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Abstract 

 

Nowadays, the transport sector is highly developed and continues growing; good news for the economy, 

but a threat to the environment on account of its heavy dependence on fossil fuels. This is where 

hydrogen can be fundamental in decarbonizing transport as a green fuel for sustainable transport 

methods like fuel cell electric vehicles. 

The main goal of this work is the design of an efficient powertrain for a FCEV as well as the development 

of a method for generating fuel efficient driving strategies. This work is integrated in a larger student’s 

project called Técnico Fuel Cell that aims to promote alternative ways of sustainable transportation with 

the design and manufacture of a small urban vehicle to compete in the Shell Eco-marathon, one of the 

world’s most renowned energy efficiency competitions. 

The backbone of the work developed in this dissertation is a computational model programmed in 

MATLAB to accurately simulate the vehicle’s behaviour. This model is then used with a genetic algorithm 

to optimize the powertrain design and the driving strategy, so that maximum fuel efficiency is achieved. 

With this method, considering a vehicle with conservative specifications, a fuel efficiency of 370.2 km/m3 

of hydrogen was simulated for the competition’s 2016 London track – just 5% less than that year’s 

winning result, which was 39% higher than the second place. This result demonstrates the capabilities 

of the developed optimization method and highlights the importance of such models in the development 

process of the current and future vehicles of Técnico Fuel Cell. 
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Resumo 

 

O crescimento do setor do transporte, apesar de positivo para a economia, representa uma ameaça 

para o ambiente, já que é altamente dependente dos combustíveis fósseis. É neste panorama que o 

hidrogénio poderá ser fundamental na descarbonização dos transportes, alimentando veículos 

sustentáveis como carros elétricos a pilha de combustível. 

Este trabalho foca-se no desenvolvimento de um grupo propulsor eficiente para um veículo elétrico 

movido por uma pilha de combustível, bem como na criação de um método destinado a gerar 

estratégias de condução de baixo consumo de combustível. Este trabalho está integrado na equipa 

Técnico Fuel Cell, cujo objetivo é promover a mobilidade sustentável através do desenvolvimento e 

fabrico de um pequeno veículo urbano para competir na Shell Eco-marathon. 

A base do trabalho desenvolvido nesta dissertação é um modelo computacional em MATLAB, 

desenvolvido para simular o comportamento do veículo em torno do circuito selecionado. Este modelo 

é posteriormente utilizado com um algoritmo genético para otimizar o grupo propulsor e a estratégia de 

condução para que a máxima eficiência seja alcançada. Com este método, e considerando um veículo 

com características médias comparativamente com outras equipas, foi simulada uma autonomia de 

370,2 km/m3 de hidrogénio para a pista de 2016 em Londres. Esta autonomia seria apenas 5% inferior 

à obtida pela vitória desse ano, que foi 39% superior à do segundo qualificado. Este resultado 

demonstra o potencial do método de otimização desenvolvido e revela a importância de aplicar este 

tipo de modelos no processo de desenvolvimento dos veículos da equipa Técnico Fuel Cell. 
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1 Introduction 

 

We live in an age of never-before-seen mobility. It has become so intertwined with our economy and 

everyday lives that it can be considered as a pillar of modern society. This fact was made clear by the 

COVID-19 pandemic, which shook and disrupted the economies and lives of people all around the world. 

In Europe, as with any sizeable economy, transport is a vital sector for and of the economy. It plays a 

fundamental role in every other sector by providing goods and services to citizens and businesses, and 

by allowing workers and raw materials to reach industries across the territory. Transport activity in 

Europe is very high and still growing, with estimates suggesting that by 2050 passenger and freight 

transport will increase 42% and 60%, respectively [1]. This is excellent news for the economy but, 

without real changes to the means of transport we use today, it will pose a serious, if not insurmountable, 

obstacle for EU’s objective of being the world’s first climate-neutral1 continent by 2050. 

As can be observed in Figure 1.1, generated with data from [2], the total Greenhouse Gases (GHG) 

emissions produced in the EU-27+UK have been declining for the past few decades. However, and 

contrary to the pattern, a steady increase in both mobility sectors2 has been recorded, namely in the 

transport sector, which is expected to soon surpass the energy industries as the most greenhouse gases 

emitting sector of all. 

 

Figure 1.1 - GHG emissions by sector in the EU-27+UK. 

 
1 The GHG emissions produced are balanced by methods of removing those gases from the atmosphere, be it 

through carbon capture and storage technologies (CCS) or the planting of new forests. 
2 Transport and international aviation and navigation sectors. 
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By further inspecting the data from these two sectors [2], Figure 1.2 shows that, in 2018, more than 

two-thirds (68.7%) of the GHG emissions in Transport (including international aviation and navigation) 

were caused by road transport alone, and in turn 60.4% of those emissions came from passenger cars. 

 

Figure 1.2 - Transport (with international aviation and 
navigation) GHG emissions in the EU-27+UK, 2018. 

The fact that so much of the EU-27+UK’s GHG emissions are concentrated, and still rising, in these 

sectors is worrying due to the ever-increasing demand, but it can also be an opportunity to significantly 

reduce the emissions if new sustainable technologies are developed and adopted. This is where 

programs and competitions like the ones behind this master thesis can make a big difference by 

challenging engineering students to find solutions and answers to the sustainable mobility problem and 

push forward the limits of green mobility. 

 

1.1 Hydrogen as an Energy Carrier 

Hydrogen is the simplest and most abundant element in the Universe. It has one of the highest specific 

energies of any fuel (around 2.8 times that of gasoline [3]) and can be used to deliver and/or store large 

amounts of energy, which can be transformed directly into electricity using fuel cells [4]. When produced 

from renewable energy sources, e.g., solar, wind, hydroelectric, biomass and geothermal, hydrogen is 

a green fuel that emits only water vapour and heat as a by-product of its use. Hence, it can play a 

fundamental role in a more sustainable energy supply by decarbonizing transport and industries and 

also enabling a higher and more efficient penetration of renewable energy sources in the grid by 

potentially solving the intermittency dilemma of solar, wind and excess energy situations. 

It should be noted that hydrogen is considered an energy carrier and not an energy source. This is 

because it does not typically exist in nature in its molecular form, H2, and must be produced from 

compounds that contain it, e.g., electrolysis of water and natural gas reforming. 
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1.2 Global Context 

The work developed in this master thesis is a fundamental part of a bigger project; the design, 

development and manufacture of a hydrogen fuel cell vehicle. The project first appeared as a challenge 

made by Professor João Dias to a group of students from Instituto Superior Técnico and resulted in the 

creation of the team called Técnico Fuel Cell. The challenge also aimed to create a hub of knowledge 

and talent for both the students and university in a time of great interest and investment in hydrogen 

and fuel cell technologies. So far, other than the present work, two more thesis were developed by 

former team members dedicated to the project: one on the vehicle suspension system [5] and the other 

on its aerodynamics and structural frame [6]. 

The present thesis is integrated in the Powertrain Department of TFC and its scope is the development 

of the vehicle’s powertrain system, i.e., the analyses of the forces, energy needs, constraints and all the 

other factors relevant to the design and selection of the components and the architecture of the systems. 

 

1.2.1 Técnico Fuel Cell 

The TFC team was formed in early 2019 when a group of about 15 Mechanical Engineering students 

answered the mentioned challenge and gave the first steps to make the team known and recognized by 

IST. As the team evolved and the ideas of what was to be accomplished began to take shape, the team 

became officially recognized as TFC - Técnico Fuel Cell and its main goals were established:  

1. The design, development and manufacture of an urban concept electric vehicle powered by a 

hydrogen fuel cell, to participate in sustainability and efficiency competitions, namely the Shell 

Eco-marathon (SEM); 

2. To make Técnico Fuel Cell a household name of our institution in the fields of efficient and 

sustainable mobility and hydrogen fuel cell technologies; 

3. And finally, to assemble a team of talented and ingenious students that inspire others to join the 

project, refreshing the team’s talent pool and giving it continuity year after year. 

As of the time of the writing of this master thesis the team is composed of 223 students from different 

courses and years (Figure 1.3), that cooperate in a joint effort to make Técnico Fuel Cell’s dreams and 

vision become a reality. 

 

Figure 1.3 - TFC's student distribution by course and year.  

 
3 15/01/2021 
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1.3 Shell Eco-marathon Competition 

Shell Eco-marathon is one of the world’s most renowned energy efficiency competitions. It is a unique 

global programme where teams of students of science, technology, engineering and maths build their 

own vehicles and compete against similar teams for the highest energy efficiency. 

All teams must strictly adhere to the Shell Eco-marathon’s rules and regulations to design and build their 

cars for the competition. The rules are updated every year and contain all the technical specifications, 

safety requirements and information on energy categories and vehicle types, among other things.  

In this master thesis, the 2021 Official Rules [3] will be followed. The most relevant regulations to take 

into consideration during the development of a hydrogen urban concept are compiled in Appendix A. 

 

1.3.1 Vehicle and Energy Types 

To compete, participants must select one from two different vehicle classes and three energy categories. 

The classes (Figure 1.4): 

• Urban Concept – Closer in appearance and functionality to modern passenger cars, these 

vehicles are larger than the Prototypes, but are also lightweight and very efficient. Vehicles in 

this class have four wheels that must be in constant contact with the road and are equipped 

with several auxiliaries common to road vehicles, e.g., lighting system, windscreen wipers, etc. 

• Prototype – Very small, ultra-lightweight and highly aerodynamic, these vehicles are designed 

to achieve the highest efficiencies. Vehicles in this class usually have only three wheels. 

 

Figure 1.4 - Shell Eco-marathon vehicle classes, adapted from [3]. 

The energy categories: 

• Internal combustion engine powered by gasoline, diesel or ethanol. 

• Battery-Electric 

• Hydrogen Fuel Cell 

 

1.3.2 Competition Format 

The main Shell Eco-marathon competition format is “The Mileage Challenge”, which is where the work 

developed in this thesis will be focused on. The goal is to achieve a valid run using the least amount of 

energy and, for Urban Concepts, the challenge is also focused on “stop and go” driving. Therefore, 

vehicles competing in this class are required to do a full stop per lap and resume driving, unaided. 
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The “Driver’s World Championship” is a competition for the most energy-efficient Urban Concept 

vehicles from all regions. This challenge is a more traditional “race”, where each competing vehicle is 

given a limited amount of fuel based on its Mileage Challenge results and must be the first to cross the 

finish line to win. 

 

1.3.3 Race Track 

The Shell Eco-marathon Europe main event often changes location from one year to the next. The track 

routes are usually completely different from year to year and are only revealed weeks before the 

competition day. For this reason, it is impossible to know which circuit the team’s vehicle will have to 

face and, consequently, what the powertrain will have to be capable of. To tackle this uncertainty, the 

London 2016 route shown in Figure 1.5 was selected, as it is one of the most demanding circuits of the 

last few competitions, guaranteeing that the vehicle will be capable of handling any race track given.  

 

Figure 1.5 - London track map (SEM Europe 2016) [7]. 

To achieve a valid run, the vehicle must complete 8 laps around the 2244 metres long track in under 43 

minutes, stoping once per lap as is stated in the rules for the Urban Concept class. 

The track elevation is also provided, which is a valuable piece of information to accurately model the 

vehicle’s performance and energy consumption. It can also be used to develop an optimized driving 

strategy to go around the track more efficiently. The track elevation map is shown in Appendix B. 

The final results of the 2016 competition for the Urban Concept Hydrogen class, in the track shown, are 

displayed in Table 1.1. These will be the main results used for comparing the simulated energy 

consumption achieved by the vehicle model developed in this thesis. 
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Table 1.1 - Final results: Urban Concept Hydrogen (SEM Europe 2016), adapted from [8]. 

 

 

1.3.4 Energy Conversions 

As mentioned in the powertrain competition rules in Appendix A, for non-purely electric vehicles, it is 

necessary to convert the consumption of different energy types to be able to present a coherent global 

consumption result for the vehicle’s energy efficiency. It is also sometimes useful to compare the energy 

consumptions of the different energy categories. This is done by converting the energy consumptions 

to km/L of gasoline equivalent, using the Shell FuelSave Unleaded 95 Gasoline NCV (Table 1.2). 

Table 1.2 - Net Calorific Value of the different SEM fuels [3]. 

Energy Type NCV by Mass [kJ/kg] Fuel Density* [kg/L] 

Shell FuelSave Unleaded 95 Gasoline 42900 0.7646 

Hydrogen (H2) 119930 8.380x10-5 

*At 15 ºC and 1 atm.  

For example, to convert a hydrogen fuel consumption in km/m3 of hydrogen to km/L of gasoline 

equivalent, equation (1.1) is used:  

 𝐹𝑢𝑒𝑙 𝐶𝑜𝑛𝑠. (𝑘𝑚 𝐿⁄ ) =
𝐹𝑢𝑒𝑙 𝐶𝑜𝑛𝑠. (𝑘𝑚 𝑚3⁄ )

1000
∙
𝜌𝐺𝑎𝑠𝑜𝑙𝑖𝑛𝑒 ∙ 𝑁𝐶𝑉𝑔𝑎𝑠𝑜𝑙𝑖𝑛𝑒

𝜌𝐻𝑦𝑑𝑟𝑜𝑔𝑒𝑛 ∙ 𝑁𝐶𝑉𝐻𝑦𝑑𝑟𝑜𝑔𝑒𝑛
 (1.1) 

where required values for density, 𝜌, and for NCV are given in Table 1.2 

 

1.4 Objectives 

The work developed in this master thesis has four major goals: the development of a complete and 

detailed model of the vehicle from the fuel cell to the wheels that can be used to accurately simulate its 

behaviour on a track; the selection/creation of an effective strategy to control the vehicle’s velocity on a 

circuit and to use that strategy to develop a highly fuel-efficient driving strategy around the selected 

track, using a heuristic optimization algorithm to reach an optimal solution; to use all the knowledge and 

tools previously developed to design the best and most efficient powertrain possible, to select the 

optimum fuel cell and electric motor for the vehicle, and also to provide all the data needed to select 

other components, e.g., supercapacitor and transmission, and to build the powertrain; lastly, to use the 

final vehicle model to study the sensitivity of the fuel consumption to the change of several parameters, 
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e.g., vehicle mass, efficiency of components, quality of the tires, etc, to highlight where the focus should 

be on to further optimize the vehicle in future works. 

To achieve the proposed objectives and to ensure that the best decisions are taken so that the results 

and conclusions drawn from the work are as close to reality as possible, a comprehensive study is 

developed around the following points: the powertrain and its main components; the technical solutions 

used by other SEM teams; and on the subject of vehicle dynamics. 

 

1.5 Thesis structure 

Following the present introductory chapter, where the global context of the project, the competition and 

the objectives of the present work are discussed, the dissertation is organized in five more chapters. 

The second chapter presents a brief study of the technologies behind the powertrain of a hydrogen fuel 

cell vehicle, as well as a review on the technical solutions used by other teams competing in SEM; 

The third chapter gives a deep understanding on all the principles and equations behind the forces 

acting on the vehicle; the tractive force and the three resistive forces (rolling resistance, grading force 

and aerodynamic drag). Two models are also introduced, one for the tire drag when cornering and the 

other to estimate the energy consumed by the electric motor (where the motor technology is also 

selected). All the principles, equations and models presented in this chapter are used in the original 

models developed in later chapters of the thesis. 

The fourth chapter describes in detail the models developed in this work, starting with all the 

assumptions used. Of the three models described, one is for the vehicle dynamics (motor to wheel 

model) and simulates the behaviour of the vehicle on the track and estimates the energy consumption 

of the electric motor; the other two are for the powertrain (fuel cell to motor models) and simulate the 

energy flow in through the powertrain components to estimate the hydrogen consumption of the fuel 

cell. The control strategy required to operate the more complex of the powertrain models (the parallel 

active hybrid) is also described in its assigned section. 

The fifth chapter describes the optimization of the driving strategy, the powertrain design and also 

presents a sensitivity analysis study of the fuel efficiency in relation to selected parameters. The chapter 

starts with the optimization problem formulation followed by the optimization strategy and algorithm used 

to solve it; afterwards, a comprehensive analysis on several design aspects of the powertrain is done to 

reach the final powertrain design, which is then used to calculate the final optimized driving strategy. 

Having the optimized driving strategy, the final fuel consumption is validated in comparison to a generic 

average velocity strategy and then is compared to the official results obtained by other teams in SEM. 

The chapter ends with a sensitivity analysis study on the following parameters: vehicle mass, quality of 

the tires, temperature of the motor and the efficiencies of the DC-DC converters and supercapacitor. 

The final chapter presents the main conclusions drawn from the work developed in this thesis, also 

summarizing achievements and failures of relevance. Finally, recommendations are given to further 

optimize the vehicle’s fuel efficiency and on how to improve the fidelity of the models for future work.  
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2 Technology & State-of-the-art Review 

 

This chapter will focus on the basic principles and knowledge critical to the quality and the scientific 

rigour of the work developed in the thesis. The first and second sections of the chapter are focused on 

the powertrain’s main components, as well as the possible configurations that they can assume, while 

the third discusses the drivetrain components. On the last section, several thesis and articles from other 

Shell Eco-marathon teams will be reviewed in an attempt to identify the state-of-the-art technologies 

and methods behind the vehicles that our team will compete against. 

 

2.1 Powertrain Key Components 

The powertrain of a vehicle encompasses every component that converts the power from a source, e.g., 

hydrogen fuel cell, battery or engine, into movement. More precisely for a hybrid FCEV, the main 

components are the fuel cell, the electric motor, the supercapacitor, the DC/DC converters and finally 

the drivetrain, which includes every other component from the transmission to the driving wheels. 

In the following sections, a brief analysis of the fundamentals and state-of-the-art of each of these 

components will be presented. The drivetrain key components will be briefly discussed in a separate 

section and, for that reason, will not be included below. 

 

2.1.1 Fuel Cell 

A fuel cell is an electrochemical device that converts the chemical energy of a fuel directly into electrical 

energy and heat. Its operation is similar to an electrochemical battery, however, unlike a battery the 

energy storage and power are not in the same volume, as the reactants are fed into the cell and, as long 

as fuel is provided, it can produce electrical power uninterruptedly, as is exemplified in Figure 2.1. 

 

Figure 2.1 - Basic comparison of a battery and a fuel cell, adapted from [9] 

There are many different fuel cell technologies, e.g., polymer electrolyte membrane fuel cell, alkaline 

fuel cell, solid oxide fuel cell, among others [9], yet the general working principle and main components 

are basically the same: the fuel, most commonly hydrogen, is supplied to the anode, where it releases 

electrons under the catalyst and the oxidizer, generally oxygen from air, is fed to the cathode where it 

combines with the fuel’s electrons and positive ions, completing an oxidation-reduction reaction. 
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The electrons, under the potential difference created by the two electrodes, flow through the external 

circuit generating the DC current, whereas the positive ions pass directly through the electrolyte to the 

cathode. A detailed schematic of a generic fuel cell is shown below in Figure 2.2. 

 

Figure 2.2 - Schematic of a generic fuel cell, adapted from [9]. 

The overall redox is divided into two semi-reactions that take place on physically separate locations, the 

oxidation on the anode and the reduction on the cathode. For a hydrogen fuel cell the redox 

semi-reactions are as follows: 

oxidation reaction of hydrogen at the anode: 

 𝐻2 ⇆ 2𝐻+ + 2𝑒−          𝐸𝑎
0 = 0 𝑉 (2.1) 

reduction reaction of oxygen at the cathode: 

 
1

2
𝑂2 + 2𝐻

+ + 2𝑒−  ⇆ 𝐻2𝑂         𝐸𝑐
0 = 1.23 𝑉 (2.2) 

Therefore, the overall redox reaction is: 

 𝐻2 +
1

2
𝑂2  ⇆ 𝐻2𝑂         𝐸

0 = 1.23 𝑉 (2.3) 

where 𝐸⁰ represents the theoretical potential of the electrochemical cell based reaction at equilibrium, 

or also the maximum the reversible open-circuit voltage of the cell, calculated at 25 ºC and 1 atm [10]. 

The cell voltage-current curve, known as polarization curve, is given by the equilibrium potential, 

diminished by irreversible losses, often referred to as the overvoltages or polarizations. The typical 

curve, including the major irreversible losses, for a hydrogen PEM fuel cell is shown in Figure 2.3. 

The cell voltage 𝐸 can be written as in Eq. (2.4), when it is connected to an external load 𝑅. 

 𝐸 = 𝐸0 − [(𝜂𝑐𝑡)𝑎 + (𝜂𝑐)𝑎] − [(𝜂𝑐𝑡)𝑐 + (𝜂𝑐)𝑐] − 𝑖𝑅𝑖 = 𝑖𝑅 (2.4) 

where: 
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(𝜂𝑐𝑡)𝑎,𝑐 = activation polarization or charge-transfer overvoltage, at the anode and cathode; 

(𝜂𝑐)𝑎,𝑐 = concentration polarization at the anode and cathode; 

𝑖 = operating current of cell on load; 

𝑅𝑖 = internal resistance of the cell. 

 

Figure 2.3 - Polarization curve of a hydrogen PEM fuel cell, with major loss contributions. The “actual” cell voltage 
and current are for nominal power output, which in a fuel cell is often near its maximum power output. 

Theoretically, a single fuel cell is capable of achieving any required current and power by simply 

increasing the size of the active electrode area and reactant flow rates. However, the voltage produced 

by a single cell is limited by the electrochemical potential of the reacting species which, for realistic 

operation conditions, is always lower than 1 V [9]. To solve this, several individual cells are connected 

in series to achieve higher voltages, forming a stack like the one illustrated in Figure 2.4. For this 

configuration, the total current of the stack is proportional to the active electrode area of each cell and 

the total voltage is the sum of the individual cell voltages. 

 

Figure 2.4 - Schematic of a fuel cell stack in series configuration, adapted from [9]. 

By far, the most common fuel cells used today are of the polymer electrolyte membrane technology 

(PEM). This is especially true in the mobility sector, where the characteristics of PEMFC’s make them 

an attractive choice for vehicles and other portable applications. 
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Some of the key advantages and disadvantages of PEMFC’s are listed below: 

Advantages 

• Solid electrolyte – there is no risk of leakage; 

• Low operating temperature (under 100 ºC) – safe and easily installed on a vehicle; 

• High efficiency (40% to 60%) over a wide range of ambient temperatures (-20 ºC to 70 ºC) 
with new advances aiming to push the efficiency to higher levels; 

• Rapid start-up – low warm-up time before being fully operational; 

• High specific power – compact system; 

• Good transient response; 

• Extremely low recharge time (< 5 min); 

• Near zero CO2 emissions regarding the system and its operation. 

Disadvantages 

• The membrane must be kept hydrated – poor hydration will lead to membrane deterioration 
and ultimately cell degradation; 

• Uses platinum on the catalyst – makes the fuel cell sensitive to poisoning from trace amounts 
contaminants like CO and ammonia; 

• Requires the use high purity hydrogen (above 98%); 

• Difficult cold-start in low temperature conditions; 

• Absence of refiling stations makes the implementation in transportation very difficult. 

 

2.1.2 Electric Motor 

Electric motor-driven systems are responsible for more than half of the electricity consumed globally in 

all end-use sectors (buildings, industry, transport and agriculture) [11]. The end-use distribution of final 

electricity consumption in 2014 can be seen in Figure 2.5. 

 

Figure 2.5 - Global total final electricity consumption by end-uses, 2014. Image from [12] 

Of all the types of electric motors technologies available, the most common and widely used are the 

induction motors (IM), also known as asynchronous motors. However, in more recent years permanent 

magnet motors (BLDC – Brushless Direct Current and PMSM – Permanent Magnet Synchronous 

Motors) have been increasing in popularity. This is especially true in the automotive sector, where in 

2019 82% of electric vehicles used permanent magnet motors, increasing from 79% in 2015 [13]. 
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PMSM and BLDC motors are basically the same, the only difference lies in the distribution of the 

windings on the stator and the resulting sinusoidal or trapezoidal back EMF4 (Electromotive Force) and 

phase current. The output torque of a sinusoidal motor is smoother than that of a trapezoidal motor, 

however, this comes with an added cost, the PMSM needs more copper for the windings and requires 

a considerably more complex controller, making it fairly more expensive than the BLDC motor. 

The brushless DC motor is often grouped with the ordinary brushed DC motor, not only because both 

use a DC supply, but also their speed/torque characteristics are very similar [14], [15]. However, this 

name can be deceiving because a BLDC is actually an AC motor, where the DC supply is converted to 

an alternating current of variable frequency in an electronic commutator. Hence, this type of motor is 

also called “electronically commutated motor” or “self-synchronous AC motor”, among other names. 

The main advantages of BLDC motors are discussed below in higher detail. It should be noted that, 

apart from the “ease of control”, all these advantages are the same, if not better, for PMSM: 

Advantages 

• Very high efficiency – Permanent magnet motors are among the most efficient of all electric 
motors [16]. This results from the use of permanent magnets for excitation, which consume 
no power, and the absence of mechanical commutators and brushes that cause friction 
losses. Between the PMSM and the BLDC motor, the first can achieve slightly higher 
efficiencies because it has a smoother torque and suffers no losses due to torque ripples; 

• High power density – With the recent introduction of the high-energy-density rare-earth 
magnets5, it became possible to achieve higher torques, increasing motor power without 
increasing the weight; 

• Ease of control – The control of a BLDC motor is very simple. The PMSM, on the other hand, 
needs a considerably more complex and expensive controller; 

• Ease of cooling – Since there is no current circulating in the rotor of a permanent magnet 
motor, it does not heat up. The majority of the heat produced by the motor is on the stator, 
which is easy to cool because it is static and on the motor’s periphery. Furthermore, 
considering that the motor has a high efficiency, less energy is lost as heat and so the cooling 
needs are lower than other less efficient motors; 

• Low maintenance, great longevity and reliability – The absence of brushes or other 
mechanical commutators eliminates the need for regular maintenance and reduces the risk 
of failure associated with these elements. Since there is no wear of any parts other than the 
bearings, the longevity is limited only by winding insulation, bearings and magnet life length. 

The only major disadvantage of BLDC motors is their higher cost, compared to other motors of the same 

power. This results from using expensive rare-earth magnets, e.g., neodymium and samarium-cobalt 

magnets, in the rotor and higher manufacturing costs [17]. However, comparing a BLDC motor operating 

in combination with an electronic commutator with an induction motor controlled with an inverter, if 

energy efficiency is taken into account, the BLDC motor can be the cheapest of the two options [18]. 

 
4 Back Electromotive Force is a voltage generated on the stator windings by the rotor’s magnetic field that opposes 

the main voltage supply, according to Lenz’s Law. The three main factors that affect it are the angular velocity of 
the rotor, the magnetic field generated by the rotor magnets and the number of turns in the stator windings [17]. 
5 Rare-earth magnets are powerful permanent magnets made from alloys of rare-earth elements. First developed 

in the 70s and 80s, rare-earth magnets are the strongest type of permanent magnets known, typically two or three 
times stronger than the regular ferrite or ceramic magnets. The name “rare-earth” can be misleading, as some of 
these metals can be as abundant in the earth’s crust as tin or lead. 
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The basis of operation of BLDC and PMSM motors is the same and is shown in Figure 2.6. The direct 

current from a DC source is directed to the coils on the stator according to a commutation pattern. In 

turn, the current passing through the coils generates a magnetic field that attracts or repels the 

permanent magnet rotor, according to their polarity. To make the torque steady, three or more coils are 

used, as exemplified in Figure 2.6 (d) for a BLDC motor. 

 

Figure 2.6 - Operation of a single coil of a BLDC motor (a, b, c) and 
diagram of the arrangement of three coils on the stator (d), adapted from [14]. 

For BLDC motors to work correctly, the electronic commutator must energize the correct coils at the 

appropriate time, according to a defined commutation pattern. Since the switching between coils is 

discrete, it is not necessary to measure the rotor position angle continuously; it is sufficient to determine 

the time instant when the rotor enters the “sections” where the coils should be switched on or off, which 

is usually accomplished using hall sensors6. On the other hand, for PMSM the control is considerably 

more complex since it requires the use of sinusoidal alternating currents to energize the windings. 

 

2.1.3 Supercapacitor 

Supercapacitors, also commonly known as ultracapacitors, are energy-storage devices characterized 

by a much higher specific power but a much lower energy density compared to electrochemical 

batteries. Due to their very high power densities, that can reach up to 5 kW/kg [15], [19], supercapacitors 

can play a big role in electric and hybrid mobility as a quasi-instantaneous, high-power energy source 

or sink, namely for acceleration, going up hills and regenerative braking. However, as a result of their 

low energy densities (10 times inferior than batteries), supercapacitors are not suitable as 

energy-storage for BEVs and HEVs by themselves and must be used as an auxiliary power source for 

other energy-storage technologies, such as fuel cells or lithium-ion batteries. The use of such hybrid 

energy-storage systems enables the decoupling of specific energy and specific power requirements, 

creating the opportunity to design better and more optimized systems. One perfect example of this is 

fuel cell - supercapacitor hybrids, where full advantage can be taken of the fuel cell’s very high energy 

density, with the supercapacitor making up for its lack of power density and inability to store energy on 

the go. For a better appreciation of the position of fuel cells and supercapacitors, as well as other modern 

energy-storage devices, according to energy and power density, see Figure 2.7. 

 
6 Hall Effect Theory: If an electric current carrying conductor is placed in a magnetic field, its charge carriers 

experience a transverse force which tends to push them to one side of the conductor. This is most evident in a thin 
flat conductor. This build-up of charge on the side edges of the conductor balances the magnetic influence, 
producing a measurable voltage across the two sides of the conductor, which is named the Hall effect after Edwin 
H. Hall who discovered it in 1879 [17]. 
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Figure 2.7 - Ragone plot for several modern energy-storage devices, adapted from [20]. 

The large majority of supercapacitors today use the Electric Double-Layer Capacitor (EDLC) technology 

[16], [21]. For increasing capacitance, ELDCs normally use thin, porous, often carbon-based electrodes 

with very high specific surface areas (1000 m2/g to 3000 m2/g [16], [22]) which are bathed in a liquid 

electrolyte instead of being in contact with a solid dielectric material as in normal capacitors. This 

electrolyte can be either an aqueous or organic based solvent and is the medium through which the ions 

diffuse. An insulating, ion-conducting membrane (referred to as the separator) is used to separate the 

electrodes, yet still allow the free movement of the ions in the electrolyte. 

In an ELDC, energy is stored via charge separation. When the supercapacitor is subjected to a potential, 

the electrolyte ions diffuse toward the electrodes and accumulate on the interface between the 

electrode’s surface and the electrolyte, forming the Helmholtz double layers. Most of the energy is stored 

electrostatically in these layers, where on one side are the accumulated electrolyte ions and on the other 

the attracted charge of the electrode. The structure of an Electric Double-Layer Capacitor and a diagram 

of the Helmholtz Double Layer of the electrode-electrolyte interface is shown in Figure 2.8. 

 

Figure 2.8 - Structure of an ELDC with a diagram of the Helmholtz Double Layer for the negatively charged 
electrode, adapted from [21], [22]. 
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One of the limiting factors of ELDCs is the electrolyte’s low maximum working voltage, above which it 

eventually starts to decompose chemically, e.g., the water in an aqueous electrolyte starts to decompose 

into hydrogen and oxygen at voltages slightly above 1.2 V [16]. For this reason, and since the stored 

energy in a SC is proportional to the square of the voltage, organic electrolytes that offer a wider voltage 

window (as high as 3.5 V) are universally used in commercially available supercapacitors [23]. 

The energy stored, 𝐸𝑆𝐶 , in a supercapacitor can be expressed as equation (2.5): 

 𝐸𝑆𝐶 =
1

2
∙ 𝐶 ∙ 𝑉𝑆𝐶

2
 (2.5) 

where 𝐶 is the capacitance in Faraday and 𝑉𝑆𝐶 is the supercapacitor voltage. 

Compared to conventional capacitors, the extremely larger energy storage capacities of ELDCs come 

from the very high capacitances that these devices can reach. This results from the capacitance being 

proportional to the electrode’s huge surface area, as well as it being inversely proportional to the 

distance between the charges, which can be as thin as one molecule in an ELDC (distance d of Figure 

2.8) [16]. 

Other than the already mentioned high power density, supercapacitors boast several other advantages: 

Advantages 

• Very high efficiency – Supercapacitors are highly efficient devices, easily achieving 
efficiencies higher than 95% for a wide range of operating conditions. Since supercapacitors 
have a very low internal resistance, they produce almost no heat; 

• Exceptional cycle life – The energy storage mechanism of a supercapacitor is a highly 
reversible process. Therefore, it is easily capable of more than a million of charge/discharge 
cycles with minimal performance impact;  

• Improved hybrid operational life – When coupled with other energy-storage devices, 
supercapacitors can satisfy the transient loads and/or peak power needs, reducing the 
amount of work of other energy-storage devices and significantly improving their lifespan; 

• High flexibility – Supercapacitors have no memory effects, cannot be over-discharged, can 
be held at any voltage below their rating and can operate at a wide range of temperatures 
(-40ºC up to +65ºC). If kept within its ranges of voltage and temperature, no maintenance is 
required. 

 

2.1.4 DC/DC Converter 

The advent of power electronics and power semiconductors has enabled the great advances seen in 

the BEV, HEV and FCEV automotive industry in the last two decades. Today, the use of power electronic 

converters is widely used in electric powertrains, be it in the form of electric motor controllers, voltage 

regulators, charging systems, etc. The main function of these converters is to perform the necessary 

power conversions that maximize the functionality from electromechanical devices, energy sources and 

electric loads [24]. Since these components are often connected between the powertrain’s energy 

source and electromechanical device, the converter’s efficiency directly impacts the overall vehicle 

efficiency, cooling needs, power demand and cost. 
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Power electronic converters perform electrical power conversion efficiently by periodically switching the 

input power on and off in a circuit, using semiconductor devices to act as switches. Energy storage 

devices, such as inductors or capacitors, are used to smoothen the sharp-edged waveform created by 

the on-off switching. Modern DC-DC converters can easily achieve efficiencies above 90% [24], [25]. 

In the powertrain developed in this thesis, other than the motor controller which is basically a DC-AC 

converter, DC-DC converters are used to change voltage levels as required so the powertrain 

components can work effectively together, e.g., if the supercapacitor has a maximum voltage of just a 

few volts, a boost converter is needed to connect it to a higher voltage electric motor. The boost 

converter is one of the three basic types of DC-DC converters: 

Buck converter – Converts power from a high voltage to a lower one; 

Boost converter – Converts power from a low voltage to a higher one; 

Buck-boost converter – Converts power from an input voltage to a lower or higher output voltage. 

If regenerative braking is to be used, the DC-DC converter that is connected to the energy storage unit 

must be bi-directional to accept current in both directions. 

 

2.2 Powertrain Configurations 

There are many different possible configurations for a fuel cell powered powertrain; from the most simple 

and basic, where the fuel cell is directly connected to the electric motor, to more complex systems that 

make use of one or more energy-storage technologies that work together with the fuel cell in a hybrid 

configuration. For the powertrain discussed in this thesis, besides the fuel cell, the only energy-storage 

technology permitted in the SEM rules (Appendix A) must be of the capacitor type, i.e., a supercapacitor. 

This section presents the four main configurations applicable to the vehicle and its intended use; one 

uses the fuel cell as the sole energy source and three are FC-SC hybrids. All the considered topologies 

make use of at least one DC-DC converter between the FC and the electric motor to allow for the motor 

supply voltage to be constant despite the changing voltage of the fuel cell. It should be noted that, if the 

motor load and fuel cell voltage ranges overlap, the DC-DC converter should be able to operate in 

buck/boost mode, i.e., it must be able to lower or elevate the output voltage as needed.  

The advantages and shortcomings of each configuration are also discussed in this section, including a 

brief discussion of the expected efficiencies of the four systems. The nomenclature and suggested 

topologies are based on article [19]. 

 

2.2.1 Active FC powered system 

The simplest of all the considered topologies is seen in Figure 2.9; it relies on the fuel cell alone to satisfy 

all the load needs of the vehicle. A single, unidirectional DC-DC converter is used between the fuel cell 

and the load. This configuration has the advantages of being the most simple and cheap of the options, 

however, the downside is that there is not much room for optimization. For example, it is impossible to 
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maintain the power output of the fuel cell constant at its highest efficiency point, independently of the 

load power needs, and no energy recuperation can be used. 

 

Figure 2.9 - Active FC powered system, adapted from [19]. 

 

2.2.2 Semi-active hybrid topologies 

In the semi-active hybrid configurations, the fuel cell is used together with a supercapacitor and one 

DC-DC converter, in three possible configurations. The two of interest (Figure 2.10) for the vehicle’s 

powertrain are: 

Parallel semi-active hybrid (case a) – The supercapacitor is used directly connected in parallel to the 

fuel cell and will act as a buffer to the FC’s change in voltage, i.e., if more power is requested from the 

fuel cell, its voltage will tend to drop according to its polarization curve (example in Figure 2.3) and the 

supercapacitor will step in, resisting the change in voltage and enabling the fuel cell to work longer near 

its optimum point. The same is valid opposite case, where the fuel cell’s voltage will tend to rise for a 

drop in the load requested, resulting in the supercapacitor absorbing part of the current from the fuel 

cell, resisting the change in voltage. 

Note: This configuration requires a bi-directional DC-DC converter to use energy recuperation. 

Fuel Cell semi-active hybrid (case b) – The supercapacitor is connected in parallel with the load and 

will act as a load voltage stabilizer. In this case, if the fuel cell is capable of delivering sufficient power 

to the load and the output voltage of the DC-DC converter is constant, the supercapacitor will do very 

little in terms of energy storage. 

The main disadvantage of semi-active hybrids, compared to the active FC topology, is the added 

complexity, cost and energy loss of the DC-DC converter. 

Other limitation shared by these two configurations is the limited use of the supercapacitor stored 

energy, since its voltage cannot be freely changed and is determined by terminal voltage of the fuel cell 

(case a) or the DC-DC converter (case b), which means very little energy from the SC is used. 

 

Figure 2.10 - (a) Parallel semi-active hybrid and (b) FC semi-active hybrid, adapted from [19]. 



18 

 

2.2.3 Parallel active hybrid configuration 

In active hybrids, in addition to the fuel cell and supercapacitor, two DC-DC converters are used in the 

powertrain, in three possible configurations. Of these, according to A. Kuperman in [19], the parallel 

active hybrid shown in Figure 2.11 is by far the optimal active hybrid configuration, since it combines the 

advantages of the other two active hybrids and offers the lowest energy losses of the three. Hence, only 

the parallel active hybrid topology will be studied as a possible solution for the vehicle’s powertrain. 

 

Figure 2.11 - Parallel active hybrid configuration, adapted from [19]. 

The major advantage shared by all active hybrids over the semi-active hybrids shown, is the much larger 

supercapacitor voltage operating range, which typically fluctuates between 50% and 100% of its rated 

voltage, allowing the usage of 75% of the total energy capacity of the supercapacitor. This fact can be 

easiliy demonstrated with equations (2.6) and (2.7) , developed from Eq. (2.5): 

 𝐸𝑆𝐶𝑚𝑎𝑥 − 𝐸𝑆𝐶𝑚𝑖𝑛 =
1

2
∙ 𝐶 ∙ 𝑉𝑆𝐶𝑚𝑎𝑥

2 −
1

2
∙ 𝐶 ∙ (0.5 ∙ 𝑉𝑆𝐶𝑚𝑎𝑥)

2
 (2.6) 

 𝐸𝑆𝐶𝑚𝑎𝑥 − 𝐸𝑆𝐶𝑚𝑖𝑛 = 0.75 ∙
1

2
∙ 𝐶 ∙ 𝑉𝑆𝐶𝑚𝑎𝑥

2 (2.7) 

The main disadvantage of active hybrids is the use of one extra DC-DC converter, which makes the 

powertrain considerably more complex, more expensive, and introduces an aditional source of energy 

loss. However, the advantage of having a lot more energy of the supercapacitor available, allows for the 

fuel cell to be used almost exlusively at it’s maximum efficiency output power, compensating for the 

other sources of energy loss and possibly even making the parallel active hybrid outperform the other 

configurations.  

 

2.3 Drivetrain 

The drivetrain is an integral part of the powertrain. It comprises the components responsible for the 

transmission of mechanical power from a source, like an electric motor or engine, to the wheels. In the 

vehicle developed in this thesis, the transmission, which in itself is composed of several components, 

the wheel hub and the tires are all included in the drivetrain. All these components are briefly discussed 

in this section. 
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2.3.1 Transmission 

The transmission is the main mechanical part of the drivetrain, it includes the gearbox, the clutch and 

the driveshafts. For the vehicle discussed in this thesis, the transmission system can be a combination 

of a store-bought gearbox connected to roller chains, toothed belts and/or purposefully made gears, or 

even an axle with a universal joint. A type of clutch system may have to be used if it is judged that 

regenerative braking can play a significant role in saving energy and that it should be used in the vehicle. 

 

2.3.2 Freehub 

Freehubs are a type of freewheel used in high performance bikes. The main function of this component 

is to deliver torque in one direction while allowing the wheel to spin freely in the other. There are many 

different mechanisms used to achieve this, the most common being the pawl-style freehub, like the 

example shown in Figure 2.12. 

 

Figure 2.12 – Schematic of a pawl-style freehub with four spring loaded pawls. 

This type of mechanism is subject to some residual friction while freewheeling due to the contact 

between the pawls and the outside toothed case, which is what causes the familiar clicking noise these 

components are known for. There are some more high-end models that use magnets or other more 

complex mechanisms for engaging and disengaging the hub, which almost eliminate friction while 

freewheeling. However, these are generally considerably more expensive and harder to find. 

In terms of how much torque freehubs can handle, it is safe to assume that they can handle the torque 

output of the vehicle since professional sprint cyclists can produce torques higher than 200 Nm on the 

pedals [26], [27] which, after the torque reduction due to the gear ratio, should generate a similar or 

even higher torque on the hub than what is delivered by motor of the vehicle. 

 

2.3.3 Tires 

Tires play a major role in fuel efficiency competitions and can make or break a team’s chance of claiming 

a spot on the podium. For example, in 2014, teams competing in Shell Eco-marathon Americas using 

the specially designed fuel-efficient Michelin tires won all nine classes of the competition [28]. This has 

been the trend for the past years, where most of the teams winning the SEM competitions are equipped 

with Michelin’s ultimate energy-efficient tires. 
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These tires are the perfect choice for any team aspiring to achieve the highest fuel efficiency. If the team 

cannot acquire or afford these tires, there are other possible low rolling resistance solutions like round 

or triangular profile tires for mopeds or motorbikes. However, these types of non-flat profile tires can 

severely affect traction and cornering performance and must be thoroughly tested before being safely 

used on the track. 

 

2.4 Technical Solutions SEM Teams Use 

Since Técnico Fuel Cell is a new team building their first car, it cannot yet rely on past experience for 

guidance. Therefore, some reports, papers and thesis from other competing teams are reviewed in this 

section, to have some form of benchmark for the vehicle components, weight and a target for the fuel 

efficiency it is to achieve. This research is also of high importance to, not only investigate the success 

of solutions and methods employed by the adversary but, more importantly, to scrutinize where other 

teams failed to avoid making the same mistakes. 

 

2.4.1 Spiros IV – KTH Royal Institute (2011) [29] 

Hydrogen fuel cell Urban Concept with a series hybrid powertrain. It uses a supercapacitor as an energy 

buffer that allows the fuel cell to work with higher efficiency at moderate power and stores energy 

produced in regenerative braking. It achieved a 5th place with a fuel efficiency of 59.8 km/kWh (166.9 

km/m3 of hydrogen). The team used the same bullet-shaped body seen in Figure 2.13 for several years. 

Driving Strategy – No significant optimization of the driving strategy was done. 

 

 

Figure 2.13 - Spiros (2008) same body as Spiros IV. 

 

2.4.2 HydRU R3– University of Ruse Angel Kanchev (2018) [30] 

Urban Concept with a simple hydrogen fuel cell powered powertrain. It uses two efficient Maxon RE 50 

DC motors (200 W) mounted side by side in a fixed-ratio gearbox, in parallel configuration. It achieved 

a 5th place in SEM Europe with a fuel efficiency of 116.0 km/m3 of hydrogen. The vehicle has an 

aluminium chassis and a fibreglass body, seen in Figure 2.14. 

Driving Strategy: No significant optimization of the driving strategy was apparently done. 
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Figure 2.14 - HydRU R3 (2018). 

 

2.4.3 PureChoice - Norwegian University of Science and Technology (2008) [31] 

Urban Concept with a very simple hydrogen fuel cell powertrain. The fuel cell provided all the power 

needed for propulsion and it did not use a supercapacitor, which means no regenerative braking was 

used. The vehicle, seen in Figure 2.15, was of monocoque construction using carbon fibre and weighed 

an impressively low 69 kg. It achieved 223.4 km/m3 of hydrogen, winning a second place. 

 

Figure 2.15 - PureChoice in the 2008 SEM competition. 

 

2.4.4 Fuel Fighter – Norwegian University of Science and Technology (2017) [32] 

Urban Concept powered by a 48V Lithium-Ion battery. It uses two Maxon DC motors (RE 50 and RE 65) 

to power the rear wheels, independently. Each motor is connected to its wheel with a belt drive system 

of fixed gear ratio. 

Driving Strategy: Even though the vehicle has two driving wheels, it works mainly as a 1WD car. The 

motors are always used independently at 80% of their maximum power, according to the simple average 

velocity driving strategy described below, in Table 2.1: 

Table 2.1 - Driving strategy for the DNV GL Fuel Fighter 2017 vehicle. 

Motor 
𝑣 ≤ 36 km/h 

𝑣 > 36 km/h 
FD* > 50 N or initial launch FD ≤ 50 N Sharp turn or pit stop 

500 W On Off Off Off 

120 W Off On Off Off 

*FD is the total drag force acting on the vehicle. 
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Eco-marathon results: Due to a series of vehicle malfunctions the team was unable to achieve a valid 

result: On the first try, the press fitted nylon pulley of the belt drive system loosened from the hub; on 

the second, there were troubles with the battery management system and one of the mirrors fell because 

the adhesive failed; on the third, the controller of the RE65 motor fried; Finally, at the beginning of the 

fourth and final try, the newly built motor controller malfunctioned and, as a result, the motor produced 

a large torque and destroyed the pulley and hub mechanism. 

The vehicle, seen below in Figure 2.16, has a highly aerodynamic monocoque of carbon fibre. 

 

Figure 2.16 – DNV GL Fuel Fighter (2017) 

 

2.4.5 Smarter – Chalmers University of Technology (2009) [33] 

Urban Concept with an ICE series hybrid powertrain. It uses two Maxon RE 65 DC motors (250 W) to 

power the rear wheels, individually. Both motors can be used for regenerative braking. 

Transmission System: A simple two-stage transmission with sprockets and roller chains was used on 

each wheel to gear down the motor output. 

Control System: The ICE was controlled by simply turning it on or off if the supercapacitor’s voltage 

was too low or reached its maximum. 

Driving Strategy: No optimization of the driving strategy was studied. The velocity between the required 

stops was assumed constant, regardless of the track topography. 

Eco-marathon Results: No valid results were achieved. For the first try the vehicle was not ready in 

time. In the second, after two laps, the driver had to do an emergency stop due to under voltage in the 

supercapacitor, which later was explained by extra load caused by the excessive wobbling of the wheels. 

The third and last attempt ended on the first lap, when the front left wheel sprung loose from the system. 

During the attempts it was observed that it was impossible to maintain a constant velocity, not only were 

some of the corners too sharp but the track was also shared with multiple teams doing their attempts. 

The vehicle is of monocoque construction and was left unpainted to avoid the addition of unnecessary 

weight, leaving the characteristic criss-crossed pattern of the carbon fibre visible in Figure 2.17. 
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Figure 2.17 - Smarter during the 2009 SEM competition in Lausitz, Germany. 

 

2.4.6 Elba - KTH Royal Institute (2017) [34], [35] 

Urban Concept with an ICE parallel hybrid powertrain. It has the unusual characteristic of having two 

electric motors, where both the motors and the engine can deliver power to the wheels and only one is 

used for regenerative braking. One is a Maxon RE 50 DC (200 W) motor and is responsible for the 

cruising operation, whereas the other, a Dunkermotoren BG 95х80 BLDC motor (1044 W), is responsible 

for the acceleration of the vehicle and for regenerative braking. 

Control System: A hierarchical three-layer optimal control was developed. The top-layer computes the 

optimal driving strategy in advance, the middle-layer finds the best instantaneous torque split of the 

three propelling components and the bottom-layer controls component level states according to the 

torque split defined. The DC motor was always preferred to the BLDC, as it was assumed it is more 

efficient in all working conditions, which may be untrue. 

Driving Strategy: An optimization of the driving strategy was developed. The topography information 

of the track was used to generate an optimal velocity profile and to take advantage of opportunities to 

recharge the supercapacitor from the ICE and/or regenerative braking, while running downhill. 

Eco-marathon results: Due to failure of a component in the engine during the 6th lap, no valid attempt 

was possible. However, with the new improvements made to Elba, the fuel consumption was expected 

to improve by up to 50%, when comparing to 2015, where the team was able to secure a 7th place with 

a fuel consumption of 95.6 km/L. 

The Elba (Figure 2.18), is the successor of the Spiros car discussed in Section 2.4.1. Its lines are more 

curved than the Spiros and the rear of the vehicle ends in a less abrupt way, improving its aerodynamics. 

 

Figure 2.18 - Elba during the 2017 SEM Europe competition. 
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2.4.7 Green Team Twente – University of Twente [36] 

One team that has been excelling for the past few years, in the hydrogen fuel cell Urban Concept class, 

is University of Twente’s Green Team Twente. It has won one World Championship, three first places 

and two third places. The vehicles that achieved the wins are presented in Table 2.2, the last shown in 

Figure 2.19. Unfortunately, other than the weights and efficiencies, no further information was found any 

of the team’s vehicles. 

Table 2.2 - Winning vehicles of Green Team Twente [36]. 

Vehicle Year Awards Won Weight [kg] 

Fuel Efficiency 

[km/m3][1] [km/L][2] 

Aurora 2 2018-2019 WChamp, 1st 106 242.5 791.5 

H2 Infinity 2016-2017 1st 114 277.8 906.7 

H2.Zero 2015-2016 3rd 114 268.1 875.0 

UTmotive 

2012-2013 3rd 85 245.1[3] 800[3] 

2011-2012 1st 100 209.4[4] 683.4 

[1] Official energy efficiency result. 
[2] Kilometre per litre of gasoline equivalent. 
[3] Taken from the team’s website. 
[4] Converted from km/kWh, which were the units used at the time. 

 

 

 

Figure 2.19 - University of Twente’s AURORA 2, taken from the team’s website [36] 

 

2.4.8 Discussion 

A compilation of the main traits of relevance from the vehicles discussed in the previous sections is 

presented in Table 2.3. The main characteristics considered are the powertrain class and configuration, 

electric motor type and power, if it can use regenerative braking and vehicle weight (without driver). 
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Table 2.3 - Powertrain characteristics of Urban Concept vehicles. 

Team Energy Class Hybrid Motor Type Power [W] Regen. Weight [kg] 

Spiros IV Hydrogen FC Yes BLDC 500 Yes 135 

HydRU R3 Hydrogen FC No 2 x DC 2 x 200 No 130 

Purechoice Hydrogen FC No - - No 69 

Fuel Fighter Battery No 2 x DC 200 + 250 No 90 

Smarter ICE Series 2 x DC 2 x 250 Yes 74 

Elba ICE Parallel* DC+BLDC 200 + 1044 Yes 90 

*The Internal Combustion Engine can also provide mechanical power to the wheels. 

 

In the review of the literature on the other SEM vehicles and with the information compiled in Table 2.3, 

the following observations were done: 

• From the five vehicles that the electric motors used were known, only one did not use a DC 

motor, using instead a BLDC motor of 500 W while the other four vehicles all used Maxon DC 

motors (known for being the most efficient DC motors in the market), often two of different 

powers (the RE 50 DC – 200 W and the RE 65 DC – 250 W). Another interesting observation 

is that all the four vehicles that opted to use DC motors used two motors, which is probably due 

to the fact that the DC motors used do not have enough power for the vehicle alone; 

• From all the electric vehicles, which includes hydrogen FC, only the one with the sole BLDC 

motor used regenerative braking since all the others were not hybrids, i.e., did not have any 

energy storage devices. Both the ICE hybrids used regenerative braking; 

• The average power of the vehicles that have electric propulsion only (Elba is not included) and 

the motor power is known, is approximately 463 W; 

• The average weight of the investigated vehicles is 106 kg, with values ranging from 69-135 kg; 

• Finally, the average fuel efficiency of the three hydrogen fuel cell vehicles found on the literature 

was 168.8 km/m3, while the average of the Green Team Twente’s vehicles was considerably 

higher at 248.6 km/m3. 
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3 Vehicle Dynamics and Motor Model 

 

The subject of “vehicle dynamics” is the study of the movements of vehicles on a road surface, where 

the motions of interest are acceleration, braking, ride and turning. The dynamic behaviour is determined 

by studying the forces that are imposed on the vehicle and its components with the purpose of predicting 

the resulting response, i.e., the previously mentioned “movements”. The forces that act on the vehicle 

can be narrowed down to three sources: the tires, gravity and aerodynamics [37]. A more complete 

theoretical background on vehicle dynamics is presented in Appendix C 

The coordinate system used is the SAE vehicle axis system [38] and the terminology adopted is based 

on the one used in [37]. A detailed description of the axis system is presented in Appendix D. 

 

3.1 Free-body Diagram 

The first step for analysing any vehicle’s dynamics behaviour is the sketching of its free-body diagram, 

along with all the significant forces acting on it, under arbitrary conditions. For the vehicle studied, the 

free-body diagram with respect to the x-z plane is as seen in Figure 3.1, where the forces shown are 

mainly those of interest to the longitudinal analyses developed throughout this work. 

 

Figure 3.1 - Arbitrary forces acting on a vehicle free-body diagram, x-z plane. 

The forces acting on the vehicle are: 

𝑊 - Weight of the vehicle acting at its CG; it is equal to its mass times the acceleration of gravity. 

On an incline (𝛳), 𝑊 is split in 𝑊𝛳𝑥 and 𝑊𝛳𝑧, along the vehicle’s x and z-axis, respectively. 

𝑊𝑟,𝑙 - Dynamic weights of the axles experienced by the tires on the contact points A and B. The 

subscript “r” and “f” denote the rear and front wheel, respectively. 

𝐹𝑥 - Tractive force of the tires acting in the longitudinal direction of the vehicle. 

𝑅𝑥 - Rolling resistance of the tires along its x-axis. It acts on the tire’s contact patch and always 

opposes the direction of the vehicle’s movement. 
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𝐷𝑎 - Aerodynamic drag force acting on the body of the vehicle. It is assumed that the force is 

applied at the same height “ℎ” of the centre of gravity. 

𝑀 ∙ 𝑎𝑥 - Inertial force known as “d’Alembert force7” caused by the acceleration of the vehicle. It acts 

on the centre of gravity in the opposite direction of the acceleration. It can be convenient for 

dynamics calculations when the vehicle is accelerating along the road. 

 

3.2 Dynamic Axle Loads 

Determining the axle loads is important to analyse the traction limits of the vehicle., i.e., the maximum 

acceleration and braking. To calculate the load on one axle, a simple application of Newton’s Second 

Law (Appendix C) is required, as is exemplified below for the front axle: 

Assuming the front wheels remain in contact with the ground and applying a static equilibrium using 

d’Alembert’s principle, the sum of the moments around point A must be equal to zero. 

Since the moments about point A are positive in a clockwise direction (SAE axis system – Appendix D) 

we obtain: 

 𝑊𝑓 ∙ 𝐿 + (𝐷𝑎 +𝑊𝛳𝑥 +𝑀 ∙ 𝑎𝑥) ∙ ℎ −𝑊𝛳𝑧 ∙ 𝑐 = 0 (3.1) 

Solving Eq. (3.1) for Wf and applying the same steps for point B, the equations for the axle loads become: 

 𝑊𝑓 = 𝑊 ∙ cos𝛳 ∙
𝑐

𝐿
− (𝐷𝑎 +𝑊 ∙ sin𝛳 +𝑀 ∙ 𝑎𝑥)

ℎ

𝐿
 (3.2) 

 𝑊𝑟 = 𝑊 ∙ cos𝛳 ∙
𝑏

𝐿
+ (𝐷𝑎 +𝑊 ∙ sin𝛳 +𝑀 ∙ 𝑎𝑥)

ℎ

𝐿
 (3.3) 

 

To determine the maximum traction available at the tires for a rear-wheel-drive vehicle Eq. (3.3) is used 

to calculate the dynamic weight on the rear axle and then the following expression is applied: 

 𝐹𝑥𝑚𝑎𝑥 = 𝜇𝑡 ∙
𝑊𝑟

0.5 ∙ 𝑁𝑤
 (3.4) 

where 𝜇𝑡 is the friction coefficient between the road surface and the tires and 𝑁𝑤 is the number of 

wheels doing the work, i.e., for a rear-wheel-drive car where only one wheel does work, the maximum 

traction is half of what it would be for a similar car with two driving wheels. It should be noted that for 

mechanical braking (negative tractive force) the four wheels of the vehicle are used. 

The friction coefficient depends heavily on the tire characteristics, type of road surface and on the road 

conditions. However, since the vehicle is to be used only in concrete or asphalt roads, the conservative 

friction coefficient values of 0.8 and 0.5 will be used for dry and wet roads, respectively.  

 
7 The d’Alembert’s principle is an alternative form of Newton’s Second Law stated by Jean le Rond d’Alembert that, 

in effect, reduces a problem in dynamics to one in statics. D’Alembert’s form states that the force 𝐹 acting on a body 

plus the negative of its mass 𝑀 times acceleration 𝑎 is equal to zero: 𝐹 −𝑀 ∙ 𝑎 = 0. Meaning the body is in 

equilibrium under the action of a real force 𝐹 and a fictitious (or inertial) one −𝑀 ∙ 𝑎. 
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3.3 Longitudinal Vehicle Model 

In reality, vehicles not only travel on a level road but also up and down slopes and around corners. To 

model the vehicle’s motion, a simpler straight two-dimensional road where there are no corners can be 

considered [22]. This model is focused on the vehicle’s performance when accelerating, cruising and 

braking while on a road with variable grade. This is done by applying Newton’s Second Law along the 

longitudinal axis of the vehicle (Figure 3.1), resulting in the equilibrium presented in equation (3.5): 

 𝐹𝑥 − (𝑅𝑥 +𝑊𝛳𝑥 + 𝐷𝐴) = 𝑀 ∙ 𝛼𝑥 (3.5) 

where:  

 𝐹𝑥 = 𝐹𝑥𝑟 + 𝐹𝑥𝑓 (3.6) 

 𝑅𝑥 = 𝑅𝑥𝑟 + 𝑅𝑥𝑓 (3.7) 

  

3.3.1 Tractive Force 

The tractive force generated by the electric motor for accelerating or braking is studied to a higher degree 

than the tractive force developed by the disk brakes. After all, when using friction brakes, all the kinetic 

energy is dissipated in the form of heat and lost, while using the motor as a brake some of that energy 

can be recovered. For this reason, when attempting to achieve the highest efficiency the use of the disk 

brakes should be avoided when possible and used only as a last resort. 

For the case where the electric motor provides the tractive force, the two possible scenarios of interest 

are shown in Figure 3.2. In (a) the motor generates the torque that “pushes” the vehicle and in case (b) 

it creates a torque opposite to the direction of rotation of the shaft, resulting in a braking force. 

 

Figure 3.2 - Vehicle motoring (a) and braking/regenerating (b), adapted from [24] 

𝜔𝑎 - Axle angular velocity ; 𝐹𝑥𝐿 - Tractive force on the left wheel [N]; 

𝜔𝑀 - Motor angular velocity ; 𝐹𝑥𝑅 - Tractive force on the right wheel [N]; 

𝑇𝑎 - Torque on the axle; 𝜂𝐷𝐶𝐷𝐶 - Efficiency of the transmission; 

𝑇𝑀 - Torque output of the motor; 𝑣 - Vehicle forward velocity. 

Resistive Forces 
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Starting with the electric motor and considering the motoring case (a), the torque provided by the motor 

to the transmission can be determined by application of Newton’s Second Law with equation (3.8): 

 𝑇𝑡 = 𝑇𝑀 − 𝐽𝑀 ∙ 𝛼𝑀 (3.8) 

where: 

𝑇𝑡 = Torque at the transmission (motor side) [N∙m]; 

𝐽𝑀  = Rotational inertia of the motor’s shaft [kg∙m2]; 

𝛼𝑀 = Angular acceleration of the motor’s shaft [rad/s2]. 

  

The torque delivered to the axle and wheels that ultimately provides the tractive force at the road (sum 

of the left and right tractive forces) is amplified by the gear ratio of the transmission with some reductions 

from the inertia of the driveline components and transmission. The equations for this are: 

 𝑇𝑎 = (𝑇𝑡 − 𝐽𝑡 ∙ 𝛼𝑀) ∙ 𝑁𝑡 (3.9) 

 𝐹𝑥 ∙ 𝑟 = 𝑇𝑎 − 𝐽𝑤 ∙ 𝛼𝑤 (3.10) 

where: 

𝐽𝑡 = Rotational inertia of the transmission (as seen from the motor side); 

𝑁𝑡 = Numerical gear ratio of the transmission; 

𝑟 = Radius of the tires [m]; 

𝐽𝑤 = Rotational inertia of the wheels and axle shafts; 

𝛼𝑤 = Angular acceleration of the wheels (same as the axle). 

  

The relation of the motor and wheels rotational accelerations can be easily determined by the 

transmission ratio. 

 𝛼𝑀 = 𝑁𝑡 ∙ 𝛼𝑤 (3.11) 

   

Knowing that the vehicle acceleration, 𝑎𝑥, is equal to the wheel rotational acceleration times the tire 

radius and combining the above equations (3.8) to (3.11) it is now possible to solve for the tractive force 

available on the ground: 

 𝐹𝑥 =
𝑇𝑀 ∙ 𝑁𝑡
𝑟

− [(𝐽𝑀 + 𝐽𝑡)𝑁𝑡
2 + 𝐽𝑤]

𝑎𝑥
𝑟2

 (3.12) 

   

Finally, the effect of the inefficiencies due to mechanical and viscous losses in the transmission can be 

approximated by adding an efficiency value in the first term on the right-hand side of equation (3.12) 

[37]. It should be noted that until this point the equations above were valid for both the motoring and 

braking cases, (a) and (b), but with the inclusion of the efficiency value in the expressions for the tractive 

force when motoring and braking become. 
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Motoring tractive force – case (a): 

 𝐹𝑥 =
𝑇𝑀 ∙ 𝑁𝑡 ∙ 𝜂𝑡

𝑟
− [(𝐽𝑀 + 𝐽𝑡)𝑁𝑡

2 + 𝐽𝑤]
𝑎𝑥
𝑟2

 (3.13) 

   

Braking tractive force8 – case (b): 

 𝐹𝑥 =
𝑇𝑀 ∙ 𝑁𝑡
𝑟 ∙ 𝜂𝑡

− [(𝐽𝑀 + 𝐽𝑡)𝑁𝑡
2 + 𝐽𝑤]

𝑎𝑥
𝑟2

 (3.14) 

   

Therefore, the tractive force that can be obtained from the electric motor for both cases is described by 

equations (3.13) and (3.14). These equations can be divided in two components: 

1. The first term on the right-hand side represents de steady-state9 tractive force available to 

overcome the resistive forces and accelerate the vehicle or to oppose its movement and brake. 

2. The second term on the right-hand side represents the “loss” of tractive force due to the inertia 

of the rotor, transmission and drivetrain components. It should be noted that if the car is 

maintaining a constant velocity this component is equal to zero. 

 

3.3.2 Rolling Resistance 

One of the major sources of resistance to movement of the vehicle is the rolling resistance of its tires. 

In fact, at low velocities it is the primary motion resistance force, which means that it should be one of 

the main causes of energy loss in the team’s vehicle and one of the primary focus of investment and 

optimization for achieving the highest energy efficiency. 

There are many mechanisms responsible for the rolling resistance, e.g., energy loss due to deflection 

of the tire sidewall and thread elements, tire slip, air drag, road imperfections, to name a few. Modelling 

all these phenomena would be impractical so the empirical equation (3.15) is commonly applied: 

 𝑅𝑥 = 𝑓𝑟 ∙ 𝑊 ∙ cos𝛳 (3.15) 

where: 

𝑓𝑟 = Rolling resistance coefficient; 

For some situations, i.e., when accelerating and braking, the dynamic weight of the vehicle on the front 

and rear axis may be used to calculate the rolling resistance. However, for the purpose of estimating 

the vehicle’s performance, this would complicate the calculation without offering any significant 

improvements in accuracy [37]. 

 
8 When braking, the lower the transmission´s efficiency the highest the braking force but, on the other hand, the 

least torque will reach the motor for recovering energy in regenerative braking. 
9 A mechanical model is referred to a “steady state” when all the variables are constant in time. 
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3.3.3 Grading Force 

The grading force is simply the result of the pull exerted by earth’s gravity on the vehicle while on an 

inclined road. Since gravity pulls the vehicle straight down, the horizontal plane from which the grading 

angle, 𝛳, is measured is its perpendicular. This force opposes forward motion when the vehicle is 

climbing (𝛳 is positive) and aids it when it is descending (𝛳 is negative). 

 𝑊𝛳𝑥 = 𝑊 ∙ sin𝛳 = 𝑚𝑔 ∙ sin𝛳 (3.16) 

 

3.3.4 Aerodynamic Drag 

The aerodynamic forces on a body are caused by the interaction of its surface with the surrounding flow 

in two distinct ways; one is usually referred to as form or pressure drag and the other as skin or viscous 

friction drag. In a vehicle, form drag is usually responsible for most of the aerodynamic force and is 

caused by the pressure difference that occurs due to flow separation at the back of the vehicle; viscous 

friction drag is generally much smaller and results from the sheer stress in the boundary layer on the 

surface of the vehicle’s body. 

To determine the force caused by aerodynamic drag it is necessary to use a semi-empirical model 

because, even in the simplest of cases, the flow around a body is extremely complex. Therefore, 

equation (3.17) is commonly used to characterize the aerodynamic drag: 

 𝐷𝐴 =
1

2
𝜌 ∙ 𝑣𝑓

2 ∙ 𝐶𝐷 ∙ 𝐴𝐹 (3.17) 

where: 

𝐶𝐷 = Aerodynamic drag coefficient; 𝑣𝑓 = Relative velocity of the air flow; 

𝐴𝐹 = Frontal area of the vehicle; 𝜌 = Air density. 

The drag coefficient, 𝐶𝐷, is determined empirically for the vehicle, the frontal area, 𝐴𝐹, is the area of the 

vehicle as seen from the front to account for the size of the car and the rest of equation (3.17) accounts 

for the dynamic pressure of the air. 

If conditions change considerably from the standard sea-level pressure and temperature, the density 

should be corrected for the new conditions, as described in Appendix E. 

 

3.4 Tire Drag when Cornering 

The previous section introduced the main forces that affect the vehicle’s movement, considering a 

simple model where motion is always in a straight line. This simplification is good for approximating the 

phenomena described Section 3.3, however it does not account for the drag caused by the tires when 

cornering, which can be several times higher than the “straight-line” rolling resistance given by 

Eq. (3.15), for cruising-speed cornering. 
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3.4.1 Low-speed Turning 

First, it is interesting to do a brief mention of the vehicle’s behaviour for low-speed cornering, where no 

lateral forces act on the vehicle. The geometry that results from cornering with pure rolling of the wheels, 

as seen in Figure 3.3, is called Ackermann Steering and results in no extra tire drag. For this situation, 

equation (3.15) given in Section 3.3.2 is sufficient for modelling the vehicle and cornering can be ignored. 

 

Figure 3.3 - Low-speed turning, adapted from [39]. 

𝛿𝐿 , 𝛿𝑅 - Left and right steering angles; 𝑏, 𝑐 - Axles distances from the CG; 

𝑅 - Turn radius; 𝑡 - Track width. 

For the proper geometry and assuming small angles, the average of the front steer angles is defined as 

the Ackermann angle:  

 𝛿 = 𝐿 𝑅⁄  (3.18) 

 

3.4.2 Cruising-speed Cornering 

At higher speeds, lateral acceleration will be present and, to counteract this, the tires must develop 

lateral forces. Consequently, the slip-angle 𝛼 appears at each tire making the lateral force (also called 

cornering force) 𝐹𝑦 contribute to the overall tire drag, as seen in Figure 3.4. 

 

Figure 3.4 - Tire under cruising-speed cornering, adapted from [40] 

xv, yv - Vehicle coordinate system; 𝐹𝑟 - Wheel rolling resistance force; 

xw, yw - Wheel coordinate system; 𝑇 - Tractive cornering force; 
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𝐹𝑦 - Tire lateral force; 𝛼 - Wheel slip angle; 

𝐹𝑐 - Centrifugal force; I - Centre of rotation. 

The tractive cornering force 𝑇 is equal and in the opposite direction of the total tire drag, keeping the 

vehicle’s velocity constant. 

 

To calculate the impact cornering has on the tire drag, it is essential to first determine the relation 

between the slip angle and the magnitude of the lateral force produced by the tire. At a given tire load, 

𝐹𝑧, the cornering force grows with slip angle. For small slip angles, the relation is linear and can be 

described by: 

 𝐹𝑦 = 𝐶𝛼 ∙ 𝛼 (3.19) 

The constant, 𝐶𝛼, known as the “cornering stiffness”, is the slope of the curve for 𝐹𝑦 versus 𝛼 at 𝛼=0 

(Figure 3.5). The cornering stiffness is dependent on many variables, e.g., tire size, tire type (radial or 

bias-ply), wheel width, tread, to name a few. For a given tire, the load and the inflation pressure are the 

main variables and speed does not strongly influence the forces produced by the tire [37].  

Equation (3.19) is straightforward and very useful for modelling vehicles under normal conditions, 

however, for larger slip angles the relation ceases to be linear and it becomes inaccurate. Hence, it is 

often necessary to resort to experimental or empirical methods to estimate the curve 𝐹𝑦 versus 𝛼.  

 

3.4.3 Magic Formula 

One of the most well-known and widely used empirical models is Pacejka’s “Magic Formula” model, 

where a set of equations using parameters specific to the tire approximate its behaviour. 

The basic equation for the lateral force versus slip angle curve given by Pacejka is [41]: 

 𝐹𝑦 = D ∙ sin[C ∙ tan
−1(B ∙ 𝛼 − E(B ∙ 𝛼 − tan−1(B ∙ 𝛼)))] (3.20) 

where: 

 𝐶𝛼 = pKy1 ∙ 𝐹𝑧𝑛 sin [pKy4 tan
−1 (

𝐹𝑍
pKy2 ∙ 𝐹𝑧𝑛

)] (3.21) 

The factors B, D, E and the cornering stiffness, 𝐶𝛼, are calculated with parameters given by the 

manufacturer for the Magic Formula (like C, pKy1, pKy2, pKy4 and 𝐹𝑧𝑛) or can be estimated 

experimentally through regression techniques. The equations and parameters are listed in Appendix F. 

The curves and cornering stiffness coefficients for three load situations for Michelin’s Urban Concept 

tires, designed for Shell Eco-marathon, are given in Figure 3.5. The plots were calculated with Pacejka’s 

model with parameters provided by Michelin for the tire, for an inflation pressure of 4 bar. The straight 

grey line is given for comparison as it follows the linear model of Eq. (3.19), for the 600 N load. 
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Figure 3.5 - Tire cornering force properties for Michelin Urban Concept 95/80 R16. 

 

3.4.4 Bi-cycle Vehicle Model 

To estimate the tire drag generated by cornering, three models were considered: the uni-cycle (Figure 

3.4), the bi-cycle and the 4-wheel model. Of these, the bi-cycle model, seen in Figure 3.6, was chosen 

because it gives results almost as good as the 4-wheel model and is less complex. The uni-cycle model, 

even if it is the simplest, was disregarded because it produces results around 20% higher than the other 

two models [40]. 

 

Figure 3.6 - Free-body diagram of the bi-cycle vehicle model, adapted from [40]. 

D.T. - Direction of travel of the wheel; xf, yf - Front wheel coordinate system; 

𝑒 - Projection of the centre of rotation; xr, yr - Rear wheel coordinate system; 
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The bi-cycle model is a good approximation for the vehicle’s turning mechanics because the turn radius 

is always much larger than the track width and small angles can be considered, thus, the left and right 

steer angles can be substituted by their average, the Ackermann angle Eq. (3.18), and the front and 

rear wheels can be represented by one wheel per axle, in the vehicle’s longitudinal plane of symmetry. 

Note: In the one wheel per axle simplification, the lateral tire forces on each axle have to be multiplied 

by two to account for the tractive effort of both wheels.   

The knowns of the problem are:  

1. The vehicle characteristics: mass 𝑀, wheelbase 𝐿 and the position of the centre of gravity CG 

on the vehicle’s x-axis, 𝑐; 

2. The tire characteristics: cornering stiffness 𝐶𝛼 and the rolling resistance coefficient; 

3. Cornering conditions: turn radius 𝑅 and the vehicle velocity 𝑣CG. 

The unknowns are: 

1. The steer angle 𝛿; 

2. The angle 𝛽 that positions the turn centre I on the vehicle’s x-axis; 

3. The front and rear slip angles, 𝛼𝑓 and 𝛼𝑟, respectively; 

4. The tire forces: normal loads 𝐹𝑧𝑓 and 𝐹𝑧𝑟, lateral forces 𝐹𝑦𝑓 and 𝐹𝑦𝑟 and the rolling resistance 

forces 𝐹𝑟𝑓 and 𝐹𝑟𝑟; 

5. The tractive cornering force 𝑇, necessary to maintain the vehicle at constant velocity. 

Simplifications: 

1. Infinitely rigid chassis that connects the front and rear wheels; 

2. Road with no inclination (𝜃 = 0); 

3. No aerodynamic force (𝐷𝑎 = 0); 

4. Vehicle velocity is constant. 

The problem can be solved using the following steps and equations, adapted from [40]: 

(1) Calculate the centrifugal force: 

 𝐹𝑐 =
𝑀 ∙ 𝑣𝐶𝐺

2

𝑅
 (3.22) 

(2) Calculate the normal loads for the front and rear tires with Equations (3.2) and (3.3), taking into 

account the mentioned simplifications; 

(3) Calculate the cornering stiffness of each wheel using Eq. (3.21); 

(4) Calculate the rolling resistance forces of the wheels with Equation (3.15) (using the normal loads 

for the front and rear tires instead of 𝑊𝛳𝑧); 

At this point, there are still seven unknowns: 𝛼𝑓, 𝛼𝑟, 𝐹𝑟𝑓, 𝐹𝑟𝑟, 𝐹𝑦𝑓, 𝐹𝑦𝑟 and 𝑇. Hence, it is necessary to 

solve the equations from step (5) to (7) simultaneously. 
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(5) For the geometric relationships: 

 tan(𝛿 − 𝛼𝑓) =
𝐿 − 𝑒

𝑅 ∙ cos𝛽
 (3.23) 

 tan(𝛼𝑟) =
𝑒

𝑅 ∙ cos𝛽
 (3.24) 

 sin𝛽 =
𝑐 − 𝑒

𝑅
 (3.25) 

(6) For the lateral behaviour of the tires apply equation (3.20) to the front and rear wheels and 

multiply it by two, to account for the tractive effort of both wheels; 

(7) For the vehicle equilibrium equations in the road plane: 

 𝑇 − 𝐹𝑟𝑟 − 𝐹𝑟𝑓 ∙ cos 𝛿 + 𝐹𝑐 ∙ sin𝛽 − 𝐹𝑦𝑓 ∙ sin𝛿 = 0 (3.26) 

 𝐹𝑦𝑟 − 𝐹𝑟𝑓 ∙ sin 𝛿 − 𝐹𝑐 ∙ cos𝛽 + 𝐹𝑦𝑓 ∙ cos 𝛿 = 0 (3.27) 

 −𝑐 ∙ 𝐹𝑦𝑟 + (𝐿 − 𝑐)(𝐹𝑦𝑓 ∙ cos 𝛿 − 𝐹𝑟𝑓 ∙ sin𝛿) = 0 (3.28) 

Solving the system of equations using Matlab, we get the tractive cornering force 𝑇, which is equivalent 

to a resistive force that incorporates both the effects of tire drag due to cornering and rolling resistance. 

In fact, for an infinitely large turn radius (straight road), 𝛿 and 𝛽 are zero and Eq. (3.26) becomes: 

 𝑇 = 𝐹𝑟𝑟 + 𝐹𝑟𝑓 (3.29) 

Remembering that 𝐹𝑟𝑟 and 𝐹𝑟𝑓 are the rolling resistances of the front and rear tires, we can see that in 

this situation 𝑇 is equal to 𝑅𝑥 from equation (3.7). 

In Figure 3.7, the tire drag results of the bi-cycle model, for various vehicle velocities and turn radii, are 

presented for a 170 kg vehicle (with driver) equipped with the already mentioned Michelin Urban 

Concept tires. The aerodynamic drag curve for a vehicle with a frontal area of 0.9 m2 and an 

aerodynamic drag coefficient of 0.18 is also shown for comparison. 

 

Figure 3.7 - Tire drag given by the bi-cycle model for different speeds and turn radii. 
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The results of the bi-cycle model clearly show that the tire drag is much higher when cornering than 

when moving in a straight line. In fact, for a velocity of 35 km/h a turn radius of only 50 m doubles the 

drag force produced by the tires, when comparing to a straight road. This confirms that an accurate 

dynamic model of the vehicle is essential for the development of an effective driving strategy to reduce 

the hydrogen consumption as much as possible. 

 

3.5 Electric Motor Energy Consumption 

To estimate the energy consumption of the vehicle, an appropriate model of the electric motor must be 

used. The model is fundamental to establish the relationship between the rotational mechanical energy 

of the drive system and the electrical energy of the powertrain. However, since different machines 

require different models to simulate how they work, it is necessary to first determine the motor 

technology to be used. Hence, the first sub-section is dedicated to the method used to select the best 

motor technology for the vehicle, while the ones after that are for describing the chosen model. 

 

3.5.1 Motor Technology Selection 

To select the best motor technology for the vehicle, the main pros and cons of relevance, i.e., efficiency, 

power density, control complexity, cost and maintenance, were evaluated for several motor technologies 

suitable for this type of applications. Then, a Multi-Criteria Decision Making (MCDM) table (Table 3.1) 

was built to assist with the selection of the best motor technology. The weights of the used criteria were 

selected in accordance to their importance for the mission of the vehicle, as well as the feasibility of the 

project. The selected criteria values for each motor type were selected by the author based on the 

comparison of datasheets from real motors and on the references [17], [18], [42]–[45]. 

Table 3.1 - Multi-Criteria Decision Making table to choose the motor technology for the vehicle. 

Criteria 

 Type of Motor 

wt.[1] DC IM RM BLDC PMSM 

Efficiency 5 1 2 3 4 5 

Power Density 4 2 3 3 4 5 

Control Complexity 3 5 2 4 4 2 

Cost 2 4 5 4 3 1 

Maintenance 1 1 5 5 5 5 

Score: 37 43 52 59 58 

      

[1] Weight of each criterion (from 1 – Not Important to 5 – Very Important). 

* Criteria are evaluated from 1 – Poor to 5 – Excellent. 

* DC – Brushed DC motor; IM – Induction Motor; RM – Reluctance Motor. 
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According to the MCDM Table 3.1, the best type of motor for the vehicle is a permanent magnet BLDC 

motor. This choice was corroborated by the “selection of the optimum motor technology” table from [46], 

where permanent magnet motors, namely the BLDC, were also the clear winners (filled table in 

Appendix G). However, it should be noted that in both tables the PMSM also had a very high rating and, 

if cost is disregarded, it even surpasses the BLDC as the best choice for the vehicle. 

Based on the scores of Table 3.1, as well as what was discussed in Section 2.1.2, the type of motor 

selected for the vehicle is of the brushless DC technology. Ergo, the corresponding model of a BLDC 

motor is discussed in the following sections.  

 

3.5.2 BLDC Motor Market Study 

To select which brushless DC electric motors to evaluate, an extensive search of many brands and 

models was done, narrowing the final selection to three Dunkermotoren BLDC motors of different power 

outputs. This brand was selected due to its offer of high quality and efficient BLDC motors, at a 

reasonable price. Another reason for selecting this brand is the fact that they sell directly to consumers, 

which is often a limitation for other brands, who only sell if a minimum number of motors are ordered, 

e.g., Sonceboz CPM90 BLDC motor could be an excellent choice for the vehicle, however, the brand 

only offers its motor to applications with an annual potential of more than one thousand units. 

The three BLDC motors selected to be compared in terms fuel efficiency, using the methods later 

developed in this master thesis, are the 24 V versions of Dunkermotoren’s BG 95X80, BG 95X40 and 

BG 75X50, with powers outputs of 1000, 701 and 431 Watts, respectively. The motors are shown in 

Figure 3.8 and the main specifications for each motor are shown in Appendix H. 

 

Figure 3.8 - Dunkermotoren BLDC motors: BG 95X80 (a), BG 95X40 (b) and BG 75X50 (c), images from [47]. 

The electrically commutated motors use Hall sensors for rotor position detection, have three-phases 

and use an 8-pole neodymium magnet on the rotor. One other plus of using a Dunkermotoren motor is 

the large offer of attachments like controllers, gearboxes and motor brakes of high quality and efficiency. 

 

3.5.3 Introduction to Brushless DC Motor Models 

The majority of models presented throughout the literature simulate the full motor-commutator circuit, 

shown in Figure 3.9, and describe the full operation of the motor with precision (examples of these 
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models in [48]–[50]). However, these types of models are not suitable for the vehicle model developed 

in this work, as they are characterized by a relatively long computational time and would make the 

simulations and optimizations extremely slow. 

 

Figure 3.9 – Schematic of a three-phase, one pole pair BLDC motor, including the electronic commutator and hall 
sensors, adapted from [51]. 

𝑈𝐷𝐶 - DC supply voltage; 𝐸𝑘 - Back EMF of phase k; 

𝐼𝐷𝐶 - DC supply current; ϴ - Rotor position. 

A, B, C - Three phases of the BLDC motor; 𝑇1−6 - Transistors; 

𝐼𝑘 - Current of phase k; 𝐷1−6 - Diodes; 

To by-pass the computing time problem, a simplified functional model that only shows the relationships 

between current, voltage, load torque and rotational speeds for transient states can be used instead. 

These types of models are useful for simulations that do not take the effects occurring inside the 

motor-commutator system into consideration. 

Since BLDC motors are similar to brushed DC motors with electronic commutation instead of brushes, 

the constant current equivalent circuit model for the DC motor is sometimes used for the BLDC motor. 

However, this overly simplistic approximation, which does not take commutation into consideration, is 

not recommended because the resulting torque-speed characteristics can significantly differ from the 

real BLDC motor [52]. To correct this, K. Krykowski proposes a modified constant current model (MCCM) 

based on the same DC motor model, that takes into account the impact of inductance on the 

torque-speed characteristics of the BLDC motor [52]. 

 

3.5.4 BLDC Motor Modified Constant Current Model 

The model for the BLDC motor developed in this section is based on the before mentioned modified 

constant current model proposed by K. Krykowski. 

A BLDC motor with the structure shown in Figure 3.9 can be simplified as a constant current equivalent 

model with the structure shown in Figure 3.10. This model assumes that the common 120-degree 

commutation (shown in Appendix I) is used, and that two of the phases are always connected. 

Therefore, the circuit resistance, inductance and back EMF appear as duplicated. 
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Figure 3.10 - BLDC motor as a special case of DC motor. 

    

𝑢𝑑 - Motor input voltage; 𝑇𝑒 - Electromagnetic torque; 

𝑖𝑑 - Motor input current; 𝑇𝐿 - Load torque; 

𝐸𝑠 - Phase back EMF; 𝐽 - Total moment of inertia; 

𝑅𝑠  - Phase resistance; 𝐵 - Motor damping coefficient; 

𝐿𝑠  - Phase inductance; 𝜔 - Rotor angular velocity. 

    

The relationship between instantaneous current and voltage for this motor can be written as: 

 𝑢𝑑 = 2 ∙ 𝑅𝑠 ∙ 𝑖𝑑 + 2 ∙ 𝐿𝑠
𝑑𝑖𝑑
𝑑𝑡

+ 2 ∙ 𝐸𝑠 (3.30) 

 𝐸𝑠 = 𝐸𝑓𝑝 = 𝐾𝑓𝑝 ∙ 𝜔 (3.31) 

where 𝐸𝑓𝑝 is the back EMF voltage and 𝐾𝑓𝑝 the phase excitation coefficient for the flat portion of the 

phase EMF waveform (Appendix I). 

Additionally, the mechanical system of Figure 3.10, representing the motor, the drivetrain and all the 

forces acting on the vehicle, can be described by the following relation:  

 𝑇𝑒 = 𝑇𝐿 + 𝐵 ∙ 𝜔 + 𝐽
𝑑𝜔

𝑑𝑡
 (3.32) 

   

Simplifying equation (3.30), for the case of an ideal motor with negligible inductance impact where the 

motor current and voltage can be considered as average values, it becomes: 

 𝑈𝑑 = 2 ∙ 𝑅𝑠 ∙ 𝐼𝑑 + 2 ∙ 𝐾𝑓𝑝 ∙ 𝜔 (3.33) 

and the following relation is true: 

 𝑇𝑒 = 2 ∙ 𝐾𝑓𝑝 ∙ 𝐼𝑑 (3.34) 

 

In a real motor, however, when commutation occurs, the phase currents do not change instantly in the 

step-like manner shown in Appendix I, but rather rise and decrease following an exponential curve, 

causing additional voltage drops. In addition to this, during commutation the energy stored in the phase 

winding that disconnects is recuperated and current (known as freewheel current) flows back to the 

motor through the body diode, until its voltage becomes equal to the back EMF voltage [53] (example 
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of this shown in Appendix J. Hence, the current generating electromagnetic torque 𝐼𝑒 is greater than the 

average input current 𝐼𝑑 calculated for the DC circuit, and Eq. (3.34) is rewritten as: 

 𝐼𝑒 =
𝑇𝑒

2 ∙ 𝐾𝑓𝑝
> 𝐼𝑑 (3.35) 

The commutation voltage drops can be taken into account by adding a commutation impact coefficient, 

which estimates the ratio between commutation and resistance voltage drops: 

 𝑘𝑄 =
𝑈𝑐𝑜𝑚𝑚
𝑈𝑅

 (3.36) 

Assuming that the motor speed remains approximately constant during commutation, Eq. (3.36) can be 

defined as follows [52]: 

 𝑘𝑄 =
𝑚 ∙ 𝑝

2 ∙ 𝜋
∙
𝜔 ∙ 𝐿𝑠
2 ∙ 𝑅𝑠

 (3.37) 

where 𝑚 is the step commutation number and 𝑝 the number of pole pairs. 

Using the commutation impact coefficient (3.37) in Eq. (3.33), it becomes: 

 𝑈𝑑 = 2 ∙ 𝑅𝑠 ∙ (1 + 𝑘𝑄) ∙ 𝐼𝑒 + 2 ∙ 𝐾𝑓𝑝 ∙ 𝜔 (3.38) 

The relation between current in the motor 𝐼𝑒 and the average current 𝐼𝑑 can be approximated by: 

 𝐼𝑑 = 𝑘𝜔 ∙ 𝐼𝑒 (3.39) 

where 𝑘𝜔 is the coefficient of decrease in rotational speed compared to the ideal motor: 

 
𝑘𝜔 =

1

1 +
𝑚 ∙ 𝑝 ∙ 𝐿𝑠
4 ∙ 𝜋 ∙ 𝐾𝑓𝑝

∙ 𝐼𝑒

 
(3.40) 

The excitation coefficient for the flat portion of the phase back EMF waveform can be estimated as: 

 𝐾𝑓𝑝 =
1

2

𝑈𝑑𝑛
𝜔𝑛𝑙

 (3.41) 

where 𝑈𝑑𝑛 is the nominal voltage and 𝜔𝑛𝑙 is the no-load speed of the motor. 

 

The remaining values needed for the model, except the motor’s viscous damping coefficient 𝐵, can be 

retrieved from the motor’s datasheet or can be obtained from the vehicle’s model or components. 

The motor damping coefficient can be estimated using equation (3.42) that ensures that, in no-load 

conditions, a current equal to the no-load current 𝐼𝑛𝑙 is consumed when the motor is rotating at the 

no-load speed 𝜔𝑛𝑙 [54]: 

 𝐵 =
𝐾𝑡 ∙ 𝐼𝑛𝑙
𝜔𝑛𝑙

 (3.42) 

where 𝐾𝑡 is the motor torque constant given by the manufacturer. 
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3.5.5 BLDC MCCM Discussion 

Using the modified constant current model with a known motor angular velocity 𝜔 and input current 𝐼𝑑, 

if perfect current control is assumed, it is possible to estimate everything needed for the dynamic model 

of the vehicle. The main values to be obtained from the model are the load torque, which is used in 

Section 3.3.1 to determine the tractive force, and the input voltage that, multiplied with the input current, 

gives the motor power consumption. Having the motor torque, angular velocity and input power, it is 

trivial to calculate the energy consumed by the motor and its efficiency. To showcase the model’s results, 

the Dunkermotoren BLDC motor BG 95x80 dCore efficiency map, simulated by the modified constant 

current model, is shown below in Figure 3.11. 

 

Figure 3.11 - Efficiency map of a Dunkermotoren BG 95x80 dCore, generated with the BLDC MCCM. 

The technical data used was obtained from the motor’s data sheet, given on Dunkermotoren’s website 

[55]. The values used are: 𝑈𝑑𝑛 = 24 V, 𝑁𝑛 = 3890 rpm, 𝑁𝑛𝑙 = 4150 rpm, 𝐼𝑛𝑙 = 4.2 A, 𝑅𝑠 = 6.5 mΩ, 𝐿𝑠  = 

0.0185 mH, 𝐾𝑡  = 0.06 Nm/A, 𝑝 = 4, 𝑚 = 6 and 𝑇𝐿𝑚𝑎𝑥 = 10 Nm. It should be noted that 𝑅𝑠 and 𝐿𝑠 are 

the phase resistance and inductance, which are half of the terminal resistance and inductance values 

given in the datasheet. 

The values simulated by the model for the nominal and no-load rotational speeds are equal to: 

𝑁𝑛 = 3806 rpm and 𝑁𝑛𝑙 = 4116 rpm. These values differ from those given in the motor’s data sheet by 

approximately 2% and 1%, respectively. These results, and the ones presented in [52] for nominal and 

below nominal voltages, show that the model is accurate and gives a good approximation of the real 

motor operation for various conditions.  

It can be observed in Figure 3.11 that the efficiencies predicted by the model for very low torques and 

speeds are not accurate. This can result from it not including other types of energy loss like eddy current 

and hysteresis losses, which could contribute to decrease the efficiency for these working conditions. 

However, in the vehicle’s case, the motor should operate at close to nominal torques and speeds most 

of the time, where the model is most accurate. Even so, the author recommends that a comprehensive 

study of the acquired electric motor is done in a testbench to obtain the characteristic curves and 

parameters of the motor, so the model can be validated and fine-tuned if needed. 
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4 Vehicle Model 

 

The vehicle model was developed using MATLAB (abbreviation of “matrix laboratory”), a powerful tool 

for data analysis, algorithm development and model creation. For this model, it was opted for the use of 

MATLAB’s scripts and functions, instead of the more user-friendly Simulink. This decision was made to 

keep the model simple and its computing time fast, to later make use of heuristic optimization algorithms 

to find an optimal solution for the driving strategy. It was assumed that using these algorithms with 

Simulink would be too time consuming. 

 

4.1 Model Features 

The main objective of the developed model is to accurately simulate the dynamic behaviour and energy 

consumption of the vehicle running on a real track, from the fuel cell to the tires. The simulation is split 

in two models: the main one simulates everything from the motor to the wheel and is responsible for 

calculating the velocity profile of the vehicle, as well as estimating the energy consumed by the electric 

motor; the second model runs together with the main model, receiving data from it to simulate the rest 

of the powertrain, from the fuel cell to the motor, and estimate the hydrogen consumption. 

The second objective is the use of the developed model to develop an optimal driving strategy around 

the track, for the lowest energy consumption. This is crucial to achieve fuel efficiency results that can 

compete with Shell Eco-marathon’s the top teams. 

The third and final goal of the model is to use its simulating capabilities to analyse the impact that 

modifications to the vehicle’s characteristics, e.g., vehicle mass, aerodynamic coefficient and tire rolling 

resistance, have on the energy consumption. A valuable tool for the selection of components and to 

evaluate where efforts should be invested to achieve higher energy efficiencies. 

To develop an accurate model that describes the behaviour of the vehicle realistically, it is necessary to 

know or estimate the characteristics of the vehicle, e.g., vehicle mass, tire performance, aerodynamics, 

wheelbase, etc, and also detailed information of the track is required, i.e., slope and radius of turn of the 

corners along the circuit. 

 

4.2 Assumptions 

Other than the assumptions already mentioned throughout Chapter 3, several other simplifications were 

made to avoid needlessly overcomplicating the model, delivering easier to interpret results and faster 

simulation running times. 

The assumptions used are divided in two parts; one for the vehicle system and control and the other for 

the racetrack and other external factors: 
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1. Vehicle: 

a. The driver perfectly executes the pre-determined driving plan; 

b. The powertrain always provides the necessary current-voltage conditions for the electric motor 

to work as intended; 

c. The rolling resistance coefficient is assumed to be constant during the whole drive; 

d. Iterations are calculated in steps of 1 metre and all the variables and conditions are assumed 

to be constant in each iteration; 

e. The motor “pushes” the vehicle exactly in the distance of the pre-defined sections; 

f. The motor current control is perfect and is constant along each section; 

g. The behaviour of the electric motor is described by the modified constant current model of 

Section 3.5.4; 

h. When the motor is not being used, the drive wheels are completely disconnected from the 

drivetrain to avoid the friction losses of the transmission and the electric motor; 

i. The bi-cycle model of Section 3.4.4 is adopted to calculate the vehicle’s cornering drag. 

 

2. Track: 

a. Only one lap around the track is simulated. This assumption is a good approximation due to 

the race’s repetitiveness (the vehicle must stop near the finish-line every lap); 

b. The track is treated as single line. Hence, all its characteristics can be referenced to the lap 

distance from the start-line; 

c. Apart from corners, where the path or “racing line” takes advantage of the track width to 

lengthen the radius of turn, the vehicle follows approximately the centreline of the racecourse; 

d. The length of the racing line is equal to that of the track; 

e. The characteristics of the track are calculated in steps of one metre; 

f. The atmospheric conditions are constant at standard sea-level pressure (1 atm) and 15 ºC; 

g. The road surface is dry; 

h. Negligible wind, i.e., the aerodynamic drag felt by the vehicle is caused by its movement alone; 

i. Smooth road surface and in good condition; 

j. The driving line is approximated by linearly interpolating the data points along its route; 

k. The turn radius is calculated for the available points and is linearly interpolated for every metre. 

 

 

4.3 Track Model 

To create the track model to be used in the vehicle model, the method described in Appendix K was 

developed for the SEM 2016 London track. The final 3D track model with all the generated data to be 

used in the vehicle model is shown in Figure 4.1. 

Note: The model consists of two vectors that contain all the relevant data along the track at every metre, 

one for the track slope and the other for the cornering radius. 
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Figure 4.1 - SEM London 2016 3D track model. 

 

 

4.4 Motor to Wheel Model 

Instead of the more usual time-based simulation that similar models use, where the time duration of the 

iterations is fixed, the model described in this section runs as a function of distance. This is because the 

track characteristics are known discreetly along the track and, since the lap distance is fixed, it is 

established as a hard constraint. Time on the other hand is only restricted by the maximum allowed time 

per lap, e.g., 43 minutes divided by 8 laps for the 2016 London track and is defined as a soft constraint. 

Hence, as mentioned in assumption 1.d, the analyses of the vehicle dynamics along the track are 

executed in steps of 1 metre, which gives a good balance of accuracy and computational performance. 

Once the vehicle and track specifications of the model are established, the only unknown required to 

solve the simulation is the motor input current values along the track (duty cycle), which is the design 

variable used to determine the strategy employed to complete one lap of the circuit. This means that the 

vehicle velocity profile is calculated from a pre-determined duty cycle strategy for the whole lap that is 

tailored to the vehicle specifications, track circuit and ambient conditions. Consequently, if any of the 

data used in the model is changed, e.g., vehicle weight or shape, tires used, dry/wet track, etc, the duty 

cycle strategy needs to be re-evaluated to adapt to the new simulation conditions. 

The method used to optimize the driving strategy and the reason for the selection of the motor input 

current as the design variable is discussed later in Chapter 5 – Driving Strategy and Powertrain Design. 

  

4.4.1 Vehicle Dynamics Model 

Knowing the motor input current at every point of the track, the main variable that is carried over between 

iterations is the vehicle velocity, i.e., the final velocity of one iteration is the initial of the next. The final 

lap time and energy consumption are calculated summing the time and energy consumption of all 

segments of the track. 
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After defining the duty cycle strategy, i.e., the input current along the track, the first iteration starts with 

time, distance and velocity equal to zero and, for a generic iteration 𝑖 with 𝐼𝑑 ≠ 0, the sequence of 

calculations is as follows: 

1. Determine the torque output of the motor 𝑇𝑀 (electromagnetic torque 𝑇𝑒 minus the motor 

viscous friction 𝐵𝜔) using the BLDC motor model of Section 3.5.4; 

2. Calculate the grading force and aerodynamic drag with equations (3.16) and (3.17), 

respectively; 

3. Determine the tire drag with the bi-cycle model of Section 3.4.4; 

Note: For faster computational times, the tire drag was mapped as a function of turn radius and 

vehicle velocity. This is further discussed in Section 4.4.2. 

4. Find the acceleration by substituting the tractive force equation (Eq. (3.13) for motoring and Eq. 

(3.14) for braking) into equation (3.5) and solving it for the acceleration. The resulting equation  

for motoring is shown in equation (4.1): 

 𝑎𝑥 =
𝑇𝑀 ∙ 𝑁𝑡 ∙ 𝜂𝑡 ∙

1
𝑟
− (𝑅𝑥 +𝑊𝛳𝑥 + 𝐷𝐴)

𝑀 + [(𝐽𝑀 + 𝐽𝑡)𝑁𝑡
2 + 𝐽𝑤] ∙

1
𝑟2

 (4.1) 

5. Determine the final velocity of the iteration by applying the third equation of motion, Eq. (4.2):  

 𝑣𝑖+1 = √𝑣𝑖
2 + 2 ∙ 𝑎𝑥 ∙ 𝛥𝑥 (4.2) 

At this point it is possible to generate the entire velocity profile of the vehicle along the track. The next 

steps are required to calculate other useful information about the lap, i.e., energy consumed, lap time, 

motor power and voltage. 

6. Determine the BLDC motor input voltage using Eq. (3.38) of the BLDC constant current model 

for iteration 𝑖 and for 𝑖+1 using velocities 𝑣𝑖 and 𝑣𝑖+1, respectively; 

7. Calculate the motor electric power for 𝑖 and 𝑖+1 by multiplying the motor’s input current with the 

input voltages, 𝑈𝑑𝑖 and 𝑈𝑑𝑖+1, respectively; 

8. The time interval of each iteration is calculated by solving the first equation of motion, Eq. (4.3): 

 ∆𝑡𝑖 =
𝑣𝑖+1 − 𝑣𝑖

𝑎𝑥
 (4.3) 

9. The energy consumed by the motor for a one metre segment, 𝐸𝑀,𝑖, is equal to the integral of 

the motor’s electric power versus time curve, which can be calculated with the area below the 

curve. For any segment 𝑖 to 𝑖+1, the power versus time graph has a trapezoidal shape and its 

area can be calculated with: 
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 𝐸𝑀,𝑖 =
1

2
(𝑃𝑀,𝑖 + 𝑃𝑀,𝑖+1) ∙ ∆𝑡𝑖 (4.4) 

10. Finally, the energy consumed by the motor and the lap time are determined by summing the 

values calculated for all iterations. 

 𝐸𝑀 = ∑ 𝐸𝑀,𝑖

𝑥𝑙𝑎𝑝

𝑖=1

 (4.5) 

 𝑡𝑙𝑎𝑝 = ∑∆𝑡𝑖

𝑥𝑙𝑎𝑝

𝑖=1

 (4.6) 

where 𝑥𝑙𝑎𝑝 is the final distance of the lap. 

Note: The value of 𝑥𝑖 goes from 0 to 𝑥𝑙𝑎𝑝 and can be calculated directly from the iteration 

number (𝑥𝑖 = 𝑖 - 1). Hence, when the simulation stops at 𝑖 = 𝑥𝑙𝑎𝑝, the value of 𝑥𝑖 is one metre 

short of the final race distance. This is so because there are one less track segments than there 

are distance points.  

 

For a better understanding of the algorithm behind the simulation of the vehicle, the flowchart diagram 

of Figure 4.2 was drawn. It includes the main processes and flow of information for an easy read of the 

steps taken to calculate the vehicle’s final energy consumption for one lap. It should be noted that the 

procedures used to plot the vehicle’s velocity curve, as well as the power and torque profiles, were not 

included in the flowchart because they would unnecessarily complicate the diagram without adding any 

value. 

The three shapes used to build the flowchart of Figure 4.2 are the basic and most common symbols for 

this type of diagrams. These are: 

Process (Rectangle): The backbone of any flowchart. Shows a process, task, action or operation to be 

done. 

Input / Output (Parallelogram): Indicates the user data inputs and the outputs of the program. 

Decision (Diamond): Indicates a question or branch in the process flow. Used to split the flowchart into 

multiple possible paths. 
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Figure 4.2 - Flowchart of the vehicle’s simulation algorithm. 
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4.4.2 Tire Drag Surface 

To avoid solving the full set of equations from Eq. (3.20) to (3.28) for the bi-cycle model each iteration, 

which includes a system of eight equations to be solved simultaneously, the tire drag was mapped as a 

function of turn radius and vehicle velocity. To be able to do this simplification, every other variable must 

be assumed constant, i.e., the distribution of weight on the front and rear wheels is constant and the 

weight of the vehicle normal to the road does not change with slope angle. However, in the case of the 

vehicle studied, these simplifications have little to no impact on the overall tire drag. Hence, the resulting 

map, seen below in Figure 4.3, is very accurate. 

 

Figure 4.3 - Tire Drag Map in relation to turn radius and vehicle velocity. The coordinates X, Y and Z are the Turn 
Radius, Vehicle Velocity and Tire Drag, respectively. 

To generate the map above, the bi-cycle model was solved for velocities up to 40 km/h (maximum 

velocity allowed during the race) and for turn radii between 16 and 100 metres. These turn radii limits 

were chosen because the minimum turn radius of the London 2016 track is around 17 metres and for 

values above 100 metres the effect of cornering drag is negligible and one can assume the vehicle is 

traveling in a straight line, where the tire drag is calculated using Eq. (3.15). It should be added that 

whenever changes are made to the tires, vehicle weight and/or dimensions, a new tire drag map should 

be calculated with the new specifications. 

Applying this method enabled the simulation to run around 10 times faster than when the full bi-cycle 

model equations were solved. 

 

4.4.3 Dynamics Model Validation 

Although often disregarded, the validation of the model is one of the most important steps when building 

any model. It ensures that the results and conclusions taken from the subsequent simulations are 

meaningful and can presumably be applied to the real system being simulated. 
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To validate the model described in 4.4.1, it was compared to the electric vehicle drive model developed 

in article [56]. This was accomplished by comparing the simulated driving cycle with the one used in the 

article (EUDC – Extra Urban Driving Cycle), using the same vehicle specifications (Table 4.1) and the 

same torque profile calculated in the article (Figure 4.4). It should be noted that this thesis’ model and 

the model from the article are in a way the reverse, while the first uses a torque profile to simulate the 

vehicle velocity the second uses a driving cycle to simulate the torque. 

Table 4.1 - Vehicle specifications used for validation [56]. 

 

 

Figure 4.4 - Torque profile used for validation [56]. 

After doing the required changes for the algorithm to read a torque vector as a function of time instead 

of distance and inserting the above vehicle specifications and torque profile (blue line) into the program, 

the driving cycle was simulated. The resulting simulation is shown in Figure 4.5. 

 

Figure 4.5 – Model validation using the data from Table 4.1 and Figure 4.4. 

The results obtained in the validation simulation clearly show that the algorithm is working properly. The 

vehicle velocity overlaps the EUDC almost perfectly, with a maximum error of around 3%. The small 

deviation is most likely caused by data collection errors due to the low accuracy of the graph of Figure 

4.4, from where the torque profile was extracted. 
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4.5 Fuel Cell to Motor Models 

The present section describes the selected fuel cell to motor models and their implementation with the 

model of Section 4.3. The fuel cell efficiency will also be discussed briefly at the end of this section. 

The fuel cell to motor model is what closes the gap between the hydrogen consumption, which is 

ultimately what is to be minimized, and the motor to wheel model developed in the previous section. 

These FC-motor models run in parallel with the motor to wheel model, as they use the data it provides 

for the motor energy consumption and input power to calculate the energy output and hydrogen 

consumption of the fuel cell. 

Of the four configurations introduced in Section 2.2, only two FC-to-motor models will be analysed in 

detail in this section. One is the active fuel cell configuration of Section 2.2.1 and the other, the active 

parallel hybrid of Section 2.2.3. Both semi-active hybrid topologies, mentioned in Section 2.2.2, will not 

be tested for the vehicle’s powertrain due to their disadvantages, when compared to the fuel cell active 

and active parallel hybrid configurations: 

FC semi-active hybrid (Figure 2.10 (b)) – The supercapacitor is mostly unused, making it very similar 

to the FC active system, except with the added cost and weight of the supercapacitor.  

Parallel semi-active hybrid (Figure 2.10 (a)) – This configuration might be of more interest than the 

FC semi-active hybrid because of the higher energy usage of the supercapacitor and its synergy with 

the fuel cell. However, it is less efficient than the FC active system and less controllable than the parallel 

active hybrid. Nevertheless, many of the conclusions reached in this work from analysing the FC active 

and the parallel active hybrid should be valid for this topology as well, meaning it could be a great choice 

for a good compromise of performance, cost and complexity. 

 

4.5.1 Fuel Cell Active Model 

The FC active model (Figure 2.9) is very simple and straightforward: the energy consumed by the 

electric motor 𝐸𝑀 is simply divided by the efficiency of the DC-DC converter to calculate the energy that 

the fuel cell “gave” the system 𝐸𝐹𝐶. To determine the amount of hydrogen consumed, in Joules, the 

energy output of the fuel cell, measured at each one metre segment, is divided by its efficiency, which 

is determined in function of the FC’s average power output per segment. The hydrogen consumed by 

the fuel cell can be easily converted from Joules to kg or m3 with its NCV and density (Table 1.2). 

A schematic of the energy flow for this model is given in Figure 4.6. The arrows represent the flow of 

energy in the system, which slightly decreases as it goes through the powertrain components, as a 

consequence of their efficiency. 

 

Figure 4.6 - Fuel Cell active configuration energy flow. 
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Following the direction of the energy flow arrows, the model is represented by equations (4.7) and (4.8): 

 𝐸𝐹𝐶,𝑖 = 𝐸𝐻2,𝑖 ∙ 𝜂𝐹𝐶(𝑃𝐹𝐶,𝑖) (4.7) 

 𝐸𝑀,𝑖 = 𝐸𝐹𝐶,𝑖 ∙ 𝜂𝐷𝐶𝐷𝐶 (4.8) 

 

4.5.2 Parallel Active Hybrid Model 

The parallel active hybrid model (Figure 2.11) is moderately more complex than the FC active one. The 

introduction of the supercapacitor in the powertrain introduces a new degree of freedom to the system, 

requiring the implementation of a control strategy to determine the flow of energy. For this model, the 

control of the energy flow is driven by the energy consumed and the average input power of the motor, 

as well as the state of charge of the supercapacitor, at each iteration.  

As in the previous model, following the energy flow arrows, the energy downstream of a component, is 

calculated by multiplying the energy upstream of the component by its efficiency. However, since there 

is energy storage in the supercapacitor and there are multiple paths for the energy flow, certain rules 

must be established for the model to work as intended (control strategy). 

The schematic of the energy flow for this model is given in Figure 4.7. In this configuration, energy can 

flow in and out of the supercapacitor branch, which means that it flows through the SC’s DC-DC 

converter in both directions, losing more energy due to its efficiency. If regenerative braking is used, the 

flow arrow between the BLDC motor and the junction (circled cross used to connect the energy flow 

paths) is bi-directional. 

 

Figure 4.7 - Parallel active hybrid configuration energy flow. 

Following the direction of the energy flow arrows, the equations that describe the model are: 

 Eq. (4.7)  

 𝐸𝑆𝐶,𝑖+1 = 𝐸𝑆𝐶,𝑖 + 𝐸𝑆𝐶𝑖𝑛,𝑖 ∙ 𝜂𝑆𝐶 − 𝐸𝑆𝐶𝑜𝑢𝑡,𝑖 (4.9) 

 𝐸𝐹𝐶,𝑖 ∙ 𝜂𝐷𝐶𝐷𝐶 + 𝐸𝑆𝐶𝑜𝑢𝑡,𝑖 ∙ 𝜂𝐷𝐶𝐷𝐶 − 𝐸𝑀,𝑖 −
𝐸𝑆𝐶𝑖𝑛,𝑖

𝜂𝐷𝐶𝐷𝐶
= 0 (4.10) 
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where equation (4.9) describes the evolution of the usable energy stored in the supercapacitor, and 

equation (4.10) the energy balance in the junction, which must be equal to zero since, other than the 

energy that flows in and out of the powertrain components around it, there is no energy loss or gain. 

The control strategy shown in Figure 4.8 was used to simulate the behaviour of the powertrain as it 

responds to the change in the power requested by the electric motor. As mentioned, this model was 

designed to run in parallel with the motor to wheel model and, as such, it is also a discreet model.  

Since the control input of the FC-motor model is the energy consumed by the electric motor per iteration, 

as determined by the motor to wheel model, the parallel active hybrid model uses energy per iteration 

for its calculations. This might not be practical to use in the control of the real vehicle’s powertrain, 

however, the equations used in the model can be easily converted to use with power instead of energy, 

simply by dividing the energy flow per iteration by the time of the iteration, which is also provided by the 

motor to wheel model. The equations and relations of the model remain basically the same. 

 

The main goal of the control strategy used is to maintain the power output of the fuel cell constant at its 

maximum efficiency operating point. Furthermore, it also guarantees that the state of charge of the 

supercapacitor ends the lap at a value equal or slightly above the value at the beginning of the lap. This 

requirement comes from a competition rule for the powertrain which states that, at the end of the run, 

the SOC of the supercapacitor must be equal or higher than at the beginning of the run (Appendix A). 

Considering the vehicle model simulates only one lap of the run, and the run is a repetition of identical 

laps, this solution was considered the best to minimize energy consumption and supercapacitor size. 

The simulation of the fuel cell to motor model runs without known values for the energy storage capacity 

of the supercapacitor. Hence, the specifications of the SC are also an output of the model. This is 

achieved by starting the simulation with a symbolic value of the energy stored in the SC equal to zero. 

Then, as the simulation progresses, the maximum (positive) and minimum (negative) values of the 

energy stored in the supercapacitor are registered, yielding its minimum required capacity according to 

Eq. (2.7), which assumes a 75% capacity usage. In this way, the driving strategy optimization not only 

minimizes the energy consumed, but also gives the requirements needed for the supercapacitor. 

To calculate the energy input or output of the SC, Eq. (4.10) is used with the output or the input equal 

to zero, respectively. The energy stored in the supercapacitor uses Eq. (4.9) in a similar way. 
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Figure 4.8 – Flowchart of the parallel active hybrid model. 
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4.5.3 Fuel Cell Hydrogen Consumption 

For the fuel cell hydrogen consumption, the values provided by the manufacturer were used because 

no mathematical model of the fuel cell was developed. However, for the best results, it is recommended 

that the acquired fuel cell is rigorously tested to obtain the real performance curves. Then, a statistical 

model of the fuel cell can be built and used with the vehicle model, so the best and most realistic results 

possible are achieved. 

The used fuel cell hydrogen conversion efficiency, shown in Figure 4.9, was extracted from the “average 

fuel consumption” values (blue line) given by the manufacturer in the fuel cell’s manual  [57]. 

 

Figure 4.9 – Horizon H-1000XP fuel cell performance versus power output.  
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5 Driving Strategy and Powertrain Design 

 

The optimization of the mission the vehicle is designed to complete is one of the most important steps 

to achieve the best possible performance. Even the most optimized and fine-tuned vehicle imaginable 

will perform poorly if the driving strategy is inadequate. 

To simplify and make the optimization problem manageable, the optimization of the driving strategy was 

done assuming that, independently of the results given by the optimization, the powertrain (from fuel cell 

to motor) guarantees the availability of sufficient power and energy. In this way, the powertrain is not a 

constraint of the optimization problem but is rather an output of the same, i.e., the optimized driving 

strategy will dictate the requirements that the powertrain needs to fulfil. 

To attain higher energy efficiencies, the optimization of the driving strategy and the selection of some of 

the powertrain components, e.g., electric motor and transmission, was done simultaneously. This 

approach was chosen to maximize the synergy between components and the optimized driving strategy. 

 

5.1 Optimization Problem Formulation 

An optimization problem (OP) is described by the objective function to minimize or maximize, the 

constraints it is subjected to and the relevant system or model. Considering that the prime goal of the 

Shell Eco-marathon competition is to achieve maximum energy efficiency, one of the most direct and 

commonly used objective functions is the minimization of the energy consumption of the motor, 𝐸𝑀, for 

which the optimization problem can be written as: 

 min
𝐼𝑑(𝑥)

𝐸𝑀(𝐼𝑑(𝑥)) (5.1) 

s.t. 

 𝑡(𝑥) ∈ [0, 𝑡𝑙𝑎𝑝
𝑚𝑎𝑥] (5.2) 

 𝑣(𝑥) ∈ [0, 𝑣𝑚𝑎𝑥] (5.3) 

 |𝐹𝑥(𝑥)| ≤ 𝐹𝑥
𝑚𝑎𝑥(𝑊𝑟(𝑥)) (5.4) 

 |𝐼𝑑(𝑥)| ≤ 𝐼𝑑
𝑚𝑎𝑥(𝑣(𝑥)) (5.5) 

However, even though optimizing the energy consumption of the electric motor without considering the 

rest of the powertrain gives the minimum achievable consumption of the motor-vehicle pair, this can be 

misleading because, when the rest of the powertrain is added to the problem, the driving strategy 

optimized for the motor alone may cease to be the optimal for the complete system. For this reason, 

both optimizations are done to check if this hypothesis is valid and to inspect how much the full vehicle 

optimization (from fuel cell to wheel) diverges from the motor to wheel optimal one. 

One of the main advantages of the models developed in Chapter 4 is that, to change between objective 

functions, the user needs only to select which of the variables is to be used, i.e., fuel cell or electric 
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motor energy consumption. This is because the FC-motor model only estimates the energy consumed 

by the fuel cell and has no influence on the driving cycle, i.e., for a given duty cycle, the velocity profile 

and the energy consumed by the electric motor remain the same, regardless of the changes made to 

the FC-motor model. Hence, to optimize the energy consumed by the fuel cell, the objective function 

shown in Eq. (5.1) is substituted by: 

 min
𝐼𝑑(𝑥),𝑃𝐹𝐶

𝐸𝐻2(𝐼𝑑(𝑥), 𝑃𝐹𝐶) (5.6) 

where 𝑃𝐹𝐶 is the selected optimal power output of the fuel cell used for the parallel active hybrid (Section 

4.5.2). For the FC active configuration (Section 4.5.1), the power output of the fuel cell is directly related 

to the power input of the electric motor and the FC selected optimal power output is not used. 

For the design variable, i.e., the system input, many options are available, e.g., traction force (used in 

[40]), motor torque (used in [33]), vehicle velocity (used in [58]), etc. The design variable chosen to 

optimize the driving strategy was the motor input current, 𝐼𝑑, with the vehicle velocity, 𝑣, as the output 

of the system. This decision was based on its ease of use with BLDC motor model (Section 3.5.4) and 

the significance of the variable, i.e., the motor input current can later be used to control the powertrain 

of the real vehicle, as it is directly linked to the electromagnetic torque output of the electric motor. 

 

5.1.1 Optimization Problem Constraints 

The constraints the optimization problem is subjected to are the same for both objective functions. The 

first two are imposed by the competition rules, meanwhile the third and fourth come from technical or 

physical limitations. All the constraints are described in this section. 

The first constraint (Eq. (5.2)) can be derived from the main goal of any fuel-economy marathon, which 

is to achieve the minimum average velocity: 

 �̅�𝑚𝑖𝑛 =
𝑁𝑙𝑎𝑝𝑑𝑙𝑎𝑝
𝑡𝑙𝑎𝑝
𝑚𝑎𝑥  (5.7) 

where: 

�̅�𝑚𝑖𝑛 = Lap minimum average velocity; 𝑁𝑙𝑎𝑝 = Number of laps; 

𝑡𝑙𝑎𝑝
𝑚𝑎𝑥 = Time limit of the race; 𝑑𝑙𝑎𝑝 = Length of one lap. 

From equation (5.7) it is easy to see that, to achieve the minimum average velocity, the time at the end 

of the race should be the maximum accepted by the rules, resulting in the first constraint of the 

optimization problem: 

 𝑡(𝑥𝑙𝑎𝑝) ≤ 𝑡𝑙𝑎𝑝
𝑚𝑎𝑥 (5.8) 

The second constraint (Eq. (5.3)) comes from a competition rule which states that the vehicle velocity 

can never be greater than 40 km/h. However, since the goal of the optimization problem is to minimize 

the average velocity, this constraint should not have any influence on the final optimized driving strategy. 
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The third and fourth constraints are caused by the limits of the traction force available at the wheel (Eq. 

(5.4)) and the motor maximum input current (Eq. (5.5)). The maximum traction force can be calculated 

by equation (3.4), and the maximum input current is determined by the motor’s limits of operation. 

 

5.1.2 Discretization of the OP 

The optimization problem formulation described in Section 5.1 is in the continuous domain. Thus, to 

apply the OP to the discrete vehicle models developed in Chapter 4 and use numerical optimization 

algorithms, it must be converted to a discrete domain. Other than the objective functions, the equivalent 

discrete OP is trivial to formulate since the only difference is that the continuous distance ‘𝑥’ is 

substituted by the iteration number, 𝑖. 

The discrete objective function is different depending on the model used. 

For the energy consumed by the electric motor alone: 

 min
𝐼𝑑𝑖

𝐸𝑀(𝐼𝑑𝑖) = min
𝐼𝑑𝑖

∑𝐸𝑀𝑖

𝑁

𝑖=1

 (5.9) 

For the fuel cell active model: 

 min
𝐼𝑑𝑖

𝐸𝐻2(𝐼𝑑𝑖) = min
𝐼𝑑𝑖

∑
𝐸𝑀𝑖

𝜂𝐹𝐶(𝑃𝐹𝐶𝑖) ∙ 𝜂𝐷𝐶𝐷𝐶

𝑁

𝑖=1

 (5.10) 

For the parallel active hybrid model: 

 min
𝐼𝑑𝑖,𝑃𝐹𝐶

𝐸𝐻2(𝐼𝑑𝑖, 𝑃𝐹𝐶) = min
𝐼𝑑𝑖

∑
𝐸𝑀𝑖 +

𝐸𝑆𝐶,𝑖𝑛𝑖
𝜂𝐷𝐶𝐷𝐶

− 𝐸𝑆𝐶,𝑜𝑢𝑡𝑖 ∙ 𝜂𝐷𝐶𝐷𝐶

𝜂𝐹𝐶(𝑃𝐹𝐶) ∙ 𝜂𝐷𝐶𝐷𝐶

𝑁

𝑖=1

+ 𝐸𝑆𝐶𝑁 (5.11) 

where 𝑖 is the sample or iteration, the distance travelled is given by 𝑥𝑖 = (𝑖 - 1)∙ ∆𝑥 and 𝑁 is the number 

of samples (𝑥𝑙𝑎𝑝 = 𝑥𝑁 = 𝑁 ∙ ∆𝑥). 𝑃𝑀,𝑖 is the motor input power and 𝑡𝑖 is the time at 𝑥𝑖, counting from the 

start of the lap. 

 

5.2 Optimization Strategies 

One of the biggest deciding factors to achieve an efficient driving strategy is the optimization strategy 

(OS) used to determine where on the track and how much torque the motor produces. The optimization 

strategy is ultimately what determines the way in which the vehicle is controlled, i.e., maintaining an 

average velocity, accelerating or freewheeling, depending on the track section, etc. Since there are 

many ways of controlling the motor torque other than the used motor input current, and the optimization 

strategies discussed being transversal to almost all of them, the general term duty cycle will be used. 

In this section, the main optimizations strategies used by other Shell Eco-marathon teams, as well as 

the one developed in this thesis, will be discussed and compared. 
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5.2.1 Prevalent Optimization Strategies of SEM 

The main methods used or that have been used by other SEM teams or for similar applications are: 

Fixed Sections: Simple “brute-force” strategy, where the duty cycle is evaluated in predefined sections, 

reducing the effective number of elements that the optimization algorithm has to evaluate. However, this 

strategy can give poor results because it is very difficult to predict where to break up the track effectively 

and, as the number of sections increases to improve the results, so does the computational time, 

exponentially. Even so, this strategy can be useful for simple tracks where the change in road grade is 

very small [59], [60]. Heuristic optimization algorithms, such as particle swarm optimization and genetic 

algorithms, are commonly employed to solve this type of optimization problems. 

Average Velocity: Another simple but effective strategy is to control the vehicle speed according to 

preselected minimum and maximum velocities for the run. The duty cycle for accelerating can be kept 

the same or can vary across the sections, e.g., higher duty cycle when accelerating from the start-line. 

Many SEM teams have used this strategy, or some derivation of it, to some extent [58], [61]–[63]. The 

optimization algorithms used for this method are usually the same as in the Fixed Sections method. 

Dynamic Programming: A more advanced method to generate the duty cycle is the use of a dynamic 

programming optimization algorithm to evaluate the optimal driving strategy. This method has the 

advantage of giving the global optimal solution of the optimization problem [64]. However, since the 

computational complexity rises exponentially with the number of states and inputs [65], several 

simplifications must be adopted to keep the computational time acceptable, making the resulting solution 

diverge from the true global optimal solution. Even so, this method produces excellent results and is 

used by many teams as a benchmark to create or compare their driving strategies [34], [40]. 

Of the three discussed methods, the dynamic programming approach is by far the one that offers the 

best results. However, the resulting duty cycle is usually highly fluctuating and, for that reason, often is 

impractical to implement and must be further simplified to create a usable driving strategy. This was 

exactly what the PAC-Car II team did for their driving strategy with high success, mainly by recognizing 

that at some sections of the track the vehicle was approximately at a constant velocity or accelerating 

and controlling the vehicle speed accordingly [40]. The PAC-Car II achieved the world-record for fuel 

efficiency in 2005, which stood for 13 years. 

 

5.2.2 New Optimization Strategy 

After investigating and testing all three of the optimization strategies discussed in the previous section, 

and finding that none satisfied all the desired objectives, a new unique optimization strategy was 

developed for the vehicle. The main objectives for the new strategy are: 

1. Effectiveness  – The resulting optimized driving strategy must be competitive; 

2. Versatility  – It can be used for any track; 

3. Ready-to-use  – The generated duty cycle can be directly used for the driving strategy; 

4. Customizable  – The number of “motoring” sections is defined by the user. 



60 

 

The new optimization strategy, which will also be referred to as “Adaptive Sections”, can be considered 

an upgraded version of the Fixed Track Sections method introduced in Section 5.2.1. Since, in addition 

to the independent duty cycle for each section, this new method dynamically defines the sections by 

specifying the location, 𝑥𝑘, and length, 𝑑𝑘, of each of the “active” sections, as is shown in Figure 5.1. 

 

Figure 5.1 – Example of the Adaptive Sections strategy with five active sections (four motoring and one braking). 

For the five sections example shown in Figure 5.1, the duty cycle data for the optimization problem is: 

 𝐷𝑢𝑡𝑦𝐶𝑦𝑐𝑙𝑒 =  [𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑑1, 𝑑2, 𝑑3, 𝑑4, 𝐼𝑑1, 𝐼𝑑2, 𝐼𝑑3, 𝐼𝑑4, 𝐼𝑑5] (5.12) 

The values for 𝑥1 and for 𝑑5 do not appear in the duty cycle vector because they coincide with the start 

and finish line distances. Also, the value for the last motor input current variable, 𝐼𝑑5 in the five sections 

example, is negative to generate a braking torque and, if regenerative braking is considered, the 

recuperated energy is subtracted to the total energy consumption of the lap. 

Since the user can select the number of active track sections used in the optimization 𝑁, the general 

vector for the duty cycle is represented by: 

 𝐷𝑢𝑡𝑦𝐶𝑦𝑐𝑙𝑒 =  [𝑥2, … , 𝑥𝑁, 𝑑1, … , 𝑑𝑁−1, 𝐼𝑑1, … , 𝐼𝑑𝑁] (5.13) 

For this optimization strategy, new constraints need to be added to the optimization problem of Section 

5.1. These constraints ensure that the 𝑁 sections do not overlap and are all within the track range. 

 𝑑1 ∈ ]0, 𝑥2[ (5.14) 

 𝑥2 + 𝑑2 < 𝑥3 (5.15) 

 ⁞  

 𝑥𝑁−1 + 𝑑𝑁−1 < 𝑥𝑁 (5.16) 

 𝑥𝑁 ≤ 𝑥𝑙𝑎𝑝 (5.17) 

This new optimization strategy makes it possible for the optimization algorithm to change the duty cycle 

value, position and length of the sections dynamically to adapt the driving strategy to the track’s 

topography and shape, which can clearly be observed in the example shown in Figure 5.1. 



61 

 

5.2.3 Optimization Algorithm 

Having established the optimization problem, an optimization algorithm must be selected to perform the 

optimization task. For this, several algorithms available in MATLAB’s Optimization Toolbox were 

evaluated on the quality of their results and computational run time, i.e., their performance and 

efficiency. Of all the algorithms tested, which include Genetic Algorithm (GA), Particle Swarm (PSO), 

Pattern Search, Surrogate Optimization and fmincon, only the first two (GA and PSO) showed real 

promise in solving the optimization problem efficiently. However, due to the discrete nature of the 

optimization problem, and the inability of MATLAB´s PSO algorithm to handle integer decision variables, 

the Mixed Integer GA (a GA variant for integer and mixed integer constrained optimization problems – 

also available in MATLAB’s Optimization Toolbox), proved to be the best choice to solve the OP.  

An introduction to the genetic algorithm used to solve the OP is presented in Appendix L. 

 

5.3 Powertrain Design 

In this section, all the remaining design considerations of the powertrain and the driving strategy will be 

discussed and defined according to the optimization results given by the models developed in this thesis. 

The order of appearance of the topics discussed and the decisions taken in this section aims to preserve 

the logic and sequence of the decision-making process used to reach the final powertrain design. The 

vehicle specifications used for the simulations are shown in Appendix M. 

 

5.3.1 Fuel Cell Selection 

The fuel cell selected for the vehicle is Horizon’s H-1000XP, shown in Figure 5.2. It is a high efficiency 

system developed specifically for Shell Eco-marathon Urban Concept vehicles that has proven itself 

with several vehicles achieving podium placement, including several wins. This system is most likely the 

best choice for the team since it is purposefully customized for the competition and also comes with 

every component needed to plug it on the vehicle and go. 

 

Figure 5.2 - Horizon fuel cell system, image from [66]. 
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The fuel cell is an open-cathode PEMFC with a nominal power output of 1 kW, it has a voltage range of 

25V to 48V and the full system weighs approximately 6.8kg. The fuel cell consumption rate and 

efficiency for different power outputs is shown in Figure 4.9. More information on the fuel cell on [57]. 

Other fuel cells from other manufacturers were also investigated. However, none showed the potential 

of the H-1000XP and most of them were not a complete system and would require the purchase of many 

other components, which are already included in the H-1000XP package from the get-go. 

 

5.3.2 Number of Active Sections 

The first driving strategy design consideration chosen to optimize is the number of active sections used 

in the Adaptive Sections optimization strategy (Section 5.2.2). To do this, the optimization algorithm was 

used in the “electric motor alone” mode for three and up to eight active sections. This mode was selected 

to analyse the minimum achievable energy consumption of the vehicle-motor system. 

As expected, the optimal energy consumed per lap decreases as the number of active sections used in 

the driving strategy is increased, as can be seen in Figure 5.3. This result is explained by the vehicle 

having more flexibility to adapt to the track as the number of active sections increases. However, it was 

observed that for more than five active sections the minimum energy consumed per lap remains 

practically constant and there is no real advantage in further increasing the number of active sections. 

 

Figure 5.3 - Optimization of the number of active sections of the driving strategy for the Dunkermotoren BG 95x80 
and BG 95x40 motors with a transmission gear ratio of 8:1 and 11:1, respectively. 

Based on this, and since the main objective of this thesis is to maximise energy efficiency, a driving 

strategy with five active sections (four motoring and one braking) would be the most obvious choice. 

However, the four active sections driving strategy reduces the number of power cycles used by 25% 

(from 4 motoring sections to 3) with a minimal increase in energy consumption of around 1%. For this 

reason, a driving strategy with four active sections is considered to be the best compromise between 

energy efficiency and fuel cell lifetime. Furthermore, since the model used does not take into account 

the transient of operation of the fuel cell, the fact that one less power cycle is used per lap can make the 

four active sections driving strategy the actual best option in terms of fuel efficiency. 

The number of motoring cycles per lap should not constitute a problem for the fuel cell since its use is 

not intensive and only at partial load [57]. 
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5.3.3 BLDC Motor Selection 

To select the best BLDC motor for the vehicle, the energy consumed per lap by the three pre-selected 

BLDC motors (Section 3.5.2) was evaluated for different transmission gear ratios by running the driving 

strategy optimization algorithm with gear ratios ranging from 3:1 to 16:1. The data generated is plotted 

in the graph shown in Figure 5.4, where it can be observed that the Dunkermotoren BG 95X80 has the 

biggest potential for fuel efficiency for the majority of gear ratios, with the optimal gear ratio of 11:1. 

 

Figure 5.4 - Comparison of the electrical energy consumption per lap of the Dunkermotoren BG 95X80, BG 
95X40 and BG 75X50 models, for different transmission gear ratios. 

Even though this analysis strongly indicates that the BG 95X80 is the best of the three motors evaluated, 

further examination is required to confirm the motor selection. This is because the comparison displayed 

in Figure 5.4 only evaluates the energy consumption of the motors, i.e., it does not take into 

consideration the powertrain from fuel to motor and the energy losses associated to it. These losses 

depend on the input power demand of the motor, which in turn is affected by the transmission gear ratio. 

The confirmation of the selected electric motor, the optimal transmission gear ratio and the selection of 

the best powertrain configuration is handled in the next section. 

 

5.3.4 Powertrain Configuration and Transmission Selection 

Comparing the parallel active hybrid and the fuel cell active configurations for the Dunkermotoren BG 

95X80 for transmission gear ratios ranging again from 3:1 to 16:1 (Figure 5.5), it can be concluded that 

both configurations generate very similar results in terms of fuel efficiency, with the parallel active hybrid 

producing slightly better results for an optimal transmission gear ratio of approximately 15:2. With this 

knowledge, and considering that the parallel active hybrid has a higher flexibility to respond to changing 

conditions in the track and/or during the race and that it isolates the fuel cell from the motor electric load, 

allowing it to work in more favourable conditions and avoiding surges of power that may reduce the fuel 

cell’s life or even damage its performance, the parallel active hybrid was the chosen configuration. 
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Figure 5.5 – Comparison of the hydrogen consumption per lap of the BG 95X80 motor for powertrains in parallel 

active hybrid and fuel cell active configurations, for different transmission gear ratios. 

Inspecting the data from Figure 5.5 and comparing it to Figure 5.4, it can be observed that the optimal 

transmission gear ratio of the BG 95X80 motor decreased from 11:1 when only the energy consumed 

by the motor was considered, to approximately 15:2 where the complete powertrain is simulated to 

estimate the final hydrogen consumption. This results from the fact that, when the full powertrain (from 

fuel cell to wheel) is considered, the optimization of the driving strategy attempts to match the motor 

power input to the optimal fuel cell power output, avoiding the unnecessary use of the supercapacitor 

DC-DC converter pair that, even as efficient as they are, constitute a source of energy loss. In 

conclusion, the BLDC motor should be used at considerably lower input power values than in the driving 

strategy considering electric motor alone, as can be observed in Figure 5.6 where the two optimal driving 

strategies are shown along with the power input of the electric motor for both cases. It must be added 

that for the optimization of the driving strategy for the electric motor alone, the estimated hydrogen 

consumption in Joules per lap, applying the parallel active hybrid powertrain configuration model 

afterwards, is 68033 J, comparing to 60915 J when the optimization is done taking into account the 

model of the powertrain in the parallel active hybrid configuration from the beginning. 

 

Figure 5.6 – Comparison of the optimal driving strategies for the BG 95X80 as a parallel active hybrid (PAH) and 
for the electric motor alone (EM). 
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Finally, to confirm that the Dunkermotoren BG 95X80 has the best performance of the three BLDC 

motors evaluated using both the FC-motor models (Section 4.5), the same optimization performed for 

the BG 95X80 shown Figure 5.5 was repeated for the other two motors. The results, including the one 

already shown in Figure 5.5, are displayed in Figure 5.7 in two graphs, one for the parallel active hybrid 

configuration (a) and the other for the fuel cell active configuration (b). 

 

Figure 5.7 – Vehicle energy consumption optimization versus transmission gear ratio for the three motors in the 
two configuration: (a) parallel active hybrid configuration and (b) fuel cell active. 

From these results it can be concluded that the BG 95X80 motor is clearly the best performing motor of 

the three for the application, if the correct transmission gear ratio is used. 

Summarizing the analysis done until this point, the optimal powertrain design uses the BG 95X80 motor 

in a parallel active hybrid configuration with the fuel cell and the supercapacitor and a transmission gear 

ratio of 15:2, running a driving strategy with three motoring and one braking sections, for each lap. 

 

5.3.5 Regenerative Braking 

One other aspect to consider is if the vehicle should have regenerative braking capabilities or not. At 

first glance it might seem obvious that it is desirable that it does since the energy recuperated would 

otherwise be lost as heat in the disk brakes. However, after a deeper analysis the conclusion is that 

adapting the vehicle to be able to recuperate the braking energy might do more harm than good to the 

vehicle global efficiency. The main reason is that, even for perfect conditions where the driving strategy 

is unaltered and all the energy used for braking is recuperated, i.e., no mechanical brakes are used, the 

energy recuperated amounts to less than 3% of the total energy consumed by the electric motor and, in 

reality, this value would be considerably lower. The fact that this value is so low makes any slight drop 

in the vehicle performance caused by regenerative braking or due to its installation not worth having it. 

One other element to consider is that a clutch system would be required if regenerative braking were to 

be used. This is evident after studying what would happen to the vehicle’s velocity profile if the drivetrain 

were still connected to the driving wheel(s) when the vehicle is freewheeling, i.e., the motor is off and 

the vehicle keeps moving due to inertia and/or the track slope. As can be seen in Figure 5.8, the vehicle 

keeps losing speed in the motor “off” sections as a result of the electric motor and transmission friction 
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losses. These losses are so severe that, for the optimized driving strategy with drivetrain losses and 

regenerative braking to respect the imposed time restriction, the hydrogen consumption would increase 

approximately 20% compared to the optimal driving strategy with frictionless freewheeling sections and 

without energy recuperation during braking. 

 

Figure 5.8 – Comparison of the optimal driving strategy with the drivetrain disconnected from the driving wheel(s) 

during freewheeling and with the drivetrain always connected (transmission gear ratio of 15:2). 

If a clutch system is used, it should be positioned in the drivetrain as close to the driving wheel(s) as 

possible to minimize friction losses. A feasible solution can be a type of clutch or brake system that 

activates when the electric motor is used, locking the driving wheel(s) to the drivetrain. However, this 

solution makes the system more complex and, if any losses arise from the use of the clutch, the 

advantage of using regenerative braking is most likely lost, as previously mentioned.   

 

5.3.6 Supercapacitor Selection 

To determine the required capacity of the supercapacitor for the optimal run with the powertrain design 

selected so far, the maximum and minimum charge levels of the supercapacitor are registered in relation 

to the state of the SC at the start of the lap. This is explained in detail in Section 4.5.2. For the mentioned 

driving strategy, the evolution of the energy stored in the supercapacitor is shown in Figure 5.9, as well 

as the motor input and the fuel cell output power. It should be noted that the SC charge level is measured 

in relation to a fictitious zero charge, which represents the initial state of the supercapacitor’s charge 

level, i.e., on the starting line of the track. 
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Figure 5.9 – Evolution of the supercapacitor charge level for the optimal driving strategy with the BG 95X80 in a 
parallel active hybrid with a transmission gear ratio of 15:2. 

Examining the evolution of the supercapacitor charge level, it can be noted that, when the fuel cell power 

output is greater than the electric motor power input, the supercapacitor is generally charging. The only 

exception to this rule is when the motor input power is just slightly lower than the FC output power and, 

because of the powertrain’s efficiency, the FC output that reaches the motor is lower than what is 

requested and the supercapacitor steps in to make up for the difference. 

The maximum and minimum charge levels of the supercapacitor during the run shown in Figure 5.9 are 

1200.5 J and -1046.5 J, respectively. Knowing that 25% of the SC capacity is not used, the minimum 

required energy storage capacity of the SC is approximately 3000 J. With this value, Eq. (2.5) gives the 

relation between voltage and capacitance to be used in the selection of the best fitting supercapacitor. 

For example, for the 1.25 F supercapacitor that can be bought as part of the Horizon fuel cell package, 

the SC would have to be at approximately 69.3 V to reach the maximum charge required during the lap, 

which not only surpasses the maximum allowed voltage for the competition of 60 V but is also higher 

than what the SC can reach. Hence, a higher capacitance supercapacitor should be procured. 

 

5.3.7 Number of Driving Wheels 

The last decision to be considered is if the vehicle should have one or two driving wheels, which will be 

decided based on the necessity of having two driving wheels or not. Therefore, if one driving wheel is 

sufficient in terms of performance and safety, it will be the preferred choice of the two since the drivetrain 

is remarkably simpler and lighter. 

To verify if one-wheel drive is sufficient, two parameters were evaluated for the optimal driving strategy 

using the powertrain selected so far. The parameters are the maximum available traction and the added 

tire drag caused by the turning of the front wheels to compensate for having only one rear driving wheel. 

Traction Verification: To check if tractive force available for one wheel is sufficient, the highest tractive 

force required by the vehicle during the run was calculated with Eq. (3.13) and compared to the 

maximum available traction determined with Eq. (3.4) for the same conditions, i.e., at the same 

acceleration, velocity and position on the track. For the optimal run, the maximum registered tractive 
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force produced by the driving wheel occurs on the starting line during acceleration and is approximately 

100 N, which is considerably lower than the maximum tractive force available of approximately 426 N 

for dry and 266 N for wet conditions (assuming the track surface is asphalt or concrete). 

Compensation Tire Drag: Having only one driving rear wheel causes the total tractive force produced 

by the vehicle to not be in line with its the centre of mass, creating a momentum around the centre of 

mass that must be counterbalanced by slightly steering the front wheels to the same side of the driving 

wheel, as shown below in Figure 5.10 for a right-side driving rear wheel.  

 

Figure 5.10 - Vehicle one 

The equilibrium for the vehicle, when the electric motor is powering the wheel, is described by: 

 𝑀𝑡 = 
𝑡

2
∙ 𝐹𝑥 − 𝑏 ∙ 2 ∙ 𝐹𝑡 = 0 (5.18) 

where 𝐹𝑡,𝐿 and 𝐹𝑡,𝑅 are approximately equal and represent lateral forces produced by the left and right 

tires counteracting the turning moment 𝑀𝑡 generated by the misaligned traction force 𝐹𝑥. 

Using the equilibrium shown in Figure 3.4 for one tire, with 𝐹𝑐 equal to 𝐹𝑡 and the rolling resistive force 

equal to zero, and applying equations (3.19) and (3.21) assuming small slip angles, the additional tire 

drag caused by the turning of the wheels, 𝑇, can be determined for the sections of the track where the 

electric motor is used (in Figure 3.4 𝑇 is named tractive cornering force and is described as the force 

needed to counteract the tire resistive forces to maintain the vehicle velocity constant; not to be confused 

with 𝐹𝑥 from Figure 5.10 which is the tractive force produced by the rear wheel propelling the vehicle 

forward). Finally, since the length of each iteration is equal to 1 metre, the additional energy lost due to 

having only one driving wheel is equal to the sum of 𝑇 for every iteration along the track. 

For the same driving strategy used before, the energy lost due to the cornering effect of having 

one-wheel drive is negligible, representing less than 0.06% of the total energy consumed by the electric 

motor. Also, the maximum slip angle registered is approximately 0.5º, validating the use of the linear 

relation for small slip angles of Eq. (3.19) for the situation. 
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To possibly reduce the energy loss even further, the chosen driving wheel should be on the “outside” of 

the track, i.e., the wheel that will be on the outside of the majority of the corners, in this way, if a motoring 

section coincides with a corner, the turning momentum generated by the traction force will help the 

vehicle to corner, which reduces the cornering tire drag. However, this effect is so minimal that it is 

probably undetectable. 

Concluding the analysis done in this section, a one-wheel drive is the best solution since it has a 

negligible impact on the performance of the vehicle and makes the drivetrain remarkedly simpler when 

compared to the two-wheel drivetrain, as already mentioned. Hence, the author considers that the best 

solution for the drivetrain, considering the choice of motor and transmission gear ratio, is a combination 

of the Dunkermotoren PLG 80 LB planetary gearbox with an 8:1 gear ratio (Figure 5.11) for the first 

stage and, for the second, a roller chain connecting directly to the freehub (as in a bicycle) with a gear 

ratio of 15:16, making up the final transmission gear ratio of 15:2. This system considerably reduces the 

number shafts needed and, since the chain can withstand the movements of the wheel due to it having 

a suspension system, it avoids the use of universal joints and other complex mechanisms, making the 

powertrain simple, lightweight and very efficient. Also, it allows for the fine-tuning of the final 

transmission gear ratio by changing the number of teeth of the roller chain gears, making it possible to 

adapt the vehicle to any track. A simple schematic of the drivetrain system is also shown in Figure 5.12. 

 

Figure 5.11 - Dunkermotoren PLG 80 LB, 8:1 planetary gearbox [55]. 

 

Figure 5.12 - Schematic of the drivetrain system viewed from the top (suspension model from [5]). 
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5.4 Optimized Driving Strategy 

The final optimized driving strategy of the vehicle with the powertrain design considerations of section 

5.3, i.e., Horizon H-1000XP fuel cell, BG 95X80 motor, three motoring sections, parallel active hybrid, 

transmission gear ratio of 15:2, no regenerative braking and one driving rear wheel, for the duty cycle 

control vector DutyCycle = [578, 1432, 2236, 35, 142, 295, 71.2, 32.9, 36.5, -128.6] is shown in Figure 

5.13. The resulting graph shows the velocity profile of the vehicle for one lap, the fuel cell output and 

motor input power, the motor torque and, for reference, the track topography (which can be read on the 

velocity axis in meters). For more detailed information about the track topography, see Appendix B. 

The hydrogen consumption per lap is 60915 J, which is equivalent to a fuel efficiency of 370.2 km/m3 of 

hydrogen (converted using the values from Table 1.2 in Section 1.3.4) and the lap time is 310 seconds, 

12.5 seconds less than the maximum time per lap to end the 8-lap race in exactly 43 minutes. This 

slightly higher lap time was chosen to give some margin for unforeseeable events or conditions during 

the race, e.g., other vehicle obstructing the track, adverse weather conditions, vehicle malfunctions, etc. 

 

Figure 5.13 - Final optimal driving strategy for one lap of the 2016 London track. 

Analysing the graph, it is interesting to observe how the optimization algorithm adapted the duty cycle 

to the track topography. A similar solution for the driving strategy around the same track was obtained 

with a different and slightly less optimized method in [32], which gives confidence in the obtained results. 

 

5.4.1 Energy Consumption Breakdown 

The energy consumption of the vehicle can be broken-down into the various sources of energy loss that 

occur along the path energy takes until it reaches its final intended use, i.e., opposing the resistive forces 

that act on the vehicle. For a better visualization of the vehicle’s energy flow, the Sankey diagram of 

Figure 5.14 was drawn for the optimal driving strategy of Figure 5.13, where at the left is the hydrogen 

consumption and at the right, the blue paths are the energy spent on the resistive forces that oppose 

movement and the red paths are the losses due to the efficiency of the powertrain components. It should 

be noted that, even though driving in a track with a variable grade considerably increases the energy 
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consumption, it does not appear in the diagram bellow. This is because every time the vehicle goes up 

a slope, it must come down, cancelling each other out and making the net energy loss equal to zero. 

 

Figure 5.14 – Vehicle energy consumption breakdown for the driving strategy of Figure 5.13. 

It is interesting to note that, even though the average cruising speed of the vehicle is between 25 and 

30 km/h, which is considerably lower than that of a regular road car, the aerodynamic drag is still the 

predominant resistive force acting on the vehicle, even considering that the body shape is highly 

aerodynamic [6]. This shows the importance that aerodynamics have on the fuel consumption and 

serves as a warning that every change to the vehicle’s body surface must be carefully studied to avoid 

worsening the aerodynamic drag.  

After the aerodynamic drag, the resistance caused by the tires under “normal” rolling conditions and 

when cornering (approximately 11% of the total tire drag), is by far the largest cause of energy loss. 

Furthermore, special attention should be given to the tires and the steering system to ensure that 

everything is perfectly lined up and working flawlessly because, if any misalignment or tire wobbling 

occurs, the rolling resistance increases significantly, easily surpassing the energy loss due to 

aerodynamics and possibly even ruining the run. 

 

5.4.2 Energy Consumption Compared to an Average Velocity OS 

To proof the viability of the optimization strategy described in Section 5.2.2, which is used to generate 

the optimal driving strategy, an analysis similar to the one shown in Figure 5.5 for the parallel active 

hybrid was carried out using an average velocity optimization strategy, which has seen widespread use 

among SEM teams (Section 5.2.1). The powertrain design used is exactly the same as before. 

The chosen average velocity optimization strategy consists of a minimum and a maximum velocity under 

or over which the motor is turned on or off, respectively, a fixed value for the motor input current for 

when the motor is on, a track distance after which the motor is always off and the braking distance and 

force to stop the vehicle at the end of the lap. The optimal driving strategy for this average velocity OS 

is shown in Figure 5.15. It uses a transmission gear ratio of 10:1, minimum and maximum velocities of 

25-30 km/h and a motor input current of 41 A. 
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Figure 5.15 – Optimal driving strategy using an average velocity OS. 

The fuel consumption obtained with the average velocity OS is 63264 J, which is approximately 4% 

higher than that of the new OS discussed in Section 5.2.2. This difference is small, however, since the 

average velocity OS uses more motoring sections than the optimal driving strategy developed with the 

new OS (Figure 5.13), there should be some impact on the efficiency of the fuel cell, which is expected 

widen the difference in fuel consumption of the two strategies, as also mentioned in Section 5.3.2.  

Another thing to point out is that, even though the average velocity OS efficiently adapts the driving 

strategy to the SEM London 2016 track, there is no guarantee that the same will occur for a different 

track. On the other hand, since the new OS proposed in this thesis has a customisable number of 

motoring sections that are dynamic and adapt to the track, it should have no problem generating optimal 

driving strategies for any track. 

 

5.4.3 Energy Consumption Compared to Other Teams 

If the vehicle discussed in this thesis were to compete in the 2016 London edition of the Shell 

Eco-marathon, and assuming it was able to perfectly execute the optimal driving strategy of Figure 5.13, 

it would achieve a second place with a fuel efficiency of 370.2 km/m3, slightly lower than the winning 

team’s fuel efficiency of 389.3 km/m3. In fact, analysing Table 1.1 that shows the competition results of 

that year for the hydrogen urban concept class, it can be seen that the winning fuel efficiency was 

considerably higher than the other competing teams (39% higher than the second place), showing that 

expected fuel efficiency of the TFC vehicle, which is just 5% lower than the winning team, would be an 

excellent result and, with further optimization of the vehicle, it could easily win the competition. 

 

5.5 Sensitivity analysis 

In this section, the simulating capabilities of the model developed in Chapter 4 will be used to analyse 

the impact that modifications to the vehicle’s characteristics and to the track conditions have on the 

energy consumption. To do this, the chosen parameter to be evaluated is changed to values below and 
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above the initial considered value, e.g., vehicle mass changed from 70 kg to 140 kg, and the new optimal 

driving strategy will be calculated accordingly, maintaining the other parameters unchanged. The 

powertrain design used for the sensitivity analysis is the optimal one selected in Section 5.3.  

The study developed in this section highlights where the major efforts for the improvement of the vehicle 

should be focused on and also points out possible areas that are not worth investing in. 

 

5.5.1 Vehicle Mass 

The results of the sensitivity analysis done for the vehicle mass, displayed in Figure 5.16, show that the 

fuel consumption increases linearly with the vehicle mass, as expected. Comparing the expected mass 

of the vehicle developed in this project of 100 kg (plus a driver of 70 kg) with the maximum and minimum 

vehicle masses of the vehicles discussed in Section 2.4 (Table 2.3), for a lighter vehicle with 70 kg the 

fuel consumption would decrease 7.7% and for a heavier vehicle with 135 kg it would increase 9.5%. In 

other words, the amount of hydrogen consumed is expected to increase 2.7% with each 10 kg increment 

to the mass of the vehicle. 

 

Figure 5.16 – Sensitivity analysis of the fuel consumption to the change of the vehicle mass. 

According to the sensitivity analysis displayed in Figure 5.16, the mass influence on the vehicle’s fuel 

efficiency is not as severe as initially expected. This means that, even though it is evident that the vehicle 

mass should be reduced as much as possible, some upgrades to the vehicle that cause an increase in 

weight should be adopted because the improve in performance can outweigh the reduction of fuel 

efficiency due to the weight increase, e.g., the increase in performance of using the BG 95X80 motor 

comparing with the BG 95X40 outweighs consequence of the weight difference of the motors, even if 

the differences in performance are small. 

 

5.5.2 Quality of the Tires 

One of the reoccurring themes that was encountered during the research of ultra-efficient vehicles is the 

major role that the tires have on fuel efficiency. It was even found that many of the vehicles that have 

reached podium placement or even won the SEM use the same specially designed Michelin tires.  
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The sensitivity analysis for the rolling resistance of the tires, shown in Figure 5.17, clearly reveals why 

the tires are so important. A mere increase of the rolling resistance from 0.002 to 0.004 causes an 

increase in fuel consumption of 27%. It should be noted that 0.004 is a very low value of rolling resistance 

for a tire, roughly half than that of the best energy-efficient car tires available on the market [67]. 

 

Figure 5.17 – Sensitivity analysis of the fuel consumption to the tires rolling resistance coefficient. 

In conclusion, the rolling resistance sensitivity analysis alerts to the heavy influence that the tires have 

on the vehicle’s performance, which makes them one of the most critical components to achieve high 

fuel efficiencies. Hence, if the goal is to reach the lowest fuel consumption and to compete with the best 

teams of Shell Eco-marathon, the team should spare no effort to acquire the mentioned Michelin tires 

and to thoroughly test them to ensure that the maximum possible performance is attained. 

 

5.5.3 Temperature of the BLDC Motor 

As temperature increases, all metal conductors suffer from an increase in electrical resistance. This 

phenomenon can be described by the following expression: 

 𝑅𝑠𝑓 = 𝑅𝑠𝑖 ∙ [1 + 𝛼𝑐𝑜𝑛𝑑 ∙ (𝑇𝑓 − 𝑇𝑖)] (5.19) 

where 𝑅𝑠𝑓 is the conductor resistance at a temperature different than the original, 𝑅𝑠𝑖 is the original 

temperature for which the value of resistance is known (20 ºC for the Dunkermotoren motors) and 𝛼𝑐𝑜𝑛𝑑 

is the temperature coefficient of resistance of the conductor, which is equal to 0.004 ºC-1 for copper [68]. 

 

Figure 5.18 – Sensitivity analysis of the fuel consumption to the electric motor temperature. 
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The sensitivity analysis of the fuel consumption as temperature is increased from 20 ºC to 60 ºC (which 

is a safe maximum temperature for the electric motor) is visible in Figure 5.18. The data shows a clear 

and expected trend (approximated by the orange linear trendline in Figure 5.18) of a decrease in fuel 

efficiency as temperature rises. However, this effect is minimal, with fuel consumption increasing just 

1% when comparing the motor at 20 ºC and 60 ºC. 

 

5.5.4 DC-DC Converters Efficiency 

Since the totality of the electrical energy output of the fuel cell passes through a DC-DC converter, its 

efficiency should have a considerable effect on the fuel efficiency of the vehicle. This relation can be 

seen in the sensitivity analysis of the fuel consumption per lap to the efficiency of the DC-DC converters 

(two converters are used in the parallel active hybrid configuration) shown in Figure 5.19. 

 

Figure 5.19 - Sensitivity analysis of the fuel consumption to the efficiency of the DC-DC converters. 

As can be observed in Figure 5.19, the change in fuel consumption in relation to the efficiency of the 

DC-DC converters is severe and slightly deviates from a linear relation. This occurs because the energy 

from the fuel cell can go directly to the motor, passing only once through the “main” DC-DC converter, 

or it can go to the supercapacitor, where it will pass through the second DC-DC converter two additional 

times, which is what causes the positive concavity of the relationship. The non-linearity is small because 

only about 10% of the energy output of the fuel cell goes through the supercapacitor, whereas the rest 

goes directly to the electric motor, passing only once through a DC-DC converter. 

Compared to the assumed converter efficiency of 90%, an increase in efficiency to 96% (+6%) would 

result in a reduction in fuel consumption of 7.5%, while a reduction to 84% (-6%) results in an increase 

in fuel consumption of 9.7%. This shows the importance of keeping the converters efficiency as high as 

possible, giving priority to the main DC-DC converter that is right after the fuel cell, since about 90% the 

FC energy output goes through it directly into the electric motor. 

 

5.5.5 Supercapacitor Efficiency 

As expected, the sensitivity analysis of the fuel consumption in relation to the efficiency of the 

supercapacitor, presented in Figure 5.20, shows that the efficiency of the supercapacitor plays a minor 
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role in the total fuel efficiency of the vehicle, varying linearly according to the orange trendline shown. 

This is because only about 10% of the total energy output of the fuel cell goes to the supercapacitor, as 

was mentioned in the previous section. For example, comparing a supercapacitor with an efficiency of 

80% with one 98% efficient, the fuel consumption reduction is only 2%. 

 

Figure 5.20 - Sensitivity analysis of the fuel consumption to the efficiency of the supercapacitor. 

In conclusion, knowing that the supercapacitor’s efficiency has little influence on the final fuel 

consumption, and considering that it is generally a high-efficiency component, the most important 

considerations when choosing the supercapacitor are its voltage, capacitance and weight. The minimum 

required capacity of the SC is determined in Section 5.3.6. 

 

5.5.6 Aerodynamic Drag Coefficient 

As can be expected from the aerodynamic drag equation (Eq. (3.17)), the sensitivity analysis of the 

vehicle fuel consumption shows an approximately linear relationship with the aerodynamic drag 

coefficient, for the range of values evaluated (Figure 5.21). The range of aerodynamic drag coefficients 

chosen span from 0.14, which is the best theoretical value that can be achieved by the TFC vehicle 

developed in [6], to a mediocre 0.3, easily achieved by many production cars. 

 

Figure 5.21 - Sensitivity analysis of the fuel consumption to the aerodynamic drag coefficient. 

The analysis shows that the fuel consumption can be an expected increase approximately 14.5% per 

0.05 increase in the aerodynamic drag coefficient, which goes to show how important it is to keep it as 

low as possible to be able to compete with other teams in terms of fuel efficiency. 
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6 Conclusions 

 

From the get-go, one of the main realizations of this thesis is that, in efficiency competitions as matured 

as the Shell Eco-marathon is, the top performing teams have often been competing for many years or 

even decades and, with all the accumulated experience have developed highly optimized vehicles that 

can achieve astonishing fuel efficiencies. In this very competitive atmosphere, any small increment to 

the fuel efficiency that is obtained through the optimization of the many parts that make the vehicle can 

make the difference in the chase for higher fuel efficiencies. 

Other than the actual efficiency of the vehicle, the main deciding factor that differentiates the teams that 

have the most success from the rest is the development of an efficient driving strategy around the track. 

When reading the reports and papers available from other teams, it was surprising to find that many 

teams neglect the driving strategy. The reasons for this vary from the lack of an accurate enough model 

of the vehicle or the lack of time to develop the strategy before the race. 

The work developed in this thesis brings a new perspective to the development of high fuel efficient 

vehicles by combining the powertrain design and component selection process with the development of 

the optimum driving strategy. This method ensures that the powertrain of the vehicle is a perfect match 

for the driving strategy, which enables the vehicle to reach maximum fuel efficiency. 

Vehicle Components 

In the selection process, the main components that stood out are: the Horizon H-1000XP fuel cell, due 

to its very high efficiency and pedigree (several teams have competed with this fuel cell and won); the 

Dunkermotoren BG 95X80 BLDC motor, a high efficiency and versatile motor that will give the vehicle 

the means to overcome any track; the PLG 80 LB planetary gearbox from the same brand as the motor, 

a high quality component which ensures a perfect coupling to the motor and maximum efficiency; the 

DC-DC converter that stands between the FC and the motor should be as efficient as possible since it 

directly affects the performance of the vehicle; finally, the low rolling resistance Michelin tires 

purposefully made for the SEM, which are considered to be a must for any team aiming for the top spots. 

One observation in relation to the motor is that, if there are no severe budget limitations for the vehicle, 

a PMSM should be preferred over a BLDC motor since these motors can achieve higher efficiencies, 

have better performances and higher energy densities. Although this difference should be minimal. 

The SC and its DC-DC converter can be selected based on the performance requirements and budget 

available, since they don’t affect the fuel efficiency nearly as much as the rest of the components. 

Powertrain Design Considerations 

Between the compared powertrain configurations, the parallel active hybrid proved to be the best choice. 

It has the advantage of allowing the FC to operate constantly at maximum efficiency, as opposed to the 

fuel cell active configuration, where the fuel cell output must meet the demands of the motor, lowering 
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the fuel consumption as a result. Other reasons for selecting the hybrid are its higher flexibility to respond 

to changing conditions in the track and/or during the race, as well as its potential to increase the fuel 

cell’s operational life. 

The implementation of the parallel active hybrid powertrain model proved to be a great success, not only 

does the model effectively estimate the minimum energy storage requirements of the supercapacitor 

but it also efficiently controls the energy flow inside the powertrain, ensuring that the SOC of the 

supercapacitor is the same at the end and at the start of the race, as mandated by the competition rules. 

The selected powertrain configuration (PAH) has energy storage capabilities, enabling the use of 

regenerative braking. However, since the maximum energy available for regenerative braking is 

estimated to be lower than 3% of the total energy consumed by the electric motor (being even lower 

than 1% in a real scenario), it is not worth the investment due the added complexity and cost of the 

powertrain and the fact that it might even have the opposite of the desired effect on the fuel efficiency. 

One other question that was answered in this work, specifically for SEM urban concept vehicles, is that 

having only one rear driving wheel was found to be the best drivetrain architecture because it is much 

simpler, cheaper, easier to build and maintain as well as being the most efficient configuration. The 

tire-road traction available at just the one rear wheel is estimated to be more than sufficient for both dry 

and wet conditions, assuming a concrete or asphalt road, and no tire slip is expected to occur. 

Optimized Driving Strategy 

For the considered vehicle specifications shown in Appendix M (average for the SEM competition) and 

the selected powertrain design, the final optimized driving strategy achieved a fuel efficiency of 370.2 

km/m3 of hydrogen. Taking into consideration that the selected vehicle specifications are conservative 

and can still be subjected to considerable optimization, the fuel consumption obtained proved to be 

excellent, being just 5% lower than the winning team of the SEM London 2016. It should be pointed out 

that in that year, the winning team achieved and impressive result of 389.3 km/m3, which was 39% 

higher than the vehicle that placed in second. 

In the optimal driving strategy, it was observed that the power demand of the BLDC motor was always 

very close to the optimum power output of the fuel cell for the highest efficiency. This occurs because it 

is more efficient to avoid the supercapacitor branch of the powertrain when possible, using it only to 

stabilize the power output of the fuel cell in its optimum point of operation; 

Breaking down the energy consumption of the vehicle, it is interesting to point out that, even though the 

vehicle has a fairly low average velocity, the aerodynamic drag was still the major source of energy loss, 

responsible for approximately 21% of the hydrogen consumption, followed by the tire drag with 14% 

(1.5% caused by the cornering drag). However, the biggest and unavoidable source of energy loss was 

by far the efficiency of the fuel cell, which was responsible for around 43% of the energy lost. 

Comparing the expected fuel efficiency of the driving strategy developed with the new Adaptive Sections 

strategy to a more basic average velocity strategy, the improvement in fuel consumption was minor (only 

around 4%). However, this is believed to be misleading because the developed model does not account 
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for the transient behaviour of the fuel cell and, since the average velocity driving strategy uses 25% 

more motoring sections, its fuel consumption is expected to increase due the transient effect on the fuel 

cell efficiency. Also, it was observed that the average velocity strategy was “lucky” in adapting its 

sections to the topography of track; there is no guarantee that the same will occur for different circuits. 

In the development of the driving strategy it was observed that there is no benefit in increasing the 

number of motoring sections of the driving strategy to more than three, since the electric motor energy 

consumption remains basically the same. 

Sensitivity Analysis 

The study done on the sensitivity analysis of the fuel consumption to selected parameters concluded 

that the main factors that have the highest influence on the fuel efficiency of the vehicle are the rolling 

resistance of the tires, the efficiency of the primary DC-DC converter and the aerodynamic drag 

coefficient. The vehicle mass also affects the fuel consumption; however, this effect was considerably 

lower than what was expected. On the other hand, the efficiency of the supercapacitor and the 

temperature of the BLDC motor had little effect on the fuel efficiency. 

With the sensitivity analysis in mind, it was concluded that if the values for any of the three main 

parameters that influence the fuel efficiency were slightly improved, the TFC vehicle could have easily 

surpassed the fuel efficiency of the winner of SEM London 2016 hydrogen Urban Concept class. 

6.1 Recommendations for Future Work 

The recommendations for future work are listed below: 

• Development of a working dynamic model of the PEM fuel cell to complete the vehicle model; 

• The construction of a laboratory testbench to run preliminary tests on the powertrain 

components to validate and fine-tune the powertrain models; 

• When the vehicle is ready to be tested, a series of tests should be executed to validate and 

optimize the full vehicle model and to fine-tune the model’s parameters to improve accuracy; 

• If costs are not a severe limitation for the project, the possibility of substituting the BLDC motor 

for a PMSM to improve performance should be evaluated; 

• A thorough analysis on the rolling resistance of the acquired tires should be made to ensure 

that maximum performance is obtained. If the Michelin Urban Concept are unavailable, a study 

should be performed on other low rolling resistance non-flat profile tires. However, it should be 

noted that if the tire profiles used are non-flat, the cornering drag model might be inappropriate. 

 

The work developed in this thesis accomplished all the proposed objectives. However, the greatest 

limitation of this thesis is the fact that it has been completely theoretical, i.e., no validation of any of the 

data or models used was done due the fact that, at the time of the writing of this thesis, TFC had no 

vehicle or components to do the necessary tests. This limitation is hoped to be surpassed when the 

team acquires all the equipment needed to do real tests to assess the validity of the models developed 

and the conclusion derived from them. 
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Appendix A SEM Rules & Regulations 

 

The most important rules and specifications to consider when developing a hydrogen urban concept 

are listed below in two sections; one for powertrain specific rules and the other more general rules. 

 

A.1 Powertrain Regulations 

• Maximum voltage must not exceed 48 Volts nominal or 60 Volts max; 

• If an embedded electric storage device is part of the powertrain, it must be of capacitor type. 

Any other electric storage devices, like Pb, NiMh, and other types of batteries, are forbidden; 

• The state of charge (SOC) of the supercapacitor (SC) will be checked before and after each run 

by measuring its voltage. If the voltage registered after the run is lower than the one at the start, 

the supercapacitor must be re-charged by running the fuel cell until the voltage is equal to the 

voltage registered before the run and the additional time required to recharge the SC is added 

to the recorded time of the relevant run; 

• An accessory battery provides all allowed electrical needs such as safety devices (windscreen 

wipers, lights, hydrogen sensors, hydrogen relays and hydrogen shutdown valve); 

• The fuel cell must run by itself. The electricity needed for temperature regulation, fan, 

compressor, electronic management system for the fuel cell and the electric motor must be 

supplied by the fuel cell or supercapacitor, and not by the accessory battery; 

• If the accessory battery can be electrically isolated from the fuel cell output and, consequently, 

the electric motor, it can be used to start the fuel cell. If not, an external battery must be used 

on the starting line to start the fuel cell system; 

• Oxygen for the fuel cell’s operation must be obtained from the surrounding air; 

• The vehicle must make use of a sole compressed hydrogen cylinder (cartridges and other 

means of hydrogen storage are not permitted). In Europe, a 1 L and a 0.4 L cylinder at 200 bar, 

weighing 2.57 kg and 1.4 kg, respectively, will be provided for the competition; 

• The hydrogen system must be designed as follows:  

H2 cylinder → Pressure regulator directly attached to the cylinder → Emergency shutdown valve 

directly attached to the outlet of the pressure regulator → Flow meter → Fuel Cell 

• The flow meter must be fixed at the inlet of the fuel cell. Both must be at the same pressure. 

The energy consumption results will be calculated bases on the hydrogen consumed, measured by the 

flow meter, plus the electrical energy consumed from accessory battery and the external starter battery 

(if used), measured by the joulemeter. Since the results are expressed in km/m3 of hydrogen, the net 

calorific value10 (NCV) of H2 will be used to convert the electrical energy consumed, in Joules, to the 

equivalent volume of hydrogen at 15 ºC and 1 atm. 

 
10 The net calorific value (also known as lower heating value) is defined as the amount of heat released by the 

combustion of a fuel, assuming the latent heat of vaporization of water in the reaction products is not recovered. 
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A.2 Miscellaneous 

Other information of interest is presented in this section: 

• Maximum vehicle weight of 225 kg (without the driver); 

• Fully equipped driver with a minimum weight of 70 kg (if the driver is not heavy enough, ballasts 

must be fitted to the vehicle to make up for the weight difference); 

• At no point during the run can the vehicle go over the imposed speed limit of 40 km/h; 

• Wet weather capability; 

• A parking brake function is required to provide a brake force of at least 50 N (the brake can be 

embedded in the transmission); 

• The vehicle must be equipped with a “dead man’s safety device” or sometimes referred to as 

“operator presence control”; 

• A hydrogen sensor must be installed in the fuel cell compartment, near the main ventilation 

orifice on the top of the vehicle; 

• Guards for transmission chains and/or belts are mandatory and all parts of the drive train must 

be within the confines of the body cover. 
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Appendix B SEM London 2016 Track Map 

 

The Shell Eco-marathon Europe 2016 track elevation map is shown in Figure B1 

  

Figure B1 - Shell Eco-marathon Europe 2016: London elevation track map [7]. 
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Appendix C Dynamics Theoretical Background 

 

Describing the dynamics of a vehicle can be achieved in two ways; the empirical and the analytical. The 

empirical method is gaining knowledge of the factors that influence the vehicle performance by means 

of direct or indirect observation and trial and error. It is simple and does not require a deep understanding 

of the complex physical phenomena and mechanics behind the object of interest, but it can quite often 

lead to failure. For this reason, engineers avoid this method when possible and favour the analytical 

approach, which attempts to characterize the behaviour of the object by describing the mechanics of 

interest behind it, based on known laws of physics. The resulting analytical model can often be 

represented by a set of algebraic or differential equations that, in the case of a vehicle, relate the forces 

or motions of interest to control inputs and its characteristics, e.g., torque output, mass, tire properties, 

aerodynamic shape, to name a few. The model gives the opportunity to evaluate the role of each of the 

vehicle properties and components, and to use its predictive capabilities to identify the design 

characteristics required to reach the performance goals. 

It must be noted that analytical models seldomly describe the real processes they intend to perfectly 

and only emulate the behaviours that are of interest to the functions they were designed for. This is 

because real situations are of extreme complexity and only in very controlled and simple experiments 

can models achieve an almost perfect description of reality. For this reason, to avoid errors and 

ultimately an ineffective model, it is essential to understand the assumptions and simplifications used 

when modelling the physical phenomena and to establish the conventions used in describing the 

motions, forces and all other relevant aspects. 

 

C.1 Newton’s Second Law 

The fundamental law that most vehicle dynamics models start with is Sir Isaac Newton’s second law. 

Applying Newton’s Second Law is done by surrounding the object of interest in a boundary and applying 

the appropriate forces and moments on each point of contact with the outside world, as well as the 

forces that act on the centre of mass, i.e., gravitational and acceleration forces, forming a free-body 

diagram. This can be done for each of the three independent directions (x, y, z). 

 

The law can be applied to both translational and rotational systems: 

a. Translational Systems – The sum of the forces acting on a body along a direction is equal to the 

product of its mass and the acceleration in that direction. 

 ∑𝐹𝑥 = 𝑀 ∙ 𝑎𝑥 (C1) 
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where: 

𝐹𝑥 = Forces in the direction of x; 

𝑀 = Mass of the body; 

𝑎𝑥 = Acceleration in the direction of x. 

 

b. Rotational Systems – The sum of the torques acting on a body about a given axis is equal to the 

product of its rotational moment of inertia and the rotational acceleration about that axis. 

 ∑𝑇𝑥 = 𝐼𝑥𝑥 ∙ 𝛼𝑥 (C2) 

where: 

𝑇𝑥 = Torques about the x-axis; 

𝐼𝑥𝑥 = Moment of inertia about the x-axis; 

𝛼𝑥 = Angular acceleration about the x-axis. 

 

C.2 Lumped Mass 

A vehicle is a complex mechanism of many moving parts, contained within an exterior envelope or body. 

However, when analysing its dynamic behaviour, one can often represent it as one lumped mass located 

at its centre of gravity11 (CG), as all components move together (Figure D1). This is valid for acceleration, 

braking and most turning analyses; however, for ride analyses it is often necessary to treat the wheels 

and the vehicle body as separate lumped masses [37]. In this case, the lumped masses representing 

the wheels are named the “unsprung masses” and the one representing the vehicle’s body the “sprung 

mass”. 

 

 
11 In Mechanics, the centre of mass is the imaginary point in an object or system of objects where, for convenience 

in many calculations, one can assume the total mass is concentrated, as it is the point where any uniform force on 
the object or system acts. Assuming a uniform gravitational field, which is perfectly acceptable in most mechanics 
problems, the centre of mass and the centre of gravity are exactly the same point. 
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Appendix D Vehicle Coordinate System 

 

The coordinate system used throughout this work is defined with reference to a right-hand orthogonal 

coordinate system. The vehicle-fixed and the earth-fixed coordinate systems can be seen in Figure D1 

and Figure D2, respectively: 

 

Figure D1 - SAE vehicle axis system [38], vehicle model from [6]. 

 

x - Forward and on the longitudinal plane of symmetry; 

y - Lateral out the right side of the vehicle; 

z - Downward with respect to the vehicle; 

p - Downward with respect to the vehicle; 

q - Pitch velocity about y axis; 

r - Yaw velocity about the z axis. 
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Figure D2 - Vehicle in an earth-fixed coordinate system, adapted from [39]. 

 

X - Forward travel; 

Y - Travel to the right; 

Z - Vertical travel (positive downward); 

V - Projection of instantaneous velocity; 

ψ - Heading angle (angle between x and X in the ground plane); 

ν - Course angle (angle between the vehicle’s velocity and X axis); 

β - Sideslip angle (angle between x axis and vehicle velocity vector). 
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Appendix E Density Correction 

 

Being the air density, 𝜌, dependant on the temperature, pressure and humidity, to estimate its value 

more precisely one can use the following expression, found in [37]: 

 𝜌 = 1.225 ∙
𝑃𝑟

101.325
∙

288.16

273.16 + 𝑇𝑟
 (E1) 

where: 

𝑃𝑟 = Atmospheric pressure in kPa; 

𝑇𝑟 = Air temperature in ºC. 

  

At standard sea-level pressure (1 atm) and 15 ºC, the density of air is equal to 1.225 kg/m3. 
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Appendix F Magic Formula Coefficients 

 

% Tire                  95 / 80 R 16 URBANCONCEPT 

% Manufacturer          MICHELIN 

% Infl. pressure (Pa)   400000 

% Test speed (m/s)      10' 

% Road surface          Safety walk' 

% Road condition        Dry'  

  

% [UNITS] 

% LENGTH  = 'meter' 

% FORCE   = 'newton' 

% ANGLE   = 'radians' 

% MASS    = 'kg' 

% TIME    = 'second'  

 

Fzn     = 588.6; %Nominal wheel load 

CfRoll    = 0.002; %Rolling resistance coefficient 

  

%[SLIP_ANGLE_RANGE] 

ALPMIN    = -0.16; %Minimum valid slip angle 

ALPMAX    = 0.16; %Maximum valid slip angle  

 

%[VERTICAL_FORCE_RANGE] 

FZMIN     = 14.0161; %Minimum allowed wheel load 

FZMAX     = 702.914; %Maximum allowed wheel load 

  

%[LATERAL_COEFFICIENTS] 

PCY1      = 2.6757; %Shape factor Cfy for lateral forces 

PDY1      = 0.9415; %Lateral friction Muy f 

PDY2      = -0.1242; %Variation of friction Muy with load 

PEY1      = 1.3904; %Lateral curvature Efy at Fznom 

PEY2      = -0.4098; %Variation of curvature Efy with load 

PEY3      = 0.0356; %Zero order camber dependency of curvature Efy 

PKY1      = -77097.6066; %Maximum value of stiffness Kfy/Fzo 

PKY2      = 6483.5045; %Load at which Kfy reaches maximum value 

PKY4      = 2; %Generic value 

  

  

%FORMULAS TO CALCULATE THE COEFFICIENTS OF MAGIC FORMULA 

  

dfz      = (Fz/2-Fzn)/Fzn; %Load correction parameter 

C      = PCY1; 

u      = PDY1 + PDY2*dfz; 

D      = u*Fz/2; 

E      = (PEY1+PEY2*dfz)*(1-PEY3); 

Ca      = PKY1*Fzn*sin(PKY4*atan((Fz/2)/(PKY2*Fzn))); %Cornering 

%stiffness 

B      = Ca/(C*D); 

 

 

 



A10 

 

Appendix G Optimum Motor Technology Table 

 

The table found in Dunkermotoren’s “Handbook for selection of motors” [46] to select the optimum motor 

technology is shown below in Figure G1. 

 

Figure G1 - Dunkermotoren form for selecting the optimum motor technology [46] 
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Appendix H BLDC Motors Technical Data 

 

The main specifications for selected BLDC motors are shown in Table H1. 

 

Table H1 - Dunkermotoren BLDC motors technical data [47]. 

Technical Data BG 95X80 BG 95X40 BG 75X40 

Nominal voltage [V] 24 24 24 

Nominal current [A] 47.2 33.3 21 

Nominal torque [Nm] 2.44 1.7 1.09 

Nominal speed [rpm] 3890 3940 3780 

Maximum torque [Nm] 10 6.45 5 

Nominal output power [W] 1000 701 431 

Maximum output power [W] 3000 1819 860 

No load speed [rpm] 4150 4400 4660 

No load current [A] 4.2 2.8 1.76 

Torque constant [Nm/A] 0.06 0.057 0.052 

Phase resistance [ohm] 0.013/2 0.023/2 0.04/2 

Phase inductance [oh] 0.037/2 0.067/2 0.25/2 

Rotor inertia [gcm2] 1890 950 437 

Motor weight [kg] 5.1 3.5 2.2 
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Appendix I 120-degree Commutation BLDC 

 

The phase currents, EMFs waveforms and electromagnetic torque production in an ideal BLDC motor 

(no induction) with square wave phase currents and a 120-degree commutation is shown in Figure I1. 

 

 

Figure I1 - Phase currents, EMFs waveforms and electromagnetic torque in an ideal BLDC motor with a 
120-degree commutation. 
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Appendix J BLDC Motor Freewheel Current 

 

The example of the freewheel effect in a BLDC motor between phases A and C is shown in Figure J1 

and Figure J2. In the first figure both transistors 1 and 6 are open and the flow of current is “normal”; in 

the second figure the transistor 1 is closed and the flow continues through the diode 2. 

 

 

Figure J1 - Normal current flow (𝑇1 and 𝑇6 open). 

 

 
 

Figure J2 - Freewheel current flow (𝑇1 closed and 𝑇6 open). 
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Appendix K Method to Model the Track  

 

To obtain a sufficiently accurate model of the track, two variables, i.e., elevation and radius of turn, need 

to be determined as function of distance travelled. The first, and most consequential, is provided by the 

event’s organization in the elevation map shown in Appendix B. For the second, since no data is given 

for the cornering radius along the track, it was determined using the method described in Section K.2. 

 

K.1 Elevation Data 

To extract the information from the topography map, the web based tool WebPlotDigitizer, an open 

source application excellent for extracting the underlying numerical data from plots, images and maps 

[69], was used. The elevation data was taken from the graph at every 4 metres and then transferred to 

MATLAB, where it was smoothed to eliminate small high-frequency height irregularities that could have 

been originated from the data extraction or measurement errors. 

The data was then converted to the slope angle using basic trigonometry shown in Eq. (K1) and stored 

in a vector with slope values for every metre of the track. 

 𝛳𝑖 = sin−1 (
ℎ𝑖+1 − ℎ𝑖
𝑥𝑖+1 − 𝑥𝑖

) (K1) 

where: 

𝛳𝑖 = Slope at point 𝑖 [rad]; 

𝑖 = Index of the point where slope is calculated (i+1 indicates the point after); 

ℎ = Height of the points; 

𝑥 = Distance from the starting-line of the points. 

In this case, since the data is collected for every metre, the distance on the track of every point is equal 

to its index minus one and the distance between points is always equal to one metre. 

 

K.2 Cornering Radius Data 

Considering that only Figure 1.5 is provided regarding the track route, it was used as the starting point 

to determine the cornering radius data. However, to extract any valid information it was necessary to 

determine its scale first, which was achieved using Google Earth and the “Image Overlay” tool. 

The track map was overlayed and meticulously adjusted on the real location and two perpendicular lines 

of known length were drawn for reference, as seen in Figure K1. 
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Figure K1 - SEM London track map 2016, Google Earth overlay. 

Afterwards, the image was exported to the WebPlotDigitizer, put to scale using the mentioned reference 

lines and, with its automatic extracting tool, the dataset of 177 points that defines the track was created 

with reference to XY coordinates (Figure K2). Some of the generated points were manually adjusted, 

mainly around the corners for a more efficient driving line (line that crosses all the points in the dataset). 

 

Figure K2 - SEM London track map 2016, data extraction with WebPlotDigitizer. 

 

The resulting dataset was then processed in MATLAB, the data points were organized from start to 

finish-line and the distance of every point to the start-line, following the driving line, was calculated by 

summing the segments of length between all the previous points (Eq. (K2)). The length of each segment 

can be determined applying Pythagoras’ Theorem, as seen in equation (K3). 

 𝐿1,𝑛 =∑𝐿𝑗,𝑗+1

𝑛

𝑗=1

 (K2) 

 𝐿𝑗,𝑗+1 = √(𝑋𝑗 − 𝑋𝑗+1)
2
+ (𝑌𝑗 − 𝑌𝑗+1)

2
 (K3) 
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where: 

𝐿1,𝑛 = Distance of point n to the start-line; 

𝐿𝑗,𝑗+1 = Length of the segment between points j and j+1; 

𝑋𝑗 = Horizontal coordinate of point j on the track map; 

𝑌𝑗+1 = Vertical coordinate of the point after point j on the track map. 

  

Lastly, to find the radius of turn of each point a system of three equations must be solved for every point, 

using its XY coordinates and the ones from the points immediately before and after, as seen below: 

 

{
 
 

 
 (𝑋𝑗−1 − 𝑋𝐶)

2
+ (𝑌𝑗−1 − 𝑌𝐶)

2
= 𝑅𝑗

2

(𝑋𝑗 − 𝑋𝐶)
2
+ (𝑌𝑗 − 𝑌𝐶)

2
= 𝑅𝑗

2

(𝑋𝑗+1 − 𝑋𝐶)
2
+ (𝑌𝑗+1 − 𝑌𝐶)

2
= 𝑅𝑗

2

 (K4) 

where: 

𝑅𝑗 = Cornering radius of point j; 

𝑋𝐶 = X coordinate of the centre point of the circle that forms the turn; 

𝑌𝐶 = Y coordinate of the centre point of the circle that forms the turn; 
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Appendix L Genetic Algorithm 

 

Genetic algorithms are adaptive heuristic search algorithms based on the biological evolution principles 

of natural selection and genetics [70]. In GAs, a population of potential solutions, known as individuals 

or chromosomes, “evolves” towards an optimal solution over consecutive generations, through 

simulated processes of survival of the fittest, reproduction and mutation, until a stopping criterion is met. 

The main three types of rules used to create the next generation from the current population are [71]: 

• Selection rules: The fittest individuals have a higher change of being selected as parents, 

contributing to the population of the next generation (the individuals with the best fitness values 

automatically survive to the next generation as elite children); 

• Crossover rules: Pairs of parents are combined to form children for the next generation; 

• Mutation rules: Changes are applied at random to individual parents to form children. 

In the reproduction process, new individuals (children) are generated using crossover and mutation 

operators. The crossover operator mixes the genes of the parents to explore the search space, while 

the mutation operator maintains an adequate population diversity to avoid premature convergence [72]. 

In the case of a Mixed Integer GA Optimization algorithm, the only distinction lies in the methods used 

to generate a new population, namely the crossover and mutation operations which are required to 

create new individuals whose genes, i.e., the decision variables, are integer values. 

For the driving strategy optimization problem proposed, the GA individuals have the structure of the duty 

cycle vector shown in Eq. (5.13). The number of genes, i.e., the number of decision variables, of an 

individual is equal to three times the number of active sections N minus two (13 for a five section OP). 

For a more effective use of the genetic algorithm for integer problems (Mixed Integer GA), MATLAB’s 

guide for the algorithm [71] suggests a new set of parameters for integer optimization problems with a 

high number of decision variables (more than 10). The new tweaked set of parameters proved to be 

very effective at generating consistent, nearly identical solutions for the OP, which gives confidence that 

the solutions generated by the algorithm are very close to the global optimal. 

The flowchart for the genetic algorithm used is shown in Figure L1. 
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Figure L1 – Genetic Algorithm flowchart for the OP. 
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Appendix M Vehicle Specifications 

 

The specifications used for the vehicle dimensions and aerodynamics are based on a colleague’s master 

thesis on the aerodynamics of the same car. Other specifications used are based on real components 

or general approximated values. The values are shown below in Table M1. 

 

Table M1 - Vehicle specifications used for the simulations and driving strategy optimization. 

Specifications Value 

Mass of the Vehicle[1] 100 kg 

Mass of the Driver 70 kg 

Wheelbase[1] 1.57 m 

Track Front Wheels[1] 1.00 m 

Track Rear Wheels[1] 0.80 m 

Height of the CG[1] 0.343 m 

Rear Wheel to CG[1] 0.587 m 

Aerodynamic Drag Coefficient[1] 0.18 

Frontal Area of the Vehicle[1] 0.9 m2 

Radius of the Wheel[2] 0.275 m 

Rolling Resistance Coefficient[2] 0.002 

DC-DC Converter Efficiency 90 % 

Supercapacitor Efficiency 95 % 

Gearbox Efficiency[3] 97 % 

Chain Transmission Efficiency 90 % 

[1] Values used from a colleague master thesis [6]; 

[2] Michelin SEM Urban Concept tires; 

[3] Dunkermotoren PLG 80 Planetary gearbox [55]. 

 


