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Abstract

Symbolic Data Analysis has become an increasingly important area of Statistics over the past few
years, due to the increasing data complexity to take into account. One of the most used types of symbolic
variables in this area is the histogram, which contains information about the probability distribution of the
individuals that originated it. This is the reason why it is important to find ways to easily manipulate and
do arithmetic operations with this type of variable. As interval variables are a particular type of histogram
variables, they also deserve special attention in this work. After focusing on the creation of an algebra for
histograms, based on the arithmetic operations with quantile functions, which is one of the possible ways
to represent histograms with, a general expression for the computation of linear combinations between
histograms is obtained. The above mentioned expression is then used to propose a new estimation
method for Symbolic Principal Components Analysis, when it is applied to histogram-valued data. The
output of the method is a multivariate histogram representation of the original observation in a space
spanned by the Symbolic Principal Components, unlike what happens in the vast majority of the works in
this area. This method is applied to two data sets. Based on the results, its advantages and limitations
are also analyzed.
Keywords: Symbolic Data Analysis, histogram-valued variables, quantile functions, histogram algebra,
symbolic covariance, Symbolic Principal Components

1. Introduction

The ever-growing importance of Symbolic Data
Analysis, which allows us to analyze data with in-
herent variability, created the need to find better
and easier ways to manipulate this kind of data.
One of the types of symbolic variables that has
gained increasing importance over the past years
is the histogram-valued variable. It represents data
as histograms, which contain information about the
probability distribution of the individuals that origi-
nated them. The arithmetic with quantile functions
introduced in [5] is one of the best known meth-
ods to perform mathematical operations with his-
tograms. However, these operations have not yet
been generalized as an algebra. The first goal of
this work is to define this algebra and find a general
expression which would make it possible to com-
pute linear combinations of histograms easily. This
could be useful for many statistical methods that
use histogram variables, as it is the case of the
Symbolic Principal Components Analysis (SPCA).
In the vast majority of the works in this area, the
Principal Component scores, which are the end
result of this method, are not represented as his-

tograms. As this is not ideal in many cases, our
second goal is to define histogram-valued Princi-
pal Components with the help of the generalized
expression for the linear combination of histograms
deduced in this work. This helps us to improve the
SPCA estimation methods applied to histogram-
valued variables, allowing SPCA to be used as a
dimensionality reduction technique, which is useful
when combined with other statistical methods.

2. Interval and Histogram data
The main focus of this work is related to interval
and histogram-valued variables. Firstly, it is impor-
tant to define what a symbolic variable is (see [2],
Chapter 3).

Definition 2.1. A symbolic variable Xl is a map-
ping from a set E of statistical entities, such that:

Xl : E → B
Xl(ej) = εjl,∀ej ∈ E.

The statistical entities ej from E (the individuals
from a population) can be originated either from
single individuals (micro-data) or from a collection
of micro-data whose information was aggregated
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to create more complex symbolic objects (macro-
data). Each observation j of a variable takes its
value from the set B, which varies according to
the type of symbolic variable we are dealing with.
The result {Xjl = εjl} represents the symbolic
value that the variable l takes for the observation
j. Taking this into consideration, we can define
histogram-valued variables in the following way:

Definition 2.2. A histogram-valued variable, X,
corresponds to a transformation from the set of en-
tities that defines the population, E, into a set B
of possible histograms. A histogram xj is a set
of subintervals, Yj = (y1j , .., ynjj)

t and a set of
probabilities associated to each subinterval, Pj =
(p1j , .., pnjj)

t, where
∑nj

i=1 pij = 1, pij is the prob-
ability of the j-th entity assuming a value in yij =
[aij , bij [, where aij ≤ bij , ai+1j = bij , and nj is the
total number of subintervals associated with the j-
th entity.

Interval-valued variables can be seen as a par-
ticular case of a histogram-valued variable where
nj = 1.

It is also relevant to mention some different
ways that are used to represent intervals and his-
tograms. For instance, intervals are generally rep-
resented using a notation with their lower and up-
per bounds:

y = [a, b] with a, b ∈ R; a ≤ b, (1)

where a is the lower bound and b the upper bound
of the interval y.

Histograms are characterized by a set of subin-
tervals, such that the i-th subinterval of xj is repre-
sented as [aij , bij [, with the associated probability
pij . Admitting this notation, a histogram xj with nj
subintervals can be represented as

xj = {[a1j , b1j [, p1j ; [a2j , b2j [, p2j ; ...;

; [aij , bij [, pij ; ...; [anjj , bnjj ], pnjj}, (2)

with aij , bij ∈ R, aij ≤ bij , ai+1j = bij , 0 ≤ pij ≤ 1,
and

∑nj

i=1 pij = 1; i ∈ {1, .., nj}.
An alternative method of representation for in-

tervals and histograms is to use the center and
range of each interval/subinterval. The center, cy,
of an interval y = [a, b] is given by the expression
cy = a+b

2 and the respective range, ry, is given by
ry = b− a.

Since b ≥ a is always a condition for an interval,
the range is always a non-negative value, while the
center can take any value in R.

Using the previous definitions of center and
range of an interval, it is possible to characterize
an interval only as a set of its center and range:

y = (cy, ry), with cy ∈ R, ry ∈ R+
0 . (3)

Similarly to (3), a histogram can be represented
as a set of three vectors related to the center,
ranges, and associated probabilities of its subin-
tervals (cccj , rrrj , and pppj , respectively). Therefore, for
a histogram xj , the representation of its centers,
ranges, and probabilities is:

xj = (cccj , rrrj , pppj). (4)

Another useful way to represent intervals and
histograms is through a quantile function, which is
related to the cumulative distribution function (cdf),
FX , of a random variable X. A cdf FX is given by
the expression FX(x) = P (X ≤ x), with x ∈ R.

The quantile function can be seen as the inverse
of FX . This concept was introduced in [5] for his-
togram variables. It gives the value x for which the
probability of the random variable being less than
or equal to that same x is equal to a given value p
(0 ≤ p ≤ 1). This is equivalent to finding the min-
imum value of x among all the values whose cdf
value exceeds p. This value p must always lie be-
tween 0 and 1, since it corresponds to a probability.
Thus, a quantile QX function for a random variable
X with cdf FX(x) can be defined by

QX(p) = inf{x ∈ R : p ≤ FX(x)}, 0 ≤ p ≤ 1.

We assume that the micro-data associated with
each interval and subinterval studied in this work
follows a uniform distribution. Thus, it is possible to
use the general expression of the cdf for continu-
ous uniformly distributed random variables to char-
acterize them. Under these conditions, the quantile
function, QY , of a random variable Y with a uniform
distribution defined over an interval [a, b] is

QY (p) = a+ (b− a)p, 0 ≤ p ≤ 1. (5)

The expression (5) can also be applied to each
of the subintervals of a histogram, since it is as-
sumed that micro-data follows a uniform distribu-
tion within a subinterval. Hence, the quantile func-
tion, QX , of a histogram-valued variable X with n
subintervals is:

QX(p) =



a1 + p
w1

(b1 − a1), 0 ≤ p < w1

a2 + p−w1

w2−w1
(b2 − a2), w1 ≤ p < w2

...
ai + p−wi−1

wi−wi−1
(bi − ai), wi−1 ≤ p < wi

...
an + p−wn−1

1−wn−1
(bn − an), wn−1 ≤ p ≤ 1

,

(6)
where the wis are the cumulative probabilities of
the first i subintervals and are defined by

wi =

{
0, i = 0∑i

k=1 pk, i = 1, .., n
. (7)

2



The quantile functions are always non-
decreasing in their domain [0, 1]. This happens
because the subintervals that are a part of a
histogram are always consecutive and disjoint.
That is, the lower bound of a subinterval i of a
histogram is always greater than or equal to its
respective upper bound (bi ≥ ai), and the lower
bound of the next subinterval is equal to the upper
bound of the previous subinterval (ai+1 = bi). The
quantile function can also be non-continuous in
some cases.

3. Interval Algebras
To better understand the histogram algebra that we
are trying to deduce, it is first necessary to study
the properties of some interval algebras. Two of the
most relevant interval algebras are Moore’s Interval
Algebra and the Extended Interval Algebra, which
are analyzed in this section.

3.1. Moore’s Interval Algebra
The most commonly used algebra when dealing
with interval variables is the one that was defined
by Moore in [9]. This algebra will henceforth be
denominated as Moore’s Interval Algebra. The op-
erations of this algebra, using the notation with the
resulting centers and ranges of the intervals in (3),
is summarized in Table 1.

Table 1: Summarized results for the operations of Moore’s In-
terval Algebra.

Operation Center Range
y1 + β c1 + β r1
y1 + y2 c1 + c2 r1 + r2
y1 − y2 c1 − c2 r1 + r2
βy1 βc1 |β|r1

β1y1 + β2y2 β1c1 + β2c2 |β1|r1 + |β2|r2

In all the operations of Moore’s Interval Algebra
presented in Table 1 the range is always positive.
This causes a disadvantage: the ranges of the re-
sulting intervals keep increasing with each consec-
utive operation. As a consequence, very large in-
tervals can be generated and, thus, lose their sig-
nificance. It is also interesting to note that, for this
reason, this algebra cannot be considered a vector
space, as the additive inverse axiom fails to hold.

A generalized formula for the linear combina-
tions with Moore’s Interval Algebra of k intervals
can be deduced. This is achieved by aggregating
in vectors the sets of the centers and ranges of the
corresponding intervals, and also the scalars β. In
this way, the vectors yyy = (y1, .., yk)t, ccc = (c1, .., ck)t,
rrr = (r1, .., rk) and βββ = (β1, .., βk) are obtained. Us-
ing these vectors, the general expression for the
linear combination of intervals with Moore’s Inter-
val Algebra is given by:

βββtyyy = [βββtccc− |βββ|t r
rr

2
, βββtccc+ |βββ|t r

rr

2
], (8)

where βββt is the transpose of βββ and |βββ| corresponds
to the computation of the absolute values of all the
elements in βββ.

3.2. Extended Interval Algebra
There is another algebra for intervals that over-
comes the issue of the increasing expansion of the
ranges of the intervals with consecutive operations
that occurs in Moore’s Algebra. This algebra was
defined in [6] and will henceforth be designated by
Extended Interval Algebra.

The resulting centers and ranges of the intervals
for all the operations in this algebra are presented
in Table 2. From its analysis, it can be concluded
that, while the resulting centers are the same as
in Moore’s, now the ranges can have a negative
value, which is indicative of an extended interval
where b < a. For instance, the extended interval
[−2,−4] has a range equal to −2. Hence, for this
algebra, the difference between two equal intervals
is now equal to 0, and all the axioms of a vector
space are satisfied. Thus, the Extended Interval
Algebra consists of a vector space.

Table 2: Summarized results for the operations of the Extended
Interval Algebra.

Operation Center Range
y1 + β c1 + β r1
y1 + y2 c1 + c2 r1 + r2
y1 − y2 c1 − c2 r1 − r2
βy1 βc1 βr1

β1y1 + β2y2 β1c1 + β2c2 β1r1 + β2r2

It is also possible to obtain a general expression
for the linear combination of intervals with the Ex-
tended Interval Algebra, by using the vectors yyy, ccc,
rrr, and βββ, previously defined for (8):

βββtyyy = [βββtccc− βββt rrr

2
, βββtccc+ βββt rrr

2
]. (9)

While this algebra was used with success in some
works, it is hard to grasp, under this notation, what
the interpretation of an interval y = [a, b] with a > b
would be. In this work, when this case occurs
for this algebra, the upper and lower bounds are
switched and, consequently, a regular interval is
created.

With this alteration, the new results of the cen-
ters and ranges for the different operations are
presented in Table 3. The only difference when
comparing them with Table 2 is that, now, the val-
ues of the ranges always correspond to an ab-
solute value and, consequently, there can be no
negative ranges. Even with this alteration, the Ex-
tended Interval Algebra still remains a vector space
and the ranges can either decrease or increase
their value with consecutive operations. However,

3



Table 3: Summarized results for the operations of the altered
Extended Interval Algebra.

Operation Center Range
y1 + β c1 + β r1
y1 + y2 c1 + c2 r1 + r2
y1 − y2 c1 − c2 |r1 − r2|
βy1 βc1 |βr1|

β1y1 + β2y2 β1c1 + β2c2 |β1r1 + β2r2|

when this algebra was tested in SPCA with inter-
val variables, it was observed that the resulting in-
tervals would often degenerate into intervals with
very small ranges, which would be useless when
analysing and subsequently manipulating the re-
sults. In SPCA it is preferred that the resulting in-
tervals have a large enough range that could be
representative of a real interval object, instead of
having results where the ranges of the intervals are
so small that they degenerate into single values.
Therefore, Moore’s Interval Algebra is still a better
option than the Extended Interval Algebra for this
statistical method.

4. Histogram Algebra
Developing an algebra for histogram-valued vari-
ables is more complex than for the interval case.
In this work, an algebra is formalized, taking into
consideration the arithmetic operations with his-
tograms proposed by Irpino and Verde in [5].

4.1. Arithmetic operations with quantile functions
The definition of quantile function for histograms in
(6) is the basis for the operations with histograms
defined in [5]. However, these functions cannot be
used directly in the operations and a transformation
of the histograms has to be made beforehand.

Considering that our objective is to perform arith-
metic operations in k histograms xj , with j =
{1, .., k}, where the number of subintervals for the
j-th unit is nj , our goal is to build histograms with
the same number n of subintervals and where each
of these subintervals is associated to the same cu-
mulative probability wi defined in (7). In this way,
it is easier to perform the operations with quantile
functions. This procedure will henceforth be called
harmonization.

The first step of the harmonization procedure
is, by taking into account the cumulative proba-
bilities wi that are a part of the quantile functions
of the histograms we want to do arithmetic opera-
tions with, to build a new sorted and non-repetitive
group of wis that gathers all the different wis from
all the histograms. This harmonized set is denoted
by W? = {w?

0 , w
?
1 , ..., w

?
i , ..., w

?
n} in our work. The

size of W? is n, which corresponds to the number
of non-repeated different wis from the histograms
that take part in the operations. As a result, the

elements w?
i from the newly created set W? have

the following properties:

1. w?
0 = 0.

2. w?
n = 1.

3. w?
i 6= w?

j , ∀i 6=j , i, j ∈ {0, 1, 2, .., n}.

4. w?
i+1 > w?

i ,∀i, i ∈ {0, 1, 2, .., n− 1}.

5. max{n1, n2, .., nk} ≤ n ≤
∑k

j=1 nj − 1.

The next step in the harmonization process is to
build new quantile functions for the histograms us-
ing the elements of the setW? as the new bounds
of the branches of the function. To find these
bounds, it is necessary to compute the value of
each w?

i in the original quantile function of the
histogram, Qxj

(w?
i ), for i ∈ {0, 1, .., n}. Hence,

the newly formed harmonized histogram, using the
new set of cumulative probabilities W? for a his-
togram xj , is given by

x?j = {[Qxj
(w?

0), Qxj
(w?

1)[, p?1; ...; [Qxj
(w?

i−1),

, Qxj (w?
i )[, p?i ; ...; [Qxj (w?

n−1), Qxj (w?
n)], p?n}. (10)

One of the main issues of the harmonization pro-
cedure is that, with each consecutive division of the
original subintervals, smaller and smaller subinter-
vals are created. At some point, these subintervals
could become so small that the information pro-
vided by them would be meaningless. However, if
we are not dealing with extreme cases, the harmo-
nization process is a fairly good option to perform
mathematical operations with histogram variables.

After having performed the harmonization pro-
cedure described previously, it is easy to per-
form arithmetic operations with the harmonized
histograms in (10), using their harmonized quan-
tile functions.

Under these conditions, the sum of two his-
tograms is done by simply adding their harmo-
nized quantile functions. The resulting centers and
ranges of each subinterval i from the sum of two
histograms, x1 + x2, are

ci = c?i1 + c?i2,

ri = r?i1 + r?i2, with i ∈ {1, .., n}.
(11)

To compute the sum of a histogram with a con-
stant β ∈ R, we just have to add β to each branch
of the quantile function. Therefore, the centers and
ranges for the subinterval i of the histogram, result-
ing from the operation x1 + β, are given by

ci = ci1 + β,

ri = ri1, with i ∈ {1, .., n}.
(12)

Another arithmetic operation that is important to
define is the multiplication by a constant β ∈ R.
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It is necessary to be careful when specifying this
operation. The most correct method to compute
βx1, when β < 0, is firstly to do the transforma-
tion Qx1(1 − p) on the quantile function and then
directly multiply the resulting function by β. The
transformation−Qx1

(1−p), when performed on the
quantile function Qx1

of a histogram x1, generates
a new histogram that is the symmetric of x1 with
respect to the y-axis.

Accordignly, the product of a histogram x1 and
a real number β creates a new histogram, whose
centers and ranges of its i-th subinterval are given
by the expressions:

• for β > 0:

ci = βci1,

ri = βri1, with i ∈ {1, .., n};
(13)

• for β < 0:

ci = βcn1−i+1 1,

ri = |β|rn1−i+1 1, with i ∈ {1, .., n}.
(14)

The next arithmetic operation that is important
to define is the difference between two histograms,
x1 − x2. The first step in this operation is to obtain
−x2 according to the transformation of its quantile
function −Qx2

(1 − p) described previously. After-
wards, x1 and −x2 are harmonized and, finally, a
regular addition of their quantile functions is per-
formed. It is important to remark that, when carry-
ing out this operation, the harmonization must al-
ways be done on the inverse of x2, −x2, and thus
generate (−x2)?. Instead, if the harmonization is
performed firstly on x2, and x?2 is obtained, followed
by the calculation of its inverse−(x?2), an additional
harmonization may need to be applied, which is al-
ways undesirable.

It is considered that the transformation −Qxj
(1−

p) and subsequent harmonization with the other
histogram participating in the operation, yields the
histogram (−xj)?. In our work, (−xj)? is repre-
sented with the notation of a set of centers and
ranges for each of the subintervals, as follows:

(−xj)? = {(−c�?nj , r�?nj), p�?nj ; ..; (−c�?1j , r�?1j ), p�?1j},
(15)

where the symbol � before the ? on top of the har-
monized bounds, centers, ranges, and associated
probabilities represents the fact that the original
order of the subintervals was reversed firstly and
only afterwards was the harmonization performed.
Therefore, in the operation x1−x2, the order of the
subintervals is reversed in the histogram (−x2)?.
Hence, the centers and ranges for the resulting
subinterval i of x1 − x2 are given by

ci = c?i1 − c�?n−i+1 2,

ri = r?i1 + r�?n−i+1 2, with i ∈ {1, .., n}.
(16)

4.2. Formalization of the Histogram Algebra
The first objective of our work is to create an alge-
bra that sums up all the knowledge from the previ-
ously discussed operations with the quantile func-
tions of histograms. This is achieved by using the
information contained in the expressions (11), (12),
(13), (14) and (16), regarding the resulting centers
and ranges for each subinterval i of the histogram
generated for each operation. Table 4 summarizes
these results.

Table 4: Centers and ranges of the subintervals resulting from
the quantile operations.

Operation Center i Range i
x1 + x2 c?i1 + c?i2 r?i1 + r?i2
x1 + β ci1 + β ri1

βx1, β ≥ 0 βci1 βri1
βx1, β < 0 βcn1−i+1 1 |β|rn1−i+1 1

x1 − x2 c?i1 − c�?n−i+1 2 r?i1 + r�?n−i+1 2

Comparing these results with those obtained in
Table 1 for the operations with Moore’s Interval Al-
gebra, it is possible to infer that, for each subinter-
val i, the operations with quantile functions for his-
tograms are along the lines of Moore’s Interval Al-
gebra. Accordingly, while the centers of the subin-
tervals can take any in value in R, the ranges are
always non-negative and expand with each con-
secutive operation.

For the linear combination β1x1 + β2x2 there are
four distinct cases, depending on the sign of the
constants β1 and β2. Table 5 displays the results.

By analyzing Table 5, one can conclude that it
would be difficult to merge these four cases into a
single formula. This is mainly due to the inversion
of the indices of the histogram subintervals that
were multiplied by a negative weight β. To solve
this issue, a special notation (with the symbol •) is
used, in order to merge the cases where βj < 0
and βj > 0. Under this new notation, c•ij and r•ij
are defined by

c•ij =

{
c?ij , βj ≥ 0

−c�?n−i+1 j , βj < 0
, (17)

r•ij =

{
r?ij , βj ≥ 0

r�?n−i+1 j , βj < 0
, (18)

with i ∈ {1, .., n}.
As the probabilities also have their order re-

versed when βj < 0, it is also necessary to define
p•ij :

p•ij =

{
p?ij , βj ≥ 0

p�?n−i+1 j , βj < 0
. (19)

Hence, using the expressions (17) and (18),
the resulting centers and ranges of the subinter-
vals of a linear combination of two histograms,
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Table 5: Different cases for the linear combination of two quantile functions.
β1x1 + β2x2 Center i Range i
β1 ≥ 0, β2 ≥ 0 β1c?i1 + β2c?i2 β1r?i1 + β2r?i2
β1 < 0, β2 < 0 |β1|(−c�?n−i+1 1) + |β2|(−c�?n−i+1 2) |β1|r�?n−i+1 1 + |β2|r�?n−i+1 2

β1 < 0, β2 ≥ 0 |β1|(−c�?n−i+1 1) + β2c?i2 |β1|r�?n−i+1 1 + β2r?i2
β1 ≥ 0, β2 < 0 β1c?i1 + |β2|(−c�?n−i+1 2) β1r?i1 + |β2|r�?n−i+1 2

β1x1 + β2x2, with β1, β2 ∈ R, are

ci = |β1|c•i1 + |β2|c•i2,
ri = |β1|r•i1 + |β2|r•i2.

(20)

By using this information, it is possible to deduce
a general formula for the linear combination of his-
tograms in this algebra. Firstly, it is necessary to
define the matrices CCC• and RRR•, with the previously
defined c•ij and r•ij , respectively. The rows of these
two matrices are associated with the subinterval i,
whereas the j-th column corresponds to the har-
monized histogram j. It is also considered a vector
ppp•j of the n harmonized probabilities associated to
each histogram j, with ppp•j = (p•1, .., p

•
i , .., p

•
n])t.

Hence, being βββtxxx a linear combination of k
histograms β1x1 + β2x2 + ... + βkxk, with βββ =
(β1, .., βk)t, and xxx = (x1, .., xk)t, its general expres-
sion is given by

βββtxxx = {CCC•1|βββ| ±
1

2
RRR•1|βββ|, p•1;CCC•2|βββ| ±

1

2
RRR•2|βββ|, p•2; ...;

;CCC•n|βββ| ±
1

2
RRR•n|βββ|, p•n},

(21)

where CCC•i andRRR•i are representative of the row i of
the matrices C•C•C• and R•R•R•, respectively.

This algebra fails two of the axioms of vector
space: the existence of an additive inverse, and
also the distributivity of scalar multiplication with re-
spect to field addition. Nonetheless, the remaining
axioms hold and are useful, as is the case of the
associativity and commutativity of addition.

5. Symbolic Principal Components Analysis
The last goal of this work is to use the algebra for
histogram variables, based on the operations with
quantile functions, to find a way to improve the re-
sults obtained for different methods of SPCA ap-
plied to histograms.

5.1. Overview of PCA and SPCA methods
PCA is a statistical method that transforms the orig-
inal variables of a random vector into a new set of
variables by using a simple orthogonal transforma-
tion. The resulting new set of variables are called
Principal Components (PCs) and they are uncorre-
lated with one another.

The values of the PCs are usually denominated
as component scores and the weights by which the
original variables were multiplied to reach these

scores are called loadings. In the conventional
framework, these loadings usually correspond to
the eigenvectors of the covariance matrix of the
original data. Thus, considering that our original
data is represented by a (k×p) matrixXXX with p vari-
ables, whose columns are associated to the vari-
ables and the rows to the k observations, and that
δδδl is the l-th eigenvector of the covariance matrix of
XXX, with l ∈ (1, .., p), the vector with the scores for
the l-th Principal Component (PCPCPCl) is given by

PCPCPCl = XXXδδδl. (22)

In works where the SPCA is applied to
histogram-valued variables, several different ways
to compute the PC scores are used. Yet, in none of
them are the PC scores defined as the linear com-
bination of histograms, as proposed in this work.

It is important to analyze how the covari-
ance(correlation) matrices are defined in some of
the other works in this area, and also how the
authors choose to represent the resulting princi-
pal components. The authors, articles and cor-
responding definition of the covariance(correlation)
matrix for histograms, which are used here, are:

• M. Kallyth, E.Diday in [8] and M. Chen, H.
Wang in [3]:
In both works the definition of sample symbolic
covariance used to build the covariance matrix
is denoted as cov1. It is given by

cov1(X1, X2) =
1

k

k∑
j=1

x̄j1x̄j2 − x̄1x̄2, (23)

where x̄l = 1
k

∑k
j=1

∑njl

i=1 cijlpijl and x̄jl =∑njl

il=1 ciljlpiljl, l = {1, 2}.
The sample covariance matrix obtained
through this method is denoted by ΣΣΣ(1) in this
work. The resulting PCs are represented ei-
ther as hypercubes or as intervals lengths in
[8] and with a probability density function in [3].

• J. Le-Rademacher and L.Billard in [7]:
Here the definition of sample symbolic covari-
ance used is denoted as cov2 and is given by

cov2(X1, X2) =
1

3k

k∑
j=1

nj1∑
i1=1

nj2∑
i2=1

pi1j1pi2j2×

×Gi1j1Gi2j2[Qi1j1Qi2j2]
1
2 ,
(24)
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with Qiljl = (ailjl − x̄l)2 + (ailjl − x̄l)(biljl −
x̄l) + (biljl − x̄l)2 and

Giljl =

{
−1, x̄jl ≤ x̄l
1, x̄jl > x̄l

,

where l = {1, 2}. This definition of sample co-
variance is used to build the covariance ma-
trix, which is denoted by ΣΣΣ(2).
This method of SPCA is based on the ge-
ometric construction of polytopes using the
subintervals of the histograms, which can then
be converted back into histograms. This is
the only work of a SPCA method, among the
ones found, which represents the PCs as his-
tograms. However, this polytope method can
be somewhat complex and hard to interpret.

• M. Ichino in [4]:
This SPCA method for histogram variables
starts by computing quantiles from the quan-
tile function of the histograms. For a sam-
ple of size k of a p-dimensional random vector
XXX = (XXX1, ..,XXX l, ..,XXXp)t, a number d is chosen
arbitrarily with 1 ≤ d ≤ k. Afterwards, d + 1
quantiles, Qijl, are generated for each obser-
vation j of a variable Xl, xjl, through the ex-
pression Qijl = Qxjl

( i
d ), with i = {0, 1, ..., d},

j = {1, ..., k}, l = {1, ..., p}.
Then, a numerical matrixQQQwith k×(d+1) rows
and p columns is constructed in such a way
that the quantiles Qijl for the k observations
of a variable Xl are introduced in a sequen-
tial order in the column l of the matrix QQQ. A
sample correlation matrix is computed next for
the data table presented inQQQ, using either the
Spearman’s or the Pearson’s correlation coef-
ficient. The sample correlation matrix used in
our work, based on this method, is denoted by
ΣΣΣ(3), and only the Spearman’s correlation co-
efficient is used for its computation, as it gave
better results in [4].

5.2. SPCA using linear combinations of histograms
To improve the current SPCA methods that deal
with histogram-valued variables, it is shown in this
work how to obtain histogram-valued scores. This
is achieved by applying the previously defined al-
gebra to compute the linear combinations of his-
tograms.

Before proceeding, it is necessary to define
some new matrices for the centers, ranges, and
associated probabilities of the histograms, CCCj , RRRj ,
and PPP j . These matrices aggregate all the informa-
tion of an observation j, for all the p variables of
a data set. The rows of these matrices are associ-
ated to the subintervals i of the observation j, while
the columns are associated to the variables Xl.

The harmonization procedure is then applied to
all the j-th observations of the p histogram vari-
ables included in the matrices CCCj , RRRj , and PPP j ,
which enables us to make arithmetic operations
with them. Therefore, by applying the expressions
(17), (18), and (19), it is possible to build the har-
monized matrices CCC•j , RRR•j , and PPP •j . Afterwards, the
PCs are generated through the linear combination
of the p variables of a data set for each of their
k observations. Accordingly, by applying expres-
sion (21), each observation j of the l-th PC (score),
PCjl is obtained:

PCjl = (CCC•j |δδδl| ±
1

2
RRR•j |δδδl|,PPP •j1), (25)

where PPP •j1 relates to the vector corresponding to
the first column of the matrix PPP j , whose columns
are all equal. This process is repeated for the
k observations of the data set, thus generating a
(k × 1) vector with the l-th Principal Component
scores, PCPCPCl, and for the p different eigenvectors
δδδl, which generates p histogram-valued Principal
Components PCPCPCl, as desired.

6. Analysis of data sets
The final step of this work consisted in implement-
ing the expression (25) for the computation of the
PCs of a real data set. The eigenvectors, δδδl, in that
expression were obtained according to the several
definitions of covariance or correlation matrices,
ΣΣΣ(1), ΣΣΣ(2), and ΣΣΣ(3), defined previously. Two ex-
amples, based on real data sets were explored us-
ing SPCA: Iris flower [8] and Hardwood [1]. Based
on the proposed definition of linear combinations of
histograms, the associated scores were obtained.
All the computations presented next were done
with the use of the R software [10].

6.1. Iris data set
The first data set where this method was imple-
mented is the histogram-valued Iris flower data set
taken from [8]. This data set corresponds to a
transformation of the conventional Iris flower data
set, which originally consists of 150 observations
belonging to three species of the iris flower (50
observations per species), characterized by four
variables. By applying a K-means on this conven-
tional data, according to [8], the 150 observations
were classified into 10 groups. The information of
the observations that belonged to each of these
10 groups was then merged to form 10 histogram
units. The four histogram variables of this data de-
scribe the following features of each Iris flower:

• X1 - sepal width;

• X2 - petal width;

• X3 - petal length;
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• X4 - sepal length.

By computing the sample symbolic covariance,
according to definition cov1 in (23), of this data set,
the eignevectors, δδδ(1), of ΣΣΣ(1) obtained are

δδδ(1) =


0.053 0.742 −0.395 0.539
−0.342 −0.069 −0.813 −0.467
−0.854 −0.214 0.112 0.461
−0.389 0.631 0.413 −0.528

 .
The first PC obtained with this method explains

93.11% of the variance, the second 5.88%, the
third 0.9%, and the fourth 0.097%. Through the
observation of the first eigenvector, it is possible to
infer that, for the definition of the first PC, the vari-
able that has more weight (in a negative propor-
tion) is, by far, X3, which corresponds to the petal
length, followed by X4 and X2, which have a sim-
ilar weight and are related to the petal width and
sepal length respectively. The variable X1, which
is associated to the sepal width, is practically irrele-
vant for the definition of PCPCPC1. Therefore, the lower
the value of the first PC score is, the higher the
value of the petal length will be and the higher the
petal width and sepal length. For the second PC,
the most relevant variables are X1 and X4, both
related to the size of the sepal. As these variables
affect the definition of PCPCPC2 in a positive way, the
wider and larger the sepals of a set of flowers that
formed a histogram observation are, the higher the
score of that observation on the second PC is.

If we represent the PC scores observed through
regular histogram graphs, it is hard to find patterns
in the data. To overcome this difficulty, a joint prob-
ability analysis between PCPCPC1 and PCPCPC2 was per-
formed. To achieve this, a graph was constructed,
where the observations from PCPCPC1 are represented
along the x-axis and the units from PCPCPC2 along the
y-axis. Rectangles are then built according to the
bounds of the subintervals of the histogram units
of PCPCPC1 and PCPCPC2. The number inside each rectan-
gle corresponds to the product of the probabilities
associated to the subintervals which originated it.
The higher that value is, in comparison with all the
other probabilities of that observation, the darker
the color from that rectangle will be. This represen-
tation is displayed in Figure 1. Through its analysis,
it can be concluded that there is considerable vari-
ability in the distribution of the histograms among
all the observations. However, it is now easier to
find patterns in the data and reach some conclu-
sions. Therefore, observation 5 seems to have
been created by the aggregation of flowers with a
medium petal and sepal width and length; obser-
vation 8 for the flowers also with a medium sepal
width and length, but with a lower value for the
petal length; observation 3 from the irises with a

medium sepal size, but a high petal length; obser-
vation 9 from the flowers with a large sepal size
and a wide range for the petal length; observation
6 from the ones with low values of both sepal and
petal size; observation 7 from the irises with high
values for both the sepal and petal size; and ob-
servations 1, 2, 4 and 10 from flowers with a wide
range of values for both the petal and sepal size.

Figure 1: Joint probability of PC1 and PC2 scores when cov1
is applied to the Iris data set.

It is also interesting to check what the sample
covariance matrix for the PCs is, when the defini-
tion of covariance cov1 in (23) is used (computation
based on the obtained scores). This matrix, repre-
sented as ΣΣΣ

(1)
PC , is the following:

ΣΣΣ
(1)
PC =


3.782 0 0 0

0 0.239 0 0
0 0 0.037 0
0 0 0 0.004

 .
The values of the main diagonal of ΣΣΣ

(1)
PC corre-

spond to the variance explained by each PC and
they match the percentages of total variance pre-
sented previously. The remaining values are equal
to zero, which is to be expected, since the PCs are
supposed to be uncorrelated. Hence, everything
seems to match the expected results for this case.

When the definition of sample covariance cov2 is
used, we have that the first PC explains 92.04% of
the variance, the second explains 6.69%, the third
0.96% and the fourth 0.35%. The first two eigen-
vectors from δδδ(1) and δδδ(2) obtained are very simi-
lar, which means that the first and second PCs ob-
tained for both cases have a similar interpretation
and lead to similar scores. Accordingly, the joint
probability graph of PCPCPC1 and PCPCPC2 for cov2 is very
similar to the one obtained for cov1 in Figure 1, and
the same conclusions can be reached. For these
reasons, the inclusion of δδδ(2) and the joint probabil-
ity graph were omitted from this work.
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By computing the sample covariance matrix for
the PCs, reached through cov2 in (24), ΣΣΣ

(2)
PC , we

obtain:

ΣΣΣ
(2)
PC =


3.914 −0.236 −0.136 0.358
−0.236 0.431 −0.015 0.159

0.136 −0.015 0.230 0.098
0.358 0.159 0.098 0.327

 .
In ΣΣΣ

(2)
PC , the values of the main diagonal do not cor-

respond to the percentages of the explained vari-
ance for the PCs calculated through the eigenval-
ues of ΣΣΣ(2). This may be explained by the fact that
cov2(X,X) is not considered as a regular variance
value. It is also possible to observe that the re-
maining values of ΣΣΣ

(2)
PC are not equal to zero, as it

was expected to happen due to the supposed or-
thogonality condition that in the conventional case
leads to the construction of uncorrelated PCs.

Finally, for the correlation matrix, ΣΣΣ(3), the corre-
sponding eigenvectors δδδ(3), obtained by consider-
ing d = 4 quantiles and the Spearman’s correlation
coefficient, are

δδδ(3) =


−0.184 0.944 −0.219 0.164
−0.565 −0.188 −0.669 −0.444
−0.567 −0.242 0.025 0.787
−0.570 0.122 0.709 −0.395

 .
In this case, all the columns of δδδ(3) are significantly
different, when comparing them with the two previ-
ous cases. Here, we obtain a first PC that explains
71.84% of the total variance of the data, an amount
which is much lower than the ones obtained for the
first PC in the two previous methods. Despite the
differences in the eignenvectors, the distribution of
the histograms continues to be very similar when
performing a graphic analysis. Consequently, this
graph has also been omitted.

The sample correlation matrix for the PCs, ΣΣΣ
(3)
PC ,

obtained through the same method, is

ΣΣΣ
(3)
PC =


1 0.778 0.237 −0.189

0.778 1 0.608 0.129
0.237 0.608 1 0.786
−0.189 0.129 0.786 1

 .
In the main diagonal of this matrix all the values are
equal to 1, as it is always expected to happen for a
correlation matrix, since corr(X,X) = 1. However,
as it also happened for the cov2 case, the remain-
ing values of this matrix are not equal to zero. This
highlights the fact that this method does not lead to
uncorrelated PCs, according to definition ΣΣΣ(3).

6.2. Hardwood data set
The method developed in this work was applied to
a second data set, obtained from a US Geologi-
cal Survey of Hardwood Trees that can be found in

[1]. This data set has 16 objects, which correspond
to different species of hardwood trees, each being
described by the following eight features related to
the regions where the species can be found:

• X1: Annual temperature (oC);

• X2: January temperature (oC);

• X3: July temperature (oC);

• X4: Annual precipitation (mm);

• X5: January precipitation (mm);

• X6: July precipitation (mm);

• X7: Growing degree days on 5oC × 1000;

• X8: Moisture index.

Before applying the SPCA, all these variables were
standardized, according to appropriate definitions
of sample symbolic mean and variance.

When cov1 is used to compute the sample co-
variance matrix of this data, the first two eigenvec-
tors of δδδ(1) are

−0.4700 0.0390
−0.4352 0.1620
−0.4515 −0.1578

0.0194 −0.6262
0.2640 −0.1098
−0.2922 −0.3232
−0.4800 0.0741

0.0002 −0.6581


The first PC obtained can be interpreted as the

weighted sum of the variables X1, X2, and X3,
which are related to temperature, and X7, related
to a measure of heat accumulation. For the second
PC, the two most significant variables for its defini-
tion areX4, related to annual precipitation, andX8,
related to moisture.

The graph of the joint probabilities of the PCs ob-
tained is displayed in Figure 2. It can be observed
that there seem to be increasingly higher probabil-
ities the closer you are to the center. This may be
a consequence of the standardization of the data,
which was performed beforehand. In cases like
this, it is hard to reach any relevant conclusions
through the analysis of the joint probability graph
of the first and second PCs.

For all the three different definitions of covari-
ance/correlation matrix, the results obtained in this
data set showed similar distributions of the his-
tograms in the joint probability graphs of PCPCPC1 and
PCPCPC2, as it happened with the Iris data set. More-
over, an uncorrelated structure of the PCs also oc-
curred only when the definition of sample covari-
ance used was cov1 in (23).

9



Figure 2: Joint probability between PC1 and PC2 scores when
cov1 is applied to the Hardwood data set.

7. Conclusions
In this work, we were able to find the general ex-
pression (21) for the computation of linear combi-
nations, according to the histogram algebra with
quantile function. This algebra follows a rea-
soning similar to that of Moore’s Interval Alge-
bra, namely the fact that the resulting ranges of
the intervals/subintervals expand with each con-
secutive operation. This can be a disadvantage
because when intervals/subintervals become very
large, they may lose their significance. Nonethe-
less, it is still the best option to perform arithmetic
operations with intervals and histograms.

This algebra was then applied to the SPCA sta-
tistical method to help build PCs, which are also
histogram-valued variables, unlike what happens
in the vast majority of the other works in the area.
This was accomplished with the linear combination
of histogram variables using the expression (25).

The proposed method was tested for three differ-
ent definitions of covariance. The results obtained
were very similar for the three definitions of covari-
ance/correlation matrix used for both data sets, in
terms of the distribution of the resulting histograms.
However, only through the use of the definition of
covariance cov1 in (23), was it possible to verify that
the Principal Components obtained were in fact un-
correlated, as well as to relate the main diagonal of
the covariance matrix of the PCs with the values of
the variance obtained for each PC. Therefore, the
use of a covariance matrix computed from the def-
inition of covariance cov1 may lead to more trust-
worthy and easier to interpret results.

The joint probability graph that was used allowed
us to find some patterns in the first data set. How-
ever, no relevant conclusions were reached for the
second one. Therefore, even if this method can be
useful in some data sets, other statistical methods

also need to be applied for a deeper analysis. Ac-
cordingly, an advantage of using this method is that
the resulting histogram-valued PCs that explain the
majority of the variance in the data can be used to
reduce the dimension of the data set. This reduced
data set can afterwards be applied to improve sym-
bolic classification methods, for example. Further-
more, the PCs obtained are uncorrelated symbolic
variables, which can be helpful for many methods.
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