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Abstract

The neutral versions of the discrete-time Wright-Fisher and continuous-time Moran models for two
allele types are primary models that appeared in the field of population genetics. They measure the
allele frequency evolution by random sampling in a constant and finite size population, in a forward-
time perspective. Neutrality imposes “traps” in the processes, implying that eventually fixation will
occur, namely one of the two types will extinguish. By taking the population size to infinity and making
an appropriate transformation of the processes, the Wright-Fisher model converges to the well-known
Wright-Fisher diffusion. Besides, the transitions in the Moran model occur twice as fast comparing to the
Wright-Fisher model, agreeing with the results in a finite size population - a parallel between the models is
established. On the other hand, in a backward-time perspective, the Kingman coalescent, a known process
in coalescent theory, allows a genealogical representation of the Wright-Fisher and Moran models, under
an appropriate time-scaling. Lastly, a comparison between some genetic quantities in a finite size versus
infinite size population in the Wright-Fisher model is done through duality: the Wright-Fisher diffusion
is dual to the pure-death process by which the Kingman coalescent is defined. Time simulations of the
behaviour of the two models are also presented.

Keywords: Neutral mutations, Wright-Fisher model, Moran model, Wright-Fisher diffusion, Coalescent.

1. Introduction

Population genetics was born at the beginning of
the past century as an area of biology: it can be
considered the rigorous foundation of the evolution
theory. Nowadays it is considered an independent
field whose main objective is to study the genetic
differences between individuals in single or multiple
interacting populations, as well as to understand
the factors that affect these differences. In partic-
ular, changes in gene frequencies are modelled by
stochastic processes, i.e. processes that evolve in
time according to some random rules. The idea
is to develop mathematical models for the dynam-
ics of gene frequency and test the outcomes against
empirical data. The evolution of gene frequencies
is influenced by several factors, such as mutation,
selection, recombination and migration.

Population genetics arose from the need to rec-
oncile and unify scientific theories that would ex-
plain the underlying mechanisms of genetic evo-
lution, such as the natural selection theory, intro-
duced by Darwin in 1859 [2] and Mendelian genet-
ics principles [8], apparently contradictory and not
immediately accepted by the scientific community.
This was achieved due to the mathematical work
of Fisher and Wright during the 20s and 30s. They
rigorously showed how natural selection would mod-
ify the genetic composition of a Mendelian popula-
tion over time. After them, the neutral evolution
theory was introduced and described by Kimura in
1968 [5], and later developed in 1983 [4]. In his
works, Kimura states that genes are selectively neu-
tral, meaning that they are equally likely to survive;
indeed, genetic variability existing within a popula-

tion is due to the random sampling of the possible
different variations of the genes in that population
(alleles). This means that the survival of a given
gene is by chance, instead of the stronger gene (se-
lected by nature) prevailing in the population, like
Darwin stated in the natural selection theory.

In this article, we will discuss some models of
population genetics from a mathematical perspec-
tive. With this in mind, we explore two well-
known processes in mathematical population genet-
ics: the neutral versions of the Wright-Fisher and
the Moran models. The neutral theory of evolu-
tion will be used in order to describe them; this
means that we will not consider any factors such
as recombination, migration or selection. The only
mutations we will consider are neutral mutations,
that do not change the individuals’ ability to sur-
vive. Therefore, the evolution of the two models can
be seen as a competition between 2 types of indi-
viduals with random reproduction. Besides explor-
ing individually the two models, we make a parallel
between them assuming a finite population. We
will show how the corresponding quantities behave
under the same conditions, despite their different
assumptions. Finally, we establish a connection be-
tween the processes mentioned above and a process
that illustrates their genealogical description back-
ward in time. The description allows to retrieve
information about the ancestors, in a genealogical
tree.

2. Wright-Fisher model

2.1. Description of the model

The Wright-Fisher model was introduced at the be-
ginning of 1930 decade by Sewall Wright (1931) [11]
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and Ronald Fisher (1930) [3]. It is a discrete-time
process with non-overlapping generations (in each
transition, the entire generation is renewed), which
gives the number of one (out of two) type of alleles
at each time (generation). In this model we only
have 2 types of alleles: a and A. We assume that
they are neutral in the sense that neither of them
has advantage over the other - no selection nor mu-
tation is considered. The idea of the Wright-Fisher
model is the following: the next generation of the
process consists of each haploid individual choosing
at random one individual of the present population
as its parent, adapting its type, independently of
the other individuals in a population of constant
size N . Thus, as we are interested in studying the
variation of the frequency of the individuals (alleles)
throughout the generations, which is also known as
the genetic drift, let us define

Xn = Number of individuals of type A

in the nth generation.

The state of the population in this process can be
seen as a discrete-time Markov chain, with state-
space S = {0, . . . , N} due to the constant size pop-
ulation assumption. The number of individuals of
a given type in the next generation only depends
on the number of individuals of that type in the
present generation, not on the previous generations
- Markovian property. In addition, the number of
individuals of type A in the next generation is inde-
pendent of the generation in which the process is,
so the transition probabilities are homogeneous in
time and are the following:

pi,j : = P(Xn+1 = j|Xn = i)

=

(
N

j

)( i
N

)j(
1− i

N

)N−j
(1)

Thus, we make the following conclusion:

(Xn+1|Xn = i) ∼ Binomial
(
n = N, p =

i

N

)
, (2)

As a motivation to the concept of non-
overlapping generations, the next figure is pre-
sented:

A a A A a a A Xn = 4

Xn+1 = 3A A a a A a a

Figure 1: The whole population is replaced once a
transition of the Wright-Fisher model occurs: non-
overlapping generations. In the next generation,
each individual of the offspring chooses randomly
the parent (the arrows are pointed from the parent
to the offspring), adopting its type.

Moreover, drawing the transition diagram of the
Markov chain, we have more information on the
process:

0 1 . . . N − 1 N

i, j ∈ {1, . . . , N − 1}
1

1

p1,0 6= 0

pN−1,N 6= 0
pi,j 6= 0

pj,i 6= 0

Figure 2: Markov chain transition diagram of the
Wright-Fisher model. In red, and this is a conse-
quence of equation (1), we get p0,0 = pN,N = 1,
so we conclude that 0 and N are absorbing states
(thus, recurrent) and the remaining are transient.
This results in 3 different communicating classes
C1 = {0}, C2 = {1, . . . , N −1}, C3 = {N} - we are in
the case of a reducible Markov chain.

Note that having 3 different communicating
classes in a Markov chain with finite space implies
that at some point, if it starts in a given transient
state, the chain will eventually reach one of the ab-
sorbing states. Next, we will study the expected
time to reach one of these states and its genetic
interpretation.

2.2. Results for the time and probability of
fixation and heterozygosity

It is of our interest to compute the probabilities of
arriving to a final state in the process (an absorb-
ing state) or knowing the long-run behaviour of the
model. In this model, it corresponds to the first
time where we end up with only individuals of type
a (Xn = 0) or when we end up with only individ-
uals of type A (Xn = N). More precisely, in these
referred situations, it would occur the extinction of
one of the types, because once we lose one of them
we no longer have variability of the two alleles. As a
consequence, the states 0 and N are absorbing (note
that p0,0 = pN,N = 1 by using (1)) and therefore,
we introduce:

Definition 2.1 (Fixation time). The fixation time
τ is defined as

τ = inf{n ∈ N : Xn = 0 or Xn = N},

which is the first generation the population loses one
of its allele types.

Proposition 2.2. The sequence {Xn}n∈N consti-
tutes a martingale with respect to the natural filtra-
tion Fn = σ(X0, . . . , Xn).

Lemma 2.3. The fixation time τ is finite a.s.:

P(τ <∞) = 1.

This means that independently from the initial
number of individuals of type A, fixation will always
occur with probability equal to 1.
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Having proved that there is always a time when
we reach fixation of either one of the types, now
we can provide information about the probability
of reaching one of the final states as a function of
its initial quantity in the population. This is stated
in the next theorem.

Theorem 2.4 (Fixation probability). Knowing
that initially we have i individuals of type A, the
probability of having only individuals of this type in
the fixation time is given by:

Pi(Xτ = N) =
i

N
.

More precisely, the probability of obtaining only
alleles of type A only depends on the initial relative
frequency, i.e, on its initial value over the popula-
tion size.

Theorem 2.5 (Expectation of the fixation time τ).
In the Wright-Fisher model, for a haploid popula-
tion of N individuals, knowing that initially there
are i individuals of type A, we have the following
results:
The mean time of first occurring the fixation of type
A is given by:

Ei(τ |TN < T0) = −2N
1− p
p

log(1− p).

Moreover, the mean time of first occurring the fix-
ation of type a (loss of type A) is given by the fol-
lowing:

Ei(τ |T0 < TN ) = −2N
p

1− p
log(p).

And finally, the mean fixation time of either one of
the types is given by:

Ei(τ) = −2N
(
p log(p) + (1− p) log(1− p)

)
,

where p = i
N is the initial relative frequency of the

individuals of type A.

Now, we can define an important genetic concept:
heterozygosity, which is an indicator of how differ-
ent a population is at a given generation.

Definition 2.6 (Heterozygosity). Heterozygosity
or genetic variability, Hn, is the probability of
choosing two different haploid individuals (alleles)
at random from the population without replacement
at time (generation) n:

Hn =
2Xn(N −Xn)

N(N − 1)
.

The next theorem will give an expression for the
mean value of the genetic variability at generation n
as a function of the initial genetic variability. Later,
this will provide information on the long-run be-
haviour of this quantity.

Theorem 2.7. We can express the expected value
of the heterozygosity in generation n as a function
of this quantity in the initial generation:

E(Hn) =
(

1− 1

N

)n
E(H0).

This last result states that as we go forwards in
time, the mean value of heterozygosity will vanish
(note that lim

n→∞
E(Hn) = lim

n→∞
(1− 1

N )nE(H0) = 0),

as expected. This means that if we are dealing with
a population with only two different types and ran-
dom reproduction, then there will be a generation
where only one of the two types will prevail, which
means that genetic variability in random reproduc-
tion will be lost eventually.

3. Moran model

3.1. Description of the model

The Moran model [9] can be interpreted as a
continuous-time version of the Wright-Fisher: it is
a continuous-time Markov chain. However, there
are some differences in terms of the variation of the
number of individuals each time a transitions of the
process occurs. Again, we define

Xt = Number of individuals of type A at time t.

In particular, the Moran model is a birth-death pro-
cess, where in each transition the number of indi-
viduals of type A can only increase or decrease up
to 1: globally only one birth or death can occur in
each transition. The assumptions of the model are:
the population size N remains always constant and
the reproduction rate of a single individual is 1. In
each transition, since the number of individuals of
a given type only varies up to 1 and to keep the
size of the population constant, one of the existing
individuals is chosen to “die” from the population
and it is replaced by another existing member of
the population (possibly itself). This means that,
unlike the Wright-Fisher model, the Moran model
assumes overlapping generations.

A a A A a a A Xt = 4

aA a A a a A

A

Xt∗ = 3

Figure 3: In each transition of the Moran model,
only a member of the population is replaced: over-
lapping generations. After waiting an exponen-
tial clock for a transition to occur, an individual is
chosen to die and replaced by an existing member of
the population. In this example, the third individ-
ual of the population at time t of type A is chosen
to die, then the second individual of type a at time
t is chosen as the parent and the new individual
becomes of type a at time t∗ > t.
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As the Moran model is a continuous-time Markov
chain, it is important to write its rate matrix Q,
which in this case is defined in terms of the birth
and death rates. They are given by:

bi = qi,i+1 = i
N − i
N

, i = 0, . . . , N − 1 (3)

and

di = qi,i−1 = (N − i) i
N
, i = 1, . . . , N. (4)

Noting that bi = di, this means that it is equally
likely to occur a birth or a death at each transition.

In addition, we can draw the birth-death process
diagram of the Moran model, so we have more in-
formation on the process.

0 1 . . . N − 1 N

i ∈ {1, . . . , N − 1}
0

0

q1,0 6= 0

qN−1,N 6= 0
qi,i+1 6= 0

qi,i−1 6= 0

Figure 4: Birth-death process diagram of the Moran
model. In red, and this is a consequence of equa-
tion (3), (4) and the property of the rate matrix Q
(
∑
j∈S

qi,j = 0), we get q0,0 = qN,N = 0. There-

fore, 0 and N are absorbing states (thus, recur-
rent) and the remaining are transient, which re-
sults in the same 3 different communicating classes
as in the Wright-Fisher model: C1 = {0}, C2 =
{1, . . . , N − 1}, C3 = {N}.

Next, we will discuss the consequences of the
Moran model having the same two absorbing states
as the Wright-Fisher model: 0 and N .

3.2. Results for the time and probability of
fixation and heterozygosity

Likewise the Wright-Fisher model, we introduce the
fixation time of the Moran model, which of course
is given not in terms of discrete generations, but in
continuous-time:

Definition 3.1 (Fixation time). The fixation time
τ is defined as

τ = inf{t ≥ 0 : Xt = 0 or Xt = N},

which is the first time the population loses one of
the two types of individuals.

Proposition 3.2. {Xt}t≥0 constitutes a
continuous-time martingale with respect to the
natural filtration Ft = {σ(Xs) : 0 ≤ s ≤ t}.

The next result gives us exactly the same conclu-
sions as in the Wright-Fisher model: the fixation

time is finite a.s.. This means there will be a time
where eventually one of the types of the individuals
will disappear.

Lemma 3.3. Similarly to the Wright-Fisher model,
the fixation time τ of the Moran model is finite a.s.:

P(τ <∞) = 1.

Next, the fixation probability of type A will be
presented as a function of the initial configuration
of the process and of the population size.

Theorem 3.4 (Fixation probability). The fixation
probability in a haploid population of size N of the
Moran model is given by:

Pi(Xτ = N) =
i

N
,

which corresponds to the initial frequency of the in-
dividuals of type A.

The next result gives us information about the
expected time to reach fixation of one of the two
types in the Moran model, which is half of the fix-
ation time we got in Theorem 2.5, for the Wright-
Fisher model.

Theorem 3.5 (Expectation of the fixation time τ).
In the Moran model, for a haploid population of N
individuals, knowing that initially there are i indi-
viduals of type A, we have the following results.

The mean time of first occurring the fixation of
type A is given by:

Ei(τ |TN < T0) = −N 1− p
p

log(1− p).

Moreover, the mean time of first occurring the fix-
ation of type a (loss of type A) is the following:

Ei(τ |T0 < TN ) = −N p

1− p
log(p).

And finally, the mean fixation time of either one of
the types is given by:

Ei(τ) = −N
(
p log(p) + (1− p) log(1− p)

)
,

where p = i
N is the initial relative frequency of the

individuals of type A.

It is also possible to compute the heterozygosity
in the Moran model, whose definition is similar to
the one in the Wright-Fisher model, but instead of
being defined in terms of generations, it is defined
in continuous time:

Definition 3.6 (Heterozygosity). Heterozygosity
or genetic variability is the probability of choosing
two different haploid individuals (alleles) at random
from the population without replacement at time
t ≥ 0:

Ht =
2Xt(N −Xt)

N(N − 1)
.
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We can compute the expected heterozygosity on
the Moran model and later compare it with the
Wright-Fisher model. This is given in the next the-
orem:

Theorem 3.7. In the Moran model, we can express
the expected value of the heterozygosity at time t ≥ 0
as a function of this quantity in the initial genera-
tion:

E(Ht) = e−
2t
N E(H0).

By making the approximation (1−x) ≈ e−x, if x
is small enough (in our case it is accurate since 1

N is
small, specially as we increase the population size),
we can compare the expected value of the heterozy-
gosity of the Moran model with the one we proved
for the Wright-Fisher model, which is:

E(Hn) =
(

1− 1

N

)n
E(H0) ≈ e− n

N E(H0).

Comparing the two results, for a haploid popula-
tion of size N , the expected heterozygosity decays
twice as fast in the Moran model, comparing to the
Wright-Fisher model.

4. Infinite population size limit: Wright-
Fisher diffusion

For large population sizes (in the limit N → ∞),
the Wright-Fisher and Moran models behave almost
identically, in the sense that they weakly converge
to a process with the same infinitesimal generator
(up to a constant). The weak limit of the trans-
formed processes is called a diffusion, which is the
solution of a SDE. We can think of this limit in the
same way we think of the Brownian motion being
the weak limit of a re-scaled random walk. The
transformed Wright-Fisher process will converge to
a diffusion called Wright-Fisher diffusion, while the
transformed Moran model will converge to a pro-
cess whose generator is twice the generator of the
Wright-Fisher diffusion.

4.1. Description of the Wright-Fisher diffu-
sion

First, we will describe the Wright-Fisher diffusion
process X̃t, which is the solution of a SDE in the
Itô sense. Its infinitesimal generator is described in
the proposition below.

Proposition 4.1. The Wright-Fisher diffusion X̃t

satisfies strongly the following stochastic differential
equation:

dX̃t =

√
X̃t(1− X̃t)dWt, t ≥ 0,

with initial condition X̃0 = x.
Above Wt is a standard Brownian motion. The
action of X̃t infinitesimal generator on functions
f ∈ C2([0, 1]) is given by:(

LX̃t
f
)
(x) =

1

2
x(1− x)f ′′(x). (5)

4.2. Motivation for the transformation of the
processes

In Theorems 2.5 and 3.5, we concluded that the
order of the expectation by which fixation occurs
is equal to the population size N . This motivates
the following transformation for both processes. We
define a new process where time is accelerated by a
factor of N and space is re-scaled by a factor 1

N [1]:

X̃N
t =

XdNte

N
, t ≥ 0. (6)

Note that X̃N
t is a continuous process in time, with

finite state space S = {0, 1
N ,

2
N , . . . , 1 −

1
N , 1} at

time dNte. The denominator in (6) is to guarantee
that the state space of the weak limit of X̃N

t , as
N →∞, is [0, 1].

We will prove the weak convergence (convergence
in distribution) of the transformed Wright-Fisher
and Moran processes X̃N

t (by applying transforma-
tion (6) to the original models) to X̃t, by show the
convergence of the infinitesimal generators, which
is enough by Theorem 1.1, Chapter 10 of [10]:

X̃t = lim
N→∞

X̃N
t .

We show that the infinitesimal generator of the
transformed Wright-Fisher process will converge to
the one of the Wright-Fisher diffusion and the trans-
formed Moran model has an infinitesimal generator
that will converge to twice the generator of the re-
ferred diffusion.

The next lemma will be used in the definition
of the infinitesimal generators of the transformed
Wright-Fisher and Moran processes. Its interpre-
tation is the following: if we accelerate time by a
factor of N in the process, means we multiply by
the same factor the corresponding infinitesimal gen-
erator.

Lemma 4.2 (Relationship between the infinitesi-
mal generator of XNt and of Xt). If the stochastic
process {Xt}t∈T has infinitesimal generator L, then
the infinitesimal generator of {XNt}t∈T , L̂, has the
following relationship with L:

L̂ = NL.

Let us denote W̃F and M̃ the transformed
Wright-Fisher and Moran processes after applying
the transformation (6). In the next section, we will
prove the convergence of the transformed Wright-
Fisher process to the Wright-Fisher diffusion, that

is, if y → x, then
(
L
W̃F

f
)
(y)

N→∞−−−−→
(
LX̃t

f
)
(x), for

every suitable x ∈ S and any function f ∈ D(L),
where D(L) stands for the domain of the generator
L. We need to define the state space and domain of
the test functions we will consider when we apply
the infinitesimal generators. As stated before, we
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are applying the transformation (6) and then mak-
ing the limitN →∞, so the state space is S = [0, 1].
The domain of the infinitesimal generators of both
transformed processes is the set of functions:

D(L) = {f ∈ C[0, 1] : f(0) = f(1) = 0 and

f ∈ C∞([0, 1])},
which corresponds to the set of continuous and in-
finitely differentiable functions on the interval [0, 1],
which vanish at the boundary of [0, 1].

4.2.1 Weak convergence of the transformed
Wright-Fisher model to the Wright-
Fisher diffusion

By applying the transformation (6) to the origi-
nal Wright-Fisher model and using Lemma 4.2, the
transition probabilities of the transformed Wright-
Fisher process are equal to multiply by a factor
N the transition probabilities pi,j of the original
process, introduced in equation (1). Then, the
infinitesimal generator of the transformed Wright-
Fisher model is given by:

(
L
W̃F

f
)( i
N

)
=

N∑
j=0

Npi,j

(
f
( j
N

)
− f

( i
N

))
.

Making a Taylor expansion around f
(
j
N

)
up

to second order, knowing that the transition rates
pi,j are given by the probability mass function of

(Xn+1|Xn = i) ∼ Binomial
(
n = N, p = i

N

)
and

using the definition of the variance formula, we get:(
L
W̃F

f
)( i
N

)
≈ 1

2

i

N

(
1− i

N

)
f ′′
( i
N

)
.

This approximation is valid because the higher
terms of the Taylor expansion vanish as N →
∞. So, assuming i

N → x, as N → ∞, then(
L
W̃F

f
)
(x)→ 1

2x(1− x)f ′′(x) =
(
LX̃t

f
)
(x).

4.2.2 Weak convergence of the transformed
Moran model to the Wright-Fisher
diffusion

Using Lemma 4.2, the infinitesimal generator of the
transformed Moran process given by transformation
(6) is the following:

(
L
M̃
f
)( i
N

)
=

N∑
j=0

Nqi,j

(
f
( j
N

)
− f

( i
N

))

= N(N − i) i
N

(
f
( i− 1

N

)
− 2f

( i
N

)
+ f

( i+ 1

N

))
,

where qi,j are the transition rates in the Moran
model, noting that qi,j = 0, for |i − j| > 1 and
qi,i−1 = qi,i+1 = (N − i) iN by (3) and (4).

Making a Taylor expansion of f
(
i−1
N

)
and

f
(
i+1
N

)
in terms of f

(
i
N

)
up to second order yields:

(
L
M̃
f
)( i
N

)
≈ i

N

(
1− i

N

)
f ′′
( i
N

)
,

knowing that we can in fact neglect the higher
terms of the Taylor expansion since they vanish as
N → ∞. Again, assuming i

N → x, as N → ∞,
we conclude that

(
L
M̃
f
)
(x) → x(1 − x)f ′′(x) =

2
(
LX̃t

f
)
(x).

In conclusion, for a large population size (in the
infinite population limit) and after the transforma-
tion of the processes, the Moran model runs twice
faster than the Wright-Fisher model. This corrobo-
rates the results that we got for theorems concern-
ing the expected time to reach fixation of either of
the allele types (Theorems 2.5 and 3.5) and for the
heterozygosity (Theorems 2.7 and 3.7) in finite pop-
ulations: in the Moran model the expected time to
reach fixation of either types is half of the one in the
Wright-Fisher model and the heterozygosity decays
twice faster in the Moran model.

5. Genealogy of Wright-Fisher and Moran
models: the coalescent and duality

5.1. Genealogy: the most recent common an-
cestor

One of the main goals in the field of genetics is
to gather information about a population and the
relations between the individuals, as time evolves.
To this end, we use a graphical (more specifi-
cally, a tree) structure called genealogy: here it
is represented the relationships of the individuals
with their ancestors (parents, grandparents, grand-
grandparents, and so on) - their lineages. Therefore,
given a (sub-)population, the genealogy can trace it
back to an individual where all the (sub-)population
descends. This individual is called the most recent
common ancestor (MRCA) of the (sub-)population.
In other words, given two individuals, we will go
backwards in time: starting in the present time, we
will follow their lineages until we reach a common
ancestor. In order to have a connection with the
Wright-Fisher and Moran models, we will introduce
the Kingman coalescent, which is the limiting pro-
cess of the n-coalescent (a stochastic process which
allows us to describe a genealogy of a finite popula-
tion), that can be used to describe the genealogies
of both the Wright-Fisher and Moran models.

5.2. The n-coalescent and the Kingman coa-
lescent

The n-coalescent is a continuous-time Markov
chain. Each step of the n-coalescent can be rep-
resented as an element of the collection of all par-
titions of the set {1, . . . , n}. Let us denote this col-
lection by Cn. A realization of a n-coalescent starts
when there are n lineages. At each time step, each
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lineage coalesce, until, after n−1 time steps we end
up with one lineage, which corresponds to the ele-
ment (individual) from which all the other elements
descend. If the time step i (from a backwards per-
spective) is the first time that the two individuals
belong to the same partition, then it is the case that
their common ancestor was found.

1 3 5 2 6 4

{1, 3}

{2, 6}

{1, 3, 5}

{2, 4, 6}

{1, 2, 3, 4, 5, 6}

{{1}, {2}, {3}, {4}, {5}, {6}}

{{1, 3}, {2}, {4}, {5}, {6}}

{{1, 3}, {2, 6}, {4}, {5}}

{{1, 3, 5}, {2, 6}, {4}}

{{1, 3, 5}, {2, 4, 6}}

{1, 2, 3, 4, 5, 6}

ti
m
e
ev
ol
u
ti
on

(b
ac
k
w
ar
d
s)

Figure 5: Example of a realization of a n-coalescent,
with n = 6.

There are many possibilities that we can find at
each step of the n-coalescent, so we introduce the
next theorem which gives us the probability of hav-
ing each of the partitions, as a function of the num-
ber of individuals (n), the number of lineages (i)
and the number of the elements which belong to
each lineage (denoted by lk, in the next theorem).
This result was shown by Kingman in 1982 ([7]):

Theorem 5.1 (Kingman: Probability of finding a
specific partition). Let Sni be an arbitrary partition
of {1, . . . , n} with size i. The probability that we
will find a specific partition S of {1, . . . , n} with the
same size is given by

P(Sni = S) =
i!(n− i)!(i− 1)!

n!(n− 1)!

i∏
k=1

lk!, (7)

where lk is the size of the kth subset of S and
i∑

k=1

lk = n.

In other words, given an arbitrary partition of

size i ≤ n and thinking of the factor
i∏

k=1

lk as the

weight of the sub-lengths of the partition, in the n-
coalescent process it is more likely to find partitions
with more unbalanced weights than partitions with
more proportional weights.

Kingman showed in [7], [6] that we can define the
n-coalescent as a combination of a pure-death pro-
cess Dt (giving the number of lineages backwards
in time) and of jump chain RDt

(giving us exactly
which are the lineages of the population backwards
in time), where |RDt

| = Dt. The jump chain con-
sists in a sequence as the following:

{{1}, . . . , {n}} = Rn ≺ Rn−1 ≺ · · · ≺

≺ R1 = {1, . . . , n},

where ≺ is the relation such that given two par-
titions A and B of {1, . . . , n}, we write A ≺ B if
and only if B is obtained from A by merging two of
its subsets, which implies that |B| = |A| − 1. The
pure-death process Dt gives the number of lineages
at time t ≥ 0. It starts at state n (when we have all
the n lineages), and goes to state n−1 until reaches
state 1 (when we end up with only 1 lineage), which
is an absorbing state. Its transition rates from i to
i − 1 are given by di =

(
i
2

)
, for 2 ≤ i ≤ n, namely

all the possible ways of picking 2 lineages out of n.

The Kingman coalescent can be seen as the limit
of the n-coalescent, which means that the King-
man coalescent process allows us to describe the
genealogy of a population of infinite size. As a re-
sult, the construction of the Kingman coalescent is
done based on the one of the n-coalescent. The phe-
nomenon, also known as coming down from infinity,
means that we will always end up with a finite num-
ber of lineages and its proof can be checked in The-
orem 3.4 of [1]. As a result, the construction of the
Kingman coalescent from the n-coalescent is highly
technical and the details are in [7]. We leave out the
technicalities of the construction of the Kingman
coalescent, as we are more interested in knowing the
conditions when we can use the Kingman coalescent
to describe the genealogy of both the Wright-Fisher
and Moran model, which is the next topic we will
explore.

5.3. Kingman coalescent and its suitability
for Wright-Fisher and Moran models

The next theorems state in which situations it is
appropriate to use the Kingman coalescent process
to describe the genealogy of the Wright-Fisher and
Moran models under an appropriate time-scale.

Theorem 5.2 (Kingman coalescent for the Wright–
Fisher model). When the time is accelerated by a
factor of N , the Kingman coalescent describes the
genealogy of a sub-population of fixed size n under
the Wright-Fisher model, where the total popula-
tion size is N and n << N . In other words, mak-
ing the population size going to infinity, N → ∞,
the Kingman coalescent describes the genealogy of a
sub-population of size n.

We have just proved that when time is measured
in N generations, and considering an infinite pop-
ulation, the ancestral process which describes the
genealogy of the Wright-Fisher model converges to
the Kingman coalescent: in this limit it is very un-
likely to find more than one coalescent event in a
transition and that the coalescing times in the re-
scaled time converge weakly to the exponential dis-
tribution. In the next theorem, we show that the
Kingman coalescent is also suitable to the Moran
model.
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Theorem 5.3 (Kingman coalescent for the Moran
model). The Kingman coalescent can be used to de-
scribe the genealogy of a sub-population of fixed size
n in a population of size N described by the Moran
model, when time is accelerated by a factor N

2 .
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Figure 6: Example of a genealogical tree in the
Moran model.

On the left side of Figure 6, we see the time evo-
lution forwards in time, while in the right side a
backwards version. The red dots denote the indi-
vidual chosen to die, while the blue ones correspond
to the individual chosen to survive and reproduce
exactly one offspring - a coalescent event happens
between the chosen individual to reproduce and its
offspring. From a forward perspective of time, we
can observe that in the last three transitions of the
process, the number of individuals of both types re-
mains constant, but from the genealogical point of
view, we need to label the individuals so we can
understand exactly which individuals were chosen
to reproduce and which ones to die. We always
observe a coalescent event between the individual
chosen to reproduce and its offspring, unless the in-
dividual chosen to die and the individual chosen to
reproduce correspond exactly to the same individ-
ual. In the figure below, we can check the shape of
the genealogy of the Wright-Fisher model.
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Figure 7: Example of a genealogical tree in the
Wright-Fisher model.

Again, on the left side of Figure 7, we observe an
evolution forward time, while on the right side, we
can check the genealogical tree, thus, a backwards
evolution. As in the Wright-Fisher model the en-
tire generation is renewed, we represent the indi-
viduals with black dots (unlike the Moran model).

We can conclude by examining Figure 7, the ge-
nealogy of the Wright-Fisher model is tangled, as
a consequence of being possible to observe multiple
coalescing events in a finite population. However, if
we take the population size to infinity, the geneal-
ogy will be very similar to Figure 6, because it is
more likely to observe at most one coalescent event
per generation in a sub-population of fixed size, as
a consequence of Theorem 5.2.

5.4. Duality between the pure-death pro-
cess of Kingman coalescent and Wright-
Fisher diffusion

In Section 4 we studied the Wright-Fisher diffusion,
which represents the fraction of individuals of type
A in an infinite size population. This diffusion is not
such an easy process to manipulate. Duality is an
important tool which relates two different processes:
usually one can work with the simpler one to draw
conclusions on the other one. The main point is
to find a function which relates the two processes,
the so-called duality function. We will see that the
Wright-Fisher diffusion is dual to the death process
from which the Kingman coalescent is constructed
(described in Subsection 5.3). Mathematically, the
rigorous definition of duality is the following:

Definition 5.4 (Duality between processes). Con-
sider two continuous-time Markov processes X =
{Xt}t≥0, Y = {Yt}t≥0, with state spaces ΩX , ΩY ,
respectively. The process X is dual to Y with dual-
ity function D : ΩX × ΩY −→ R if:

Ex

(
D(Xt, y)

)
= Ey

(
D(x, Yt)

)
, ∀x ∈ ΩX , y ∈ ΩY .

Duality between processes is not such an easy re-
lation to prove, and that is why we will introduce
the next definition, which describes a duality rela-
tion between the generators of the aforementioned
Markov processes.

Definition 5.5 (Duality between generators).
Let LX ,LY be the infinitesimal generators of the
Markov processes X = {Xt}t≥0, Y = {Yt}t≥0, re-
spectively. The infinitesimal generator LX is dual
to LY with duality function D : ΩX ×ΩY −→ R if:(

LXD(•, y)
)

(x) =
(
LYD(x, •)

)
(y).

The above notation means that LX acts on
D(x, y) as a function of the x-variable only and LY
acts on D(x, y) as a function of the y-variable only.

The infinitesimal generator of the Wright-Fisher
diffusion is given by equation (5). Concerning the
pure death process of Kingman coalescent, we have
that the number of lineages changes from y to y−1
at rate

(
y
2

)
, which corresponds exactly to number

of ways of choosing two different lineages (to later
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merge them) and each lineage has an exponential
clock of parameter 1. Consequently, the infinites-
imal generator of the pure-death process is given
by:

(
LD̃f

)
(y) =

y(y − 1)

2

(
f(y−1)−f(y)

)
, y ∈ N. (8)

Now, we will prove the duality between these two
processes in the next lemma.

Lemma 5.6. The Wright-Fisher diffusion and the
death process are dual with duality function given
by D(x, y) = xy.

Consequently, by Definition 5.4, we have that:

Ex
(
Xy
t

)
= Ey

(
xYt
)
. (9)

This duality relation will be used to calculate the
moments of the Wright-Fisher diffusion, since we
can calculate more easily the moments of the death
process. Now, using (9) we can compute the fixation
probability and the heterozygosity of Xt using Yt.

5.4.1 Fixation probability on the Wright-
Fisher diffusion

In Section 2, we concluded that 0 and N are ab-
sorbing states in the setting of a finite population
with size N . In Section 4, by applying the trans-
formation (6) and making the limit N → ∞, we
conclude that 0 and 1 are the absorbing states of
the Wright-Fisher diffusion. Considering Xt as the
Wright-Fisher diffusion, let us define its fixation
time:

τ∗ = inf{t ≥ 0 : Xt = 0 or Xt = 1}.

We can compute the fixation probability of type
A in the next theorem:

Theorem 5.7 (Fixation probability). The fixation
probability of type A in the Wright-Fisher diffusion,
knowing that the initial fraction of the same type is
x ∈ [0, 1], is given by:

Px(Xτ∗ = 1) = x.

5.4.2 Heterozygosity on the Wright-Fisher
diffusion

As stated before, the Wright-Fisher diffusion, Xt,
represents the fraction of individuals of type A. As
a result, the heterozygosity is given the next defini-
tion.

Definition 5.8 (Heterozygosity). In the Wright-
Fisher diffusion, the heterozygosity is given by:

Ht = 2Xt(1−Xt).

In the next theorem we can calculate the expected
value of the heterozygosity.

Theorem 5.9 (Expected heterozygosity). For the
Wright-Fisher diffusion, we have the following rela-
tion between the expected value of the heterozygosity
as a function of its initial value:

E(Ht) = e−tE(H0).

With these two theorems we can compare to
the results of the Wright-Fisher model: the fixa-
tion probability in the Wright-Fisher diffusion cor-
responds to the same result as in Theorem 2.4 (the
fixation probability of type A is given by its ini-
tial relative frequency). On the other hand, mak-
ing the limit t → ∞, the expected heterozygosity
in the long-run in the Wright-Fisher diffusion is 0,
which corresponds exactly to the result given in the
Wright-Fisher model, in Theorem 2.7.

6. Conclusions

6.1. Achievements

The main achievement of the present work is the
presentation of the relationship between the all the
stochastic processes referred throughout the disser-
tation. The first main object of the first part is
the parallel between the neutral versions of Wright-
Fisher and Moran models for finite size popula-
tions. There we presented corresponding proofs for
both processes: the fact that they are martingales,
the two fixation times being finite a.s., their fixa-
tion probability and their expected heterozygosity.
The expected fixation time of the types, the con-
ditional expected times and the expected heterozy-
gosity only differ by a factor of 2, despite their dif-
ferent properties, characteristics and assumptions.
The next Figure is presented to have a comparison
between the evolution of type A under the Wright-
Fisher and Moran models, with the same initial con-
ditions and population size.

Figure 8: Simulation of Wright-Fisher and Moran
models with N = 100, with the same proportion
of individuals of type A and type a. Fixation is
expected to occur later in the Wright-Fisher model
according to the theoretical results. In this sim-
ulation, the generation where fixation occurred is
the 183rd (theoretical result: approximately 139)
for the Wright-Fisher, while for the Moran model
the observed fixation time is 94.8593 (theoretical
result: approximately 69.3147).
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This difference in fixation times was also found
via the infinite population limit, which is the first
topic of the second part of the dissertation. Indeed,
not only by Figure 8, but also by the infinite popula-
tion limit, we can conclude that despite the different
characteristics and assumptions of the models, the
rate of transitions of the Wright-Fisher and Moran
models is different only by a factor of 2.

Once the infinite population limit is achieved, it is
natural, as we are working with probabilistic genetic
models, to have another model to represent the ge-
nealogies of the two referred models. The Kingman
coalescent allows us to have a genealogical descrip-
tion of both the Wright-Fisher and Moran models.
The main conclusion is that we can use the King-
man coalescent process to represent the genealogy
of a fixed sub-population of our models, when the
total population size is much larger than the size of
the sub-population.

Finally, duality allowed us to compute some
quantities (fixation probabilility and heterozygos-
ity) for the Wright-Fisher diffusion, as we did for
the Wright-Fisher model. We have exactly the same
conclusion, i.e., the fixation probability only de-
pends on the initial ratio of the types and the het-
erozygosity vanishes along time. This is a result of
neutral theory, since no other factors are influencing
the population evolution.

6.2. Future Work

In this dissertation we presented the neutral ver-
sions of the Wright-Fisher and Moran models for
two types of alleles and their relationship with the
coalescent process. Moreover, there are more exten-
sions that one can consider. For example, consider
more than 2 types and take into account other bio-
logical factors such as mutation and selection.

For future work, as the two studied models have
restricted assumptions that are somewhat unreal-
istic, we could do extension of both the Wright-
Fisher and Moran models taking into consideration
the two referred biological factors simultaneously:
both mutation and selection parameters. The ex-
tensions can be done for 2 types or even for general
k types. However, as we concluded throughout the
dissertation, some quantities are not so trivial to
compute, even for a simple model. We could also
adapt resampling for diploid (or polyploid) individ-
uals, as the studied models are more appropriate
for haploid individuals (for diploid individuals, we
cannot chose the same allele from the same parent
twice). Moreover, we could consider a more realistic
variable population size N(t) that evolves in time,
instead of a fixed one. We just need to take into
consideration that, as we increase the complexity
of the model, not only some important and use-
ful mathematical properties might be lost, but also
the difficulty to compute meaningful biological mea-

sures of the processes would increase.
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