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Abstract—The operational conditions encountered in under-
the-ice environments are very extreme and demanding, thus
emphasizing the need for robust and flexible navigation solu-
tions. This motivates the study of different strategies, already
applied in the context of underwater navigation, that could
be fused to create more complete and efficient navigational
algorithms. A navigational algorithm is proposed that combines
Dead Reckoning and Scan Matching techniques, complemented
with Single Beacon navigation, with a view to solving a Si-
multaneous Localization and Mapping problem. The strategy
adopted relies on measurements obtained with a Doppler velocity
log, an attitude and heading reference system, a depth sensor,
and a multibeam echo sounder. Sensor data are incorporated
into a navigation system that is rooted in Kalman filtering
theory. Through the implementation of a vehicle’s simulator, the
simulations highlight Single Beacon navigation as a fundamental
strategy to reduce the error in the vehicle’s position estimation,
even in the presence of outliers in range measurements. Even
though the efficacy of Scan Matching is highly dependent on
the ice surface variability, it improves the estimates of the
vehicle’s position when compared with pure Dead Reckoning.
The complete navigational strategy is capable of estimating the
vehicle’s position, during short range missions. Whenever the
vehicle moves too far away from the beacon, around 350 m, the
integration of the Scan Matching shows that the existence of
correct correlations can improve position estimates, motivating
the search for new sensor configurations capable of maximising
the number of correlations.

I. INTRODUCTION

The Arctic and Antarctic regions are characterized by low
temperatures and the ice surface is usually irregular, both
under and above water, which make these places considerably
hard to be explored. The ice regions contain specific habitats
that call for the acquisition of biological, geological, and
chemical data to help identify and characterize the underlying
ecosystems and identify new species. The success obtained in
these scientific opportunities on Earth is expected to pave the
way for more ambitious plans outside the planet. As is well
known, some planetary bodies located in the Solar System
have been tagged as capable of having had water in the past.
Many of these cases are currently ice bodies like Europa, one
of Jupiter’s moons and one of the most interesting targets in
the last years since there is widespread believe that it harbours
an ocean beneath an ice shell. By translating the acquired
knowledge from the Earth’s cases, the exploration of these
bodies could be a reality in a not too distant future. All the
mentioned under ice challenges involve extreme operational

conditions that prevent manned exploration missions. For
this reason, there is a strong need for the development and
operation of autonomous vehicles capable of exploring and
collecting scientific data at unprecedented temporal and spatial
scales.

In this context, having a navigation system capable of
providing good estimates of the position of an exploring
vehicle is essential to accomplish the required missions re-
liably. Considering the evolution of the navigation systems in
the context of under-the-ice exploration [1], [2], most of the
systems proposed have their origins in solutions investigated
for underwater scenarios. Under-the-ice navigation systems
can in principle be developed using three classes of solutions.
In its simplest version, Dead Reckoning (DR) is a technique
that uses the knowledge of the vehicle’s velocity (magnitude
and direction) with respect to an inertial reference frame and
the travel time to predict the next position based on the
last position available (estimated or measured). An inertial
measurement unit (IMU), an attitude and heading reference
system (AHRS), and a Doppler velocity log are common
sensors for DR application [3], [4]. Acoustic navigation relies
on the computation of ranges (Range-only), bearing angles
(Bearing-only), or both between a moving vehicle and one
or more acoustic sources placed at known locations. These
measurements are determined with respect to the acoustic
sources by measuring the time of arrival (TOA) or time
difference of arrival (TDOA) of the acoustic signals. The dis-
position of the beacons follow different paradigms regarding
the costs and their coverage area, where Long Baseline (LBL),
Ultra Short-Baseline (USBL) and Single Beacon (SB) can be
applied even in the icy environments [5]–[8]. Terrain Based
Navigation (TBN) is a sensor-based navigation technique that
uses a bathymetric map of the sea bottom to bound the error
growth associated with DR. It requires the determination of
two measurements, the vehicle’s depth and its distance from
the sea bottom or ice shelf. The first is measured by an
barometric sensor while the latter is measured by an echo
sounder sonar, namely an altimeter, a DVL or a multibeam
echo sounder (MBE) [2], [4]. Since under-the-ice regions offer
significant challenges to their exploration, it is not likely that
a map of the target region be available à priori. Thus, a
navigation solution should include the possible use of SLAM
techniques. Here, the vehicle should be able to construct a map
using its position estimates, while using it to localize itself and
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perform planned trajectories or tasks. Most of the filters used
in SLAM are Extended Kalman Filters (EKF), Particle Filters
(PF) and variations of PF such as FastSLAM and Distributed
Particle SLAM (DPSLAM) [4], [9]. Underwater is one of
the most difficult environments to employ SLAM algorithms
due to the fact that natural features may at times be scarce
and visibility can be drastically reduced. Additionally, the
mentioned SLAM algorithms required considerable processing
power, an important fact to be reckoned with since AUV
computational capabilities may be limited.

Since the discovery of the Antarctica and Arctic continent,
in the 19th century, different countries have invested substan-
tial human and material resources to try and better character-
ize these inhospitable regions. Several vehicles and different
navigational strategies have been implemented implemented
using different types of sensors and algorithms. As of now,
from the experience acquired during several expeditions, it
can be concluded that the most common strategies adopted
are Dead Reckoning and Acoustic Navigation. For a more
extensive review of these topics, see [1].

In particular, the Jaguar and Puma [5] use, for navigation
purposes, three axis fiber optic gyros, a depth sensor, and a
DVL for bottom track. Using a Woods Hole Oceanographic
Institution micro modem, these AUVs are able to communicate
with both the LBL beacons and the accompanying support
ship. Despite the coverage area of few kilometres, the opera-
tional costs of deploying and surveying the buoys for position
calibration should be considered. The ENDURANCE [6] feeds
the DR with accelerations provided by an IMU, a depth sensor,
and a downward-looking DVL, whose velocity is converted to
the inertial frame using the attitude measurements from the
IMU. Here, an inverted USBL helps the vehicle return to the
deployment location, at a price of moderate implementation
costs and a short operational range (few hundred metres).
The Autosub2 [10] makes use of a downward-looking (sea
bottom) and an upward-looking (ice shelf) Acoustic Doppler
Current Profiler (ADCP) and a fibre-optic gyro-based Inertial
Navigation System to implement a navigation solution. The
system implemented on a REMUS-100 [7] also includes two
ADCPs, as in the previous vehicle, and a compass sensor. They
implement an LBL system to determine the vehicle’s position
over a larger area and an USBL system which helps the vehicle
return to the deployment location. The USBL has the same
pros as the inverted USBL, but because the range computations
are not performed on-board the vehicle, the results of those
computations must be transmitted acoustically, which may
delay their integration in DR navigation.

Another possibility to help bound the error from DR is to
use information about the topography of the seabed (terrain
information) under the vehicle or, in the case of under the
ice navigation, the topography of the ice shelf above it.
The harsh characteristics encountered reduce the number of
expeditions done, which reduces the possibility of having
access to a prior map of the environment. Thus, solutions
based on SLAM techniques must be considered and analysed
in detail. For an extensive review of the main applications until

2014, the reader is referred to [9]. Here, the authors compare
the different solutions based on performance, accuracy, and
simplicity regarding implementation, and highlight the EKF
navigation algorithm and sonar as the most widely used sensor
unit. According to a different perspective, Melo and Matos
[4] review the existing featureless solutions for the SLAM
challenge by dividing them into two classes, Bathymetric
SLAM and Scan Matching.

Bathymetric SLAM aims to use raw sonar measurements to
build a map of the terrain above which the vehicle moves, and
use it to improve the navigational error. Norgren and Skjetne
in [11] established a method for Iceberg Mapping using data
from a MBE sensor. The modified bathymetric DPSLAM is
able to estimate the vehicle’s pose in a iceberg fixed frame.
In [12], a SLAM solution is presented where a gridded model
is constructed to represent the seabed, using measurements
from a MBE sensor. To reduce the computational cost asso-
ciated with deleting and resampling those models, the authors
implemented a Distributed Particle Mapping responsible for
handling a joint distribution over maps and particles. Roman
and Singh [13] consider bathymetric data from a MBE sensor
to perform SLAM. In their approach, they use data sets to
create sub-maps of the sea bottom that are matched and
assembled, allowing for the construction of a terrain map that
leads to improvements in the vehicle’s position estimation.
The matching process is accomplished by determining the
overlapping sub-maps and correlating them using the Iterative
Closest Point (ICP) algorithm.

Scan Matching (SM) estimates the vehicle’s relative dis-
placement between two poses by maximising the overlap be-
tween range scans collected with sonars or lasers. For example,
in [14], bathymetric sets are stored as gridded sub-maps called
Navigation Cells. These sets are selected in case they evidence
relevant terrain variability. From multiple sets over the same
region, performing correlation against the Navigation Cell
allows to have observations to update an Extended Kalman
filter responsible for the vehicle state estimation.

This work is a contribution towards the development of a
navigation system for AUVs operating under the ice, where
three strategies are integrated. The four considered sensors
provide complementary information to the designed solution.
This paper is organised as follows. The problem of interest is
formulated in Section II. Thereafter, the implemented methods
used for navigation are detailed in Section III and tested in
simulation, whose results are shown in Section IV. Finally,
Section V contains the main conclusions of the work and
Section VI describes possible avenues for future research.

II. PROBLEM STATEMENT

Let {I} denote an inertial reference frame and let {B}
denote a body reference frame attached to a vehicle, as
represented in Figure 1. Let vector p ∈ R3 denote the position
of the origin of {B} measured in {I}, also called the vehicle’s
position, and the relative orientation of {B} with respect to
{I}, be represented by the rotation matrix I

BR ∈ SO(3),
where the Special Orthogonal group SO(3) is defined as
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{R ∈ R3×3 : RTR = I3, det(R) = 1}. I3 is a 3-by-3
identity matrix and det(· ) is the matrix determinant operator.
The above rotation matrix can be locally parametrized by the
vehicle’s angles of roll φ, pitch θ and yaw ψ. The vehicle’s
velocity, denoted by the linear velocity of the origin of {B}
w.r.t {I} expressed in {B}, is represented by a vector v ∈ R3.
The relation between the vehicle’s position and velocity obeys
the kinematic law ṗ = I

BRv.

Fig. 1. Relation between body and inertial reference frames. Figure adopted
from [3].

In general, navigation refers to the problem of estimating
the linear and rotational positions (p, φ, θ, ψ) and velocities
(v, rφ, rθ, rψ) of a vehicle. This estimation is accomplished
given a set of dedicated sensor measurements z and, possibly,
using measurements of the inputs m that impart motions to
the vehicle (e.g. forces and torques generated by propellers
and deflecting surfaces). This problem is usually defined as
Positioning.

The exploration of under-the-ice regions require that an
autonomous vehicle computes its position with sufficiently
good accuracy in the absence of Global Positioning System
(GPS) fixes and other commonly used acoustic aids that
are extremely hard or impossible to deploy under the ice
(see Figure 2). Therefore, the problem that motivates this
work consists of developing a navigational system for an
Autonomous Underwater Vehicle which, according to the
formulation above, is capable of estimating its linear and
rotational position and velocity based on proprioceptive data,
together with external data related to the topography of the ice
caps and, possibly, range measurements to one or more fixed
acoustic beacons deployed under the ice.

III. NAVIGATION TECHNIQUES

Based on the work described above, in this paper we tackle
the problem of under-the-ice navigation by adopting DR as the
core strategy. For DR, a DVL, a depth sensor and an AHRS
are available. As is well known, pure DR suffers from the fact
that the position estimation errors incurred are unbounded. For
this reason, the topographic characteristics of the environment
are exploited through a SLAM methodology where an ICP
algorithm is used to compare different terrain sets obtained
with a MBE. The latter can offer the terrain resolution and
update rates required to improve the correlation analysis. This
strategy requires information about the vehicle’s heading and

Fig. 2. Illustration of an autonomous underwater vehicle exploring under the
ice, using fixed acoustic beacons to help navigation. Figure is adopted from
OCEANUS magazine, Woods Hole Oceanographic Institution.

depth, that are determined using the previously mentioned
AHRS and depth sensor, respectively. Finally, as a means
to further contain the drifting errors due to DR, the above
strategies are complemented with the use of Single beacon
positioning techniques that rely on a simple range measuring
unit.

A. Single Beacon navigation

The problem of SB navigation is defined by considering
a vehicle moving while measuring its distance with respect
to a single beacon, given by d(t) : [0, tf ]→ R+. Since the
introduction of the beacon is constrained due to the icy
environment, we have decided to place it at the coordinates of
the hole used to introduce the vehicle underwater, yet under
the level of the ice cap. The beacon position in {I}, which
we assume is fixed, is denoted by pBc(t) : [0; tf ] → R3. In
order to maximise the information available for range-based
positioning, the vehicle must describe exciting trajectories.
According to [12], when there are no constraints in the
vehicle’s inputs, an exciting trajectory consists of ensuring
that the locations, correspondent to each range measurement,
are radially distributed around the beacon, separated by equal
angles.

The performance of Single Beacon navigation with the
objective of bounding the drift error inherent to DR is also
dependent on the quality of acoustic underwater transmissions.
The latter is quite variable and depends on a number of factors
that we should highlight [8]. The sound’s speed variation with
depth leads to the occurrence of refractions of the acoustic
rays. As a consequence, the rays do not travel according to a
direct path, thus delaying the reception time at the receiver.
Depending on the magnitude of the refractions, the range
calculation can be roughly affected, resulting in a range outlier.
Another phenomenon consists of the reflection of the acoustic
rays, caused either by the ice surface or the sea bottom.
Multipath propagation can then occur, where different rays
reach the receiver at different times. These travel times result
in different range measurements, where the majority can be
interpreted as range outliers.
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The outlier rejection mechanism is designed to use only
the available range measurements provided by the acoustic
beacon. From two consecutive range measurements, we can
determine the amplitude of the vehicle’s velocity between the
two respective temporal instants by computing

vt−1 =
zt − zt−1

∆t
, (1)

with ∆t as the period used to update the range measurements.
Using this definition, we gather a set of range measurements
and determine the velocities for each consecutive pair. Through
the calculation of the mean µz and standard deviation σz of
the velocities obtained with (1), outliers can be identified by
implementing the procedure described in Algorithm 1. The
multiplicative term 1.25 was tuned experimentally based on
the outlier identification returned in different range sets. This
strategy implementation only requires the parameter related to
the number of range measurements per batch, denoted Rm.
Note that the outlier identification process is delayed until
the set of measurements is collected, which means that each
estimate of the filter, using the range set, is not final until the
outlier identification procedure occurs.

Algorithm 1 Steps for outlier identification.
1: procedure OUTLIERS(range set)
2: Determine the vehicle’s velocities using (1)
3: Determine the mean µz and standard deviation σz of

the computed velocities
4: if vt > µz + σz then
5: zt is an outlier
6: else if vt−1 < µz −σz and |vt− vt−1| > 1.25σz then
7: zt is an outlier
8: else if vt < µz − σz and |vt−1 − vt| > 1.25σz then
9: zt−1 is an outlier

10: else
11: zt is an inlier

B. Simultaneous Localization and Mapping

The second navigation approach dealing with the problem
stated in Section II consists of SM. Here, the topographic char-
acteristics of the sea bottom or the ice surface are considered
to build a map of the environment and use it to improve the
vehicle’s estimates.

Regarding the different steps constituting the implemented
strategy, some initial concepts are introduced as follows. For
the sake of simplicity, the vehicle is assumed to travel on
a constant depth plane. Every time the MBE beams collect
range measurements from the terrain, a scan can be formed
containing the beam’s angle and the distance measured (see the
lines in Figure 3). Using this information and the last estimates
of the vehicle’s position and heading, the 3D data points
representing the terrain can be determined. By collecting a
set of consecutive scans, we can form an observation cell
with significant terrain variability, as shown in Figure 3. This
new cell and the previously acquired observation cells, denoted
by navigation cells [14], participate in a correlation analysis

step aimed at finding common terrain surfaces that result in
corrections in the estimates of the vehicle.
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Fig. 3. Example of a terrain set with high variability, collected from
the bathymetric data of the D.João de Castro sea mount, that leads to an
observation cell.

Algorithm 2 Steps of the implemented SM approach.
1: procedure SM(observation cell)
2: Select the closest navigation cell
3: Determine the overlapping between both cells
4: Perform correlation analysis using ICP
5: Apply the returned transformation to the observation

cell
6: if matching error < egood then
7: Obtain vehicle’s position and heading observation
8: Update the surface knowledge
9: else if overlapping < thtraj then

10: Create a new navigation cell

The structure of the implemented SM technique is presented
in Algorithm 2. Every time an observation cell is acquired,
having relevant terrain variability, the SM procedure is acti-
vated. In order to perform the correlation analysis, the closest
navigation cell is selected. To this end, the navigation cells are
sorted in accordance with the Euclidean distance between the
last estimate of the vehicle’s position and the navigation cell’s
geometric center. The latter is defined as the midpoint between
the maximum and minimum value of the cell, concerning the
north and east dimensions.

After the selection step, the navigation cell is represented by
a kDtree structure so that the overlapping with the observation
cell can be determined. With this structure, the pairs of closest
points between both cells can be obtained and used to find the
amount of overlapping η, determined by the quotient between
the number of pairs whose Euclidean distance is inferior to 2
m and the number of depth measurements in the navigation
cell.

The correlation step constitutes the most important module
in terms of impact in the performance of the SM strategy.
We decided to use the ICP algorithm which can provide
the translation T and the rotation R. The application of a
pair (T,R) to the observation cell’s points results in the
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transformed observation cell. Each transformation (T,R) is
associated with a matching error, defined as√√√√ 1

N

N∑
i=1

||mi −Rpi − T ||
2
, (2)

where N is the number of points used in the ICP procedure,
m are the navigation cell’s points, and p are the observation
cell’s points.

When the above error is smaller than a pre-defined threshold
egood, the correlation procedure matches correctly the cells,
allowing for the correction of the vehicle’s position and
heading and a step forward in the map construction process.
Otherwise, a different action is performed depending on the
overlapping percentage determined at the beginning of the
SM procedure. If the overlapping is considerable, that is,
larger than a threshold thtraj (chosen according to the average
overlapping between the terrain sets ensured by the trajectory
design explained in Section III-C2), and the correlation ana-
lysis is wrong, it means we should discard the observation
cell, since this cell may not belong to the surface region
represented by the navigation cell. On the other hand, if the
low overlapping is observed and the correlation analysis is
wrong, the new information provided by the observation cell
does not match the knowledge already acquired, meaning this
may refer to an unexplored region that should be saved.

The pre-defined threshold egood is selected according to the
type of navigation and observation cells considered in the
ICP procedure. The threshold is decreased when one of the
intervener cells corresponds to a curve terrain set. These are
usually more difficult to correlate, causing poor correlations
that are not reflected in the matching error.

1) Scan Matching observation: Considering the X−Y −Z
coordinates system, the angles α, β and γ express the rotation
angles about each axis, respectively. When the convention Z−
Y − X is used, the rotation matrix R is composed by three
consecutive rotations about these axis in the current frame.
The final rotation matrix yields

R =

cγcβ cγsβsα − sγcα cγsβcα + sγsα
sγcβ sγsβsα + cγcα sγsβcα − cγsα
−sβ cβsα cβcα

 , (3)

where c and s stands for the cosine and sine functions,
respectively, and the subscripts represents the inputs of the
operation. Using R returned by the ICP algorithm and the
format expressed in (3), the β and γ angles can be determined.

We can now define a new rotation matrix using solely the
angle around the Z axis, that is,

Robs =

cγ −sγ 0
sγ cγ 0
0 0 1

 . (4)

This simplification is acceptable taken because constant depth
trajectories are common in the field of oceanographic surveys,
as a form of simplifying the correlations between sets of terrain
information. Bearing this in mind, we will assume the vehicle

has a constant depth trajectory which implies, in theory, that
the R returned by the ICP algorithm should only be influenced
by the angle about the Z axis. In this case, β is zero and γ is
dependent on the first element of the rotation matrix.

The last estimate of the vehicle’s position is normalized
using the observation cell’s centroid, defined as mean value
of the cell concerning the north and east dimensions. The
observation is then obtained using the first two columns and
rows of Robs, R′obs and Tobs, that is,[

ptnormN

ptnormE

]
= R′obs

[
pt−1normN

pt−1normE

]
+ Tobs, (5)

which is then translated again to the inertial reference frame
using the observation cell’s centroid. In terms of converting
the X − Y −Z to the NED coordinates system, the former is
rotated so that X corresponds to N , Y to E and Z to −D.
The vehicle’s heading is then obtained as

ψXY Zt = ψNEDt = ψXY Zt−1 + γ. (6)

2) Map construction: Every time a correlation analysis
correctly matches the observation cell against the navigation
cell, we need to update our knowledge about the map. The
map is represented by the set of navigation cells that are
created and updated during exploration. The final navigation
cells are, in reality, a group of sub-maps representing the
regions with significant terrain variability. Each sub-map is
a bathymetric representation of the ice surface/bottom sea,
where the resolution depends on the number of beams and
update rate of the MBE sensor.

The construction/update of the map is processed according
to two possible situations. When a navigation cell is created,
the set of 3D points are saved, which means a new sub-map is
instantiated. When a correlation analysis is successful, we have
the transformed observation cell in addition to the navigation
cell, as illustrated in Figure 4. Initially, the pairs of points
closer to each other are determined considering the north-east
plane. Thereafter, the pairs whose distance is inferior to one
meter are selected, as exemplified by the connected points.
From these pairs, it is performed the average value according
to all the dimensions. The navigation cell is then modified
to include the navigation and transformed observation cell’s
points not selected and the points returned by the average
process.

Fig. 4. Example of the map update considering the navigation (red points)
and the transformed observation cell (blue points), and the pairs of points that
participate in the average process.
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C. Implementation for simulation

In this section, we describe a procedure to implement the
SB and SM fusion strategy proposed in the previous section.
Here, the vehicle is represented by a point mass and all the
variables associated with the vehicle, such as position and
velocity, are represented in that point mass. In general, the
trajectory of the vehicle is affected by its velocity, yaw rate,
pitch angle and the existence of side-slip. For the purpose of
simulation, it is assumed that the DVL provides measurements
of the vehicle’s velocity with respect to the inertial reference
frame {I}, denoted v(t). Considering that the vehicle moves
under a fixed ice surface and above the bottom sea, the DVL is
used either in Top or Bottom Lock, depending on the particular
scenario of interest. As the selected trajectories have constant
depth, the pitch angle is not considered. The implemented
simulator assumes that all sensors have their own reference
frame coincident with the vehicle’s reference frame. Finally,
given a trajectory, we aim to demonstrate how the vehicle
is capable of estimating its position. The process behind the
execution of the trajectory is out of scope of this paper.

1) Computation of range outliers: As a means to include
disturbances in the range measurements, the outlier genera-
tion method mentioned in [15] is considered. Accordingly, a
multiplicative term Γt is defined as

Γt =

{
1, non outlier with probability 1− ε
δr, outlier with probability ε

(7)

where ε is the outlier probability and δr will be defined
in Section IV. The range measurements are then generated
according to

zt = Γtdt + bt (8)

where bt ∼ N(0, 1), a Gaussian distribution with zero mean
value and unitary variance. Although not considering the
existence of regions more likely for an outlier to occur, this
is a plausible initial model to be used in the simulator.

2) Trajectory and Terrain Generation: For the SB ap-
proach, the range information is maximised using a trajectory
that ensures that the locations correspondent to each range
measurement, are radially distributed around the beacon. For
the SM approach, the trajectory is designed according to
a constant depth and it should ensure a certain level of
overlapping between the collected terrain sets. The latter
conditions influence the number of correlations in the SM
approach, which affects the map construction representing the
underwater ice surface, in addition to the vehicle’s position
estimates. Therefore, the trajectory is designed according to
a lawn mowing pattern with a constant depth, as shown in
Figure 7(b). This configuration is able to ensure around 30%
overlapping on the terrain sets belonging to adjacent longitu-
dinal segments when the MBE aperture is 90o. Additionally,
a second trajectory is designed including the return travel
segments to ensure loop closure for the SM approach (see
Figure 9). The average overlapping is now 35% when the MBE
swath coverage is 100o. For both trajectories, their resolution
is set to bound the module of the vehicle’s velocity to 1.5 m/s.

All the considerations regarding the use of terrain informa-
tion in the estimation process require a terrain set that is not
know à priori by the vehicle. Considering the limitations of
getting a set of bathymetric data collected during an under-
the-ice expedition, a bathymetric map of the D.João de Castro
sea mount (acquired by the Institute for Systems and Robotics,
Lisbon) is used as a proxy for a top ice surface (see Figure
5(a)). Furthermore, another surface is used, as shown in Figure
5(b), where its generation is based on the data presented
by Dowdeswell et al. [10], which was collected in East
Antarctica. The terrain generation tool was developed based
on the concept of Open Simplex noise.
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Fig. 5. Representation of (a) the processed surface obtained from a D. João
de Castro sea mount map and (b) the generated ice surface, where the colors
represent the depth values in the inverted down axis in m.

3) Estimation structure: The three navigation methodolo-
gies are fused using an EKF that constantly requires infor-
mation about the previous estimated state µt, the covariance
matrix associated with that previous estimated state Σt, the
inputs of the dynamic system ut and the most recent observa-
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tion/measurements zt+1. Each iteration of the filter follows
a prediction step (9) that is based on a process/dynamic
model g and a correction step (10) based on an observa-
tion/measurement model h. For each time step t, the filter
determines the predicted state and covariance

µt+1 = g (µt,ut) , (9a)

Σt+1 = GtΣtG
T
t +Rt , (9b)

which is then used to estimate the state and covariance
according to

Kt+1 = Σt+1H
T
t+1

(
Ht+1Σt+1H

T
t+1 +Qt+1

)−1
, (10a)

µt+1 = µt+1 +Kt+1

(
zt+1 − h

(
µt+1

))
, (10b)

Σt+1 = (I −Kt+1Ht+1) Σt+1 , (10c)

where Rt ∈ RN×N represents the covariance of the state
noise in the dynamics of the system, N is the dimension of
the state, Qt+1 ∈ RM×M represents the covariance of the
measurement noise, and M is the dimension of measurement
vector z. The matrices Gt and Ht correspond to the Jacobian
of the process and observation models, respectively, Kt is
called the Kalman, gain and I denotes the identity matrix.

The implementation of this estimation structure is illustrated
in Figure 6. The AHRS, depth sensor, and DVL feed the
prediction step of the filter that implements DR navigation.
The MBE sensor collects bathymetric information from the top
ice surface which, through the SM strategy, yields observations
to correct the predictions in the filter. The SB technique
provides an alternative observation for the correction step.
Due to the nature of correlating terrain sets, the frequency
of SM observations is smaller than that associated with SB
observations. Therefore, in case of both observations are
available in one iteration of the filter, the SM observation is
prioritised. Since the observations are derived according to a
linear and a non-linear observation model, respectively, the
filter takes the form of a Kalman or an EKF structure.

AHRS
sensor

Depth
sensor

DVL
sensor

Kalman
filter/EKF

MBE
sensor

SM ∨

SB

prediction
stage input

correction
stage input

estimation

Fig. 6. Architecture of the estimation procedure based on a Kalman filtering
structure. The block ∨ expresses an OR function, meaning that either the SM
or the SB observations are used depending on their availability.

By letting u(t) = [vE(t) vN (t) pD(t) ψ(t)]
T be the input

vector according to Figure 6, where only the north-east ve-
locities from the DVL are used because of the constant depth
trajectory, the process model of the system is defined as

g(µt,ut) =


ptE + ∆tvtE
ptN + ∆tvtN

ptD
ψt

 , (11)

where [pE(t) pN (t) pD(t) ψ(t)]
T is the state µ(t), ∆t is the

time between consecutive temporal instants t, and the notation
is simplified by using µ(t) ≡ µt. Thereafter, the Jacobian
of the process model used to propagate the state covariance
through the process model is computed as

Gt =
∂g

∂µT
=


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 (12)

In terms of the observation model, there are two models
derived from each selected strategy, SB and SM. Considering
the 3D position estimation, the observation model for the SB
approach is described by

h(µt) =

√
(sE)

2
+ (sN )

2
+ (sD)

2
, (13)

where each s is defined as (pt − pBc) for the respective
dimension. Notice the non-linear characteristics, which man-
date the use of an EKF filter structure. The Jacobian of this
observation model is

Ht =
∂h

∂µT
=

1

h(µt)

[
sE sN sD 0

]
. (14)

As an important procedure to increase robustness of the SB
navigation, the selected mechanism for outlier rejection (see
Section III-A) is also available. For the SM approach, the
observation model is given by

h(µt) =

ptEptN
ψt

 , (15)

thus, the Jacobian is computed as

Ht =

1 0 0 0
0 1 0 0
0 0 0 1

 . (16)

IV. SIMULATION RESULTS

In this section, the multiple navigational strategies described
are evaluated according to the quality of the estimates of the
vehicle’s trajectory. This evaluation is based on determining
the estimation error for each time step as

EEt = ||µt − µgroundtrutht
||, (17)

where µgroundtrutht
refers to the real state values. Within the

SB approach, it is also relevant to evaluate the classification of
the outlier rejection mechanism, which is materialised through
the error matrix determination. From the SM strategy, the
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SLAM paradigm contains the mapping task which will not
be evaluated here, despite the acquisition and correlation of
terrain information in the current solution. In fact, a proper
mechanism to perform this evaluation could not be found.
In spite of having the real terrain surface available à priori,
finding the correct matches with the sub-maps returned from
the SM procedure is not trivial.

In the simulations, the sensor measurements emulate the
disturbances that may occur in a real scenario. For all the
sensors, the noise was generated using a Gaussian distribution
where the mean value and standard deviation differ from
sensor to sensor. These parameters are presented in Table I and
were set considering the specifications of real sensor models:
the Teledyne WKN 600 as the DVL; the InertialLabs AHRS-
10P; the MS5803-14BA as the depth sensor; the Kongsberg
EM 2040-07 as the MBE. For the DVL, the parameters are
used for each dimension. In reality, this sensor is more likely to
be affected by a bias caused either by poor sensor calibration
or water currents. Although there are more accurate depth
sensors, the larger standard deviation was set to affect the
measurements collected by the MBE.

TABLE I
MEAN AND STANDARD DEVIATION OF THE GAUSSIAN DISTRIBUTIONS

USED TO COMPUTE THE NOISE FOR EACH SENSOR.

DVL AHRS Depth sensor

(0, 0.2) m/s (0, 0.05) rad (0, 1) m

A. D. João de Castro

The results throughout this section are obtained in the
scenario where the vehicle is exploring the underwater world,
just below the ice surface illustrated in Figure 5(a). The set
of range measurements are corrupted according to the model
presented in Section III-C1, where the outlier probability ε
and the multiplicative term δr are set to (ε, δr) = (0.2, 1.1).
After generation, the range set has 17.3% of outliers. The bias
in the DVL sensor is equal to (0.05, 0.02, 0) m/s, with respect
to the north, east, and down dimensions. Bearing in mind the
mentioned MBE model, its simulator uses 60 beams and a
swath coverage of 90o.

Given this characterization, the results of the simulation are
presented in Figure 7. The DRSB strategy shows a lower final
estimation error when compared to the introduction of the SM
approach, which is a result of deficient correlations. However,
we can see that the error curve with all the strategies follows
the one with only DR and SB, and at multiple times, it is
even lower. These lower regions result from ignoring some of
the outliers that were able to overcome the rejection procedure.
This phenomenon may occur whenever there are both SM and
SB observations in the same filter iteration. As the rate of
a SM observation is lower than the SB, we decided to give
prominence to the first ones in case both exist.

The outlier rejection mechanism is evaluated according to
the error matrix presented in Table II. Considering the real
percentage of outliers, there is a low percentage of True

time step
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Fig. 7. Comparison between using DR with SB and DR with both SM and SB,
based on (a) the estimation error metric and (b) the trajectories returned by
each approach. The regions corresponding to outlier occurrences are marked
with a red circle. In (b), the fixed beacon is positioned at the vehicle starting
point, at 25 m depth. The vehicle starting and ending regions are signalled
with the green and red arrows, respectively.

TABLE II
ERROR MATRIX FOR THE OUTLIER REJECTION MECHANISM USED IN THE
AUV SIMULATOR. THE REALITY OF THE OUTLIER IS IDENTIFIED BY THE
FIRST LETTER, TRUE OR FALSE, WHEREAS THE OUTLIER IDENTIFICATION
RETURNED BY THE STRATEGY IS REPRESENTED BY THE LATTER LETTER,

POSITIVE OR NEGATIVE.

Strategy
First Set

TP % TN % FP % FN %

DRSB
DRSMSB 16.4 0.9 12.4 70.2

Negatives, which means from the 450 measurements in the
simulation, only 4 outliers were able to pass the rejection
procedure. Their influence in the estimations are visible both
in the trajectories and estimation error (see Figure 7(b) and
7(a)). We can also notice the different responses of the filter
towards the outliers, according to its distance to the beacon. In
the first outlier, as the vehicle is getting closer to the beacon,
the SB navigation is capable of correcting the estimates of
the vehicle’s position. Contrarily, in the third outlier, as it
occurs when the vehicle is moving away from the beacon, the
trajectory is only corrected when the vehicle starts to approach
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the beacon again. From the inliers measurements, a larger
quantity was rejected, which is a consequence of the rigorous
behaviour of the outlier rejection procedure. Considering the
influence of the erroneous range measurements, we think
rejecting more inliers is more advantageous than allowing
more outliers in the estimation process.

Although the sudden changes in the estimates of the vehi-
cle’s position, the overall estimation error remains bounded to
15 m when the mechanism is able to reject the range outliers.

B. Generated Ice Surface

The results throughout this section are obtained considering
that the vehicle is exploring the ice surface illustrated in Figure
5(b). Here, the outlier rejection mechanism is not used and the
range measurements are corrupted by the noise component
described in Section III-C1. The bias in the DVL sensor is
equal to (0.04,−0.04, 0) m/s, with respect to the north, east,
and down dimensions. From the mentioned MBE model, its
simulator uses 60 beams and the swath coverage is equal to
100o.

In this scenario, we test the response of the navigational
solution when the vehicle’s trajectory makes the vehicle travel
through regions already visited by it. Before analysing the
results, this trajectory should increase the occurrence of cor-
relations when the vehicle is returning to the starting point.
In Figure 8, the estimation error obtained after simulation is
once again analysed. The longest simulated vehicle’s trajectory
agrees with the previous results regarding SB performance.
While with DR the error curve is always rising, SB allows to
bound that curve to 35 m. Nonetheless, as shown in Figure
9, every time the vehicle moves away from the beacon, the
range measurements are not capable of compensating the
biases existing in the DVL measurements, which corrupt the
predictions determined in the filter.

time step
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Fig. 8. Comparison between using only DR, DR with SB and DR with both
SM and SB based on the estimation error metric returned from the vehicle’s
simulation with loop closure. The simulation lasts 40 minutes and the time
between time steps is 0.25 s.

When considering the first part of the simulation, the intro-
duction of SM strategy reduces the estimation error maximum
from 15 m to 10 m. Since there are considerable long periods
without SM correlations, when the correction power of SB

starts to decrease because of the large distances, the quality
of the estimates of the vehicle’s position decreases. As a
consequence, the collected MBE scans become corrupted with
erroneous vehicle’s positions, causing erroneous 3D surface
sets. This obstacle remains intact until the correction power of
SB increases again. The explained behaviour can be verified
in the returning part of the trajectory, where we can not verify
the influence of the loop closure because it is difficult for SM
to perform good correlations.
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Fig. 9. Comparison between using (a) DR and (b) DR with both SM and SB
or just SB, based on the loop closure trajectories returned by each approach.
The fixed beacon is positioned at the vehicle starting point, at 10 m depth.
The vehicle starting and ending regions are signalled with the green and red
arrows, respectively.

V. CONCLUSIONS

This work is a contribution towards the development of a
navigation system for AUVs operating under the ice. The key
objective is to determine the vehicle’s position and heading.
In order to address the demanding conditions of under-the-ice
exploration, five sensors/systems are considered: a Doppler
velocity log, a depth sensor, an attitude and heading ref-
erence system, a single acoustic beacon and a multibeam
echo sounder, that provide measurements to three navigational
strategies labelled as Dead Reckoning, Single Beacon and
Scan Matching. This combination of sensors and strategies
are designed so that the deployment and calibration costs
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are reduced. Only the single acoustic beacon and the vehicle
require the latter procedures.

The characteristics of the icy environment increase the like-
lihood associated with phenomena such as blocked acoustic
transmissions or erroneous measurements (outliers) caused by
reflections of acoustic rays. The latter problem was addressed
in this work where a method that depends only on range
measurements is developed. While ensuring an higher rejec-
tion of the true outliers at the cost of highly rejecting correct
measurements, this method requires delaying the final estimate
of the vehicle’s position estimation.

According to the results returned from the multiple sim-
ulations, the Single Beacon approach is essential to bound
the error growth caused by the DR strategy. However, its
performance depends on the trajectory described by the vehicle
since every time the vehicle moves away from the beacon
the estimates of the vehicle’s position become less correct.
For this reason, the strategy is appropriate for short distance
explorations where the distance between the acoustic beacon
and the vehicle does not exceed 400 m. This value may
fluctuate according to the existing bias affecting the vehicle’s
velocity measurement. On the other hand, the trajectory was
not optimised for Single Beacon navigation because the con-
venient trajectories for Scan Matching were prioritised, as a
means to ensure a certain level of overlapping in the MBE
acquired sets. As a result of this effort, the simulations show
that the occurrence of correct correlations in the SM procedure
can improve the performance of the navigation system. As the
SM depends on the terrain variability found in the ice surface,
there may occur long periods without proper correlations.

Finally, the developed work allowed for the discovery of
new possibilities in the context of under-the-ice navigation, by
integrating different strategies and sensors that were already
applied in underwater vehicles. As the demanding character-
istics of the icy environments require a rigorous navigation in
terms of robustness, there are improvements that can be added
to the implemented solution.

VI. FUTURE WORK

Both Single Beacon and Scan Matching have specific trajec-
tories that help improving the performance of each strategy. As
explained by [16] for the former strategy, a new analysis could
be done so that the performance of the combined strategy
would be maximised based on a compromise between the two
types of trajectories.

In order to simulate a more realistic Single Beacon naviga-
tion, the outlier generation method should consider the terrain
characteristics of the vehicle’s and beacon’s surroundings. For
instance, the method should consider that there are regions
where it is more likely for the acoustic transmission to be
blocked by the deeper ice.

The Scan Matching approach has demonstrated limited
impact on the vehicle’s state estimation due to the few corre-
lation opportunities. As a next step to increase the number
of correlations, a more advanced MBE simulator could be
implemented, allowing the same electronic sweep and an

additional mechanical sweep to tilt the rays in the vehicle’s
movement direction. With this configuration and an high MBE
update rate, the vehicle would be able to collect scans from
the terrain in front of it in addition to the terrain scans below
it. These scans are going to be acquired again after a few
seconds, as the vehicle moves.

In the scope of this work, the Scan Matching approach uses
the ice surface above the vehicle. A relevant future step is join-
ing a bottom sea surface and, through the use of upward and
downward-looking MBE, apply the Scan Matching approach
to both surfaces, merging the results in an Extended Kalman
filter.
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