. As the stars reach this distance, as
we shall refer to as “rebound distance”, they begin their
second approach with an identical behaviour as in the first
approach, and a second bounce occurs, as Figure 5 shows.
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Figure 5: Head-on collisions of Q-stars. Time snapshots of the scalar field density in the plane y = 0 where, in the
first row, the binary is in-phase and, in the second row, in phase opposition. ip-BBS: the initial conditions, at t = 0;
the moment when the stars first touch; the merger; the last two snapshots show the violent oscillations of the resulting
star while radiating part of its scalar field as the effect of gravitational cooling. op-BBS: the initial conditions; the
first bounce due to the presence of a strong repulsive force that acts at short distances; the rebound of both stars; the
presence of internal oscillations that change the shape of the star; the second bounce. Link to movies [30, 31].

Figure 6: Head-on collisions of Q-stars in the op-BBS sce-
nario. Real part of the scalar field at t = 0 for the Q-star
binary in the op-BBS scenario. The binary has its stars
centered at xµ = {−40, 40}.

This behaviour continues throughout the full simulation
time, with each collision being less energetic than the pre-
vious, manifested by a decrease in the rebound distance,
as Figure 7 shows. We have obtained 16 bounces for a
simulation time of about tµ ∼ 6500. Each bounce occurs
at tµ ∼ {500, 1200, 1800, 2400, 2900, 3300, 3700, 4000,
4300, 4600, 4900, 5200, 5500, 5800, 6000, 6300}. At each
collision, the system loses kinetic energy in two ways: via
gravitational radiation, as is shown in Figure 8; and by
converting it to internal vibration modes of each star 2.

2The vibration modes of each star can be clearly seen in the

Figure 7: Head-on collisions of Q-stars in the op-BBS sce-
nario. The motion, along the x− axis, of one of the stars
is shown here as a function of time.

7. Dynamical doublet Q-stars

We now evaluate the dynamical properties dipolar BS so-
lutions, obeying the self-interacting scalar potential (8),
named doublet Q-stars [18]. We impose the same con-
vention for the unit system as in section 6. We construct
eight different solutions, depicted in Figure 9 and Table
3, for different values of the rescaled frequency, ω/µ, the
scalar field amplitude at the center of one of the poles
(r = rc), ϕ0 (r = rc), the rescaled mass ADM, µMADM,
and the rescaled proper distance between the two poles
(of each dipole), µL. We evolve these numerically, in a

simulation animation [31].
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Figure 8: Head-on collisions of Q-stars in the op-BBS sce-
nario. The real part of the l = 2, m = 0 mode of the Ψ4

describing the gravitational wave emission of the binary
extracted at Rex µ = 160 (red line) and Rex µ = 200
(blue line), as a function of time. The different instances
at which the bounces takes place are numbered with black
arrows.

Table 3: Doublet Q-stars models.

Sol. # ω/µ
ϕ0

(r = rc)
µMADM µ2Q µL

1 0.25 0.036 2.799 7.996 8.795
2 0.27 0.037 2.333 6.226 8.550
3 0.85 0.032 0.099 0.097 6.449
4 0.89 0.029 0.094 0.090 7.108
5 0.94 0.022 0.097 0.094 8.767
6 0.98 0.010 0.153 0.152 13.741
7 0.99 0.004 0.223 0.221 20.731
8 0.997 0.001 0.185 0.185 42.463

grid with three refinement levels. The grid has a rectangu-
lar shape on the two innermost levels and an overall size of
X,Y ∈ [0, +128] and Z ∈ [−128, +128] (in adimensional
units). We impose symmetry on the x and y − axis given
that the solution is axisymmetric and its dipoles are placed
along the z − axis. For all but the solution number 8, the
innermost level has a resolution of ∆Xi = 0.25 and we use
a evolution time step of ∆t = 0.025. For the last solution,
given its large radius and our numerical time limitations,
we decrease the innermost level and time resolutions to
∆Xi = 0.5 and ∆t = 0.05, respectively.

The scalar field profiles (along the z− axis) at t = 0 are
shown, for the eight solutions, in Figure 10. We observe,
from Figure 9, that doublet Q-stars have solutions with
frequencies ranging from ωmin/µ ∼ 0.152 to the general
upper limit of BSs, ωmax/µ = 1. Within our eight solu-
tions, those with smaller frequencies, ω/µ = {0.25, 0.27},
present shapes for each pole, similar to the Q-star solution
studied in section 6, i.e. highly compact and localised dis-
tributions of the scalar field. However, as we increase the
scalar field frequency, the solution becomes less compact
and more dispersed across space.

Regarding the scalar field oscillation of each solution we

show complete agreement between the numerical and the
analytical data for all solutions. In Figure 11 we show as
an example the scalar field oscillation of 1st solution.

All solutions, with exception on the last, were evolved
up to a minimum of tµ = 3000. Those that presented
growing instabilities within the first ∆tµ = 3000 were
evolved to longer simulation times to infer the nature of
the instabilities. Examples of these are the 4th, 5th, 6th
and 7th solutions. Overall, these four solutions show three
different unstable behaviours, with the middle 5th and 6th
showing similar behaviours, depicted in Figure 12.

The 4th solution, which took the longest to become
highly unstable, shows the dispersion of scalar matter on
one of its poles, disturbing the second pole and, conse-
quently, also dispersing all its scalar matter to infinity.
The 5th and 6th solutions, at early times, decay to a
more stable and compact configuration, ejecting part of
its scalar field to infinity. The scalar field repulsion, be-
tween the poles, ceases to be able to hold the gravitational
pull and the poles attract each other, behaving similarly
to a head-on binary in the op-BBS scenario; the poles
then collide inelastically, eventually reaching the rebound
distance, which is roughly rµ ∼ 8.3 and rµ ∼ 13.2, and
attract each other again performing a second inelastic col-
lision. The process is repeated, for each solution, until
the end of the simulation, with the 5th and 6th solutions
performing in total 18 and 11 collisions, respectively. Fi-
nally, the 7th solution, given its growing size and decreas-
ing density, shows a growing expansion of its scalar field
distribution, reaching a maximum size at tµ ∼ 5000.

This behaviour seems to indicate the migration of, at
least, the 5th, 6th and 7th solutions to other solutions
within the stable branch. One way to conclude which so-
lutions these migrate to is by analysing the evolution of
the scalar field frequency, ω/µ, the ADM mass, MADMµ,
and the distance Lµ between the centre of one pole and the
origin. The preliminary migration directions are depicted
in Figure 13.

8. Conclusions

The unstable behaviour of mini-BSs binaries shows that
they do not possess the mechanism to allow them to re-
main dynamically robust throughout a collision with a
companion BS, clarifying the work of Palenzuela et al.
[12] on the dynamical stability of such compact objects.

On the other hand, Q-star binaries, containing self-
interactions, remained dynamically robust for an extended
period of simulation time, equivalent to sixteen repetitive
collisions, with each collision, causing the binary to lose
part of its scalar field and kinetic energy via energy trans-
fer to internal oscillations of each star, gravitational cool-
ing and gravitational wave radiation.

Motivated by the resemblance between the scalar field
distribution of the final fate of a Q-star head-on binary
and the scalar field distribution of a doublet Q-star we pre-
sented the dynamical evolution of eight different solutions,
with four of them showing signs of an unstable behaviour.
Three of those proved to migrate to a different solution,
whose final state still requires further investigation. The
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Figure 9: Doublet Q-stars. (Left) The domain of existence of doublet Q-stars in an ADM mass (M)/Noether charge
(Q) vs. complex scalar field frequency (ω/µ) diagram. The inset shows the behaviour for the region close to the
maximal frequency. (Right) The proper distance (L) between the two components, or poles, of each star as a function
of the scalar field frequency (ω/µ). The eight highlighted points represent the solutions analysed in this Chapter.
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Figure 10: Doublet Q-stars. Real part of the scalar field
along the z − axis, at t = 0, for the eight solutions.

hypothesis that the solutions with ω/µ = {0.94, 0.98} mi-
grate to the same stable branch as the ω/µ = 0.99 solution
still requires the study of additional solutions in the fre-
quency region of ω/µ = [0.98 0.99]. On the other hand,
the fission of the solution with ω/µ = 0.89, due to an ex-
cess of binding energy, might indicate that the minimum
in the MADM vs. ω/µ diagram in Figure 9 separates solu-
tions with entirely different behaviours as the latter and
the solution with ω/µ = 0.94. Additional solutions in the
latter region are required to be studied in order to build a
strong conclusion on the dynamical behaviour of doublet
Q-stars.
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