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Abstract 

 

Nowadays, omnidirectional visual content is being explored to create new and more immersive 

services and applications, contributing for the popularity growth of virtual reality (VR). An omnidirectional 

image (ODI) represents the whole visual field surrounding the camera capture point;  to visualize it on a 

planar display, a fraction of this spherical image is projected on a plane, resulting in a 2D image known 

as viewport. However, any sphere to plan projection introduces geometrical distortions, that manifest as 

bending of lines and/or stretching of objects on the rendered viewport, which may compromise the user 

quality of experience (QoE). These distortions become more noticeable when the viewport field of view 

(FoV) increases, which is a major issue for virtual reality applications where the sense of immersion 

requires large FoVs.  

In the lasts years, several efforts have been made to develop projections for ODI rendering, capable 

of representing large FoVs with enhanced quality. One of the most recent contributions to this topic are 

the content-preserving (or content-dependent) projections, which analyze the content to be rendered 

and adapt the projection parameters in order to minimize the perceived geometric distortion, providing 

more pleasant viewports.  

In this dissertation, two content-preserving projections for ODI rendering were developed.  

Furthermore, several geometric distortion metrics were proposed and assessed, in order to identify the 

most suitable ones to predict the user perceived quality, when he visualizes a geometrically distorted 

content. The chosen metrics were incorporated on the developed projections, allowing the automatic 

tuning of the projection parameters. Using a dataset of representative ODIs, several viewports were 

generated - using the considered projections and also a selected set of benchmark projection methods 

- and were subjectively evaluated. The results show that although the developed projections do not 

always outperform the benchmark methods, they achieved the best results for certain types of image 

contents, and clearly outperform the rectilinear projection, which is the most used projection in VR 

applications. 
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Omnidirectional images; Virtual Reality; Omnidirectional image rendering; Content-aware projection; 
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Resumo 

 

Actualmente, os conteúdos visuais omnidirecionais estão a ser intensamente explorados com o 

objectivo de se criarem novos serviços e aplicações, cada vez mais imersivos, contribuindo para o 

crescimento da popularidade da realidade virtual. 

Uma imagem omnidirecional (ODI) representa todo o campo visual que envolve o ponto de captura 

da câmera; para efeitos de visualização, uma parte desta imagem esférica é projetada num plano, do 

que resulta uma imagem 2D designada por viewport. No entanto, a projecção de uma esfera num plano 

introduz sempre distorções geométricas, que se manifestam através da curvatura de linhas rectas e/ou 

da deformação dos objectos presentes no viewport obtido, e que poderão comprometer a qualidade de 

experiência (QoE) oferecida ao utilizador. Estas distorções tendem a ser mais visíveis, e com maior 

impacto na QoE,  à medida que o  ângulo de visão coberto pelo viewport aumenta, o que constitui uma 

grande limitação para os sistemas de realidade virtual, que devem utilizar ângulos de visão elevados 

de forma a proporcionar uma boa imersividade. 

Nos últimos anos, foram propostas na literatura novas projeções para a representação planar de 

imagens com grandes ângulos de visão. Dentro das contribuições mais recentes destacam-se as 

projecções dependentes do conteúdo, que analisam o conteúdo da imagem a vizualizar e adaptam os 

os parâmetros da projecção de acordo com este conteúdo, de foma a minimizar as distorções 

geométricas e produzir viewports com melhor qualidade perceptual. 

Nesta dissertação foram desenvolvidas duas projeções dependentes do conteúdo, para 

visualização de ODI. Adicionalmente, propuseram-se e avaliaram-se várias métricas de distorção 

geométrica, com o propósito de identificar as mais adequadas para prever a qualidade apercebida pelo 

utilizador, quando este visualiza um conteúdo distorcido geometricamente. As métricas escolhidas 

foram incorporadas nas projecções desenvolvidas, permitindo o ajuste automático dos parâmetros da 

projecção. A partir de um conjunto representativo de ODIs, foram gerados diversos viewports - usando 

as projeções consideradas e também um conjunto selecionado de projeções de referência 

(benchmarks) - que foram  avaliados subjetivamente. Os resultados mostram que, embora as projeções 

desenvolvidas nem sempre superem os métodos de referência, obtiveram os melhores resultados para 

certos tipos de conteúdos de imagem, e claramente superam a projeção rectilinear, que é a mais usada 

em aplicações de realidade virtual. 

Palavras-chave 

Imagem omnidirectional; Realidade virtual; Projecções dependentes do conteúdo; Distorções 

geométricas 
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Chapter 1. Introduction 

This chapter starts with the contextualization and motivations for this Thesis. After, the objectives to 

be accomplished are presented. Finally, the main contributions of the developed work, and the structure 

of this document, are presented. 

1.1 Context and Motivation 

In the lasts years, omnidirectional visual content has been growing tremendously in the technological 

industry.  An omnidirectional image (ODI) contains the visual information of the whole field of view  (i.e. 

360º) around the acquisition camera; for this reason, these images are  also known as spherical or 360º 

images. This type of content become very popular in virtual reality (VR), since it allows the viewing of 

any part of the 360º scene creating, on the viewers, the feeling of being physically presented in the 

visualized scene. Furthermore, several efforts have been done to develop display devices that ensure 

more and more immersive experiences when visualizing omnidirectional content, such as virtual head 

mounted displays (HMD). HMD is a display device worn on the user head, with the display positioned 

close to the eyes of the user (to abstract him from its real environment) and displaying scenes with large 

field of views (FoV); by changing the direction in which the viewer is looking to, the displayed information 

of the 360º scene is also changed, allowing the  user to navigate through the displayed environment. 

HMD was clearly a disruptive technology that allowed the development of a large range of VR 

applications, in several fields. In the entertainment field, NextVR [1], a broadcast platform for VR, allows 

the users to visualize live sports events -  e.g., NBA games and the Wimbledon tennis tournament  - 

with its HMDs, providing a high immersive experience to the users. Another VR field where investment 

is increasing is in gaming industry, where the user is virtually introduced in the game world, providing a 

much better experience than traditional videogames. In the medical and military industry, VR allows 

professionals to be trained in a virtual environment, in order to prepare them to real scenarios without 

the associated real risks. In the tourism field, users can experience a virtual version of a travel, an hotel 

room or a museum, to support its booking decision.  

Despite of the huge range of applications already developed and largely used nowadays, 

omnidirectional visual content face several challenges; one of them is the ODI rendering of large FoVs. 

Rendering is the process of representing a fraction of the spherical image on a two-dimensional (2D) 

image – the viewport – to be visualized by the user; this process is accomplished through the projection 

of a fraction of the spherical image on the plane. As in any sphere to map projection, geometric 

distortions are introduced in the rendered viewport, notably bending of straight lines and stretching of 

objects (shown in Figure 1.1); these distortions become more noticeable as the considered FoV 

increases. Naturally, large FoVs are required by VR applications, in order to fulfill the immersion 

requirement. In recent years, several projections have been developed to minimize the geometrical 

distortions presented on the viewports, but there is still no clear winner solution. This Thesis addresses 

the topic of ODI rendering, seeking to improve the currently available solutions for sphere to plan 

projection.   
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(a) (b) 

Figure 1.1 - Geometric distortion examples: (a) bending; (b) stretching [2]. 

1.2 Objectives 

In the past, several sphere to plan projections that preserve certain properties of the spherical 

content have been developed. As an example, one of the most used projection is the rectilinear 

projection, which is the unique projection able to project straight lines without bending. However, this 

projection introduces stretching in the resulting 2D image, which may have a high negative impact on 

the user QoE, mainly for large FoVs. The rectilinear projection is content-independent, meaning that the 

projection is always applied in the same way, independently of the content to be projected. To better 

preserve the image geometric proprieties in ODI rendering, content-preserving projections (also known 

as content-dependent or content-adaptive projections) have been proposed in the literature. In this case, 

the projection parameters vary according to the ODI content, in order to minimize the subjective impact 

of geometric distortions. The main objective of this Thesis is the study, implementation and assessment 

of content-preserving projections for ODI rendering, aiming the generation of viewports that provide an 

enhanced QoE for the users, when compared with the commonly used rectilinear projection.  

1.3 Main Contributions 

The main contribution of this Thesis is the development of two content-preserving projections for 

ODI rendering. Also, several geometric distortion metrics were proposed and assessed, in order to 

identify the most suitable ones to predict the user perceived quality, when he visualizes a geometrically 

distorted content. The chosen metrics were incorporated on the developed projections, allowing the 

automatic tuning of the projection parameters. Furthermore, a new solution to detect salient points in an 

equirectangular representation of an omnidirectional image was proposed, which also includes a new 

spatial segmentation method for this type of images.  

1.4 Thesis Outline 

This Thesis is structured as follows:  

• Chapter 2 – An overview of map projections is presented. Similar to ODI rendering, map projections 

represent a sphere (the Earth) in a 2D plane. Map projections have received a lot of attention centuries 

ago, and several projections were developed that preserve certain types of geometrical properties. Thus, 

its study is useful to understand which projection techniques and properties are best suited for ODI 

rendering.  

• Chapter 3 – The state-of-the-art of content dependent projections is presented.  
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• Chapter 4 – The developed content-dependent projections, and proposed geometric distortion 

metrics, are  described.  

• Chapter 5 – The developed projections and also a selected set of benchmark projections were 

subjectively evaluated and compared in this chapter; the subjective assessment methodology is 

described and the results obtained in the subjective test are presented and analyzed. 

• Chapter 6 – In this chapter, the main achievements of this Thesis are described, and future 

developments are suggested.   
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Chapter 2.   Map Projections Overview 

2.1 Introduction 

A map projection is a systematic transformation of the latitudes and longitudes of locations from 

the surface of a sphere (or an ellipsoid) into locations on a plane [3], and plays a key role in 

omnidirectional image and video (ODI and ODV)  rendering; this process generates a 2D image, often 

called as viewport, by projecting a certain region of the 360º spherical image on a flat plane. As in any 

sphere to plane projection, geometric distortions are introduced, such as bending of straight lines and 

stretching of objects. Accordingly, the availability of map projections that minimize the visibility of 

geometric distortions are of upmost importance to assure a good quality of experience (QoE) in ODV 

and ODI based services.   

The study of methods to map a spherical surface in a flat plane has received lots of attention during 

the Discovery Age; as the representation of Earth in a map was very useful to navigation and geometric 

distortions were always presented, several map projections were developed, with properties that were 

desired by cartographers and navigators. Given that omnidirectional content rendering is the process of 

representing a spherical surface fraction in a plane, the knowledge of the main Earth map projections, 

and of their geometric properties, may help in deciding which ones are best adapted to that procedure. 

Furthermore, map projections are also needed before coding the omnidirectional content, since the used 

coding standards require a planar, and rectangular, content representation. Thus, this chapter provides 

an overview of the map projections developed in the past for Earth cartography. 

In section 2.2, the ODV transmission chain is briefly described, allowing to figure out the places 

where map projections are needed. Section 2.3 presents a classification of map projections, according 

to their main characteristics. Section 2.4 describes the general perspective projection, that comprises 

the most commonly used projections in ODI and ODV rendering. Section 2.5 describes three projections 

often used in Earth cartography - Mercator, Transverse Mercator and Lambert azimuthal equal-area 

projection. The Tissot’s indicatrices, a tool for the assessment of the geometric distortions produced by 

map projections, are described in section 2.6. Finally, in section 2.7 the process of viewport rendering 

is detailed.  

2.2 Omnidirectional Video Transmission Chain   

In this section, a general overview of the omnidirectional video (ODV) transmission chain, depicted 

in Figure 2.1 is presented.  

 

Figure 2.1 - ODV transmission chain block diagram. 
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In the following items, each module of Figure 2.1 is briefly described: 

• Acquisition - Acquisition is the obtention of images from the environment. Several ODV acquisition 

devices have been developed over the years, which can be classified as single-camera and multi-

camera. Some single-cameras cannot obtain the full-panoramic view but can acquire images with a 

wide-angle, which is enough for some applications; others have a rotative arm mechanism to acquire 

multiple images from different directions, having the drawback of not capturing the entire environment 

at the same time. Multi-camera solutions acquire multiple fractions of the 360º environment using 

several cameras, each one oriented in a specify direction. Accordingly, they allow the representation of 

the whole 360º scene, providing a better immersive experience than single-camera devices Figure 2.2 

shows some examples of 360º cameras.  

  

Figure 2.2- Example of a single-camera [4] and a multi-camera [5] for ODV acquisition. 

• Stitching - Stitching is defined as the process that aligns several 2D images, acquired from different 

viewing directions of the same scene, to produce a unique spherical image which represents the whole 

360º environment; this image is usually referred to as viewing sphere (VS). The stitching process has 

two fundamental steps: registration and blending. Registration is defined as the geometric alignment 

process between adjacent images. After registration, some artifacts may be noticed in the output image 

due to misregistration (errors occurred in the registration step), different lighting conditions among 

images during acquisition, and objects movement during acquisition. Blending allows a smoother 

transition between the adjacent images that constitute the VS. As an example, Figure 2.3 presents the 

same panoramic image before and after blending, being the last one much more pleasant due to 

smoother transitions between the different stitched images.  

  

Figure 2.3 - Panoramic image before (top) and after (bottom) applying blending. Panoramic image 
before (top) and  after (bottom) applying blending. 

• Map Projection - After stitching, the VS is projected on a 2D rectangular plane for coding. Typically, 

the equirectangular projection (ERP) is used.  At the receiver side, the inverse operation is applied, 

allowing the VS reconstruction.  

• Encoding - For the delivering of the 360o video with acceptable transmission rates, it needs to be 

compressed.  Nowadays, the H.264/MPEG-4 [6] and HEVC [7] video coding standards  are the most 

used ones in ODV transmission and storage. 

• Transmission / Storage - In this process, the video is transmitted from the sender to the receiver. 
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This can be achieved using different procedures, being the simplest one the transmission of the entire 

VS, represented in a 2D format. However, this solution requires a large transmission bandwidth, being 

a disadvantage for streaming and real-time applications. A more efficient procedure considers the fact 

that, in ODV, at each time the user just views a fraction of the transmitted sphere. Thus, the ODV is split 

in independent parts, called tiles, and each tile is represented with several spatial resolutions [8]. During 

ODV streaming, the tiles belonging to the sphere’s fraction that is being observed by the user are 

transmitted with higher quality, and the remaining tiles are transmitted with lower quality. As such, the 

required transmission bandwidth is reduced, but keeping an acceptable QoE. On the other hand, more 

storage capacity is needed at the servers and data centers, since multiple representations of each tile 

must be available. 

• Decoding - This process reverts the encoding procedure, in order to obtain the decompressed 

video.  

• Inverse Map Projection - This step inverts the map projection performed on the sender side, in 

order to obtain the VS from the transmitted planar video.  

• Rendering - Rendering is the process of project/mapping a fraction of the VS onto a 2D plane, 

resulting in an image often called viewport [2], that is shown to the user. This process always introduces 

distortion on the image content, such as bending of straight lines and stretching of objects. These 

distortions increase with the displayed field of view (FoV), causing a negative impact in the perception 

of the user and therefore decreasing its QoE. Given that human horizontal FoV (HFoV) and vertical FoV 

(VFoV)  are close to, respectively, 200º and 135º [9], this addresses a crucial problem for VR 

applications. To minimize these distortions, in the last years a big effort has been made to develop new 

projections, that better preserve the image content. 

• Visualization – In this step, the viewport is displayed, and the user can use different platforms to 

visualize it, such as a mobile phone, a computer monitor or a Head Mounted Device (HMD). These 

different platforms give different navigation experiences, where the user changes the viewport by 

changing the viewing direction. In a monitor, the user selects the viewing direction through the mouse 

movement. In a mobile phone the viewing direction coincides with the direction in which the phone is 

pointing to; if the user changes the phone direction, the viewport to be rendered is also changed. In 

HMD, the screen is much closer to the eyes of the user (see Figure 2.4).  The HMD sensors  can track 

the head rotation of the user, whereby if the user changes the direction in which is looking, the viewport 

is also changed, giving a very good experience of navigation. Due to these two factors, HMD provides 

a much better immersive experience than the two previous displaying solutions. 

  

Figure 2.4 - HDM Odyssey by Samsung. 
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2.3 Map Projections Classification  

A map projection can be classified based on two domains [10]:  

• Classification by projection surface – The projection is classified based on the surface in which 

the spherical surface is projected, called as developable surface.  The most used projection surfaces 

are plane, cylinder, cone, and polyhedron.   

• Classification by metric preservation – The projection is classified based on the metric that is 

preserved after projecting the spherical surface on the plane. The most often used metrics are area, 

direction, shape and scale. 

Both classifications are detailed in the next sections. 

2.3.1 Classification by projection surface  

Figure 2.5 depicts map projections using four different developable surfaces: planar, cylindrical, 

conical and polyhedron. 

 

Figure 2.5 - Earth's map projection using developable surface: planar, cylindrical, conical and 
polyhedron (based on [11]).  

• Planar projection: In planar projection the sphere points are projected on a plan which is tangent 

or secant to the sphere. Planar projections can be divided in perspective projections and non-

perspective projections [10]. In perspective projections, each point is projected on the plane through 

projection lines irradiated from the perspective point, 𝑃. Figure 2.6.a) and b) depict, respectively, a 

perspective projection and  a non-perspective projection. Perspective projections are described with 

more detail in section 2.4 and an example of a non-perspective projection is presented in section 2.5. 

• Cylindrical projection: In cylindrical projection the developable shape is a cylindrical surface. The 

sphere is projected on the cylindrical surface and, after that, the latter is unwrapped, originating a plane. 

Figure 2.7.a) presents an equirectangular projection (ERP), a particular case of the cylindrical projection, 

where the cylindrical surface is wrapped along the Equator line and the sphere is projected using 

projection lines parallel to the Equator plane. This projection maps the meridians as straight and equally 
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spaced vertical lines. Also, the horizontal and vertical coordinates of the ERP represent, respectively, 

the longitude 𝜙 and latitude 𝜃 of the sphere. ERP is often used as the projection applied before encoding 

the ODV. 

  
(a) (b) 

Figure 2.6 - Examples of a (a) perspective projection and (b) non-perspective projection.. 

• Conic projection: In conic projections, the sphere is projected onto a conic surface that is tangent 

or secant to the sphere; after that, the conic surface is unwrapped in a plane. The intersection between 

the conic surface and the sphere is called standard line. A conic surface tangent to the sphere results 

in one standard line; if the surface interests the cone, two standard lines will result. Standard lines have 

zero distortion when projected, and regions near them have low distortion in scale, shape, and area. 

Figure 2.7.b) presents an example of a conic projection.  

 

 

(a) (b) 

Figure 2.7 - (a) ERP Earth map [12]; and (b) Lambert conformal conic Earth map [13]. 

• Polyhedral projection: In polyhedral projection, the sphere is projected onto a polyhedron and the 

last is unwrapped to form a 2D plane. The increase of the number of polyhedral faces reduces the 

distortion in each face but it also increases the number of edges, which increases the visual 

discontinuities along the map. In computer graphics, a very used type of polyhedral projection is the 

cube map projection, depicted on the bottom of Figure 2.5 .    

2.3.2 Classification by metric preservation  

The usual metrics considered in map projections are shape, area, scale and direction. A map 

projection may preserve one or more of the these metrics, but cannot preserve all of them [14]. 

According to the preserved metric(s), a projection may be classified as:  

• Conformal - Conformal projections preserve locally the shape of image elements. In this case, the 

scale at any point is equal in all directions around that point  [15] and, consequently, the local angles 

are correctly represented. Using Earth’s map projection as an example, the resultant angle from the 

intersection of the meridians and the parallels is always preserved in a conformal projection.  Given that 

angles are locally preserved, small areas of the sphere are mapped with the correct shape; however, 

𝑃 
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large areas are projected with a wrong shape. Using again the Earth as example, on a conformal 

projection a continent will appear with a wrong shape, but a small city will be correctly shaped. The 

projection depicted in Figure 2.7.b) is a conformal projection. 

• Equidistant - A equidistant projection maintains the scale along one or more lines, or from one or 

two points to all the other points on the map. However, it is not possible to have a  constant scale over 

the entire plane [3]. Figure 2.8.a) depicts an equidistant projection, where the scale along a line from 

the central point to any other point is preserved.  

• Azimuthal - The correct projection of directions in every point of a map is not possible; however, 

azimuthal projections display correctly the direction, or the azimuth, relatively to the central point of the 

plane. Figure 2.8.a) depicts an azimuthal projection.  

• Equal-area - A map projection that preserves the relative area of elements throughout the map is 

called an equal-area projection. A equal-area projection can be equidistant or azimuthal, but cannot be 

conformal [14].  Figure 2.8.b) presents an equal-area projection.  

 
 

(a) (b) 

Figure 2.8 – (a) Azimuthal equidistant projection [16] and (b) Lambert cylindrical equal-area projection 
[17]. 

2.4 General Perspective Projection 

This section describes the general perspective projection (GPP), which is commonly used in the 

rendering of omnidirectional visual content. 

Consider the coordinate system presented in Figure 2.9, with a Cartesian referential (𝑋, 𝑌, 𝑍): the 

unit sphere centered at point O (0, 0, 0) is the VS; the plane ABCD, parallel to the plane 𝑋𝑌, corresponds 

to the projection plane, which has a Cartesian referential (𝑥, 𝑦), centered at point (𝑋, 𝑌, 𝑍) = (0, 0, 1).  

The VS can also be described using spherical coordinates (𝜙, 𝜃), where 𝜙 ∈ [−𝜋, 𝜋] represents the 

longitude and 𝜃 ∈ [−
𝜋

2
,
𝜋

2
] represents the latitude. 

A perspective projection is obtained by projecting points from the VS onto the projection plane, by 

means of straight lines, called projection lines, with origin in the perspective point 𝑃 (0,0, −𝑑). In 

Figure 2.9  the point 𝐾 of the VS is projected on point 𝐾′ of the projection plane.  

2.4.1 GPP particular cases 

Different perspective projections can be obtained by moving the perspective point along the 

 𝑍-axis, i.e., by varying the 𝑑 value; the most well-known are rectilinear (or gnomonic), stereographic 

and orthographic projections: 
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Figure 2.9 – General perspective projection geometry.  

• Rectilinear projection: As shown in Figure 2.10, a rectilinear projection has the perspective point 

located on the sphere center. It has the important property of being the unique projection that projects 

the sphere great circles as straight lines.  A 3D straight line when mapped in the sphere coincides with 

a great circle, hence rectilinear projection represents all 3D straight lines without bending.  However, it 

is the perspective projection that presents more stretching, hence is not conformal. Given that the 

perspective point is placed on the sphere center, this projection can map up to FoVs of 180º. 

Nevertheless, the stretching effect is easily perceptible in viewports with FoVs of 100º (and larger) which 

is a big drawback for VR applications.  

• Stereographic projection: In stereographic projection  𝑑 = 1, as shown in Figure 2.10. This 

projection is the only conformal perspective projection [3], hence objects shape is locally preserved. On 

the other hand, only radial straight lines – straight lines that cross the viewport center - are projected 

without bending, and therefore vertical and horizontal lines (excluding the ones that do not cross the 

viewport center) are projected with bending. The stereographic can map the whole sphere, except one 

point - the perspective point.  

• Orthographic projection: When the perspective point is located on the infinite point of the negative 

𝑍-axis (𝑑 = −∞), the resultant projection is called orthographic. The projection lines are orthogonal to 

the projection plane, and only one hemisphere of the VS can be projected, as shown in Figure 2.10. The 

objects are mapped with a large distortion in terms of area and shape, therefore it is neither equal-area 

nor conformal. Like in stereographic projection, only radial lines are projected without bending. The other 

lines are represented with even more bending than in stereographic projection.   

 
          a)              b)              c) 

Figure 2.10 -  Representation of the projection lines in the 𝑧𝑦 plane for: a) Rectilinear projection;  
b) Stereographic projection; c) Orthographic projection. 
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Figure 2.11 depicts some viewports obtained with the previous projections. Although expressed in 

different ways, all of them are clearly distorted: 

• Bending of straight lines: in stereographic and orthographic projection, straight lines (except radial 

ones) are projected with bending.   For the orthographic projection, the bended lines have more 

curvature than in stereographic projection. In rectilinear projection, all straight lines are represented 

without bending.  

• Stretching of objects: by comparing, for example, the plate in the left corner of the image bottom 

and the person nearest to the right border in different projections, it is possible to conclude that the 

stereographic projection is the only one that represents correctly the local shape of the objects. In the 

rectilinear projection it is possible to verify that the stretching increases a lot towards the viewport 

borders. It is noticeable too that the central region of the image looks always more geometrical correct 

than the peripheral regions of the viewport. 

   

(a) (b) (c) 

Figure 2.11 - Examples of a 120º×120º viewport rendered with: (a) rectilinear projection;  
(b) stereographic projection; and (c) orthographic projection [18].  

2.4.2 GPP projection equations 

To formally describe the GPP, consider the projection geometry represented in Figure 2.9. In this 

figure, 𝐾′(𝑥, 𝑦) is the projection of 𝐾 (𝑋, 𝑌, 𝑍)  on the  plane,  through the projection line that connects 

the perspective point, P (0 , 0, – 𝑑), and   𝐾 (𝑋, 𝑌, 𝑍). The projection of a point from the sphere to the  

plane is called forward projection, denoted by (𝑥, 𝑦) = 𝑃𝑟𝑜𝑗(𝜙, 𝜃, 𝑑),  and its inverse, from the  plane to 

the sphere, is called backward projection, denoted  by (𝜙, 𝜃) = 𝑃𝑟𝑜𝑗−1(𝑥, 𝑦, 𝑑). 

Forward GPP equations  

To obtain the forward GPP equations, it is first necessary to define mathematically the projection 

line that links points 𝐾,𝐾′ and 𝑃; its general equation is given by:   

 𝐾 = 𝑃 +  𝜆 (𝐾′ − 𝑃),  (2.1) 

where 𝜆 is a real value.   

Substituting  in (2.1),  𝐾 and 𝑃 by (𝑥, 𝑦, 1 )  and (0,0, −𝑑), respectively, results [2]:  

 
𝑥 = 𝑋

1 + 𝑑

𝑍 + 𝑑
  

(2.2) 

 
𝑦 = 𝑌

1 + 𝑑

𝑍 + 𝑑 
  

(2.3) 

Taking into account the relationship between spherical coordinates and Cartesian coordinates on 
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the unit sphere: 

      𝑋 = cos 𝜃 sin𝜙, (2.4) 

  𝑌 = sin 𝜃, (2.5) 

     𝑍 = cos 𝜃 cos𝜙, (2.6) 

the forward GPP equations in spherical coordinates are given by:  

 
𝑥 = (1 + 𝑑)

cos 𝜃 sin 𝜙

cos 𝜃 cos𝜙 + 𝑑
  , (2.7) 

 
 𝑦 = (1 + 𝑑)

sin 𝜃

cos 𝜃 cos𝜙 + 𝑑
 . 

(2.8) 

Backward GPP equations  

The backward GPP equations  can be obtained by intersecting the projection line, given by  (2.1), 

with the unit sphere equation,  𝑋2 + 𝑌2 + 𝑍2 = 1 , resulting in [2]: 

 𝑋 = 𝑞 𝑥 , (2.9) 

 𝑌 = 𝑞 𝑦, (2.10) 

 𝑍 = 𝑞(1 + 𝑑) − 𝑑, (2.11) 

where 𝑞 is given by  

 
𝑞 =  

𝑑(𝑑 + 1) + √(𝑥2 + 𝑦2)(1 − 𝑑2) + (𝑑 + 1)2

𝑥2 + 𝑦2 + (𝑑 + 1)2
 

(2.12) 

After obtaining 𝐾(𝑋, 𝑌, 𝑍), it can be transformed to spherical coordinates by:  

 
𝜙 = cos−1

𝑍

√𝑋2 + 𝑌2 + 𝑍2
, 

(2.13) 

 
 𝜃 = tan−1

𝑋

𝑌
. 

(2.14) 

2.5 Alternative Map Projections 

This section describes some map projections that, besides the GPP, are often used in Earth 

mapping and also  in VR  [19]. These projections have different characteristics that are, or might be, 

useful for the ODI rendering process:   

• Mercator projection: The Mercator projection is a conformal cylindrical projection, where the 

cylindrical surface is tangent to the Equator line and vertically positioned. In Mercator projection the 

meridians (corresponding to vertical lines) are projected without bending.  Also, for any point of the map, 

the scale is locally equal in all directions and the local angles are correctly preserved, ensuring the 

property of conformality. Figure 2.12.a) depicts a Mercator projection of the Earth. The Mercator 

projection increases the relative area of the objects as the latitude increases, generating area distortion. 

Accordingly, it is not a good solution for large VFoV.   

• Transverse Mercator projection: The transverse Mercator projection is obtained by applying the 

same process used in the Mercator projection but, in this case, the cylindrical surface is horizontally 

oriented. Thus, horizontal lines are projected without bending, while vertical are bended. In addition, the 
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relative area inflation only varies horizontally and therefore area distortion is much more noticeable for 

large HFoV. Thus, transverse Mercator may constitute a good solution for ODI rendering that does not 

require large HFoV.  

• Lambert azimuthal equal-area projection: the Lambert azimuthal equal-area projection is a non-

perspective projection. The map is obtained by projecting each sphere point to the plane along a circular 

arc centered at the point of tangency between the sphere and the plane [20]. As the name suggests, is 

an azimuthal and equal-area projection, and also allows the entire sphere representation. The Earth 

map resulting from this projection is represented in Figure 2.12.b). 

  
(a) (b) 

Figure 2.12 - (a) Mercator projection [21]; and (b) Lambert azimuthal equal-area projection [22].  

2.6 The Tissot's Indicatrices 

Given that geometrical distortions are always present in the map projections, tools that allow their 

characterization and measurement are very useful. The most classical geometric distortion metric used 

in map projections is the Tissot´s indicatrix [23].  

Consider an infinitesimal circle placed in the sphere surface; the Tissot’s Indicatrix is the ellipse 

resultant from the projection of this circle on the map. It provides a graphical visualization of the distortion 

along the map and of the properties that are (or not) preserved. Figure 2.13 depicts two projections with 

several Tissot’s indicatrices represented. In conformal projections, the shape is locally preserved in 

every position of the map, and therefore all the Tissot’s indicatrices are circles. Figure 2.13.a) is an 

example of a conformal projection; however,  the Tissot’s indicatrices have different areas, showing that 

it is not an equal-area projection. Figure 2.13.b) shows an equidistant projection where, in this specific 

case, the scale is constant along all radial lines. This property is possible to visualize through the map 

Tissot‘s indicatrices, since all ellipses minor axis have the same length and are always oriented along 

radial lines.  

  
(a) (b) 

Figure 2.13 - (a) Mercator projection [21] and (b) azimuthal equidistant projection [24] with Tissot’s 
Indicatrix. 
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Besides allowing a visual assessment of the distortion, the Tissot’s indicatrix also provides a 

quantitative evaluation of it, based on metrics that reflect how much a certain point is distorted in terms 

of area, angle and scale. Consider Figure 2.14.a), which represents an infinitesimal circle with radius 𝑟, 

centered at point 𝐾 in the sphere, and Figure 2.14.b), which represents the corresponding Tissot 

indicatrix, centered at point 𝐾´ in the plane.  

  

(a) (b) 

Figure 2.14 -  (a) Infinitesimal circle defined in the sphere; (b) its corresponding Tissot’s indicatrix, 
after projection on the plan. 

Consider the following definitions [14]:  

• 𝑎 and 𝑏 are, respectively, the scale factor of the Tissot’s indicatrix major-axis and minor-axis. 

These factors measure, respectively, the maximum and the minimum scale variation at 𝐾´. 

• Vectors 𝒉 and 𝒌  are, respectively, the differential vertical and horizontal vectors. Their 

orientation coincides with the orientation of the projected meridian and projected parallel.  

• ℎ and 𝑘 corresponds, respectively, to the scale factor along the projected meridian and the 

projected parallel. These factors are called, respectively, the vertical and horizontal scale factor, 

and correspond to the L2-norm of 𝒉 and 𝒌. 

•  �́� is the angle between the projected meridian and parallel. In a conformal projection this angle 

is 90º. 

• 𝜔 corresponds to the maximum angle deviation between the right angles on 𝐾 and their 

projection on 𝐾′.  

According to [14]:  

 
 𝑎 =  

𝑎 ́ +  �́�

2
, (2.15) 

 
𝑏 =  

𝑎 ́ −  �́�

2
 (2.16) 

where, �́� and �́� are given by, 

 
�́� =  √ℎ2 + 𝑘2 + 2ℎ𝑘 sin(�́�), (2.17) 

 
 �́� =  √ℎ2 + 𝑘2 −  2ℎ𝑘 sin(�́�) . (2.18) 

𝒉 and 𝒌 are defined by  
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𝒉 =  

[
 
 
 
 
𝜕𝑥

𝜕𝜃
 

𝜕𝑦

𝜕𝜃]
 
 
 
 

,        𝒌 =  

[
 
 
 
 
𝜕𝑥

𝜕𝜙
 

𝜕𝑦

𝜕𝜙]
 
 
 
 

1

cos(𝜃)
 , (2.19) 

and therefore, ℎ and 𝑘, are given by,  

 

ℎ = ‖𝒉‖2 = √(
𝜕𝑥

𝜕𝜃
)

2

+ (
𝜕𝑦

𝜕𝜃
)

2

   . (2.20) 

 

𝑘 = ‖𝒌‖2 =
1

cos 𝜃
 √(

𝜕𝑥

𝜕𝜙
)

2

+ (
𝜕𝑦

𝜕𝜙
)

2

  . (2.21) 

The angle between the projected meridian and parallel is given by,  

 
sin(�́�) =  

1

ℎ𝑘 cos 𝜃
(
𝜕𝑦

𝜕𝜃

𝜕𝑥

𝜕𝜙
−

𝜕𝑥

𝜕𝜃

𝜕𝑦

𝜕𝜙
) (2.22) 

The shape distortion, 𝑡, of a Tissot indicatrix is given by,  

 
𝑡 = 𝑎/𝑏.  (2.23) 

A map is conformal if it has 𝑡 = 1 for every point, which implies 𝑎 = 𝑏. With 𝑎 = 𝑏, the Tissot indicatrix 

corresponds to a circle (its shape is not deformed). Other condition that guarantees a conformal 

projection is the orthogonality between 𝒉 and 𝒌, i.e  

 
𝒉 = [

0 −1
1 0

]  𝒌, (2.24) 

from which, by substituting (2.19) on (2.24), the following conformality conditions are obtained:  

 𝜕𝑥

𝜕𝜃
= −

𝜕𝑦

𝜕𝜙

1

cos(𝜃)
, (2.25) 

 𝜕𝑦

𝜕𝜃
 =

𝜕𝑥

𝜕𝜙

1

cos(𝜃)
 . (2.26) 

 The maximum angle deviation is given by [11]: 

 
𝜔 = 2 sin−1 (

|𝑎 − 𝑏|

𝑎 + 𝑏
), (2.27) 

If 𝜔 is zero, the shape of Tissot’s indicatrices is preserved (since 𝑎 = 𝑏) and the projection is conformal.

 The deflation or inflation of area, 𝑠, occurred on a Tissot’s indicatrix is given by  

 𝑠 = 𝑎. 𝑏. (2.28) 

An equal-area projection has 𝑠 = 1 for every point of the map. 

Despite being a very useful method, the Tissot’s indicatrices have some drawbacks:  

• This method does not evaluate the global distortion of a map projection. Therefore, the previous 

parameters indicate the amount of distortion only locally. 

• They are content independent, i.e., the image content is not considered to evaluate the perceived 

distortion.  

• They cannot measure the bending of the straight lines, which is one of the distortions with highest 
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perceptual impact on the user.  

2.7 Omnidirectional Image Rendering  

As previously introduced, ODI rendering is the process of representing a fraction of the VS on a 

plane, in order to build a 2D image to be visualized by the user, the so-called viewport. This section 

describes the viewport rendering process. 

Consider a general projection, where: i) a sphere point (𝜙, 𝜃) is projected onto a viewport point (𝑥, 𝑦), 

using the forward projection transformation (𝑥, 𝑦) = 𝑃𝑟𝑜𝑗(𝜙, 𝜃), and ii) a viewport point (𝑥, 𝑦) is projected 

onto a sphere point (𝜙, 𝜃), using the backward projection transformation  

(𝜙, 𝜃) = 𝑃𝑟𝑜𝑗−1(𝑥, 𝑦). Let consider also, for this initial explanation, that the front viewport is used.   

 Consider Figure 2.15, where point 𝐾 has spherical coordinates 𝜙 = 𝐹𝑣/2  and 𝜃 = 0, being thus 

positioned at the limit of the vertical FoV. Its projection, 𝐾´ , is consequently positioned at the vertical 

limit of the viewport, having Cartesian coordinates (0, 𝑉𝑣𝑠 2 ⁄ ), where  𝑉𝑣𝑠 is the viewport height in units 

length. Accordingly: 

 (0, 𝑉𝑣𝑠/2) = 𝑃𝑟𝑜𝑗(0, 𝐹𝑣/2). (2.29) 

 

 

Figure 2.15 - FoV and viewport size representation in the GPP (based on [2]). 

Applying a similar rational to the horizontal FoV, results in: 

  (𝑉ℎ𝑠/2,0) = 𝑃𝑟𝑜𝑗(𝐹ℎ/2, 0), (2.30) 

where 𝑉ℎ𝑠 is the viewport width, in length units. 

As an example, for the GPP,  𝑉𝑣𝑠 is obtained by using (2.29) with the forward GPP equations defined 

in (2.7) and (2.8), resulting in:  

 

𝑉𝑣𝑠 = 2(1 + 𝑑)
sin (

𝐹𝑣
2⁄ )

cos (
𝐹𝑣

2⁄ ) + 𝑑
  (2.31) 

To obtain a viewport with a certain aspect ratio, 𝐴𝑅 = 𝑉ℎ𝑠/𝑉𝑣𝑠, it is not possible to define 𝐹ℎ and 𝐹𝑣 

independently. First, it is necessary to select a value for  𝐹ℎ or for 𝐹𝑣; then, the correspondent viewport 

dimension, 𝑉ℎ𝑠 or 𝑉𝑣𝑠, is computed; and finally, the other viewport dimension is obtained from the desired 

𝐴𝑅.  

Figure 2.16 depicts the VFoV in function of 𝑑 for viewports with HFoV of 150º and 120º, with aspect 

ratios of  1:1 and 4:3, rendered using the GPP.  By its analysis, for a square image (green lines), the 

VFoV does not vary with 𝑑; however, for a rectangular image (blue lines), the VFoV decreases as 
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𝑑 increases, which has the consequence of decreasing the amount of information presented to the user.  

 

Figure 2.16 -Variation of VFoV in function of 𝑑, when rendering a viewport with constants HFoV 

and 𝐴𝑅 and using GPP.  

After having obtained the viewport dimensions, the viewport is sampled in a grid of equally spaced 

pixels. Figure 2.17 depicts a viewport with dimensions 𝑉ℎ𝑠 x  𝑉𝑣𝑠, sampled in a grid of pixels (the orange 

points), and where 𝑊 and 𝐻 is the viewport size, in pixels, in the horizontal and vertical directions, 

respectively. Each pixel position is parameterized according to the coordinate systems (𝑚, 𝑛), in pixel 

units, and (𝑢, 𝑣) and (𝑥, 𝑦), in length units. 

   

Figure 2.17 - Viewport image with the related coordinate systems (based on [2]). 

According to Figure 2.17, a pixel positioned at (𝑚, 𝑛)  has coordinates (𝑢, 𝑣)  and (𝑥, 𝑦) given by: 

 
𝑢 = (𝑚 + 0.5) 

𝑉ℎ𝑠

𝑊
, 0 ≤ 𝑚 < 𝑊 (2.32) 

 
𝑣 = (𝑛 + 0.5)

𝑉𝑣𝑠

𝐻
, 0 ≤ 𝑛 < 𝐻 (2.33) 

and  

 
𝑥 = 𝑢 −

𝑉ℎ𝑠

2
 (2.34) 

 
𝑦 = −𝑣 +

𝑉𝑣𝑠

2
  . (2.35) 

where  𝑉ℎ𝑠/𝑊 and 𝑉𝑣𝑠/𝐻  correspond, respectively, to the horizontal and vertical distance between two 

consecutive pixels, in length units. At this point, the position (𝑥, 𝑦) of every pixel in the viewport is known. 

After, each pixel is assigned to a point in the VS with coordinates (𝜙, 𝜃) = 𝑃𝑟𝑜𝑗−1(𝑥, 𝑦), using the 

backward projection. It is important to remind that these equations are only valid for the front viewport. 
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To render the viewport oriented according to the viewing direction (𝜙𝑣𝑑 , 𝜃𝑣𝑑), a rotation has to be applied 

to the VS point previously obtained: 

 (�́�, �́�, �́�)
𝑇

= 𝑅 (𝜙𝑣𝑑 , 𝜃𝑣𝑑) (𝑋, 𝑌, 𝑍)𝑇 , (2.36) 

where (𝑋, 𝑌, 𝑍) and (�́�, �́�, �́�)
 
 are cartesian coordinates of sphere points, the former  correspondent to 

the front viewport and the latter correspondent to the viewport oriented according to (𝜙𝑣𝑑, 𝜃𝑣𝑑). 

𝑅(𝜙𝑣𝑑 , 𝜃𝑣𝑑) is the rotation matrix, given by:  

 

𝑅(𝜙𝑣𝑑, 𝜃𝑣𝑑) =  [

cos(𝜙𝑣𝑑) −sin(𝜃𝑣𝑑) sin(𝜙𝑣𝑑) cos(𝜃𝑣𝑑) sin(𝜙𝑣𝑑)

0 cos(𝜃𝑣𝑑) sin(𝜃𝑣𝑑)

sin(𝜃𝑣𝑑) sin(𝜃𝑣𝑑) cos(𝜃𝑣𝑑) cos(𝜙𝑣𝑑)
]. (2.37) 

For  viewport  rendering using the GPP, the following procedure should be followed: i) apply the 

GPP backward equations (2.9) to (2.11) to the (𝑥, 𝑦) coordinates of every viewport pixel, obtaining the 

3D Cartesian coordinates (𝑋, 𝑌, 𝑍) on the VS; ii) apply the rotation transformation (2.36) according to the 

selected viewing direction, obtaining (�́�, �́�, �́�), and iii) convert (�́�, �́�, �́�) to spherical coordinates (𝜙, 𝜃), 

using (2.13) and  (2.14). 

Finally, it is necessary to copy the information contained at position (𝜙, 𝜃) of the VS, to the 

correspondent viewport pixel, at position (𝑚, 𝑛).  

The VS is typically transmitted using the ERP projection. This projection represents the entire VS in 

a 2D image, where horizontal and vertical pixel coordinates correspond, respectively, to the longitude,

𝜙, and latitude, 𝜃,  on the VS. As an example, Figure 2.18.a) depicts a rendered viewport, corresponding 

to the viewing direction (𝜙𝑣𝑑 , 𝜃𝑣𝑑 ) = (𝜋/2 , 0) of the ERP depicted in Figure 2.18.b), using the rectilinear 

projection and HFoV=VFoV=120º. In Figure 2.18.b), the blue line delimits the image region projected on 

the viewport. 

            

(a) (b) 

Figure 2.18 - (a) Rendered viewport using rectilinear projection, with HFoV=VFoV=120º; and  
(b)   ERP used for viewport rendering.  
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Chapter 3. Content-aware Projections Overview 

3.1 Introduction 

In chapter 2, the fundaments of map projections were presented, and some of the most used 

projections were described; all these projections have one common characteristic: they are content 

independent. Accordingly, when used in omnidirectional images rendering, the subjective impact of the 

resulting geometric distortions will be conditioned by the spherical image content. To overcome this 

issue, content aware map projections have been proposed, which are reviewed in this chapter.  

Content aware projections can be categorized in the following classes  [25]:  

• Non-model based methods, where the viewport is rendered by minimizing a cost function that 

represents the perceptual impact of the geometric distortions. The method presented in section 3.2 

belongs to this class . 

• Single-model based methods, where the viewport is obtained by geometrically projecting the 

desired fraction of the VS to a unique viewport. In this model, the parameters that control the projection 

are optimized based on the image content. The methods presented in sections 3.3 and 3.5 belong to 

this class. Although the method presented in section 3.4 is not content-aware, it is the basis of the 

projection described in 3.5, which justifies its inclusion in this chapter. 

• Multiple-model based methods, where the final viewport is obtained by combining the information 

from multiple intermediate viewports, each one obtained by the projection of a different VS fraction, and 

eventually using projections with different characteristics (i.e., optimized for the corresponding viewport). 

The method presented in section 3.6 belongs to this class. 

All the content-aware projections reviewed in this chapter (and with exception for the method 

described in section 3.5 and 3.6) are structured in three parts: 1) Objectives, where the main rational 

behind the technique is presented; 2) Technical solution, which describes how the solution was 

implemented and which distortion metrics were used; 3) Results and analysis, where some results are 

presented, and the strongest and weakest points of the method are analyzed.  

The content aware projections developed in this dissertation, which are detailed and evaluated in 

chapter 4 and 5, respectively, are inspired on the projection methods described in sections 3.5 and 3.6. 

Accordingly, these methods are just briefly presented in this chapter, together with the fundamental 

ideas and strategies to improve their performance.  

3.2 Optimized Content-preserving Projection  

3.2.1 Objectives 

In [26] the authors propose a content-aware projection for mapping a wide-angle image from the 

sphere to the plane, seeking to minimize the distortions that viewers most frequently complain about in 

wide-angle images: curving of straight lines and non-uniform stretching of objects.  

The VS is sampled with a step size (Δ𝜙, Δ𝜃), with Δ𝜙 = Δ𝜃,  resulting in a mesh of 𝑁 points, denoted 
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by 𝑉𝑠𝑝ℎ𝑒𝑟𝑒, where each point is indexed by 𝑖𝑗 and parameterized by spherical coordinates (𝜙𝑖𝑗 , 𝜃𝑖𝑗). 

𝑉𝑠𝑝ℎ𝑒𝑟𝑒 is mapped on the image plane, resulting in a mesh of points,  𝑉𝑝𝑙𝑎𝑛𝑒, where each point 𝑖𝑗 is 

parameterized by Cartesian coordinates (𝑥𝑖𝑗 , 𝑦𝑖𝑗) , as shown in Figure 3.1. The mapping of  𝑉𝑠𝑝ℎ𝑒𝑟𝑒  to 

 𝑉𝑝𝑙𝑎𝑛𝑒 is done through a least-square optimization approach, where a cost function, referred to as total 

energy 𝐸𝑡 , is minimized, aiming the lowest possible distortion. 𝐸𝑡 is composed by three sub-energies: 1) 

conformal energy, 𝐸𝑐, which aims to measure how the regions shape is distorted; 2) straight lines 

energies, 𝐸𝑙𝑜  and 𝐸𝑙𝑑  (distinction is done in 3.2.2), which measure the bending of straight lines; and 3) 

smoothness energy, 𝐸𝑠, which aims to limit the scale and orientation changes in the 𝐸𝑡 optimization. The 

method belongs to the class of non-model based rendering techniques.  

 

Figure 3.1 –   Representation of the sampled VS in a  mesh of points,  𝑉𝑠𝑝ℎ𝑒𝑟𝑒, and its projection on the 

image plane,  generating  𝑉𝑝𝑙𝑎𝑛𝑒 (based on [26]). 

3.2.2 Technical Solution  

The architecture of the method proposed in  [26] is represented in Figure 3.2. The process of 

rendering is done by iteratively minimizing 𝐸𝑡, being the content distortion iteratively reduced.    

  

Figure 3.2 - Architecture of the projection method proposed in [26]. 

In the following, each module of the architecture is described: 

• Selection of straight lines by the user - Straight lines are manually obtained through a program 

interface where the user selects the lines that should be kept straight in the final image.  For each line 

the user  assigns one of the following line constraints: fixed orientation line constraint, in which the user 

defines the line orientation that should be kept (horizontal or vertical); and general line constraint, where 

only the line bending is minimized, without giving importance to  the line orientation. The selected line 
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set is denoted by 𝐿, where each line 𝑙 ∈ 𝐿 consists of by a set of points (𝜙𝑖𝑗 , 𝜃𝑖𝑗)𝑙
. Subsets of fixed 

orientation line and general line constraints are denoted, respectively, as 𝐿𝑓  and 𝐿𝑔. 

• Computation of conformality weight based on image content - A conformality weight, 𝑤𝑖𝑗
𝑐 , is 

computed for each point (𝜙𝑖𝑗 , 𝜃𝑖𝑗) of the VS, indicating how much important is, in terms of user 

perception, to project the regions around that point  without shape distortion.  𝑤𝑖𝑗
𝑐  is  obtained by: 

 
𝑤𝑖𝑗

𝑐 = 2𝑤𝑖𝑗
𝐿  + 2𝑤𝑖𝑗

𝑆 +  4𝑤𝑖𝑗
𝐹 + 1  (3.1) 

where: 𝑤𝑖𝑗
𝑆  is the salience weight, which has larger values for regions with larger color variation; 𝑤𝑖𝑗

𝐹  is 

the face detection weight, which has large values for regions with faces, obtained with a face detector;  

𝑤𝑖𝑗
𝐿   is the line endpoint weight and it is used to favor conformality in regions of lines endpoints, since 

𝐸𝑙𝑜  and 𝐸𝑙𝑑  minimization led to content shape distortions near the endpoints of lines 𝐿 .   

• Conformal Energy - The conformal energy, 𝐸𝑐   ,  is given by:  

 
 𝐸𝑐 = ∑ 𝑤𝑖𝑗

𝑐 2
((𝑦𝑖+1,𝑗 − 𝑦𝑖𝑗) + cos(𝜃𝑖𝑗) (𝑥𝑖,𝑗+1 − 𝑥𝑖𝑗))

2

  
  𝑉𝑝𝑙𝑎𝑛𝑒

+   

(3.2) 
 

+  ∑ 𝑤𝑖𝑗
𝑐 2

((𝑥𝑖+1,𝑗 − 𝑥𝑖𝑗) − cos  (𝜃𝑖𝑗) (𝑦𝑖,𝑗+1 − 𝑦𝑖𝑗))
2 

.  
 𝑉𝑝𝑙𝑎𝑛𝑒

  

 𝐸𝑐  minimization forces points with larger 𝑤𝑖𝑗
𝑐   to converge more to the conditions given by (2.25) and 

(2.26), allowing local conformality improvement in most relevant regions. Since the density of points 

from 𝑉𝑠𝑝ℎ𝑒𝑟𝑒  increases towards the VS poles (see Figure 3.1), more precisely by a factor of  

1/cos (𝜃) , the multiplication by cos(𝜃𝑖𝑗) is mandatory, otherwise conformality would be biased towards 

the poles [26].  

• Straight Lines Energies The optimization of straight lines energies, 𝐸𝑙𝑜 and 𝐸𝑙𝑑 , minimizes the 

bending of the user selected straight lines, 𝐿. The 𝐸𝑙𝑜  minimizations aims the line bending minimization, 

keeping the line direction specified by the user (if any).  On the other hand, 𝐸𝑙𝑑  minimization only aims 

the minimization of the bending, regardless of the line direction.  

• Smoothness Energy - The smoothness energy aims to limit  the scale and orientation changes. To 

achieve this, the method uses the differential horizontal vector 𝒉 of each point 𝑖𝑗. 𝒉 has the direction of 

the projected meridian at point 𝑖𝑗 in the projection plane (see Figure 2.14.b) ) and its L2-norm is given 

by ℎ, in (2.20)(2.20). Accordingly, if 𝒉 changes slowly along 𝜙, the orientation and the scale will also 

change slowly. The smoothness energy least-squares optimization explores this property. 

• Total Energy optimization - The total energy 𝐸𝑡 is given by,  

 
𝐸𝑡 = 𝑤𝑐

2 𝐸𝑐 + 𝑤𝑠
2𝐸𝑠 + 𝑤𝑙

2  (∑ 𝐸𝑙𝑜

 

𝑙∈𝐿𝑓

  +   ∑ 𝐸𝑙𝑜

 

𝑙∈𝐿𝑔

+  ∑ 𝐸𝑙𝑑

 

𝑙∈𝐿𝑔

),  (3.3) 

where each sub-energy is weighted by the global conformal weight 𝑤𝐶, smoothness weight 𝑤𝑆 and 

straight lines weight 𝑤𝐿. The method does not have a stop condition for the iterative process, thus the 

user must assess the resulting image and decide if another iteration should be, or not, performed. Also, 

the final image is not rectangular and the user must crop it in order to obtain a rectangular one. 

3.2.3 Results and Analysis 

Figure 3.3.a) depicts an input image, where the straight lines selected by the user are highlighted in 
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green, pink or blue color:  the green lines correspond to general lines; pink and blue correspond to 

vertical and horizontal fixed orientation lines, respectively. This image was captured using a fish-eye 

lens, which has VFoV and HFoV of 180º. The obtained images using the described method,  before and 

after manual cropping, are presented in Figure 3.3.b) and Figure 3.3.c), respectively. 

   

                       (a) (b)                     (c) 

                          

                                         (d)                     (e) 

Figure 3.3 – (a) Fish-eye image input of Dining Room with lines selected by the user; (b) output before 
cropping and (c) after cropping; (d) rectilinear and (e) stereographic [26]. 

The results from [26] are very impressive for images with large FoV. From Figure 3.3.c), it is possible 

to verify that the output image is very realistic and does not present visible distortions, since the shape 

of the objects is preserved, and straight lines are projected without bending. Compared  with rectilinear 

and stereographic projections (Figure 3.3.d) and Figure 3.3.e) ), it is possible to conclude that the 

method proposed in [26] keeps the strengths of both projections: straight lines are projected without 

bending, as in rectilinear projection, and objects are locally well-projected, as in stereographic projection.  

However, it has also some weaknesses: 1) the user must manually select the lines; 2) a large number 

of lines with different directions reduces the probability of projecting them straight  [26]; 3) there is a lack 

of an automatic stopping condition, so the user must evaluate visually the result and decide if iterates 

again or not; and finally, 4) the user must crop manually the output in order to  obtain the rectangular 

image which, besides the lack of an automatic method, leads to information loss.  

3.3 Rectangling Stereographic Projection 

3.3.1 Objectives 

The rectangling stereographic (RS) projection was proposed in [27]; it is a single-model based 

projection and uses a swung surface (described with more detail further) as developable surface. The 

viewport is obtained by projecting the VS content on the swung surface, followed by the projection of 

the swung surface content on the final projection plane, using a stereographic projection (i.e., the GPP 

with d=1). The swung surface projection originates a viewport that may be conceptually segmented in 

three different regions, in which straight lines may suffer bending or not, depending on its orientation 
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and viewport position; these viewport regions vary with the swung surface parameterization. The RS 

projection optimizes the swung surface parameterization in function of detected straight lines, seeking 

the minimization of the bending distortion.  

3.3.2 Technical Solution 

The swung surface is illustrated in Figure 3.4.a). The surface can be seen, in a very simplistic way, 

as the result of a fusion between two cylindrical surfaces, vertically and horizontally oriented. The swung 

surface is parameterized according to the so-called trajectory curve. The trajectory curve is a rounded 

rectangle curve, defined in the 𝑋𝑌 plane, which  is illustrated in Figure 3.4.b), together with its 

geometrical parameters, namely: the roundness of corners, 𝑟𝑐, and the aspect ratio, 𝑅𝑎𝑟 = 𝑅𝑣𝑠/𝑅ℎ𝑠.The 

swung surface is constructed, as depicted in Figure 3.4.c),  by rotating an circular arc, of unit radius, 

around the 𝑍-axis (the green arrow) and then scaling it (the red arrow) to reach the trajectory curve.  In 

[25], the authors suggest to use 𝑅ℎ𝑠=1 to maximize the projection conformality [27] .  The variation of 

trajectory parameters will change the swung surface and therefore how the content is projected too. RS 

optimizes the trajectory parameters to obtain a viewport rendered with less distortion.  

 

 

 

(a) (b) (c) 

Figure 3.4 - (a) Swung surface; its (b) trajectory curve 𝑅 and (c) swung surface construction process 
(based on [27]). 

The RS projection architecture is depicted in Figure 3.5.  

 

Figure 3.5- Architecture of RS projection. 

• Cube Map projection: The VS content is projected onto a cube having each face tangent to the 

VS, using the rectilinear projection (since this keeps the straightness of the lines). 

• Line Detection – The line segment detector (LSD) proposed in [28] is applied to each face of the 

cube map, resulting in a set, 𝐿 , of detected straight lines. 

• Swung Surface Optimization – Using the RS projection the projection plane, which is tangent to 
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the swung surface at 𝑍 = 1, may be conceptually segmented in three regions, namely: the regions �̂�𝑣, 

 �̂�ℎ and �̂�. These regions are depicted in Figure 3.6.b), for just one quadrant, without loss of 

generalization since the axil symmetry of the projection plane to the axis 𝑥 and 𝑦. For this explanation, 

assume that the front viewport is considered. In �̂�ℎ and �̂�𝑣, horizontal and vertical lines are, respectively, 

projected without bending. However, vertical and horizontal lines are strongly bended when projected, 

respectively, in �̂�ℎ and �̂�𝑣. In �̂� , both horizontal and vertical lines are projected with some bending, but 

softly when compared to �̂�ℎ and �̂�𝑣. 

  

(a) (b) 

Figure 3.6 - (a) First step of parameters optimization, where the viewport’s quadrants are divided in 
two regions (b) Second step, where the viewport’s quadrants are divided in three regions (based on 

[27]). 

The swung surface is optimized to minimize the number of lines of 𝐿 that, after their projection on 

the projection plane, are positioned in regions that bent them, as it would happen if an horizontal line 

had been projected in �̂�𝑣. The optimization is done by optimizing the trajectory curve parameters 𝑅𝑎𝑟 

and 𝑟𝑐, one at a time, in this last order. It is conducted in two steps:   

▪ 𝑹𝒂𝒓 optimization: In this step, 𝑅𝑎𝑟  is optimized and 𝑟𝑐 is set to 0. Since the 𝑅𝑎𝑟  =  𝑅𝑣𝑠 /𝑅ℎ𝑠 and 

𝑅ℎ𝑠 = 1, 𝑅𝑣𝑠 is the only value that varies. In this step, the projection plane is divided in two 

regions, namely 𝑈𝑣 and 𝑈ℎ, as shown in Figure 3.6.a), where 𝜃𝑝 = tan−1(𝑅𝑎𝑟)= tan−1(𝑅𝑣𝑠). The 

authors defined a cost function that counts the number of vertical and horizontal lines that will 

be projected respectively in 𝑈ℎ and 𝑈𝑣, including also a regularization term that benefits 𝑅𝑎𝑟 

values closer to 1, i.e. 𝜃𝑝 = 𝜋 4⁄ ,  to decrease the content distortions [27];  𝜃𝑝  is the cost function 

optimization variable. 𝑅𝑎𝑟 is optimized by minimizing the cost function.  

▪ 𝒓𝑪 optimization: Inevitably, for the previously computed 𝑅𝑎𝑟, partitions of some vertical and 

horizontal straight lines (especially if they are long) could be projected in 𝑈ℎ and 𝑈𝑣, at the same 

time. During the transition between 𝑈ℎ and 𝑈𝑣 ,  these last straight lines are represented strongly 

bended, introducing a large discontinuity. In the second step, the quadrants are divided in three 

areas,  �̂�𝑣,  �̂�ℎ and �̂�, as depicted in Figure 3.6.b). In region �̂�, vertical and horizontal lines are 

softly bended. By increasing 𝑟𝑐 , the partitions of vertical and horizontal lines that were extremely 

bended in 𝑈ℎ and 𝑈𝑣 start to be introduced in �̂�, and their bending is decreased (but not totally). 

The optimization of 𝑟𝐶   is done by minimizing a cost function, where 𝑟𝑐 is the optimization 

variable. The function cost counts the number of vertical lines in �̂�ℎ and the number of horizontal 

lines in �̂�𝑣 (the number of lines that will present bending), and has a regularization term that 

benefits rectangular  images, i.e., 𝑟𝑐 =0. 𝑟𝑐 is optimized by minimizing the cost function. Having 
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the optimized parameters 𝑅𝑎𝑟 and 𝑟𝑐 optimized, the swung surface is computed.  

• Rectilinear projection on the swung surface and final stereographic projection - The VS is 

projected on the already optimized swung surface, using the rectilinear projection, and after the 

content on the swung surface is projected onto the 2D plane, tangent to the swung surface at 𝑍 = 1, 

using a stereographic projection, resulting in the final viewport. The stereographic projection is used 

since it preserves better the conformality  [27]. 

3.3.3 Results and Analysis 

Figure 3.7.a) and b) depict two viewports obtained with the RS projection, for HFoV=VFoV=180º;  

Figure 3.7.c) and  d) present, respectively, the rectilinear and stereographic projection correspondent to 

Figure 3.7.c) to d). 

 

 

  

(a)  (b)  (c) (d) 

Figure 3.7 - (a) RS projection of Shopping Center;  (b) RS; (c) rectilinear and (d) stereographic 
projections of Dining Room  [27]. 

Despite the effort to adjust the swung surface in order to map straight lines in regions where they 

are not bended, it is very hard to obtain a final viewport without bending. This is verified in  

Figure 3.7.a), where the tiles on the bottom have some curvature. In this case, the image to be rendered 

contains long horizontal straight lines that belong to  �̂�, introducing bending; in fact, it is difficult (or even 

impossible) to ensure that long lines are projected only on regions where they are not bended.  

Nevertheless, it is also verified that radial lines are always projected without bending, and that the RS 

projection is more conformal than the rectilinear projection. The stereographic projection preserves 

better the local shapes than the RS projection, but presents also a more noticeable bending of long 

lines.  

3.4 The Pannini Projection     

3.4.1 Objectives 

The Pannini projection uses a cylinder as developable surface, where the VS content is rectilinearly 

projected. However, while in the traditional cylindrical projections the cylinder surface is unwrapped to 

generate the planar image, in the Pannini projection the content of the cylindrical surface is projected 

on a 2D plane using the GPP, with a certain 𝑑. The use of a cylindrical surface allows the projection of 

vertical and all the radial straight lines without bending (note that the horizontal line that cross the 

viewport center is also radial, so it is not bended), while other line orientations are bended. To overcome 

the bending of horizontal lines, a vertical compression (VC) transformation may be used, at the expense 
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of introducing distortion on all radial straight lines (except for the two radial lines that are vertical and 

horizontal). The balance between these two effects is achieved through the VC factor, denoted as 𝑣𝑐.  

 

3.4.2 Technical Solution 

The Pannini projection architecture is depicted in Figure 3.8 and consists in two main modules: 

projection from the VS on the plane, and vertical compression (VC). The  main module on the top 

corresponds to the basic Pannini (BP) projection, where each point  is projected on the plane, with 

coordinates (𝑥𝐵𝑃 , 𝑦𝐵𝑃) . In the main module on the bottom, two types of VC can be used - "Hard" or "Soft" 

-  resulting in a vertical coordinate, 𝑦𝑉𝐶 . After, 𝑦𝑉𝐶  is combined with 𝑦𝐵𝑃  , resulting in 𝑦𝐺𝑃 ,  where the 

weight of each coordinate is determined by 𝑣𝑐.  The final projection is referred to as general Pannini 

(GP) projection, and projects a VS point on the plane with coordinates  (𝑥𝐺𝑃 , 𝑦𝐺𝑃),  where  𝑥𝐺𝑃 = 𝑥𝐵𝑃 . 

 

Figure 3.8 - Pannini projection architecture 

 In the following, the main blocks of Figure 3.8 are described:  

• Projection from the VS to the plane - Consider the Cartesian coordinates system of Figure 3.9, 

showing: a vertically oriented cylindrical surface, whose axis coincides with the 𝑦-axis; the VS, tangent 

to the projection plane ABCD, and inscribed on the cylinder; and, points 𝐾 and 𝐾′, where the former 

belongs to the VS, and the latter is the forward BP projection of 𝐾 on the plane. In the BP projection, the 

VS is first projected on the cylindrical surface using a rectilinear projection (red lines in Figure 3.9) , 

followed by  the projection of the cylindrical surface’s content on the plane (blue lines in Figure 3.9), 

using the GPP with a given d. According to [29], the equations that  described the projection of a VS 

point, with spherical coordinates (𝜙, 𝜃), on the plane, are given by:  

  𝑥𝐵𝑃  = 𝑆 sin(𝜙), (3.4) 

 𝑦𝐵𝑃  = 𝑆 tan(𝜃), (3.5) 

where  

 
𝑆 =

𝑑 + 1

𝑑 + cos(𝜙)
 .  (3.6) 
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Figure 3.9 - General Pannini projection of two points. The red lines project the points from the VS on 
the cylindrical surface;  the blue lines projects the points from the cylinder on the plane.  

• Vertical compression - To reduce the bending of horizontal lines, VC is applied to the BP 

projection. Two types of VC are proposed in  [29]: the “hard” vertical compression (HVC), which 

guarantees the total absence of bending on horizontal lines, but can only be used for FoVs smaller than 

180º; and the “soft” vertical compression (SVC), where the bending of horizontal lines is reduced but 

not totally, and any FoV can be obtained.   For HVC, 𝑦𝑉𝐶   is given by:  

 
𝑦𝑉𝐶  =

tan(𝜃)

cos(𝜙)
  (3.7) 

which corresponds to the 𝑦-axis coordinate obtained for the rectilinear projection ( (2.8) with 𝑑 = 0). For 

SVC, 𝑦𝑉𝐶   depends on cos(𝜃) and 𝑑; however, in [29],  the authors do not formulate its computation, 

since it is not sustained by a theoretical geometry basis, unlike to what occurs to HVC. Accordingly, the 

SVC is not explored in this work.  

After 𝑦𝑉𝐶  computation, it is combined with  𝑦𝐵𝑃  , resulting in the final y-axis coordinate:  

 𝑦𝐺𝑃  = (1 − 𝑣𝑐)𝑦𝐵𝑃   +   𝑣𝑐. 𝑦𝑉𝐶   (3.8) 

where the weighting is the VC factor, 𝑣𝑐 ∈ [0,1].  As 𝑣𝑐 tends to 1,  horizontal lines are projected with 

less bending, being completely straight when HVC is used and 𝑣𝑐 = 1. However, as 𝑣𝑐 increases, radial 

lines, except the two which are vertical and horizontal, start to bend. Using HVC for a point positioned 

at (𝜙, 𝜃) on the VS, the forward GP projection equations, in function of 𝑑 and 𝑣𝑐, and denoted as 

𝑃𝑟𝑜𝑗(𝜙, 𝜃, 𝑑, 𝛼𝑉𝐶)𝐺𝑃 : (𝜙, 𝜃) → (𝑥𝐺𝑃 , 𝑦𝐺𝑃)  , are given by :   

 𝑥𝐺𝑃  = 𝑆 sin(𝜙) , (3.9) 

 
𝑦𝐺𝑃   = (1 − 𝑣𝑐) 𝑆 tan(𝜃) +   𝑣𝑐 

tan(𝜃)

cos(𝜙)
  , (3.10) 

Note that when 𝑑 = 0 the GP projection is equivalent to the rectilinear projection. In the inverse way, for 

point at (𝑥, 𝑦) on the projection plane, the backward GP projection, denoted as 𝑃𝑟𝑜𝑗−1(𝜙, 𝜃, 𝑑, 𝑣𝑐)𝐺𝑃  : 

(𝑥, 𝑦) → (𝜙, 𝜃), is  given by:  
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𝜙  = tan−1 (

𝑥

𝑆 cos(�̌�)
)  , (3.11) 

 
𝜃 = tan−1 (𝑦  [(1 − 𝑣𝑐)𝑆 + 𝑣𝑐 (

1

cos(�̌�)
)] ⁄ ) (3.12) 

where  

 
cos(�̌�) =

−𝑘𝑑 + √𝑘2𝑑2 − (𝑘 + 1)(𝑘𝑑2 − 1 )

𝑘 + 1
  , (3.13) 

 𝑘 =
𝑥

(𝑑 + 1)2
 (3.14) 

To compute the viewport dimensions in length units, 𝑉ℎ𝑠 and 𝑉𝑣𝑠 , (2.30) and  (2.29) are used together 

with the forward GP projections equations defined in (3.9) and (3.10), resulting in:  

 
         𝑉ℎ𝑠 = 2

𝑑 + 1

𝑑 + cos (𝐹ℎ/2)
sin(𝐹ℎ/2) (3.15) 

                     𝑉𝑣𝑠 =  2tan(𝐹𝑣/2). (3.16) 

Thus, the viewport dimensions are independent of 𝑣𝑐.  

For a given viewport aspect ratio, 𝐴𝑅 = 𝑉ℎ𝑠/𝑉𝑣𝑠, HFoV and VFOF cannot be selected individually. 

Figure 3.10 depicts the VFoV in function of 𝑑, and for viewports with HFoV of 150º and 120º, with  aspect 

ratios of 1:1 and 4:3; it shows that the VFoV decreases as 𝑑 increases, which has the consequence of 

decreasing the amount of information presented to the user, even for squared images. 

  

Figure 3.10 - Variation of VFoV in function of 𝑑, in the GP projection. 

3.4.3 Results and Analysis 

Figure 3.11.a) and b) present, respectively, the BP projection with 𝑑 = 1, and the GP projection with 

HVC, and 𝑑 = 1, 𝑣𝑐 = 1, of the Office image; Figure 3.11.a) and d) correspond, respectively, to the 

rectilinear and stereographic projections, of the same image.  

In both Pannini projections, all vertical lines are projected without bending and maintaining their 

orientation. In the BP projection, and since VC is not used, radial lines are projected straight, in 

opposition to what happens with horizontal lines (excluding the horizontal line which is radial). Using 

HVC with 𝑣𝑐 = 1, the horizontal lines are straight, but radial lines are slightly bended (see the table on 

the left side of Figure 3.11.b)). Also, increasing 𝑣𝑐  decreases the objects conformality – as an example 
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of this, compare the chair on the left side of Figure 3.11.a), with  Figure 3.11.b). While the rectilinear 

projection is the only that preserves the lines straightness, it presents also more stretch than the Pannini 

projections. Compared with the stereographic projection, depicted in Figure 3.11.d), the straight lines 

are better rendered with the GP projection; however, the stereographic projection preserves better the 

local shape of objects. 

    

 (a) (b)                (c) (d) 

Figure 3.11 - Office viewport with HFoV=VFoV=120°:  (a) BP projection with 𝑑 = 1; (b) GP projection, 

with HVC, 𝑑 = 1,𝑣𝑐 = 1;  (c) Rectilinear projection, and (d) Stereographic projection. 

The described method has the following main strengths and weaknesses: 

• Strengths – 1) Projects vertical lines without bending; 2) the use of VC allows to control the bending 

between radial and horizontal lines; 3) presents lower stretching than rectilinear projection.  

• Weaknesses – 1) Cannot simultaneously render the horizontal and radial lines without bending. 

Although the Panini projection does not depend on the image content, it is the basis of the optimized 

Panini projection, described in the next section, that can be considered a content aware projection.  

3.5 Optimized Panini Projection 

The optimized general Panini projection (OP), proposed in [25], is a content-aware GP projection 

that uses HVC and optimizes automatically 𝑑 and 𝑣𝑐 as a function of the viewport content.  The image 

content elements considered in the OP parameters optimization are straight lines and salient points 

(SP), i.e., points centered on perceptually relevant regions (e.g., a human face).   

The OP projection is obtained by minimizing a cost function, with variables 𝑑 and 𝑣𝑐.   This function 

combines two metrics: the overall bending metric, computed on the detected lines; and the overall 

stretching metric, that measures the conformality of SPs. By minimizing the cost function, the optimal 

GP parameters, 𝑑𝑜𝑝𝑡 and 𝑣𝑐𝑜𝑝𝑡, are obtained and used for the viewport rendering (the details of this cost 

function, and of its minimization, are provided in Chapter 4). 

Figure 3.12.a) presents a viewport rendered with the rectilinear projection, and with a HFoV of 150º; 

Figure 3.12.b) presents the detected straight lines and salient points. Figure 3.12.c) and Figure 3.12.d) 

depict, respectively, the viewport rendered with the BP projection with 𝑑 = 1,  and with OP projection, 

which obtained 𝑑𝑜𝑝𝑡 =  0.2  and 𝑣𝑐𝑜𝑝𝑡 =  0.4. Compared to the rectilinear projection, OP projection 

preserved better the objects shape, and kept the straightness of the lines (see the green arrow in  Figure 

3.12.d) ). Compared with the BP projection, the OP projection clearly projected better the straight lines. 

Despite of OP projection had a similar conformality to BP projection, it is shown in Figure 3.12.d) that 

stretching is still present (see the red arrow). This suggests that, despite the effort that OP formulation 
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did to achieve a good straightness of lines and conformality of regions near SPs, is difficult to achieve a 

good compromise between them.  

 
 

(a) (b) 

  

(c) (d) 

Figure 3.12 - a) Example of a viewport, with 150º HFoV, rendered with rectilinear  projection (b) SPs 
and straight lines detected; (c) viewport rendered BP Pannini with 𝑑 = 1;  (d) viewport rendered with 

the OP projection,, with 𝑑𝑜𝑝𝑡 = 0.2 and 𝑣𝑐𝑜𝑝𝑡 = 0.4 [30]. 

The OP projection has the following strengths: detects automatically straight lines and SPs, so user 

interaction is not needed; tries to optimize at the same time bending of straight lines and the conformality 

of SPs, in order to preserve the correct shape of regions that are more relevant to the user perception. 

However, the method has some weaknesses, which are explored (and improved) in this Thesis, notably:  

• Line detection inefficiency – Straight lines are automatically detected using the Line Segment 

Detector (LSD) proposed in [31]. Besides some false positives, LSD splits very long straight lines 

into smaller lines, which may induce inaccuracies in the bending metric computation.  

• The used pooling strategies - Each overall metric, bending and stretching, are computed by 

applying, as pooling strategy, the sum operation. However, there is no evidence (the authors did not 

shown it) that this polling strategy is the one that best reflects the user perception of global bending 

and stretching. Other polling strategies are considered in this Thesis. 

• The used stretching metrics - The stretching minimization is based on a conformality metric. whose 

correlation with the perceived stretching was not assessed.  Other metrics, such as area distortion, 

are considered in this Thesis. 

3.6 Fusion of Multiple OP Projections 

The projection method described in this section was proposed in [25], and is based on the OP 

projection. However, it is a multi-projections technique, where the final rendered image results from the 

fusion of multiple OP projections, each one centered in an image SP. Due to this characteristic, the 

presented method is referred to as Multi-Optimized Pannini projection (MOP). Since this projection was 

also considered for evaluation, and potential improvement, in this Thesis, it is only briefly described in 

this section, being its details presented in Chapter 4. 
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MOP explores the fact that objects and lines are represented with much less distortion when they 

are positioned close to the projection center. Thus, instead of using a single projection, MOP  uses 

multiple projections: a globally optimized OP projection (GProj), centered on the viewport center, thus 

aligned with the viewing direction; and a set of locally optimized OP projections (LProj), each one 

centered on a image SP, thus rendering the region around the SP with  lower distortion that would result 

from applying GProj. To obtain the viewport that is shown to the user, the multi projections are spatially 

aligned, and then merged, giving more weight to GProj on the viewport regions between SPs, or to 

LProjs on the viewport regions around the SPs. 

In Figure 3.13 the process used by MOP is exemplified. The GProj is represented in Figure 3.13.a) 

with a SP, signalized by the red circle. Figure 3.13.b) shows the LProj centered on the referred SP, thus 

representing the region around this SP (the chair) with much less distortion than GProj. The LProj is 

aligned with GProj resulting in Figure 3.13.c). Then, GProj is combined with LProj, resulting in the final 

viewport , shown in Figure 3.13.d), where it is possible to verify that the chair is represented with much 

less distortion than in GProj.  

  

(a) (b) 

  

(c) (d) 

Figure 3.13 – Explanation of MOP using the global projection and one local projection: (a)  Result of 
GProj, with a salient point signalized (the red circle); (b) Result of LProj centered in the salient point; 

(c) Result of  LProj  after alignment with GProj; and (d) Result of combining GProj with LProj. 

Figure 3.14.a) and c) represent,  respectively,  the viewports resulting from the OP and MOP 

projections, of the same VS region; Figure 3.14.b) depicts the used SPs (red bullets) and detect lines 

(in green). Compared to the OP projection, the MOP projection preserves better the conformality of 

regions close to SPs, as expected; however, the bending is more visible in the viewport resulting from  

MOP. This can be figured out by comparing the OP and the MOP viewports -  the computer is very 

stretched in OP (red arrow in Figure 3.14.a)) but it is correctly represented in MOP (green arrow in 

Figure 3.14.c)); also, the top line of the viewport (identified by the green arrow in OP) is projected with 

lower bending in OP than MOP.  Globally, the MOP result seems more pleasant, representing the 

objects near SPs with more conformality and less stretching.  
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(a) (b) (c) 

Figure 3.14 - (a) Example of a viewport rendered with OP  projection, and with 150º HFoV; 
(b) detected salient points and straight lines;  (c) viewport rendered with MOP projection. [30] 

The main strength of MOP is to preserve the image conformality, notably around SPs, even for 

viewports with large FoV, as seen in Figure 3.14.c). However, the method has some weaknesses that 

are exploited in Chapter 4, namely:  

• For each considered SP, the OP projection has to be locally optimized, which increases complexity. 

However, when the multiple projections are merged, due to the local projection weighting the used 

information (of LProj result) is mainly from its center, where distortion is almost inexistent. Given 

that the rectilinear projection, or a traditional Pannini projection (not optimized), project also the 

regions close to the projection center with low distortion, it may be more efficient in terms of 

computational cost to use one of these techniques, rather than OP.  

• From  Figure 3.14.c), it is visible that MOP increases the bending when compared with OP.  Thus, 

new solutions for reducing this effect should be investigated.  
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Chapter 4. Content-aware Pannini projection and 

Multi-Projection Fusion 

Two content-dependent projections for ODI rendering were developed in this Thesis, one single-

model based and another multiple-model based (see section 3.1). They are presented and described in 

this chapter. Naturally, the single-model based technique is presented in first place in section 4.1, and 

after the multiple-model based technique is presented in section 4.2.  

4.1 Content-aware Pannini projection  

In this Thesis, the Pannini projection is optimized with an automatic procedure, i.e., the “best” 

parameterization regarding subjective (user) quality is obtained; the projection itself is kept unchanged 

as originally defined in [29] and already described in section 3.4. The proposed optimization procedure 

along with the Pannini projection is called content-aware Pannini projection (CA-PP), inspired by OP 

[25] (briefly described in section 3.5). CA-PP aims to obtain a viewport with high perceptual quality, 

increasing the Quality of Experience (QoE) when omnidirectional images are rendered and shown to 

users.  

In section 4.1.1, the CA-PP architecture and a walkthrough are presented. In the walkthrough, a 

short description (and motivation) of each module of the architecture is presented. The optimization 

procedure considers two types of distortions: the bending distortion and the stretching distortion. In 

section 4.1.2, a procedure to detect 3D straight lines to compute the bending distortion is presented. In 

section 4.1.3, several bending distortion metrics are implemented and described. Tissot parameters are 

used to compute the stretching distortions (see section 2.6). Tissot parameters formulation for the 

Pannini projection is presented in section 4.1.4. In section 4.1.5, several implemented stretching 

distortion metrics are described. Finally, in section 4.1.6, it is described how bending and stretching 

distortion metrics are used to select the optimal projection parameters. 

4.1.1 Architecture and Walkthrough 

Content-aware Pannini projection (CA-PP) is a Pannini projection whose parameter values, 𝑑 and 

𝑣𝑐, are selected based on the visual content to be represented on the viewport, thus being content-
aware. The optimization aims to find parameter values based on bending and stretching geometric 

features, which have a high perceptual impact. The bending feature accounts for the curvature (if any) 
of visual structures when these structures are straight in the 3D visual world (e.g., the walls of a building). 

The stretching feature is related to the geometric distortions of entire objects (e.g., a car or a face), 
namely, if their natural shape is represented accurately or if their area increases or decreases. The 

architecture of CA-PP is presented in 
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Figure 4.1.  

Three main parts constitute the CA-PP:  

• Bending Feature Part: the viewport bending distortion of 𝑁𝑝𝑝 Pannini rendered viewports, with 

different (𝑑𝑓 , 𝑣𝑐𝑔)  values, indexed by 𝑓 ∈ {1, … , 𝑁𝑑} and 𝑔 ∈ {1,… ,𝑁𝑣𝑐}, is computed.  

• Stretching Feature Part: the viewport stretching metric of 𝑁𝑝𝑝 Pannini rendered viewports is  

 

Figure 4.1 – Proposed CA-PP architecture. 

computed for the different (𝑑𝑓 , 𝑣𝑐𝑔). 

• Final Viewport Rendering Part: the bending and stretching distortion metrics of all 𝑁𝑝𝑝 Pannini 

projections are combined. Using this information, the optimal Pannini parameters (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) are 

computed. The optimal parameters provide the viewport with the lowest distortion. Finally, the viewport 

is rendered with (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡), being obtained the CA-PP rendered viewport.  

 The used values of (𝑑𝑓 , 𝑣𝑐𝑔) correspond to all possible combinations between values  𝑑 ∈

{0.1, 0.2, … , 1.0} and 𝑣𝑐 ∈ {0.0, 0.1, … , 1.0}, i.e, {𝑑, 𝑣𝑐} ∈ { (0.1, 0.0) , (0.1,0.1)… (1.0,0.9), (1.0,1.0) }, 

making a total of 𝑁𝑝𝑝 = 𝑁𝑑x𝑁𝑣𝑐 =10×11=110 combinations. As an example, the ( 𝑑𝑓 , 𝑣𝑐𝑔)
 
 values with 
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index (𝑓 = 1, 𝑔 = 1 ) and (𝑓 = 𝑁𝑑 , 𝑔 = 𝑁𝑣𝑐  ) correspond respectively to (0.1,0.0) and (1.0,1.0). The 

projection with 𝑑 = 0 is not considered since it corresponds to a rectilinear projection, for any 𝑣𝑐 value.  

The walkthrough for the proposed architecture proceeds as follows:  

1 Bending Feature Part 

1.1 Rectilinear Viewport Rendering: a viewport is rendered with the rectilinear projection since it 

preserves the straightness of the lines in the 3D world, e.g., the walls of the buildings appear as straight 

lines in the viewport image. The representation of straight lines without bending is crucial to allow their 

detection in the next module. The input is the equirectangular image (ERI) that contains the information 

of the viewing sphere (VS) and the output is a rectilinear viewport image.  

1.2 Line Detection and Merging: to detect straight lines on the rectilinear viewport image, a line 

segment detector is applied to the viewport obtained of the previous step. After, vertical straight lines 

(already detected and merged) are excluded since Pannini projection represents them always without 

bending for any (𝑑, 𝑣𝑐) values. The output of this module is the set of straight lines 𝐿𝑅 (the subscript 𝑅 

refers to Rectilinear). This module is described in section 4.1.2. Each line from 𝐿𝑅 is constituted by 

equally spaced points, being known by their coordinates (𝑥, 𝑦), in length units, and (𝑚, 𝑛) coordinates, 

in pixel units. 

1.3 Line Backward Rectilinear Projection: the detected viewport lines are projected on the VS to be 

projected later with a Pannini projection. Lines from 𝐿𝑅 are mapped onto the VS using the backward 

rectilinear projection for the points that constitute them, being obtained a set of arcs 𝐴, belonging to the 

VS.  Each arc of 𝐴 is the mapping of a line from 𝐿𝑅 on the VS and is constituted by points with spherical 

coordinates (𝜙, 𝜃).  An ERI with arcs superimposed is illustrated in Figure 4.2.a). 

1.4 Line Forward Pannini Projection: this module is first performed using (𝑑𝑓 , 𝑣𝑐𝑔)
 
 values starting with 

(𝑓 = 1, 𝑔 = 1) . To compute the bending feature, each point from an arc of 𝐴  is projected using the 

forward Pannini projection, parameterized by (𝑑𝑓 , 𝑣𝑐𝑔)
 
,  being obtained the set of lines 𝐿𝑃(𝑑𝑓 , 𝑣𝑐𝑔)

 
,  on 

the projection plane (the subscript 𝑃 refers to Pannini). In CA-PP, the used vertical compression type is 

always the hard vertical compression (see section 3.4). Each line of 𝐿𝑃(𝑑𝑓 , 𝑣𝑐𝑔)
 
is constituted by points 

with coordinates (𝑥, 𝑦) and (𝑚, 𝑛).  A Pannini rendered viewport is presented in Figure 4.2.b), where the 

green lines correspond to the forward Pannini projection of arcs from 𝐴, previously illustrated in Figure 

4.2.a).  

 

 

(a) (b) 

Figure 4.2 – (a) ERI with a set of arcs 𝐴 (green lines). (b) Resultant set of lines from the forward 

Pannini projection of 𝐴,  using 𝑑 = 1.0 and 𝑣𝑐 = 0, i.e. 𝐿𝑃(𝑑 = 1.0, 𝑣𝑐 = 0).   



 

38 

1.5 Bending Metric Computation: all lines from 𝐿𝑅 correspond to linear structures in the real-world, 

and after the processing of the previous two modules, they may be represented as curves with some 

associated bending. Typically, when these straight lines are bent, the user perception of quality 

decreases and the perceived geometric distortion increases. This module computes the viewport 

bending distortion, denoted as 𝐵𝐷(𝑑𝑓 , 𝑣𝑐𝑔), of the viewport rendered with the Pannini projection using 

(𝑑𝑓 , 𝑣𝑐𝑔) as parameters. 𝐵𝐷(𝑑, 𝑣𝑐) is computed by: i) computing the line bending of each line from 

𝐿𝑃(𝑑𝑓 , 𝑣𝑐𝑔)  and ii) pooling all line bending values with some operator. Several pooling strategies were 

implemented and evaluated. In section 4.1.3 the line bending metrics and pooling strategies are 

described. The best pooling strategy is selected after some evaluation in section 5.3.1. As mentioned 

earlier, the bending feature is computed for 𝑁𝑃𝑃 different (𝑑, 𝑣𝑐) values. Thus, after 

𝐵𝐷(𝑑𝑓 , 𝑣𝑐𝑔) computation, module 1.4 and module 1.5 are executed for next (𝑓, 𝑔) index combination, 

until  𝑓x𝑔 = 𝑁𝑝𝑝 . The values of all iterations are stored in the bending matrix 𝐵𝑀, indexed by 𝑓 and 

𝑔 values, where 𝐵𝑀[𝑓, 𝑔]=𝐵𝐷(𝑑𝑓 , 𝑣𝑐𝑔). The output of this module is 𝐵𝑀. 

2 Stretching Feature Part   

2.1 Tissot Computation: this module is performed using (𝑑𝑓 , 𝑣𝑐𝑔)  values, starting with (𝑓 = 1, 𝑔 =

1). For the stretching feature computation, Tissot’s indicatrices are used to characterize angular and 

area geometric distortions locally. Angular distortion is directly related with conformality, which is the 

property of preserving the shape of objects locally. A Tissot’s indicatrix is the projection of an infinitesimal 

circle from the VS onto the projection plane and allows to measure different types of stretching geometric 

distortions. The Tissot’s indicatrix has an elliptical shape, representing the effect of angular distortion 

and may have a different area from the VS, representing the effect of area inflation. In the specific case 

when the elliptical shape corresponds to a circle, conformality is guaranteed. The characterization of the 

Tissot’s indicatrices (ellipsis) on the projection plane is made with a set of parameters, notably the semi-

major and semi-minor axis 𝑎 and 𝑏 of the ellipse (see section 2.6). The output of this module is the set 

of 𝑎 and 𝑏 for all viewport pixels positions. In section 4.1.4, is described how 𝑎 and 𝑏 are computed 

according the Pannini projection.  

2.2 Stretching Metric Computation: for each pixel  (𝑚, 𝑛) a stretching metric using 𝑎 and 𝑏  is 

computed. Several stretching metrics were implemented, which are presented and described in section 

4.1.5. The best stretching metric is selected in section 5.3. The viewport stretching measure denoted as 

𝑆𝐷(𝑑𝑓 , 𝑣𝑐𝑔), characterizes the global geometric distortion of the viewport in terms of stretching. Similar 

to the bending feature module, there is an 𝐷(𝑑𝑓 , 𝑣𝑐𝑔) for each used 𝑁𝑃𝑃  Pannini projections. Thus, 

modules 2.1 and 2.2 are performed for all (𝑑𝑓 , 𝑣𝑐𝑔) combination. The 𝑆𝐷(𝑑𝑓 , 𝑣𝑐𝑔) values of all iterations 

are stored in the stretching matrix 𝑆𝑀, indexed by 𝑓 and 𝑔 values, where 𝑆𝑀[𝑑𝑓 , 𝑣𝑐𝑔]=𝑆𝐷(𝑑𝑓 , 𝑣𝑐𝑔),The 

output of this module is 𝑆𝑀. 

3 Final Viewport Rendering Part 

3.1 Pannini Parameters Optimization: this module identifies which are the optimal Pannini parameters 

(𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) values, i.e., the parameters that render the viewport that provides the best perceptual 

experience for the user. To achieve this, bending distortions and stretching distortions are considered. 

Therefore both 𝐵𝑀 and 𝑆𝑀 are used in this module. The output of this module is the so-called optimal 
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Pannini parameters (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡). This module is described in detail in section 4.1.6.  

3.2 Pannini Viewport Rendering: the final viewport is rendered using the Pannini projection with 

parameters (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡), i.e., with the proposed CA-PP projection. Some VS points mapped by the used 

Pannini projection may map a non-integer pixel location in ERI; the bilinear interpolation is used to obtain 

those pixel values. The output of this module is the final CA-PP viewport image.    

4.1.2 Line Detection and Merging 

The EDLines technique, proposed in [32], is used to detect straight lines on the rectilinear viewport 

and was selected due to its state-of-the-art performance for this task. Lines detected by EDLines on a 

960x540 rectilinear rendered viewport image are illustrated in Figure 4.3.a). Besides, EDLines does not 

require parameter tuning and includes a step that controls the number of false positives. Finally, it can 

be executed with lower computational complexity – it detects 235 lines on 9.45 ms in a 480x360 image 

[32]. The EDLines detector makes use of a chain of clean, contiguous (connected) of edge pixels and 

includes a validation step which allows to control the number of false detections.   

Line merging is used to merge detected lines from EDLines that are collinear and closer to each 

other. The line merging algorithm used in this work is proposed in [33]. The line merging process is 

described as follows: 

1. Lines that have a slope difference, in angle, lower than 𝐴𝐶 are grouped. Lines from the same group 

are almost parallel.  

2. For each previous group of lines, the lines are split into new groups according to the difference 

between their interception values with the left border viewport axis. Lines that belong to the same 

group are approximately collinear. The parameter 𝐶𝑐, in pixel units, controls the maximum allowed 

difference between the interception value of the same group lines. Lower 𝐶𝐶 values originate groups 

with a lower number of lines but more colinear. 

3. For each group of lines established in the previous step, lines are merged if its start or endpoint is 

closer than 𝐿𝑚 pixels to the start or endpoint of another line.  

After line merging, lines whose length is lower than a threshold 𝐿𝑓 , in pixels, are filtered out. This 

procedure excludes very short lines, whose curvature has an insignificant perceptual impact for the user, 

compared to long lines. It also allows the filtering of some EDLines false positives. In Figure 4.3.b), the 

result obtained from the line merging algorithm of Figure 4.3.a) is illustrated. For this image, the following 

parameters values were used:  𝐴𝐶 = 3° , 𝐶𝑐 = 16  pixels, 𝐿𝑚 =  16 pixels and 𝐿𝑓 =   80  pixels. 

  

(a) (b) 

Figure 4.3 –  960x540 Rectilinear rendered viewport images, with HFoV=150º, (a) straight lines 
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detected by EDLines, and (b) straight lines obtained by line merging algorithm, with 𝐴𝑐 = 3° , 𝐶𝑐 =
16  pixels, 𝐿𝑚 =  16 pixels and 𝐿𝑓 =   80  pixels.  

After, vertical lines are excluded since Pannini projection preserves their straightness for any (𝑑, 𝑣𝑐). 

At this point it is only known the endpoints position of each lines. The remaining points that constitute a 

line are obtained by iterating along the line, with a step size Δ𝑝 of length of 1 pixel, starting in one of the 

line endpoints. The output of this module is 𝐿𝑅, which correspond to the set of straight lines that are 

detected, merged, filtered and sampled in points. 

4.1.3 Bending Features Computation 

In a viewport rendered with Pannini projection, some lines could appear bended (as curves), which 

does not reflect our perception of the visual scene. These lines were previously detected in a viewport 

obtained after a rectilinear projection, represented on the VS and then forward projected with the Pannini 

projection. Naturally, line bending provokes a negative perceptual impact on the user. Thus, the viewport 

bending distortion metric is computed, and it aims to quantify how much the viewport is distorted in terms 

of bending. This process involves: i) computing the bending of each projected line and ii) pooling the 

bending scores of all projected lines of the viewport. In this section, consider that 𝐿𝑝 is the set of all 

projected lines.  

Line Bending Metric Computation 

Consider Figure 4.4 where a projected line 𝑙 from 𝐿𝑝 and a straight line 𝑠, whose endpoints are also 

the endpoints of 𝑙, are shown. The line bending 𝐿𝐵 metric of 𝑙 corresponds to the maximum 

perpendicular distance between the bended line 𝑙 and the straight line 𝑠, in pixel units. 𝐿𝐵 is obtained 

by computing the perpendicular distance 𝑃𝐷 from each point of 𝑙 (with position coordinates (𝑚, 𝑛)) to 𝑠, 

and posteriorly selecting the highest computed 𝑃𝐷 value. In this way, for a straight line, 𝐿𝐵 will be zero, 

and for a bended line 𝐿𝐵 increases proportionally to the amount of bending. 

 

Figure 4.4 - Projected line 𝑙 representation where 𝐿𝐵 is the maximum perpendicular distance. 

 The perpendicular distance 𝑃𝐷 for a point of 𝑙, with coordinates (𝑚, 𝑛), is given by:  

 𝑃𝐷 = 
|𝑚𝑠(𝑛𝑒  − 𝑛) + 𝑚𝑒(𝑛 − 𝑛𝑠) + 𝑚(𝑛𝑠 − 𝑛𝑒)|

√(𝑚𝑠 − 𝑚𝑒)
2 + (𝑛𝑠 − 𝑛𝑒)

2
, (4.1) 

where (𝑚𝑠, 𝑛𝑠) and (𝑚𝑒, 𝑛𝑒) correspond respectively to the line start and endpoint positions. The line 

bending of line 𝑙, constituted by a number of points 𝑁𝑃, is given by 

 𝐿𝐵 = max
 

(𝑃𝐷1, 𝑃𝐷2, … , 𝑃𝐷𝑁𝑃) (4.2) 

where 𝑃𝐷1 is the perpendicular distance of the point with index 1,  and so on.   

Viewport Bending Distortion Metric Computation 

To compute the viewport bending distortion 𝐵𝐷 metric, for an entire Pannini rendered viewport, the 
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line bending values of all detected lines are pooled. Different pooling strategies were defined and used. 

Consider that 𝐿𝑃 includes a number of lines 𝑁𝐿,  indexed by 𝑖. In Table 4.1 the different used pooling 

strategies are presented, with the correspondent viewport bending distortion metric, from 𝐵𝐷1 to 𝐵𝐷5. 

Table 4.1 – Proposed viewport bending metrics obtained for several pooling strategies. 

Pooling Strategy Viewport Bending Distortion Metric Reference 

Maximum 𝐵𝐷1 = max
 

(𝐿𝐵1 , 𝐿𝐵2, … 𝐿𝐵𝑁𝐿)   (4.3) 

Average 𝐵𝐷2 = 
∑ 𝐿𝐵𝑖

𝑁𝐿
𝑖=1

𝑁𝐿 
 (4.4) 

Weighted Average 𝐵𝐷3 =
∑ 𝑤𝑖 × 𝐿𝐵𝑖

𝑁𝐿 
𝑖=1

∑ 𝑤𝑖
𝑁𝐿
𝑖=1

 (4.5) 

Sum 𝐵𝐷4 = ∑ 𝐿𝐵𝑖
𝑁𝐿
𝑖=1   (4.6) 

Weighted Sum 𝐵𝐷5 = ∑ 𝑤𝑖 × 𝐿𝐵𝑖
𝑁𝐿
𝑖=1   (4.7) 

 

Typically, long lines attract more the user attention and thus the bending of these lines have a more 

negative impact. Thus, the weight 𝑤𝑖, that corresponds to the length, in pixel units, of line 𝑖, was 

introduced. The line length corresponds to the sum of all distances between consecutive points that 

constitute the line. 𝐵𝐷3 and 𝐵𝐷5 are respectively the weighted formulations of 𝐵𝐷2 and 𝐵𝐷4. Thus, 𝐵𝐷3 

and 𝐵𝐷5 give more importance to the bending of long lines compared to short lines. For long and short 

lines with equal curvature, this weighting considers that longer lines are more perceptually relevant.  

Also, the viewport bending metric 𝐵𝐷6 used in [25] was also used for comparison with the proposed 

metrics of Table 4.1. In [25], the proposed line bending, denoted herein as 𝐿𝐵𝑚𝑖𝑑 , corresponds to the 

perpendicular distance from the mid-point of 𝑙 to the straight line 𝑠. To find the mid-point of 𝑙, the total 

length of 𝑙 is computed, and the mid-point is the point whose distance surpasses half of the length of 𝑙, 

considering one of the endpoints. For this point, its perpendicular distance to 𝑠 is computed, being 

obtained 𝐿𝐵𝑚𝑖𝑑 . The viewport bending metric 𝐵6 is given by [25]: 

 𝐵𝐷6 = ∑ 𝐿𝐵𝑚𝑖𝑑 
2  𝑁𝐿

𝑖=1   (4.8) 

4.1.4 Tissot Computation  

In CA-PP, Tissot indicatrices (ellipses) are used to locally measure the geometric stretching 

distortion. These measures are calculated for each viewport pixel position (𝑚, 𝑛) of the viewport using 

the Tissot parameters: their major-axis 𝑎 and minor-axis 𝑏, mathematically defined in (2.15) and (2.16). 

To compute 𝑎  and 𝑏 for (𝑚, 𝑛), their coordinates (𝑥, 𝑦), in length units, and correspondent partial 

derivates 𝜕𝑥 𝜕𝜙⁄ , 𝜕𝑥 𝜕𝜃⁄ , 𝜕𝑦 𝜕𝜙⁄  and 𝜕𝑦 𝜕𝜃⁄ , according Pannini projection, are needed. (𝑥, 𝑦) of 

associated to (𝑚, 𝑛) is obtained using (2.32) to (2.33), and posteriorly (2.34) to (2.35). Using the forward 

Pannini projection equations, (3.9) and (3.10), the partial derivates are given by:  

 
𝜕𝑥

𝜕𝜙
=

𝑑2 cos(𝜙) + 𝑑. 𝑐𝑜𝑠(𝜙) + 𝑑 + 1

(𝑑 + cos(𝜙))2
 (4.9).. 
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 𝜕𝑥

𝜕𝜃
= 0 

(4.10) 

 𝜕𝑦

𝜕𝜙
=

(1 − 𝑣𝑐)(𝑑 + 1 ) tan(𝜃) sin(𝜙)

(𝑑 + cos(𝜙))2
+

𝑣𝑐 tan(𝜃) sin(𝜙)

cos2(𝜙)
 

(4.11) 

 𝜕𝑦

𝜕𝜃
=

1

cos2(𝜃)
[(1 − 𝑣𝑐)

𝑑 + 1 

𝑑 + cos(𝜙)
+

𝑣𝑐

cos (𝜙)
] 

(4.12) 

where (𝜙, 𝜃) is the position of the VS point obtained from the backward Pannini projection of point (𝑥, 𝑦), 

defined by (3.11) and (3.12); and 𝑑 and 𝑣𝑐 are the Pannini parameters.  

For each viewport pixel position (𝑚, 𝑛), its coordinates (𝑥, 𝑦) are obtained, then the partial derivates 

are calculated using (4.9) to (4.12), and finally 𝑎 and 𝑏 are computed using (2.15) and (2.16). In the end 

of this module, for each viewport pixel, the Tissot parameters, 𝑎 and 𝑏, and correspondent partial 

derivates, 𝜕𝑥 𝜕𝜙⁄ ,  𝜕𝑥 𝜕𝜃⁄ , 𝜕𝑦 𝜕𝜙⁄  and 𝜕𝑦 𝜕𝜃⁄ , are known. Note that these parameters are obtained 

independently of the viewport content.  

4.1.5 Stretching Feature Computation  

In this section, the used viewport stretching distortion metrics 𝑆𝐷 are described. 𝑆𝐷 aims to quantify 

the stretching distortion of a viewport to be rendered using the Pannini projection. First, it is computed 

a stretching distortion measure for all viewports pixels positions. Three local stretching metrics were 

defined, namely, the angle deformation, and the area and conformality distortion metrics, computed 

based on Tissot parameters, 𝑎 and 𝑏, and from their partial derivatives 𝜕𝑥 𝜕𝜙⁄ , 𝜕𝑥 𝜕𝜃⁄ , 𝜕𝑦 𝜕𝜙⁄  and 

𝜕𝑦 𝜕𝜃⁄ .  After, 𝑆𝐷 is computed by combining the measures of all viewport pixels positions, being obtained 

three different 𝑆𝐷, one for each local stretching metric. In section 5.3.1, the different proposed metrics 

are evaluated, being the best one selected.  

Local Stretching Metrics Computation 

The angle deformation 𝑑𝑎𝑛𝑔𝑙𝑒 and area distortion 𝑑𝑎𝑟𝑒𝑎 are proposed in [34], and for a pixel (𝑚, 𝑛) 

in the viewport  they are given by: 

 𝑑𝑎𝑛𝑔𝑙𝑒 = 2 sin−1 (
|𝑎 − 𝑏 |

𝑎 + 𝑏 

), (4.13).. 

 𝑑𝑎𝑟𝑒𝑎 = 𝑎. 𝑏 − 1 (4.14) 

where 𝑎 and 𝑏 are the Tissot parameters associated to viewport pixel position (𝑚, 𝑛), calculated in 

previous section.  These metrics measures the following distortions:  

• 𝑑𝑎𝑛𝑔𝑙𝑒 measures how much deformed are the local angles in the viewport pixel position (𝑚, 𝑛). 

If 𝑑𝑎𝑛𝑔𝑙𝑒 is equal to zero, conformality is obtained and all the local angles are preserved on 

(𝑚, 𝑛). Note that 𝑑𝑎𝑛𝑔𝑙𝑒 = 0 implies that 𝑎 = 𝑏 and thus, the Tissot Indicatrix has the major 

and minor axis with equal length, corresponding to a circle (its shape is preserved). If 𝑑𝑎𝑛𝑔𝑙𝑒 ≠

0, the indicatrix is an ellipse and its local shape is distorted.  

• 𝑑𝑎𝑟𝑒𝑎 measures the area inflation or deflation in the viewport pixel position (𝑚, 𝑛). 𝑑𝑎𝑟𝑒𝑎 equal 

to zero implies that 𝑎. 𝑏 = 1, which means that the local region of pixel (𝑚, 𝑛) is not distorted in 
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terms of area. This is expressed by ellipses (or circles) of the Tissot indicatrices whose areas 

may vary across the projection plane. 

The local stretching distortion used in [25] was also implemented, which is referred 𝑑𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙.  

For a viewport pixel position (𝑚, 𝑛), 𝑑𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙 is defined by, 

 
𝑑𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙 = (cos(𝜃)

𝜕𝑥

𝜕𝜃
+

𝜕𝑦

𝜕𝜙
)

2

+ (cos(𝜃)
𝜕𝑦

𝜕𝜃
−

𝜕𝑥

𝜕𝜙
)

2

, (4.15) 

where the partial derivates are given by (4.9) to (4.12), and computed using its length position 

coordinates (𝑥, 𝑦), and 𝜃 is the latitude coordinate of (𝑥, 𝑦) backward Pannini projected. These are 

computed in the previous section. As long 𝑑𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙 is closer to zero, the conditions of conformality 

presented in (2.25) and (2.26) are more respected, and therefore the local region of (𝑚, 𝑛) is conformal 

and local shape in terms of angles is preserved.  

The distortion metrics of 𝑑𝑎𝑛𝑔𝑙𝑒, 𝑑𝑎𝑟𝑒𝑎 and 𝑑𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙  are computed for each pixel position (𝑚, 𝑛) 

that will constitute the viewport.  

 

Viewport Stretching Metrics computation 

Three viewport stretching distortions metrics 𝑆𝐷 were defined, namely, 𝑆𝐷𝑎𝑛𝑔𝑙𝑒, 𝑆𝐷𝑎𝑟𝑒𝑎 and 

𝑆𝐷𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙, where each global metric is the average of the correspondent stretching values of all 

viewport pixels . Thus, the following three metrics were defined: 

 𝑆𝐷𝑎𝑛𝑔𝑙𝑒 = 
1

𝑊.𝐻
∑ ∑ 𝑑𝑎𝑛𝑔𝑙𝑒(𝑚, 𝑛)            

𝐻−1

𝑛=0

𝑊−1

𝑚=0
 (4.16).. 

 
𝑆𝐷𝑎𝑟𝑒𝑎 = 

1

𝑊.𝐻
∑ ∑ 𝑑𝑎𝑟𝑒𝑎(𝑚, 𝑛)            

𝐻−1

𝑛=0

𝑊−1

𝑚=0
 

(4.17) 

 
𝑆𝐷𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙 = 

1

𝑊.𝐻
∑ ∑ 𝑑𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙(𝑚, 𝑛)

𝐻−1

𝑛=0

𝑊−1

𝑚=0
 

(4.18) 

where 𝑑𝑎𝑛𝑔𝑙𝑒(𝑚, 𝑛), 𝑑𝑎𝑟𝑒𝑎(𝑚, 𝑛) and 𝑑𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙(𝑚, 𝑛) corresponds to the local stretching distortions 

measures for pixel (𝑚, 𝑛); and 𝐻 and 𝑊 are the width and height of the viewport, in pixels units. The 

presented viewport metrics are content-independent since the information about the content of the 

viewport (pixels) is not used. 

4.1.6 Pannini Parameters Optimization 

The bending and stretching distortions have a significant influence on the viewport perceived quality, 

and thus both distortions must be considered to select the optimal Pannini parameters (𝑑𝑜𝑝𝑡,𝑣𝑐𝑜𝑝𝑡). To 

perform this optimization, the bending matrix 𝐵𝑀 and stretching matrix 𝑆𝑀 are obtained, and both 

contain, respectively, the viewport bending and stretching distortion measures for any of the 𝑁𝑝𝑝 Pannini 

rendered viewports, i.e. for any projection parameters (𝑑𝑓 , 𝑣𝑐𝑔). 𝐵𝑀 and 𝑆𝑀 are combined, being 

obtained the Perceived Distortion Matrix 𝑃𝐷𝑀, which aims to measure the total perceived distortion, for 

any of the 𝑁𝑝𝑝 Pannini projections. The 𝑃𝐷𝑀 is obtained using the following expression:  
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 𝑃𝐷𝑀[𝑓, 𝑔] =  𝐵𝑆𝑅 
𝐵𝑀[𝑓, 𝑔]

𝑏𝑚á𝑥

+
𝑆𝑀[𝑓, 𝑔]

𝑠𝑚𝑎𝑥 − 𝑠𝑚𝑖𝑛 
, (4.19) 

where: 

• 𝑃𝐷𝑀 is indexed by (𝑓, 𝑔), like 𝐵𝑀 and 𝑆𝑀. 𝑃𝐷𝑀[𝑓, 𝑔] contains the measured viewport distortion of 

the Pannini viewport to be rendered with (𝑑𝑓 , 𝑣𝑐𝑔) values.  

• 𝐵𝑀 can be computed with any of the viewport bending distortion metrics 𝐵𝐷, presented in section 

4.1.3, and 𝑆𝑀 with any of the viewport stretching distortion metrics 𝑆𝐷, presented in section 4.1.5. 

Therefore, different combinations of these might be used to compute 𝑃𝐷𝑀. 

• 𝑏𝑚𝑎𝑥 is the 𝐵𝑀 normalizing constant and seeks to normalize the overall bending distortion values 

between 0 and 1. When normalized 𝐵𝑀[𝑓, 𝑔]  is equal to 0, means that all detected 3D straight lines 

are projected in a straight way and the bending distortion is zero; and when it is equal to 1 (or 

greater), the viewport bending distortion is very high. A 𝑏𝑚𝑖𝑛 is not needed since 𝐵𝑀[𝑓, 𝑔] minimum 

value is already zero and occurs when all the lines are projected without any bending. As different 

bending metrics 𝐵𝐷 might be used to compute 𝐵𝑀 , 𝑏𝑚𝑎𝑥  value is different for each one of them. 

𝑏𝑚á𝑥 varies with the spatial resolution of the final viewport  because the line bending distortions are 

measured in pixel units. Consequently, the 𝑏𝑚á𝑥 values to use depend on the test conditions. 

• 𝑠𝑚𝑎𝑥  and 𝑠𝑚𝑖𝑛 , with 𝑠𝑚𝑎𝑥 > 𝑠𝑚𝑖𝑛 , are the 𝑆𝑀 normalizing factors that aim to normalize the viewports 

stretching distortions values between 0 and 1. When normalized 𝑆𝑀[𝑓, 𝑔] is close to zero 0, the 

viewport has a small stretching distortion value (stretching distortion is always present); and when 

it is close to 1, the viewport stretching distortion is very high.  As different viewport stretching metrics 

𝑆𝐷 might be used to compute 𝑆𝑀, the values 𝑠𝑚𝑖𝑛 and 𝑠𝑚𝑎𝑥  values to be used differ between the 

used 𝑆𝐷 metrics.  For viewports with different FoVs, the range of values in 𝑆𝑀 varies. Thus, 

𝑠𝑚𝑖𝑛  and 𝑠𝑚𝑎𝑥  values depend on the test conditions.  

• 𝐵𝑆𝑅 is the bending-stretching ratio constant (non-negative value). Perceptually, the bending 

distortion may have greater importance than stretching or vice-versa. Therefore, a point-wise scaling 

of the values of 𝐵𝑀 is done using 𝐵𝑆𝑅.  If 𝐵𝑆𝑅 > 1, more importance to bending than stretching is 

given when optimizing the parameters; and if 0 < 𝐵𝑆𝑅  < 1, the opposite occurs. To obtain more 

pleasant viewports, the 𝐵𝑆𝑅 value should reflect quantitatively the real perceptual importance that 

users give to bending distortion over stretching when a viewport is visualized. Note that the best 

𝐵𝑆𝑅 value depends on the bending and stretching distortion metrics that may be used to compute 

𝑃𝐷𝑀 and thus can be different for each combination. 

Assuming that a specific pair of viewport bending and stretching metrics is selected (for example 

𝐵𝐷1 and 𝑆𝐷𝑎𝑟𝑒𝑎) to compute 𝐵𝑀 and 𝑆𝑀, and are known their values 𝑏𝑚𝑎𝑥 , 𝑠𝑚𝑎𝑥 , 𝑠𝑚𝑖𝑛 and its optimal 

𝐵𝑆𝑅 value, the 𝑃𝐷𝑀 is computed using (4.19). After, (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) is obtained by selecting the element 

of 𝑃𝐷𝑀 with lowest value, whose index (𝑓, 𝑔) selects the (𝑑𝑓 , 𝑣𝑐𝑔) values to be used as (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡). 

The Pannini parameterization (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) leads to the viewport with the lowest distortion, being 

obtained the best parameterization. 

The performance of all possible combinations between bending and stretching metrics was 

perceptually evaluated to select the best one.  Also, a 𝐵𝑆𝑅 value was obtained for each combination 
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using a small ground truth dataset, constructed for this effect. The description of the metric combination 

performance test, the dataset and its results are described in chapter 5.3.1.  In the same section are 

also presented the used values 𝑏𝑚𝑎𝑥 , 𝑠𝑚𝑎𝑥 and 𝑠𝑚𝑖𝑛  for each metric. 

A CA-PP limitation occurs when straight lines are positioned near the viewport borders. According 

Figure 3.10, the VFoV represented on a viewport, with a specific aspect ratio and constant HFoV, 

decreases as 𝑑 value increases (the same occurs for HFoV if VFoV is fixed). Then, the increase of 𝑑 

might exclude some of these straight lines, whereby, the computed bending distortion measured by CA-

PP might be smaller for larger values of 𝑑. So, in this specific case, to benefit the decrease of bending 

distortion through 3D straight lines exclusion (content exclusion), CA-PP may select higher values for 

𝑑𝑜𝑝𝑡 .  Consequently, the viewport will have a smaller VFoV, providing lower immersive experience to the 

user. 

4.2 Multi-projections fusion 

Although CA-PP was designed to minimize the perceptual distortion of a viewport, namely the 

bending and stretching distortions, it is difficult to obtain a viewport where all content is presented 

undistorted, especially for viewports with different characteristics (buildings and faces,…). Typically, 

when a particular parameterization of the Pannini projection is selected, a tradeoff is done between 

some regions more geometrically distorted (e.g., with some line bending) and the preservation of shapes 

(i.e., less stretching) in other regions. This problem is more visible for viewports with a large field of view, 

where stretching and bending distortions are more perceptible, especially in regions far away of the 

viewport center. To overcome this problem, another projection technique that combines multiple 

projections in the same viewport was developed in this Thesis, the so-called Multi-projections fusion 

(MPF).  

MPF solution is inspired by MOP [25] (briefly described in section 3.6), which renders a viewport by 

combining the spherical coordinates of multiple projections. Since for any single projection, the content 

represented in its viewport center contains less stretching distortions, MPF takes advantage of multiple 

projections centered in different locations (viewing directions) to obtain an overall viewport with improved 

subjective quality. The viewport rendered by MPF results from a combination process, called fusion, of 

these multiple projections. Fusion gradually varies the influence of each projection along the viewport 

to represent the entire content with lower shape distortions.  

In section 4.2.1, the MPF architecture and a walkthrough are presented. MPF fuses two distinct 

types of projections: global and multiple local projections. The global projection is optimized for the entire 

visual scene while the local projections are centered in salient points and represent regions perceptually 

important where geometric distortions should be minimized. Section 4.2.2 describes how salient points 

are detected and section 4.2.3 describes how local projections are constructed. Finally, section 4.2.4 

describes how these projections are fused, to obtain a final viewport.  

4.2.1 Architecture and Walkthrough 

The multi-projections fusion is a method that seeks to minimize the viewport geometric distortions 

both locally and globally, by applying multiple projection models centered on each perceptually important 
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region of the image. This is made through the combination, the so-called fusion, of multiple projections 

that represent image content with less local shape distortion for different image regions. The projections 

used in MPF are classified into two types:  

• Global projection (GProj):  corresponds to a projection whose tangency point (only one GProj is 

used) with the VS is the viewing direction (VD) and corresponds to the viewport center. The content in 

the central region of GProj is represented with lower shape deformations since it is near to the tangency 

point (as usual). In the final viewport, more influence is given to GProj than the remaining multiple 

projections and thus, GProj uses the CA-PP projection model since it has a good compromise between 

bending and stretching distortions, aiming the global improvement of the final viewport. GProj associates 

each viewport pixel position to a point in the VS.  

• Local projection (LProj): corresponds to a projection whose tangency point with the VS 

corresponds to a salient point (SP) defined on the VS. A SP is located in the center of perceptually 

relevant content (e.g. face, car) and a unique LProj is associated to it. Thus, the local region of a SP is 

represented with less distortion by the LProj (compared to GProj), with objects less shape distorted. The 

regions around the SP from LProj have more influence in the final viewport and thus, the rectilinear 

projection model is used since stretching is low in image regions close to the tangency point (where the 

SP is located), and no bending distortions occur. As in GProj, LProj associates each viewport pixel 

position to a corresponding point in the VS.   

Fusion computes the final spherical coordinates of each viewport pixel position by combining the 

spherical coordinates obtained for the GProj and the multiple LProjs. Fusion varies the influence of 

LProjs along with the viewport, such that image regions close to a SP location are more influenced by 

its associated LProj; thus, the local regions around the SP (from now on referred as local salient regions) 

are represented with low shape distortions. GProj has more influence in regions near the central 

viewport (or which are not close to local salient regions) since it represents the content with less 

distortion (or for which geometric distortions do not have much perceptual importance).  

 The MPF architecture is shown in Figure 4.5.   

 

Figure 4.5 - Proposed MPF architecture. 

The walkthrough for the proposed architecture proceeds as follows:  

1. Global Projection Construction: In this module, the spherical coordinates of the GProj are 

computed using the CA-PP projection, described in section 4.1. Accordingly, Pannini parameters are 
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optimized to represent the scene with minimal overall distortion, obtaining a good compromise between 

bending and stretching distortions. From the parameters optimization, (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) are obtained, and 

are used to calculate the spherical coordinates, using the backward Pannini projection (described in 

section 3.4), considering the FoV and VD selected by the user, and the viewport aspect ratio. Figure 4.6 

represents a viewport rendered with GProj (this means CA-PP) with the corresponding input ERI. In this 

specific visual scene, CA-PP represents some faces with shape distortions but is able to represent 3D 

straight lines without bending. 

2. Saliency Map Computation: SPs should be positioned in the center of objects that have perceptual 

importance; this will allow to find the best tangency points for the LProjs and thus minimize geometric 

distortions for regions that often attract user attention (salient regions). In this way, saliency detection is 

performed to obtain a relative characterization of the areas of an image that attract the attention of 

humans [35]. A saliency map for the input ERI is computed, which is a gray-scale heatmap that 

represents the probability of each pixel of the ERI being fixated by a human. The SalNet360 method, 

proposed in [36], was selected to compute the saliency map for the entire omnidirectional image. This 

is better than computing the saliency for every viewport that needs to be rendered since it avoids a new 

saliency map computation whenever the VD changes, saving computational complexity and being 

consistent when the user navigates along the ODI. SalNet360 starts by partitioning the ODI, represented 

in the equirectangular format, in six parts that are projected in 2D planes; this results into six patches. 

The six patches are processed by a Convolutional Neural Network (CNN) that combines two 

subnetworks: the base CNN and the refinement network. First, the six patches saliency maps are 

computed by the base CNN, previously trained to compute saliency maps.  After, the obtained six 

saliency maps are processed by the refinement network, where their saliency is refined taking into 

consideration the spherical coordinates of their pixels on the ODI. Finally, the final 360º saliency map is 

obtained by inverting the projection in the six patches, combining the six obtained saliency maps [36]. 

The saliency map obtained for the ERI of Figure 4.6.a) is represented in Figure 4.7.a). Regions with 

more intensity (more white) in the saliency map have higher values of saliency.  

  
                                (a)                             (b) 

Figure 4.6 – (a) Input ERI; and (b) CA-PP (equivalently, GProj) rendered viewport (with a HFoV of 
150º) , i.e., Pannini projection with automatically computed parameters (𝑑𝑜𝑝𝑡 = 0.1, 𝑣𝑐𝑜𝑝𝑡 = 0.7) 

(module 1). 

3. Salient Points Computation: SPs are computed using the texture information of the ERI and its 

saliency map. First, the ERI is spatially divided with a iterative clustering algorithm (based on superpixels 

[37]), being obtained clusters that adhere to objects' boundaries in the visual scene. The segmentation 

process groups pixels based on their color similarity and spatial proximity on the VS. A mean saliency 
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value of each cluster is computed to measure its perceptual importance. Not all clusters are perceptually 

important (may correspond to irrelevant areas in terms of user attraction), and thus only clusters with 

high saliency (mean saliency value) are selected to be further processed. The SPs will be positioned 

inside the high salient clusters. Moreover, to assure the existence of SPs for any future viewport to be 

rendered, it is enforced a criteria to have an uniform distribution of SPs over the entire sphere. The entire 

process is described in more detail in section 4.2.2. The output of this module is the SPs position on the 

VS. In Figure 4.7.b) is represented the ERI segmented, with the computed SPs.  

  
                                (a)                                    (b) 

Figure 4.7 – (a) Saliency map of the ERI represented in Figure 4.6.a), obtained using SalNet360 
(module 2); (b) ERI segmented by MPF (module 3) (where red lines represent the boundaries of the 

computed clusters and the green squares are the computed SPs. 

4. Multiple Local Projections Construction: LProjs are an important part of this solution since they 

aim to represent perceptual important content in the viewport with less perceived geometric distortion, 

compared to GProj rendered viewport. In this module, a LProj is computed for each SP. Each LProj is 

constructed by applying a backward rectilinear projection onto the VS, considering the SP as the 

tangency point between the projection plane and VS. To enable a correct fusion between LProjs and 

GProj, the local salient regions of each LProj are aligned over the corresponding regions on GProj; this 

means that objects boundaries projected by local models need to be somewhat aligned with object 

boundaries projected by the global model. Due to stretching, GProj often projects local salient regions 

with an area increase (depending on their position in the projection plane) and thus, a scaling process 

is also performed on LProj to increase the size of the projected region, allowing better fitting with the 

corresponding area on GProj. An example of a viewport rendered with LProj after alignment and scaling 

is depicted in Figure 4.8.b), with its SP marked with the red square; the shape of the local salient region 

(the man’s head) is represented with less geometric deformations compared to the representation 

obtained for GProj (highlighted by red square in Figure 4.8.a), which is heavily distorted. Note that the 

man’s head have similar dimensions, in pixel units, when compared with its representation on GProj of 

Figure 4.8.a). The output of this module are the spherical coordinates of the 𝑊 × 𝐻 VS points mapped 

for each LProj. The entire process is described in more detail in section 4.2.3. 
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(a) (b) 

Figure 4.8 – (a) GProj viewport with the computed SPs (green squares) and the boundaries of the 
clusters (red contours); (b) LProj viewport, aligned and scaled, with the top left SP presented on (a) 

(module 4). The viewports have a HFoV of 150º. 

5. Spherical Coordinates Fusion: for each viewport pixel location, a point of the VS must be 

obtained; in this case, it is computed as the weighted average (fusion) of the local and global VS 

coordinates. The fusion process assures that regions nearby a local salient region are more influenced 

by the corresponding LProj. Therefore, perceptually important content is presented with fewer distortions 

on the user viewport, since LProjs represents them with less geometric distortions, providing a better 

final experience. The detailed coordinates fusion process is described in section 4.2.4. The output of 

this module are the VS points coordinates assigned to each viewport pixel location.  

6. Rendering: the viewport is rendered by calculating, for each viewport pixel, the color information 

of its mapped VS point, previously computed in the last module. The VS point may map a non-integer 

pixel location in ERI and thus, bilinear interpolation is used to obtain those pixel values. Figure 4.9.a) 

and Figure 4.9.b) depict a MFP viewport and its corresponding CA-PP viewport, respectively. As shown, 

the MPF viewport has less geometric distortions and has higher perceptual quality. 

  
(a) (b) 

Figure 4.9 – (a) MFP rendered viewport; (b) CA-PP rendered viewport. The viewports have a HFoV of 
150º. 

4.2.2 Salient Points Computation 

In the MPF technique, SPs have a great importance since they identify the parts of the ODI that 

need to be represented without perceived distortions by LProjs. A total number of 𝑁𝑆𝑃  SPs for the most 

relevant regions of the ODI, uniformly distributed along the VS, are computed using two types of 

information: 1) texture information: to create clusters considering the spatial characteristics of the image 

and 2) saliency map: to identify which regions attract more the user attention (i.e. are more perceptual 

important).  The overall architecture is shown in Figure 4.10, where the input is the ERI and its saliency 
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map.  

 

Figure 4.10 – Salient points computation architecture. 

The salient points computation process is divided in 4 steps:  

a) Equirectangular Image Texture Segmentation: The ERI is spatially segmented into clusters 

(groups of pixels) to identify the different ODI regions. 

b) Cluster Mean Saliency Computation: The mean saliency is calculated for each cluster using the 

equirectangular saliency map.  With this score it is possible to identify which clusters represent the most 

important regions of the image. 

c) Cluster Saliency Center Computation: The center of saliency is computed for each cluster. 

d) Cluster Saliency Centers Selection: SPs are obtained by selecting saliency centers with larger 

mean saliency and assuring a uniform distribution of the SPs along the ODI.  

A. Equirectangular Image Texture Segmentation 

The segmentation process is based on the superpixels SLIC algorithm, proposed in [34] and aims 

to identify the regions of the ERI with higher perceptual meaning. A superpixel is a set of pixels that 

share common characteristics (like pixel intensity). The SLIC algorithm creates superpixels by clustering 

pixels based on their color and position. The SLIC algorithm uses a K-means algorithm that assigns 

pixels to clusters by considering two measures: color similarity between pixels and the cluster centers, 

and spatial proximity, which measures the spatial distance, in pixels units, between the pixel locations 

and the cluster centers. While the original SLIC algorithm designed for standard images could be applied 

to the equirectangular representation of the VS, it leads to a low quality segmentation, mainly because 

the ERI has heavy distortions in the polar regions and objects appear differently depending on its 

latitudinal position. In order to segment the ERI, which is a projection of the VS, the following properties 

should be taken into consideration: 

• Distance computation: the computation of distances on the ERI must consider the geometry 

of this spherical representation. This means that the distance between pixels should be computed 

in the spherical domain.  

• Circles of latitude are mapped to horizontal straight lines of constant size: the circle of 

latitude (CL), a circle with constant latitude 𝜃 on the sphere, has a decreasing perimeter by a factor 

of cos(𝜃) towards the poles. However, they are represented by the same number of pixels in ERI 

and thus, the clustering algorithm must consider that the density of pixels towards the poles 

increases by a factor of 1/ cos(𝜃). This factor is called cosine dissimilarity.  

The segmentation performed by the standard SLIC is not suitable since the spatial proximity refers 
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to the pixels distance on the planar image and not on the VS. Also, iteratively, SLIC updates each cluster 

center by averaging all of its pixel positions. The increase of pixel density towards the VS poles will add 

a bias to the clusters, moving them towards the poles along iterations. With the motivation to achieve a 

better segmentation performance, a technique for ERI segmentation, called SLICER, is presented next, 

considering that the pixels of the ERI are located on the sphere and thus, explicitly considering the 

spherical distance and cosine dissimilarity. As mentioned in [34], ten iterations are enough for SLIC to 

obtain acceptable results. The same was observed with SLICER.  

Initialization 

i) RGB to CIELAB conversion: As in SLIC, all the ERI pixels color coordinates RGB are converted 

to the color space CIELAB, characterized by three components: 𝐿, lightness; 𝐴, green-red component; 

and 𝐵, blue-yellow component. The CIELAB space, correlates well with how the human perceives color 

[38]. This color conversion aims to provide clusters that have a perceptual meaningful shape. Only 

CIELAB color space coordinates are used in SLICER to compute color distance between pixels.  

ii) Cluster centers position initialization: The assignment performed in this step is to guarantee a 

decrease of initialized clusters towards the VS poles, aiming a uniform distribution of cluster centers 

along the VS. There are two parameters that influence this process 𝑁𝑒𝑞𝑢𝑎𝑡𝑜𝑟  and 𝑁𝑙𝑎𝑡𝑖𝑡𝑢𝑑𝑒, where 

𝑁𝑒𝑞𝑢𝑎𝑡𝑜𝑟  is the number of clusters initialized along the equator circle; and  𝑁𝑙𝑎𝑡𝑖𝑡𝑢𝑑𝑒 is the number of CLs 

with cluster centers overlapped (excluding the equator line).  Now, consider that (𝜙𝑐 , 𝜃𝑐) corresponds to 

the spherical coordinates of a cluster center. In SLICER, clusters center positions are initialized in a set 

of VS points, equally spaced in latitude and longitude, respectively by,  

 Δ𝜃 = 𝜋/𝑁𝐿𝑎𝑡𝑖𝑡𝑢𝑑𝑒 (4.20).. 
and  

 Δ𝜙(𝜃𝑐) = 2𝜋/⌈𝑁𝑒𝑞𝑢𝑎𝑡𝑜𝑟 cos(𝜃𝑐)⌉ (4.21).. 

The cluster centers are initialized using the following procedure: 

1) It starts in the equator line, by placing 𝑁𝑒𝑞𝑢𝑎𝑡𝑜𝑟  cluster centers positioned at 𝜃𝑐 = 0° and equally 

spaced in longitude by Δ𝜙(0°);  

2) It initializes the latitude of the next two CLs, with latitude 𝜃− = −Δ𝜃 and 𝜃+ = Δ𝜃;  

3) In each CL with latitude 𝜃− and 𝜃+, are initialized ⌈𝑁𝑒𝑞𝑢𝑎𝑡𝑜𝑟 cos(𝜃+)⌉ cluster centers, respectively 

with 𝜃𝑐 = 𝜃_ and 𝜃𝑐 = 𝜃+, and equally spaced by Δ𝜙(𝜃+); 

4) It sums to 𝜃+ and subtracts to 𝜃− the value Δ𝜃, and go backs to step 3), until 𝜃+ surpasses 

𝜋/2 (the VS pole). 

iii) Cluster centers color initialization: Each cluster center position (𝜙𝑐 , 𝜃𝐶)  corresponds to a position 

on the ERI, in pixels units. The cluster center color is initialized using the color values of the ERI pixel 

mapped by (𝜙𝑐, 𝜃𝑐).  

Assignment 

i) Clusters search region computation: In SLICER, for each cluster, a search region is associated 

(similar to SLIC) on the VS, delimited by an interval of latitude and longitude. Only ERI pixels that 

corresponds to VS points with (𝜙, 𝜃) within the cluster search region may be assigned to the cluster. 
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Thus, the number of image pixels for which the cluster center must measure its spatial and color distance 

is limited, lowering the number of operations. The search region of a cluster is delimited by ∈ [𝜙𝑐 −

Δ𝜙(𝜃𝑐) ,  𝜙𝑐 + Δ𝜙(𝜃𝑐)] and 𝜃 ∈ [𝜃𝑐 − Δ𝜃, 𝜃𝑐 + Δ𝜃]. Again, Δ𝜙(𝜃𝑐) is used to compensate the decrease of 

the CL length observed towards VS poles. Thus, all clusters have search regions with similar areas, 

improving the segmentation efficiency on the VS domain.  

ii) Assignment of pixels to cluster: Assignment aims to group pixels that belong to a region, where 

pixels are neighbors and habitually have a small color variation between them. In this way, assignment 

creates clusters taking into consideration how much distant the pixels are from the clusters centers (first 

term) in the VS, and also their color similarity with the cluster center (second term). In the assignment 

step, each ERI pixel is assigned to a unique cluster. A pixel can only be assigned to a cluster if it is 

contained in search region of the cluster. An ERI pixel may be positioned within the search regions of 

different clusters, i.e., eligible clusters. To determine the eligible cluster for which the ERI pixel should 

be assigned, a score (see (4.22)) is computed for all of the eligible clusters, based on their spatial and 

color distance, the two terms of (4.22). .After, the pixel is assigned to the cluster with the lowest score. 

The score corresponds to a weighted distance measure, denote 𝑑𝑆𝐶, which is given by (based on [34]):  

 

 

𝑑𝑆𝐶 = √(
𝑑𝑠𝑝𝑎𝑡𝑖𝑎𝑙

𝑁𝑆

)

2

𝜆 + (𝑑𝑐𝑜𝑙𝑜𝑟)
2  (4.22).. 

where: 

▪ 𝑑𝑠𝑝𝑎𝑡𝑖𝑎𝑙   is the distance proximity. In SLICER, 𝑑𝑠𝑝𝑎𝑡𝑖𝑎𝑙 corresponds to the distance along the VS 

between the cluster center position (𝜙𝑐 , 𝜃𝑐)  and the VS point, with coordinates (𝜙, 𝜃), mapped by 

the ERI pixel to be assigned. This distance corresponds to the length of the arc that connect the two 

aforementioned VS points. Since the arc has a unit radius 𝑟 = 1, 𝑑𝑠𝑝𝑎𝑡𝑖𝑎𝑙 = 𝑟. 𝛼 = 𝛼, where 𝛼 is the 

angle between the vectors (𝜙, 𝜃) and (𝜙𝑐, 𝜃𝑐), both with origin in the VS center. The angle 𝛼 is 

computed using the inner product of vectors (𝜙, 𝜃) and (𝜙𝑐 , 𝜃𝑐),.  

▪ 𝑑𝑐𝑜𝑙𝑜𝑟 is the color proximity. It corresponds to the Euclidian distance between the color of the 

ERI pixel and the color of the cluster center, in coordinates CIELAB.  

▪ 𝑁𝑆 is the normalizing factor of 𝑑𝑠𝑝𝑎𝑡𝑖𝑎𝑙. For SLICER, 𝑁𝑆 = 𝑟. Δ𝜃 = 20 is used.  

▪ 𝜆 weights the relative importance between 𝑑𝑠𝑝𝑎𝑡𝑖𝑎𝑙 and 𝑑𝑐𝑜𝑙𝑜𝑟. For small 𝜆, the color similarity is 

more dominant than distance proximity and therefore, the clusters will adhere more to the 

boundaries of objects in the image. For large 𝜆, the inverse occurs, and the clusters have a more 

regular size and shape, not adhering to the objects boundaries.  

In the end of this step, all the pixels of the image are grouped in clusters.  

In SLICER, a range of [1,40] for 𝜆, as suggested by SLIC [34], was evaluated. The values 𝜆 ∈

{1,10,20,30,40} were tested and, by visual evaluation, it was found a value where cluster boundaries are 

close to the object (color proximity) edges and the clusters shape is somewhat regular (distance 

proximity); this last requirement is fundamental to calculate saliency points inside the cluster. Thus, 𝜆 =

20 was selected to obtain a tradeoff between adherence and clusters shapes.  

Cluster center update 
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After assignment, each ERI pixel is already assigned to a cluster.  The cluster center position and 

the color is updated using the spatial and color coordinates of the ERI pixels that belong to the cluster. 

Consider 𝐶 as a cluster, constituted by a total number of 𝑁𝑝𝑖𝑥𝑒𝑙𝑠 ERI pixels, indexed by 𝑖. In SLICER, the 

cluster center is updated, in the color and space domain, using: 

 (𝑋𝑐 , 𝑌𝑐 , 𝑍𝑐) =
1

∑ cos(𝜃𝑖)
 
𝑖∈𝐶

∑(𝑋𝑖 , 𝑌𝑖 , 𝑍𝑖)

 

𝑖∈𝐶

cos(𝜃𝑖), (4.23) 

 (𝐿𝑐 , 𝐴𝑐 , 𝐵𝑐) =
1

𝑁𝑝𝑖𝑥𝑒𝑙𝑠

∑( 𝐿𝑖 , 𝐴𝑖 , 𝐵𝑖)

 

𝑖∈𝐶

, (4.24) 

where (𝑋𝑐 , 𝑌𝑐 , 𝑍𝑐) and (𝐿𝑐 , 𝐴𝑐 , 𝐵𝑐) are, respectively, the 3D Cartesian and color coordinates of the 

cluster center; (𝑋𝑖 , 𝑌𝑖 , 𝑍𝑖)  are the 3D Cartesian coordinates of the VS point mapped by ERI pixel 𝑖; 

(𝐿𝑖 , 𝐴𝑖 , 𝐵𝑖) are the color coordinates of ERI pixel 𝑖; 𝜃𝑖 is the latitude of the VS point associated to the ERI 

pixel 𝑖; cos(𝜃𝑖) is used to compensate the increase of pixels density towards the VS poles. The use of 

3D Cartesian coordinates, instead of spherical coordinates,  allows to handle the cases where clusters 

with pixels close to 𝜙 = −𝜋 and 𝜙 = 𝜋 (positioned near the ERI vertical limit borders) would result in a 

cluster center placed close to 𝜙 = 0 (in the central vertical line of the ERI image). Using 3D Cartesian 

coordinates, the cluster center will be positioned close to one of the vertical borders (as intended).  

However, averaging the 3D Cartesian coordinates may result in a point inside the VS, i.e. not placed 

over the VS surface. By converting (𝑋𝑐 , 𝑌𝑐 , 𝑍𝑐) to spherical coordinates, the spherical coordinates (�̃�, �̃�) 

are obtained, but with the radial distance coordinate lower than one (i.e. positioned inside the VS). The 

cluster center position (𝜙𝑐 = 𝜙,̃ 𝜃𝑐 = 𝜃�̃�) is used as the new cluster center for the next iteration, but 

assuming that the radial distance is equal to one (i.e. it belongs to the VS surface).  

An example of a segmented ERI using SLICER with 𝜆 = 20 is presented in Figure 4.11.a), where 

the clusters highlighted with blue squares are presented in Figure 4.11.b) to e). It is shown that the 

results are very acceptable and that the clusters boundaries are close to the object’s edges. Note that, 

on Figure 4.11.a), the area of clusters tend to increase towards the top and bottom, which means that, 

on the VS domain, the clusters have more or less the same area along the VS. Also, the number of 

clusters tend to decrease towards the vertical direction (the VS poles), condition imposed by SLICER 

initialization, search regions and also because the distance between pixels in the sphere domain is 

considered. 

 
(a) 



 

54 

 

    

 

 (b) (c) (d) (e) 

Figure 4.11- (a) ERI segmented using SLICER with 𝜆 = 20, 𝑁𝑒𝑞𝑢𝑎𝑡𝑜𝑟 = 18 and 𝑁𝑙𝑎𝑡𝑖𝑡𝑢𝑑𝑒 = 9; (b)-(e) 

some clusters with good adherence.  

B.  Cluster Mean Saliency Computation 

The cluster mean saliency, 𝑐𝑚𝑠,  is computed to allow the identification of most important clusters 

of the spherical image (i.e. the ones that attract more the user attention). Consider again a cluster 𝐶, 

whose pixels are indexed by 𝑖 and have saliency value 𝑤𝑠
𝑖  ;  𝑐𝑚𝑠 is given by: 

 𝑐𝑚𝑠 =
1

∑ cos(𝜃𝑖)
 
𝑖∈𝐶

∑𝑤𝑠
𝑖

 

𝑖∈𝐶

cos(𝜃𝑖), (4.25) 

where 𝑐𝑜𝑠(𝜃𝑖) is used to compensate the increase of pixels density towards the VS poles. This 

compensation must be considered since 𝑤𝑠
𝑖  is obtained for each pixel of an ERI.  

C.  Cluster Saliency Center Computation  

The salient points should be positioned on the center of perceptual important regions. Thus, the SPs 

are located over the geometrical center of clusters. As shown on Figure 4.11, SLICER generates 

clusters with good adherence to the objects (e.g. faces, windows, etc.) boundaries, while leaving some 

room for some improvement. Since the clustering process doesn’t consider semantic (high level) 

information while the saliency extraction does, the center of saliency (saliency center) is computed for 

each cluster and used as the SP position. In this way, the SP will be placed on the center of a region 

with high saliency, even if the cluster contains regions with low and high saliency, being better located 

compared to the alternative case where the geodesic center of a cluster is considered (i.e. only using 

cluster pixel locations). As in SLICER’s cluster center update step, the Cartesian coordinates are used 

to compute the saliency center. Thus, for a cluster 𝐶, its saliency center is obtained by fist computing 

the Cartesian coordinates, (𝑋𝑆𝐶 , 𝑌𝑆𝐶 , 𝑍𝑆𝐶), given by 

 (𝑋𝑆𝐶 , 𝑌𝑆𝐶 , 𝑍𝑆𝐶) =
1

∑ 𝑤𝑠
𝑖cos(𝜃𝑖)

 
𝑖∈𝐶

∑(𝑋𝑖 , 𝑌𝑖 , 𝑍𝑖) 𝑤𝑠
𝑖

 

𝑖∈𝐶

cos(𝜃𝑖), (4.26).. 

and posteriorly computing the SP position on the VS, by converting (𝑋𝑆𝐶 , 𝑌𝑆𝐶 , 𝑍𝑆𝐶) to (𝜙𝑆𝐶 , 𝜃𝑆𝐶), which 

are the spherical coordinates of the saliency center on the VS. Again, 𝑐𝑜𝑠(𝜃𝑖) is used to compensate 

the increase of pixels density towards the VS poles. 

D.  Cluster Saliency Centers Selection  

A total number of 𝑁𝑆𝑃 SPs are obtained by selecting from the previously computed saliency centers 

(representing all clusters) the SPs located in regions with a large mean saliency that are well distributed 

along the VS. Thus, the two following measures are considered during the selection: the mean saliency 

of the clusters and the angular distance between the saliency centers. The angular distance between 

two saliency centers is the angle between the two vectors that point to the respective saliency centers 
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and have their origin in the VS center. This angle is computed using the inner product of these vectors.   

The selection is done using an iterative algorithm. For each iteration are used two parameters: 𝑀, 

which is the number of SPs to be selected in that iteration, and 𝛽𝑡ℎ𝑟, which is the angular distance 

threshold. The algorithm proceeds as follows:  

1) First, 𝑀 and 𝛽𝑡ℎ𝑟  values are initialized;  

2) Selection of 𝑀 SPs by choosing clusters with the highest mean saliency which have an angular 

distance between them and the already selected SPs (obtained from previous iterations) greater or 

equal than 𝛽𝑡ℎ𝑟; 

3) Increase  𝑀 by a factor of 2 and decrease 𝛽𝑡ℎ𝑟 by a factor of 2; 

4) Go back to step 2) until 𝑁𝑆𝑃 SPs are chosen. 

𝑀 = 3 and 𝛽𝑡ℎ𝑟 = 𝜋/2 are used in the initialization step of the algorithm. The previous procedure can 

be summarized as: 1) in the first iterations, a small number of SPs which are considerably far from each 

other in the VS are obtained, benefiting a good distribution along the VS; also, due to the larger values 

of 𝛽𝑡ℎ𝑟 ,  the saliency centers with the highest mean saliency may be not selected (in these iterations), if 

they are close to each other; 2) as more iterations are performed, the imposition made by 𝛽𝑡ℎ𝑟 

decreases, and the probability of selecting other high salient regions increases; the increase of 𝑀 

also helps to select more salient regions.  

An ERI and its saliency map with the obtained SPs (identified by squares) and clusters boundaries 

are presented in Figure 4.12. As shown, it can be concluded that: 1)  SPs are reasonably distributed 

along the VS; 2) the selected SPs are placed in salient regions of the saliency map (located in brighter 

zones); 3) most of the SPs are positioned upon perceptually important regions, e.g., the faces of some 

persons and other objects; 4) some SPs are located over regions that are not very important 

perceptually, mostly because the saliency map doesn’t provide an accurate estimation of the saliency 

in those regions (identified by the purple squares in Figure 4.12); nevertheless they assure an uniform 

distribution of SPs along the sphere, thus providing SPs if a viewport needs to be rendered close to that 

location.   
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Figure 4.12 - SPs obtained for an ERI shown as (green/purple) squares and the clustering boundaries 
(red): top) texture, bottom) saliency map. 

The method proposed in this Thesis and described in this section is significantly different from the 

multi-projections method proposed in [25]  (briefly described in section 3.6 and referred as MOP). In 

[25], the SPs are computed based on the probability of a certain region of the image containing an 

object, called the objectness score of a region. MOP uses three techniques proposed in [39], [40] and 

[41], to obtain multiple bounding boxes with objectness scores that cover different image regions. The 

objectness score indicates how likely the bounding box includes an object. The objectness scores of the 

multiple bounding boxes are summed along the image, to obtain a saliency map. The SPs are positioned 

in the local peaks of this saliency map [25], i.e., the regions of the image that have more probability to 

represent an object.  

4.2.3 Multiple Local Projections Construction 

Local projections (LProjs) can represent with minimal distortion the local regions around SPs (local 

salient region), using the rectilinear projection. The architecture of the process used to construct them 

is presented in Figure 4.13.  

 

 

Figure 4.13 - Architecture of Multiple Local Projections Construction. 

A LProj is constructed as any projection: for each viewport pixel position is associated a VS point 

using a backward projection (in this case, the rectilinear model is used). However, in LProjs, before the 

backward projection, an alignment and scaling process is applied to the viewport pixels positions (𝑥, 𝑦), 
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in length units, of the LProjs. The multiple LProjs construction proceeds as follows:  

a) SPs Selection: the SPs that are contained in the final viewport are selected. Each SP is associated 

to a LProj and thus, the module output is the number of LProjs to be used in fusion and the 

correspondent SPs. 

b) LProjs Alignment: for each LProj to be used in fusion, its local salient region is aligned with the 

corresponding region of GProj. The module output is the position of the viewport pixels, in length units, 

of each LProj aligned with the corresponding SP on the GProj. 

c) LProjs Scaling: scaling is used to increase the size, in number of pixels, of the local projected 

salient region, aiming that the LProj region has a similar size to the corresponding region on the GProj. 

This means that the object (contained inside these regions) boundaries are somewhat matched; thus, a 

better combination of LProjs and GProj can be achieved. The module output is the position of the 

viewport pixels of LProj, in length units, scaled and aligned with the correspondent SP on the GProj. 

d) Rectilinear Backward Projection: LProjs pixels positions (𝑥, 𝑦),  already aligned and scaled, are 

mapped to the VS points, using the backward rectilinear projection. 

A. SPs Selection  

Previously, SPs were computed such that they were fairly distributed along the entire VS (see 

section 4.2.2) to have a reasonable amount of SPs when a viewport is created. This step selects the 

SPs contained in the fraction of the VS that the user desires to visualize, more precisely, only the LProjs 

whose SPs are in the GProj viewport should be considered for the MPF projection. To perform this task, 

the following procedure is done:  

1) GProj viewport limits computation: the viewport limits of the GProj viewport, in length units, 

are computed. 

2) SPs forward Pannini projection: SPs are projected using the forward Pannini projection (GProj 

projection model) with (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡), being obtained the length coordinates of the projected SPs 

in the GProj.  

3) SPs on GProj identification: finally, it is checked whether each projected SP is contained within 

the GProj viewport limits, computed in step 1.   

At the end of this process, the SPs that should be considered to construct the multiple LProjs will be 

known. 

B. LProjs Alignment  

To align and scale the pixels of a LProj, first, their position coordinates, in length units, need to be 

known. Thus, for each LProj, the length coordinates (𝑥, 𝑦) of the 𝑊 × 𝐻 LProj’s pixels are computed as 

normally done in the rectilinear projection (LProj uses the rectilinear projection as model). 

Posteriorly, the alignment with the corresponding SP is done. To perform LProj alignment, the 

following procedure is applied: 

1. Local projection center, (𝒙𝑺𝑷, 𝒚𝑺𝑷), computation: The local projection center corresponds to 

the SP position on the 2D viewport plane using the global projection model. It is obtained by: i) 

forward projecting the SP with the GProj model and obtaining its image position coordinates 



 

58 

(𝑚𝑆𝑃, 𝑛𝑆𝑃); and ii) converting (𝑚𝑆𝑃, 𝑛𝑆𝑃) from pixel units to length units in the LProj, being 

obtained (𝑥𝑆𝑃 , 𝑦𝑆𝑃). The local salient region associated to the LProj is centered on (𝑥𝑆𝑃 , 𝑦𝑆𝑃), and 

by consequence, on (𝑚𝑆𝑃, 𝑛𝑆𝑃).  

2. Alignment of LProj’s pixels position, in length units: the alignment of an LProj to the 

projected SP pixel position, (𝑚𝑆𝑃 , 𝑛𝑆𝑃), is simply a change of basis of the length coordinates 

(𝑥, 𝑦) of the viewports pixel position of the LProj. With alignment, the viewports pixel position 

aligned (𝑥, 𝑦)𝑎𝑙𝑖𝑔𝑛𝑒𝑑 are obtained with:  

 (𝑥, 𝑦)𝑎𝑙𝑖𝑔𝑛𝑒𝑑 = (𝑥 − 𝑥𝑆𝑃 , 𝑦 − 𝑦𝑆𝑃), (4.27).. 

Assuming that scaling is not applied, the LProj maps each viewport pixel position to the VS 

points considering its aligned length coordinates (𝑥, 𝑦)𝑎𝑙𝑖𝑔𝑛𝑒𝑑  instead of (𝑥, 𝑦). With this 

approach, the local salient region is projected, without perceived distortion, centered in 

(𝑥 = 𝑥𝑆𝑃 , 𝑦 = 𝑦𝑆𝑃), i.e., in the same region where its SP is represented in the GProj, instead of 

(𝑥 = 0, 𝑦 = 0).  

An example of the alignment in a LProj is illustrated in Figure 4.14. In Figure 4.14.a) it is represented 

the SP (on the man’s head) on a GProj rendered viewport. The corresponding LProj viewport without 

alignment is presented in Figure 4.14.b), which is a rectilinear projection viewport centered on the SP. 

In this case, the man’s head is projected without perceived distortion because the tangency point with 

the VS corresponds to its SP (i.e. this local region will be better represented by its associated LProj). 

However, since the projection was done without alignment (i.e. without considering the SP position on 

GProj), the man’s head is projected in the center of the viewport. The LProj viewport correctly aligned 

with the man’s head on GProj is presented in Figure 4.14.c). This result was obtained since the LProj 

was aligned, considering the coordinates (𝑥, 𝑦)𝑎𝑙𝑖𝑔𝑛𝑒𝑑  (the blue referential), which origin coincides with 

the corresponding SP position in the GProj.  

 

 

 
(a) (b) (c) 

Figure 4.14 – (a) GProj viewport with a SP projected (the red square); (b) LProj viewport associated to 
the mentioned SP without alignment and (c) with alignment.    

C. LProjs Scaling 

The scaling is performed using a scale factor, 𝑠𝑓, at the length unit coordinates of the viewport pixels 

already aligned. With scaling, the viewports pixel locations will be positioned according to: 

 (𝑥, 𝑦)𝑎𝑙𝑖𝑔𝑛𝑒𝑑+𝑠𝑐𝑎𝑙𝑒𝑑 =
(𝑥, 𝑦)𝑎𝑙𝑖𝑔𝑛𝑒𝑑

𝑠𝑓
= (

𝑥 − 𝑥𝑆𝑃

𝑠𝑓
,
𝑦 − 𝑦𝑆𝑃

𝑠𝑓
) . (4.28) 

with 𝑠𝑓 > 1. With (4.28), the LProj viewport size, in length units, decreases by a factor of 𝑠𝑓. By 

consequence, the amount of content projected on a LProj with scaling is lower than without scaling. 
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Thus, the use of scaling decreases the FoV represented on the LProj, when compared with the FoV 

initially selected by the user. Scaling also increases the dimensions, in pixel units, of the regions around 

the SP in the LProj. 

The effect of scaling on LProj is shown in Figure 4.15, where two LProjs are presented, both using 

alignment, but Figure 4.15.a) does not use scaling, while Figure 4.15.b) uses it. The SP associated is 

the same as in Figure 4.14.a). By comparing these two viewports, it can be observed that the LProj with 

scaling increased the size, in pixel units, of the salient local region (the man’s head) without deforming 

its shape. Also, it is shown that the amount of content represented on LProj with scaling decreased (the 

FoV decreased), when compared with the LProj without scaling.  

     
(a) (b) 

Figure 4.15 – LProj viewports: (a) with alignment and no scaling; and (b) with alignment and scaling, 

using 𝑠𝑓 = 2.5. The SP associated is the head of the man with the blue shirt. The viewports have a 
HFoV of 150º. 

D. Backward Rectilinear Projection 

For each LProj, after the length coordinates of the 𝑊 × 𝐻 viewport pixels are aligned and scaled, 

the corresponding VS points are obtained through the backward rectilinear projection, considering its 

coordinates (𝑥, 𝑦)𝑎𝑙𝑖𝑔𝑛𝑒𝑑+𝑠𝑐𝑎𝑙𝑒𝑑 . 

4.2.4 Spherical Coordinates Fusion 

Fusion computes the VS points associated to the pixels of the final viewport through  the combination 

of the spherical coordinates of the VS points of the GProj and LProjs. To obtain a final viewport with less 

geometric distortions, fusion varies the influence of each projection along the viewport such that: image 

regions near SP are heavily influenced by its correspondent LProj, given that the local salient region is 

projected with a small amount of geometric distortion by the LProj; and image regions near the viewport 

center are heavily influenced by the GProj which also has minimal viewport distortion. Thus, the final 

viewport takes advantage of multiple projections by using their contents represented with small 

geometric distortions. 

The VS point corresponding to each viewport pixel position (𝑚, 𝑛) (from the final viewport) is 

computed using a weighted average of the VS points position previously obtained for the GProj and 

each LProjs. The VS point position associated to the final viewport pixel (𝑚, 𝑛) after fusion, 

𝑃𝑟𝑜𝑗(𝑚, 𝑛)𝑉 , is given by 

 𝑃𝑟𝑜𝑗(𝑚, 𝑛)𝑉 =
𝑤𝐺(𝑚, 𝑛)

Ψ
𝑃𝑟𝑜𝑗(𝑚, 𝑛)𝐺 + ∑

𝑤𝐿
𝑖(𝑚, 𝑛)

Ψ
𝑃𝑟𝑜𝑗(𝑚, 𝑛)𝐿

𝑖
 

𝑁𝐿𝑃
 

𝑖=1

 (4.29) 

where:  
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• 𝑃𝑟𝑜𝑗(𝑚, 𝑛) 𝐺  corresponds to the VS point coordinates calculated for the pixel (𝑚, 𝑛) on GProj, using 

the backward Pannini projection, with (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡); and 𝑃𝑟𝑜𝑗(𝑚, 𝑛)𝐿
𝑖  corresponds to the VS point 

coordinates calculated for the same (𝑚, 𝑛) on the LProj, indexed by 𝑖, using the backward rectilinear 

projection.  

• 𝑤𝐺(𝑚, 𝑛) and 𝑤𝐿
𝑖(𝑚, 𝑛) are, respectively, the absolute weight of GProj and LProj, indexed by 𝑖,  in 

the viewport pixel (𝑚, 𝑛). 

• 𝑁𝐿𝑃 is the number of LProjs to consider for fusion. It is equal to the number of SPs represented in 

the GProj. These were already obtained in section 4.2.3. 

• Ψ is the normalizing factor, equal to the sum of all absolute weights of GProj and LProjs.  

A. Weights Computation  

The weights 𝑤𝐺(𝑚, 𝑛) and 𝑤𝐿(𝑚, 𝑛), are computed in the same way, based on a gaussian model 

previously introduced in [25], and is given by:  

 𝑤𝐺(𝑚, 𝑛) = 𝑐𝐺 . 𝑒−𝑑𝑃(𝑚,𝑛)2 (2.𝜎𝐺.𝑊)⁄ ,  (4.30) 

and 

 𝑤𝐿(𝑚, 𝑛) = 𝑐𝐿 . 𝑒
−𝑑𝑃(𝑚,𝑛)2 (2.𝜎𝐿 .𝑊)⁄ ,  (4.31) 

where 𝑑𝑃 (𝑚, 𝑛) is the Euclidian distance between the pixel (𝑚, 𝑛) and the projection center of the LProj 

or GProj. For LProj, the projection center is the pixel (𝑚𝑆𝑃 , 𝑛𝑆𝑃) (pixel where the LProj is aligned); and 

for GProj is the final viewport center. The weight of a projection, 𝑤𝑝(𝑚, 𝑛), on a viewport pixel (𝑚, 𝑛) 

increases inversely proportionally to 𝑑𝑃(𝑚, 𝑛); therefore, image regions near local salient points are 

more influenced by the corresponding LProj. Thus, the final viewport will benefit from the region of LProj 

which has less geometric distortion, i.e. around the projection center (in this case, the salient point). 

Image regions near the viewport center, are more influenced by the GProj, where regions are projected 

with less perceived distortion, improving also the viewport center quality. Other important parameters of 

(4.30)-(4.31) are described next: 

• 𝜎𝐺 and 𝜎𝐿 are the so-called projection coverage factor on the viewport, respectively, for the GProj 

and LProjs. They control how smoothly 𝑤𝐺(𝑚, 𝑛) and 𝑤𝐿(𝑚, 𝑛)  decays with 𝑑𝑃(𝑚, 𝑛). If higher values of 

𝜎 are used, 𝑤(𝑚, 𝑛) decays slowly, and the viewport area influenced by the corresponding projection is 

larger. If low values of 𝜎 are used, 𝑤(𝑚, 𝑛) decays quickly and its area of influence in the viewport is 

smaller.  

• 𝑐𝐺 and 𝑐𝐿   are the maximum weight of each projection (GProj and LProj, respectively), which occurs 

in the projection center of each GProj and LProj. As in [25], 𝑐𝐺 = 2 and 𝑐𝐿 = 1, are respectively used in 

GProj and LProj. Since 𝑐𝐺 > 𝑐𝐿, regions that are far from the viewport center and SPs, are more 

influenced by the global projection compared to the local projection. This is an advantage since GProj 

uses an optimized model (CA-PP), aiming to represent the viewports with minimal distortion, compared 

to the rectilinear projection used in LProj. 

•  𝑊 is the width of the final viewport, in pixels units. 
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An example of the variation of 𝑤𝐺(𝑚, 𝑛) and 𝑤𝐿(𝑚, 𝑛) in a viewport is represented in Figure 4.16. In 

Figure 4.16.a), the SP considered for the LProj is represented and in Figure 4.16.b)-d) grayscale maps 

representing 𝑤𝐺(𝑚, 𝑛) and two 𝑤𝐿(𝑚, 𝑛) (normalized to 𝑐𝐺) are shown; in these maps the luminance 

increases proportionally to the weight computed. In Figure 4.16.b) it is shown that 𝑤𝐺(𝑚, 𝑛)  is maximum 

on the viewport center and decreases as the pixel position is more far away to the center. A similar 

behavior is shown in Figure 4.16.c)-d) for LProj but the SP (the red square) is now the maximum weight 

which decays exponentially as expected. Finally, the influence of 𝜎𝐿 can be observed in Figure 4.16.c)-

d), where the used 𝜎𝐿 increases from Figure 4.16.c) to Figure 4.16.d). As expected, when 𝜎𝐿 decreases, 

a quicker decay can be observed. 

    

(a) (b) (c) (d) 

Figure 4.16 – (a) GProj viewport with a SP represented (red square); (b) gray-scales maps, 
normalized by 𝑐𝐺, of 𝑤𝐺(𝑚, 𝑛), using 𝜎𝐺 = 0.45; (c) of 𝑤𝐿(𝑚, 𝑛), using 𝜎𝐿 = 0.45; (d) and 𝑤𝐿(𝑚, 𝑛), 

using 𝜎𝐿 = 0.1. The viewports have a HFoV of 150º. 





 

63 

Chapter 5. Performance Evaluation 

In this chapter, the performance of the implemented rendering solutions, CA-PP and MPF, are 

evaluated and compared with other state-of-the-art rendering techniques. Since their goal is to provide 

the best possible perceptual experience to the end-user, the human assessment of the resulting 

viewports is the most reliable way of measuring the provided QoE. Therefore, the proposed techniques 

were evaluated using a subjective test methodology. In section 5.1, the conditions in which the test was 

performed, as well as the used images dataset, are presented. The methodology followed in the 

subjective tests is presented in section 5.2, together with some additional procedures done during the 

test. Sections 5.3 and 5.4 present the results, and their analysis, obtained for the CA-PP and for the 

MPF, respectively.  

5.1 Subjective Tests Conditions 

This section describes the subjective test conditions. First, it is presented the ODI dataset used to 

render the viewports, and the considered projections. After, the displaying conditions used for the 

subjective tests is presented. Finally, the values of the CA-PP and MPF used parameters are presented. 

A. Test Dataset 

For the subjective test, the viewports assessed by the users were obtained from ten equirectangular 

images (ERIs), presented in Figure 5.1. Their selection was done in order to include different 

environments, namely outdoor and indoor, and the presence or absence of specific content elements, 

notably straight lines and persons. 

    

(a) (b) (c) (d) 

    

(e) (f) (g) (h) 

 

  

 

 (i) (j)  

Figure 5.1 - Set of ERIs selected for the subjective assessment. 

The ERIs spatial resolution are indicated in Table 5.1, expressed by width×heigth  in pixels, and the 

images are identified with the same index used in Figure 5.1. Also, in order to facilitate the reference of 

the images along the chapter, each one was named according to the represented scene, and the name 

is also included in Table 5.1.  
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Table 5.1 – Name and spatial resolution of the ERIs selected for the subjective assessment. 

Image Name (a) Bedroom (b) Buildings1 (c) Buildings2 (d) Dinner (e) Gallery 

Resolution 
(pixels) 

2000x1000 7500x3750 8500x4250 4000x2000 6000x3000 

Image Name (f) Garden (g) Museum (h) Office 
(i) Oriental 

Garden 
(j) Workshop 

Resolution 
(pixels) 

3584x1792 4100x2050 3200x1600 6400x3200 8000x4000 

The images Buildings1, Buildings2, Gallery, Garden, Museum and Oriental Garden were obtained 

from the Salient360! Dataset [42], and the remaining four, Bedroom, Dinner, Office and Workshop were 

provided by the authors of  OP and MOP [25].  

  For all the ERIs, the following projections were used: rectilinear; stereographic; Pannini with (𝑑 =

0.5, 𝑣𝑐 = 0), from now on referred as Pannini (𝑑 = 0.5); Pannini using (𝑑 = 1.0, 𝑣𝑐 = 0), from now on 

referred as Stereographic Pannini; the proposed CA-PP; and the proposed MPF. Also, for Bedroom, 

Dinner, Office and Workshop,  two additional viewports, rendered using the OP and MOP projections, 

were used; they were provided by the authors of these rendering techniques [25]. Thus, the dataset 

used for the subjective tests was constituted by a total number of 10 (ERI ) × 6 (projections) +

4(ERI ) × 2(projections) = 68 viewports. 

  The viewports were rendered with a HFoV of 150° and a spatial resolution of 960x540 pixels (aspect 

ratio 4:3), as in [25]. The use of large FoVs is essential to obtain a suitable evaluation of the projections 

in immersive application scenarios.  

The viewing directions (VDs), (𝜙𝑣𝑑 , 𝜃𝑣𝑑), of the viewports obtained for each ERI are presented in 

Table 5.2. They were carefully selected with the purpose of obtaining viewports with a distinct set image 

content elements, notably:  persons; straight lines with multiple orientations; and a combination of both. 

This diversity of environments is important for assessing the CA-PP’s ability to adapt properly its 

parameters according to the image contents. 

Table 5.2 - VDs used in the rendered viewports used in the subjective tests. 

Image Name (a) Bedroom (b) Buildings1 (c) Buildings2 (d) Dinner (e) Gallery 

(𝜙𝑣𝑑, 𝜃𝑣𝑑) (°) (−90 , 0) (10 , 0) (166 ,−4) (180 , 17) (−68 ,−11) 

Image Name (f) Garden (g) Museum (h) Office 
(i) Oriental 

Garden 
(j) Workshop 

(𝜙𝑣𝑑, 𝜃𝑣𝑑) (°) (−6 , 15) (110 , 20) (104 ,−8) (137 ,−10) (−39 , 0) 

 

B. Display Conditions 

The used subjective test methodology (detailed in section 5.2) requires that two viewports are 

displayed side by side on the monitor. Given the spatial resolution of the  viewports (960x540 pixels), a 

Dell P2715Q [43], with a spatial resolution of 3840x2160 pixels (Ultra HD), was selected to conduct the 

subjective test. In addition, its large diagonal dimension of 23.8 inches and its aspect ratio 16:9 allow a 

more immersive experience than traditional screens to the subjects during the subjective tests. 

C. CA-PP parameters 

 The CA-PP formulation contains some parameters whose values need to be properly settled. 
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Besides those parameters, a bending and a stretching distortion metric has to be also selected to 

compute the viewport bending and stretching matrices. The selected parameters values and used 

metrics are herein presented:  

• Line merging parameters 𝑨𝒄, 𝑪𝒄, 𝑳𝒎 and 𝑳𝒇 -  The following values were used:  𝐴𝐶 = 3°,  

𝐶𝑐 = 16 pixels , 𝐿𝑚 = 16 pixels and 𝐿𝑓 =80 pixels. These values were chosen by visual inspection of 

different results obtained for several viewports, using different combinations of line merging parameters. 

The detected and merged straight lines for the used images are presented in Annex A.  

• Viewport bending and stretching distortions metric -  𝐵𝐷3 and 𝑆𝐷𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙  (described in sections 

4.1.3 and 4.1.5)) were selected to obtain the CA-PP viewports. To achieve this decision,  the 

performance of all possible combinations between the bending and stretching distortion metrics was 

assessed, using the procedure detailed in section 5.3.1.   

• Bending-stretching ratio constant 𝑩𝑺𝑹 -  𝐵𝑆𝑅=15.04 was used to obtain the CA-PP viewports. 

This value was also determined in the same procedure referred to in last point. 

• Bending Matrix (𝑩𝑴) normalizing factor, 𝒃𝒎𝒂𝒙 -  For different bending distortions metrics  a 

different  𝑏𝑚𝑎𝑥 is used.  To obtain these values, the 𝐵𝑀s of 30 viewports resulting from CA-PP were 

computed; each viewport was obtained from a different ERI, not used in the subjective tests. The 

obtained  𝑏𝑚𝑎𝑥 values for each bending distortion metric are indicated in Table 5.3.   

• Stretching Matrix (𝑺𝑴) normalizing factors, 𝒔𝒎𝒂𝒙 and 𝒔𝒎𝒊𝒏 -  Like 𝑏𝑚𝑎𝑥 , for different stretching 

distortion metrics,  different 𝑠𝑚𝑎𝑥 and 𝑠𝑚𝑖𝑛 are used. To obtain these values, for each stretching metric 

the 𝑆𝑀 was computed, and the correspondent maximum and minimum values were used as 𝑠𝑚𝑎𝑥  and 

𝑠𝑚𝑖𝑛 . The resulting values for 𝑠𝑚𝑎𝑥 and 𝑠𝑚𝑖𝑛    are indicated in Table 5.3.  

Table 5.3 - (Left) 𝑏𝑚𝑎𝑥 used for  each bending distortions metric; and (right) 𝑠𝑚𝑎𝑥 and 𝑠𝑚𝑖𝑛 used for 
each  stretching distortion metric. 

𝒃𝒎𝒂𝒙   𝒔𝒎𝒂𝒙 𝒔𝒎𝒊𝒏  

𝐵𝐷1 134.84 𝐵𝐷4 242.65 𝑆𝐷𝑎𝑛𝑔𝑙𝑒 0.84 0.15 

𝐵𝐷2 13.56 𝐵𝐷5 202567 𝑆𝐷𝑎𝑟𝑒𝑎 21.47 0.47 

𝐵𝐷3 47.26 𝐵𝐷6 209.33 𝑆𝐷𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙 30.11 0.05 

 

D. MPF parameters presentation 

 To obtain the MPF viewports, it is necessary to settle the parameters  𝜎𝐺, 𝜎𝐿, associated to the global 

and local projections, respectively, and the scale factors, 𝑠𝑓: 

• Projection coverage factor, 𝝈𝑮 and 𝝈𝑳: These parameters were set to 𝜎𝐺 = 0.45 and 𝜎𝐿 = 0.28 , 

and were obtained manually in order to replicate the viewports obtained by the MOP technique, 

presented in [30]. In this case, the SPs detected by MOP (also indicated in [30]) were used, instead 

of the SPs computed by the MPF.   

• Scale factors, 𝒔𝒇: The scale factor associated to each SP (and by consequence, to the associated 

LProj) were manually selected with the purpose of obtaining viewports that provide an acceptable 

representation of the scene (although for a few cases this was not possible). The SPs obtained for 

each image, and the respective scale factors, are presented in Annex B.  
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5.2 Subjective Test Methodology 

To obtain a reliable subjective assessment of the several rendering solutions developed in this 

Thesis, and also of the benchmark solutions, the selected methodology was the Stimulus Comparison 

Adjectival Categorical Judgment (SCACJ), proposed in Recommendation ITU-R BT.500-13 [44]. 

A. Stimulus Comparison Adjectival Categorical Judgment (SCACJ) 

In the SCACJ method, a viewport, obtained from a certain projection, is evaluated relatively to a 

reference viewport, obtained using always the same (reference) projection. This is done since it is easier 

for the subject to evaluate how pleasant a viewport is by comparison with another viewport, than to 

evaluate it in absolute terms. During the test, pairs of viewports (stimulus) were displayed side-by-side 

to the subjects. Each stimulus represents viewports from the same ODI, with one viewport being the 

reference viewport and the other being the viewport under evaluation. A graphical user interface (GUI), 

was developed to present the viewport pairs to the subjects. For each pair of stimulus, the user selected 

the most pleasant viewport and gave it a score between +1 (slightly better) and +3 (much better), or a 

score 0 (same) if both viewports were very similar. If the viewport under evaluation was the most 

pleasant for the user, the chosen score was given to the viewport; otherwise, the symmetrical value was 

given to it. Therefore, each viewport under evaluation received a score between -3 and +3. The 

viewports generated by the CA-PP were used as reference because the main goal of the subjective test 

was the evaluation of how much pleasant the proposed rendering technique was for the subjects. 

Accordingly, the remaining viewports from the dataset (generated by all projections except CA-PP), 

were compared relatively to viewports resulting from the CA-PP. Since the dataset contains 68 

viewports, where 10 viewports were generated by CA-PP, each viewer evaluated 58 pairs of stimulus.  

B. Test Procedure and Test Application Design 

Before the test session, two steps were applied. First, it was asked to the subject to read a short 

document with the description of the general context of the problem addressed in this work, the goal of 

the subjective test, and the procedures to be followed during the test. After, the training session was 

held. This session is a short replication of the real test session, where a small number of stimuli (with a 

set of viewports different from the ones used during the test session) were shown to subject and 

evaluated by him; it servers mainly to familiarize the subject with the application interface and with the 

typical geometrical distortions that occur in ODI rendering. 

Next, the test session started, with the first pair of viewports displayed in the GUI, as shown in Figure 

5.2. Under the viewports (both identified by A and B) a sliding bar is used to select the most pleasant 

viewport and the score that the subject desires to give. As an example, in Figure 5.2, the viewport A 

was selected as the most pleasant viewport, with a score of +1 (A slightly better). To confirm the 

decision, the button “Save score” should be selected and the next pair of viewports is presented. The 

remaining stimuli were then evaluated, using the same procedure, and the scores were saved in a text 

file to be later processed. In order to avoid contextual effects, the position of the reference viewport was 

randomized in each stimulus pair. such that its position is either on the right side or on left side. In 

addition, the order of the stimuli was set such that viewports of the same image were not displayed 

consecutively.  
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Figure 5.2 – GUI of the application used for the subjective tests. 

 

C. Data Processing 

The subjective test was performed by a total number of 18 subjects, aged between 21 and 40 years. 

The outlier detection method recommended in [44] was applied to exclude subjects whose scores had 

a large deviation from the other subjects. One outlier was detected and excluded. Overall, a total number 

of 17 (valid subjects) × 58 (stimulus) = 986 scores, between -3 and +3 were obtained. As recommend 

by [44], these scores were normalized to the interval [0,10].  

An average score - the comparative mean opinion score (CMOS) -  was computed for each viewport 

under evaluation,  according to [45]:  

 CMOSi =
1

𝑁𝑠

∑𝜇𝑖𝑗

𝑁𝑠

𝑗=1

 (5.1) 

where CMOS𝑖 denotes the CMOS computed for the 𝑖𝑡ℎ viewport under evaluation, 𝑁𝑠 is the total number 

of valid subjects, and 𝜇𝑖𝑗 is the score given by subject 𝑗 to the viewport 𝑖. A CMOS near 0, 5 or 10 means, 

respectively that, in average, subjects preferred clearly the reference viewport, both viewports provided 

the same quality, and the subjects preferred clearly the viewport under evaluation. The 95% confidence 

interval (CI) associated to each CMOS was also computed to obtain the reliability of the assessments. 

The (CI) is given by [CMOSi − 𝛿𝑖, CMOS𝑖 + 𝛿𝑖], with  

 𝛿i = 1.96
𝜎𝑖

√𝑁𝑠 
  (5.2) 

and where 𝜎𝑖 corresponds to the standard deviation of scores obtained for the viewport 𝑖,  given by:  

 𝜎i = √∑
(CMOS𝑖 − 𝜇𝑖𝑗)

2

𝑁𝑆 − 1

𝑁𝑠

𝑗=1

 . (5.3) 

Figure 5.3 shows the CMOS obtained for the evaluated viewports and the corresponding CI (the 

CMOS were sorted in the ascending order). The smallest CI occurred for stimulus where a viewport 

strongly distorted relatively to the other (for CMOS close to 0 and 10), and also for a specific case where 

the CMOS obtained is close to 5. For this last case, both viewports were very similar. The highest values 
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of CI occurred for stimulus where viewports have different distortion types. In these cases, subjects had 

different opinions about which distortion type they prefer, being selected different scores. 

 

Figure 5.3 - CMOS values for the evaluated viewports, with the associated 95% confidence interval 
limits.  

5.3 CA-PP Assessment 

This section starts with the procedure used to select the stretching and bending distortion metrics 

and the 𝐵𝑆𝑅 value. Next, the subjective tests results obtained for CA-PP are presented and analyzed. 

5.3.1 Metrics and Parameters selection 

The CA-PP’s optimal Pannini parameters (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) are obtained using the perceived distortion 

matrix 𝑃𝐷𝑀.  𝑃𝐷𝑀 is computed using the bending matrix, 𝐵𝑀 and stretching matrix, 𝑆𝑀, which are   

weighted by the bending stretching ratio constant, 𝐵𝑆𝑅, and then combined. In this section the following 

procedures are detailed:  

• Selection of the viewport bending and stretching distortion metrics: 18 different metric 

combinations between 𝐵𝐷 and 𝑆𝐷, {𝐵𝐷, 𝑆𝐷}, may be used; the performance of each metric 

combinations is measured and the best one is selected. 

• Selection of the 𝑩𝑺𝑹 value: The 𝐵𝑆𝑅 values of each metric combination were computed using a 

ground truth (GT) dataset, constituted by Pannini viewports whose parameters values provide the 

best experience.  

After learning the 𝐵𝑆𝑅 values, each metric combination predicts a (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) for each image, 

whose error relatively to the parameters included in the GT dataset is posteriorly computed. The metric 

combination is selected based on this error.  

A. Ground Truth Dataset  

Currently, a GT with Pannini viewports using the best (𝑑, 𝑣𝑐) does not exist in literature, whereby a 

small one, composed by 10 viewports, was built for this work. The viewports were obtained from distinct 

ERIs, different from the ones used in the subjective test. To ensure that the learning of 𝐵𝑆𝑅 was the 

most reliable possible, the correspondent viewing directions, (𝜙𝑣𝑑 , 𝜃𝑣𝑑),  were carefully selected to 

obtain a GT composed by viewports with different contents, and with variable bending and stretching 

features.  

To obtain the best parameters for each viewport of the GT, (𝑑𝐺𝑇 
 , 𝑣𝑐𝐺𝑇

 ), the following procedure was 
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applied: i) for each ODI, the viewports corresponding to all possible combinations of  

𝑑 ∈ {0.2; 0.4, 0.6, 0.8, 1.0} and 𝑣𝑐 ∈ {0,0.25,0.5, 0.75, 1.0} were rendered, using a spatial resolution of 

960x540 pixels and a HFoV of 150°; ii) the viewports were evaluated by three participants (the author 

of this Thesis and both supervisors)  and, for each ODI,  each participant selected the most pleasant 

viewport, being registered the correspondent (𝑑, 𝑣𝑐); iii) for each ODI, the pair (𝑑𝐺𝑇
 , 𝑣𝑐𝐺𝑇

 ) was obtained 

doing the median of the  parameters chosen by participants. During the GT dataset construction, the 

parameters choice was reasonably similar among participants; the maximum deviation observed was 

0.4 and 0.25 for, respectively,  𝑑𝐺𝑇 and 𝑣𝑐𝐺𝑇, and occurred only in one image. Besides that, it was 

consensual between participants that, for the same ODI, viewports with a small difference between the 

parameters had almost unnoticeable differences in the content, whereby the selection of the best 

parameters was, sometimes, very difficult.   

   
(a) (b) (c) 

   
(d) (e) (f) 

   
(g) (h) (i) 

 

 

 

 (j)  

Figure 5.4 – GT viewports: (a) Buildings; (b) Bus; (c) Car repair; (d) Conference; (e) Friends (f) 
Gallery2; (g) Museum; (h) Office1; (i) Photography shop; and (j) Shopping. 

Table 5.4 - Pannini parameters of the GT viewports. 

Name Buildings3 Bus Car repair Conference Friends 

(𝑑𝐺𝑇, 𝑣𝑐𝐺𝑇) (0.4,0) (0.2,1) (0.2,1) (0.2, 0.25) (0.6,0) 

Name Gallery2 Museum Office1 
Photography 

shop 
Shopping 

(𝑑𝐺𝑇, 𝑣𝑐𝐺𝑇) (0.2, 0.25) (0.4,0.25) (0.2,0.25) (0.4,0.25) (0.4,0) 

B. 𝑩𝑺𝑹 Learning and Metrics Performance Evaluation 

To obtain more pleasant viewports, the 𝐵𝑆𝑅 value should be optimized/learned in order to 

quantitatively reflect the real perceptual importance that users give to bending distortion (measured by 
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𝐵𝑀) over stretching distortion (measured by 𝑆𝑀) when a viewport is visualized. Since different metric 

combinations {𝐵𝐷, 𝑆𝐷} may be used to compute 𝐵𝑀 and 𝑆𝑀, the most suitable 𝐵𝑆𝑅 value (to be learned) 

will vary for the different metrics combinations.  

To learn 𝐵𝑆𝑅 for each metric combination, a Cross-validation (CV) approach was used - the 𝐾-fold 

cross-validation. K-fold is an iterative process performed over a dataset, equally divided into K folds, 

where: K-1 folds are used to train the model (the training set) – in this scope, 𝐵𝑆𝑅; and then, the 

remaining fold (validation set) is used to test the trained model, measuring its error (performance) with 

the real model, provided by the GT dataset. This process is done K times (iterations), in order to 

guarantee that each fold is used one time as validation set. The ten GT viewports were partitioned in 

five folds of two viewports.  

Consider a certain metric combination {𝐵𝐷, 𝑆𝐷}, whose 𝐵𝑆𝑅 value should be learned. For each 𝑘𝑡ℎ 

iteration (or training set) of 𝐾-fold CV, a 𝐵𝑆𝑅 is learned using the corresponding training set, by applying 

the following process:  

1) 𝐵𝑆𝑅 is initialized with the value 0; 

2) (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) is predicted for each viewport of the training set, using 𝐵𝑆𝑅 and the process 

described in section 4.1.6; 

3) The training error (TE) is computed and stored. TE is given by: 

 TE =  
1

𝑁𝑡

∑
|𝑑𝑜𝑝𝑡

𝑖 − 𝑑𝐺𝑇
𝑖 | + |𝑣𝑐𝑜𝑝𝑡

𝑖 − 𝑣𝑐𝐺𝑇
𝑖 |

2

𝑁𝑡

𝑖=1 

 , (5.4) 

where 𝑖 indexes the 𝑁𝑡  viewports of the training set (in this case, 𝑁𝑡 = 8), (𝑑𝑜𝑝𝑡
𝑖 , 𝑣𝑐𝑜𝑝𝑡

𝑖 ) are the 

predicted Pannini parameters for the viewport 𝑖 of the training set and (𝑑𝐺𝑇
𝑖 , 𝑣𝑐𝐺𝑇

𝑖 ) are the Pannini 

parameters given by the GT for the viewport 𝑖. 

4) 𝐵𝑆𝑅 is summed by 0.01, and the process returns to step 2, until 𝐵𝑆𝑅 = 40. In the end of this 

cycle, a TE value is associated for each tested 𝐵𝑆𝑅 value.  

5) The 𝐵𝑆𝑅 value that obtained the lowest TE is selected.  Thus, 𝐵𝑆𝑅 is learned by selecting the 

𝐵𝑆𝑅 value for which the resulting Pannini parameters predictions are the closest to the GT 

Pannini parameters.  

To verify if the learned 𝐵𝑆𝑅 of iteration 𝑘 computes accurate predictions of (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) , the 

(𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡  ) predictions are computed for each viewport of the corresponding validation set using the 

learned 𝐵𝑆𝑅 and the process described in 4.1.6. Posteriorly, a validation error (VE) is computed, given 

by:  

 VE =  
1

𝑁𝑣

∑
|𝑑𝑜𝑝𝑡

𝑖 − 𝑑𝐺𝑇
𝑖 | + |𝑣𝑐𝑜𝑝𝑡

𝑖 − 𝑣𝑐𝐺𝑇
𝑖 |

2

𝑁𝑣

𝑖=1 

 , (5.5) 

where 𝑖 is the image index and 𝑁𝑣 corresponds to the number of viewports in the validation set (in this 

case, 𝑁𝑣 = 2),   (𝑑𝑜𝑝𝑡
𝑖 , 𝑣𝑐𝑜𝑝𝑡

𝑖 ) are the predicted Pannini parameters for the viewport 𝑖 of the validation set 

and (𝑑𝐺𝑇
𝑖 , 𝑣𝑐𝐺𝑇

𝑖 ) are the Pannini parameters given by the GT for the viewport 𝑖.  

The process of CV was applied to each metric combination, being computed the corresponding VEs 

and learned the 𝐵𝑆𝑅 values (one per validation set, i.e., five VEs and five 𝐵𝑆𝑅′s). To identify the most 

accurate metric combination, the VEs obtained for all the validations sets were averaged for each metric 
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combination. The obtained values are shown in Figure 5.5. 

  

Figure 5.5 – Average of VE for each metric combination (each bar corresponds to a metric 
combination).  

The closer the average of VE (see Figure 5.5) is to zero, more accurate is the metric combination to 

predict the best Pannini parameters (given by the GT). Figure 5.5 shows that there is not an evident 

best metric combination (with lowest average of VE). Moreover, for each metric combination, five 

𝐵𝑆𝑅 were learned, one per validation set, but a unique value must be used to compute (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡). 

Thus, an additional process was performed as a new attempt to identify the best metric combination and 

a unique 𝐵𝑆𝑅 value. First, for each metric combination, its previously learned five 𝐵𝑆𝑅 values were 

polled using the average operation (a unique 𝐵𝑆𝑅 is computed); then, (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) were predicted for all 

the images of the GT dataset using the pooled 𝐵𝑆𝑅 value; finally an error measure was computed with 

the GT parameters, the metric combination prediction error (MCPE), given by:  

 

MCPE =  
1

𝑁𝐺𝑇

∑
|𝑑𝑜𝑝𝑡

𝑖 − 𝑑𝐺𝑇
𝑖 | + |𝑣𝑐𝑜𝑝𝑡

𝑖 − 𝑣𝑐𝐺𝑇
𝑖 |

2

𝑁𝐺𝑇

𝑖=1 

 , (5.6) 

where 𝑖 indexes the GT images and 𝑁𝐺𝑇 is the number of GT images, in this case, ten.  The closer MCPE 

is to 0, the greater the accuracy of the metric combination and corresponding pooled 𝐵𝑆𝑅 to predict the 

best Pannini parameters (given by the GT). Figure 5.6 shows the obtained MCPEs and Table 5.5 

indicates the pooled 𝐵𝑆𝑅 obtained for each metric combination. By their analysis, it is concluded that 

{𝑆𝐵3 , 𝑆𝐷𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙} is the metric combination with lowest MCPE;  the following rational  was applied: i) 

combinations that use 𝑆𝐷𝑎𝑟𝑒𝑎  or 𝑆𝐷𝑎𝑛𝑔𝑙𝑒  are excluded, since for the same bending distortion metric, the 

combination with 𝑆𝐷𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙  had always the lowest MCPE; ii) by comparison with the combinations that 

use 𝑆𝐷𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙  (the green bars), the combination with 𝐵𝐷3 is the one with lowest MCPE. {𝐵𝐷3 , 

𝑆𝐷𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙} was selected to compute the CA-PP viewports for the subjective tests. The value of 𝐵𝑆𝑅 to 

use with  {𝐵𝐷3 , 𝑆𝐷𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙} is 15.04, according Table 5.5.   

 

Figure 5.6 – MCPE for each metric combination, computed with the pooled 𝐵𝑆𝑅 (each bar corresponds 
to a metric combination)  
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Table 5.5 - 𝐵𝑆𝑅 value for each metric combination. 

𝐵𝑆𝑅 𝑆𝐷𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙 𝑆𝐷𝑎𝑟𝑒𝑎 𝑆𝐷𝑎𝑛𝑔𝑙𝑒 

𝐵𝐷1 11.42 27.18 24.60 

𝐵𝐷2 11.25 24.49 29.53 

𝐵𝐷3 15.04 26.68 29.47 

𝐵𝐷4 10.76 21.23 26.23 

𝐵𝐷5 21.94 25.5 22.9 

𝐵𝐷6 17.80 21.94 22.75 

5.3.2 CA-PP Subjective Test Results and Analysis 

In this section, the results of the subjective test are presented and analyzed for the viewports 

resulting from the CA-PP, rectilinear, stereographic, Pannini (𝑑 = 0.5), Stereographic Pannini and OP 

projections.  

Table 5.6 presents the (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) parameters used in CA-PP; these parameters were obtained 

using the metrics and parameters values referred to in section 5.1, which selection was justified in the 

previous section.  

Table 5.6 – Optimal Pannini parameters (𝑑𝑜𝑝𝑡 , 𝑣𝑐𝑜𝑝𝑡) used in CA-PP. 

Image Name (a) Bedroom (b) Buildings1 (c) Buildings2 (d) Dinner (e) Gallery 

(𝑑𝑜𝑝𝑡, 𝑣𝑐𝑜𝑝𝑡) (0.6 , 1) (0.2 , 0.8) (0.8 , 0) (0.1 , 0) (1 , 0.3) 

Image Name (f) Garden (g) Museum (h) Office 
(i) Oriental 

Garden 
(j) Workshop 

(𝑑𝑜𝑝𝑡, 𝑣𝑐𝑜𝑝𝑡) (0.6 , 0) (0.2 , 0.1) (0.1 , 0.6) (0.3 , 1) (0.1, 0.6) 

After the subjective tests, the scores given by the users were normalized to a range between [0,10], 

and then the CMOS for each viewport under evaluation was computed; these are shown in Table 5.7. 

In order to facilitate the general analysis of the results, the viewports under evaluation were categorized 

considering its CMOS. Three categories are used:  

• CA-PP is similar, if the viewport CMOS ∈ [4.2 , 5.8]. This interval was defined by splitting the CMOS 

range (including the zero value) in seven equal intervals (with length of 
11

7
= 1.57 ≈ 1.6), since the 

subject may select 7 possible scores (between -3 to +3), and subsequently associating the central one  

to “CA-PP is similar”,  which in CMOS corresponds to the range  [5 − 1.6/2  , 5 + 1.6/2] ≈ [4.2 , 5.8]; 

• CA-PP is better, if the viewport CMOS ∈ [0 , 4.2[; 

• CA-PP is worse, if the viewport CMOS ∈ [5.8 ,10 ].  

Table 5.8 shows, for each group of viewports obtained with the same projection, the number of 

viewports in each category, and also the median and the average of the CMOS. Each category is 

identified by a color, whose code is presented in the bottom of Table 5.7. 

a) CA-PP vs Rectilinear: CA-PP viewports were clearly more pleasant than rectilinear viewports, 

since the CMOS obtained for almost all viewports are quite below 5, and the average and median are 

also very low. This result shows that, despite of the inexistence of bending in rectilinear projection, the 

heavy stretching distortion is strongly annoying for users. The Bedroom viewport is the only for which 

the rectilinear projection achieved a performance similar to CA-PP. In this case, the stretching distortion 
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introduced by the rectilinear projection had less impact, since most important objects are close to the 

viewport center. 

Table 5.7 - CMOS of viewports resulting from rectilinear, stereographic, Pannini (d=0.5), 
Stereographic Panini and Optimized Pannini. 

 

Table 5.8 - Number of times that the reference viewport (CA-PP) is better than the viewport under 
evaluation; average and median of the CMOS obtained for viewports resulting from the same 

projection. 

 

b) CA-PP vs Stereographic: since five viewports were classified as CA-PP is better, it was considered 

that CA-PP provides a better perceptual experience than stereographic. Also, although the average and 

median CMOS values for the stereographic projection are close to 5, some viewports got very low 

CMOS values:  

• Buildings2, probably due to the bending of the buildings vertical lines;  

• Bedroom and Oriental Garden, probably due to the bending of some horizontal lines. This bending 

was absent on the CA-PP viewports, since the automatically selected 𝑣𝑐 = 1  avoids this type of 

distortion. This behavior is very positive since it shows the awareness of CA-PP about a specific 

content and its response to represent it without distortion, improving the experience of the user. 

For the Gallery and Museum images, it is verified (as expected) that the stereographic projection 

represents people with a natural shape. In CA-PP viewport of Gallery, the person closest to the right  

border is slightly deformed, and the people in the left side of Museum are strongly deformed; however, 

the stereographic viewport presents more bending. Since the category of these images are “CA-PP is 

worse”, it suggests that for viewports containing people and faces, the users prefer to see some bending 

distortion rather than to see persons with shape distortion.  

c) CA-PP vs Pannini (𝒅 = 𝟎. 𝟓): for this case, the Pannini (𝑑 = 0.5) projection generated five 

viewports that were more pleasant than the viewports resulting from CA-PP; however, the median and 

average  CMOS  are close to five. Also, it is worthy to note that: 

• CA-PP had better performance for Bedroom and Oriental Garden, since it selects 𝑣𝑐 = 1, avoiding 

the bending of horizontal lines; this distortion is present in the Pannini projection (𝑑 = 0.5), which 

uses 𝑣𝑐 = 0. This example shows the advantage of using a content aware Pannini, instead of a 

non-content aware Pannini. 
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Figure 5.7 – Viewports displayed in the subjective test for the images (from top to bottom) Bedroom, Buildings1, Buildings2 and Dinner, resulting from the 
projections (from left to right) CA-PP, Rectilinear,  Stereographic, Pannini (𝑑 = 0,5) and Stereographic Pannini.   
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Figure 5.8 - Viewports displayed in the subjective test for the images (from top to bottom) Gallery, Garden, Museum and Office, resulting from the projections 
(from left to right) CA-PP, Rectilinear,  Stereographic, Pannini (𝑑 = 0,5) and Stereographic Pannini.   
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 CA-PP Rectilinear Stereographic Pannini (𝑑 = 0.5) Stereographic Pannini 

O
ri
e

n
ta

l 
G

a
rd

e
n
 

     

W
o
rk

s
h
o
p
 

     

Figure 5.9 - Viewports displayed in the subjective test for the images (from top to bottom) Oriental Garden and Workshop , resulting from the projections (from 
left to right) CA-PP, Rectilinear,  Stereographic, Pannini (𝑑 = 0,5) and Stereographic Pannini.   

 Bedroom Dinner Office Workshop 

C
A

-P
P

 

    

O
P

  

    

Figure 5.10 - Viewports displayed in the subjective test for the images (from left  to right) Bedroom, Dinner, Office, and Workshop, resulting from the 
projections (from top to bottom) CA-PP and OP. 
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• for Buildings1, Office and Workshop, Pannini (𝑑 = 0.5) had a better performance than CA-PP. 

For these images, long straight lines were detected by CA-PP, and small values of 𝑑 where 

selected to avoid their bending. However, this parameter selection introduced some shape 

deformation in some relevant objects, namely, the car in the right side of Buildings1, the chair in 

the left side of Office, and the chair and computer in the left side of Workshop. Since Pannini (𝑑 =

0.5) uses a larger value for 𝑑, these objects are represented with more conformality, despite of 

the introduced bending distortions. Considering that the CMOS of this image benefits Pannini 

(𝑑 = 0.5) choice, this suggests (again) that users prefer to see the shape of relevant objects (or 

persons) well preserved, even if the viewport presents some bending.   

d) CA-PP vs Stereographic Pannini:  a draw was verified in all criteria. Again, the results suggest 

that subjects prefer to visualize relevant objects more conformal, even if straight lines are presented 

with bending. Since Stereographic Pannini uses 𝑑 = 1, the conformality of relevant objects and the 

curvature of lines are higher than in Pannini (𝑑 = 0.5). Thus, it would be expected that the CMOS 

obtained for Buildings1, Office and Workshop for Stereographic Pannini would be larger than the ones 

obtained in Pannini (𝑑 = 0.5). However, the opposite was verified, suggesting that too much bending 

distortion may annoy the user perception, even if the objects are more conformal. Thus, a good tradeoff 

between stretching and bending distortion is crucial.   

e) CA-PP vs OP: OP was preferred by the subjects. However, this result is not so reliable since the 

number of viewports assessed is quite small (only four) and the average and the median of CMOS are 

close to 5. Nevertheless, when comparing the viewports obtained using CA-PP and OP for the images 

Bedroom and Office, it was verified that the projections behaved differently. Users preferred the viewport 

resulting from CA-PP for the Bedroom, since CA-PP used 𝑣𝑐 = 1  (thus, horizontal straight lines are 

represented without bending). For Office, users preferred the OP representation, since in this case the 

objects shape are better preserved than with CA-PP.  

After the analysis of the subjective results, the main conclusions can be summarized as follow: 

• CA-PP obtained better results than rectilinear and stereographic projection, in general.  

• Rectilinear projection was the worst projection for wide angles. From Table 5.8, it is shown that 

the average of CMOS obtained for rectilinear projection is the lowest by far. This was already expected 

due to the well-known effect of stretching, which is very annoying for the users’ perception. 

• Pannini (𝒅 = 𝟎. 𝟓) outperformed CA-PP in most images. However, for some images, namely 

Bedroom and Oriental Garden, the CA-PP’s capacity to properly adjust its parameters is clearly an 

advantage. 

• CA-PP is a good projection for viewports containing long straight lines and/or relevant 

objects close to the viewport center. This is verified in Oriental Garden and Bedroom images. For 

images containing straight lines with several orientations, CA-PP selects small values of 𝑑, since it gives 

a lot of importance to bending distortion. By consequence, stretching distortion is introduced. If relevant 

objects are not represented in the viewport (as in Oriental Lake), stretching does not have impact on 

user’s perception; if they are represented on the viewport center, where the stretching distortion is 

smaller, the viewport quality is not decreased.  
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• CA-PP is inappropriate for viewports with straight lines and relevant objects close to the 

viewport periphery. This was verified in Buildings1, Office and Workshop. Since CA-PP tends to select 

small values of 𝑑 for viewports with straight lines,  stretching will distort the relevant objects. In this case, 

the subjective tests shown that users preferred to preserve the natural shape of the objects, even if 

some bending was introduced. 

• Users are very sensitive to shape deformation of relevant objects and persons. The CMOS 

obtained in the subjective assessment suggests that users are more sensitive to the shape deformation 

on relevant objects and persons, than to the bending of straight lines. Accordingly, the used 𝐵𝑆𝑅 should 

be set accordingly to the image content. 

5.4 MPF Assessment 

In this section, the subjective test results of the multiple-projections fusion (MPF) method are 

presented and analyzed. This is done by comparison with CA-PP, to verify if it is advantageous to use 

MPF,  and also with the results obtained for the viewports rendered with MOP and OP, proposed in [25]. 

Table 5.9 presents the CMOS for the mentioned projections; they are highlighted again using the color 

code describe in Table 5.7. Table 5.10 shows, for each group of viewports obtained with the same 

projection, the number of viewports in each category, and also the median and the average of the 

CMOS. 

The viewports considered in this section are presented in Figure 5.11 and Figure 5.12. In addition, 

Annex B presents, for each viewport, the SPs in the resulting GProj (obtained with CA-PP). 

Table 5.9 - CMOS of viewports resulting from MPF, OP and MOP. 

 

Table 5.10 - Number of times that the reference viewport (CA-PP) is better than the viewport under 
evaluation; average and median of the CMOS obtained for viewports resulting from the same 

projection. 

 

a) MPF vs CA-PP: for this case, it was verified that MPF performs better than CA-PP in more cases, 

despite the average and the median of the CMOS values being near five.  Also, it is worthy to note the 

following results: 

• Bedroom and Oriental Garden obtained a CMOS near 0. The main content of these viewports are 

straight lines, which are strongly bended by MPF, but not by CA-PP. This effect was not expected 

since both GProj (CA-PP) and LProj (rectilinear projection) represent these lines without bending. 

To understand why this effect occurred, the GProj and LProjs of these images were analyzed.
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Figure 5.11 - Viewports displayed in the subjective test for the images (from top to bottom) Bedroom, Dinner, Office, and Workshop, resulting from the 
projections (from left to right) MPF, CA-PP , MOP and OP. 
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Figure 5.12 - Viewports displayed in the subjective test for the images (from top to bottom) Buildings1, 
Buildigns2, Gallery, Museum and Oriental Garden, resulting from the projections (from left to right) 

MPF and CA-PP  
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Using the Oriental Garden image as example, it was verified that the horizontal red structure is 

represented as straight line by GProj, as shown in Figure 5.13.a), with two SPs over it. With Figure 

5.13.b) and Figure 5.13..c) it is shown that the associated LProjs represent the same red structure 

as straight but with different orientations. The fusion of these three lines, with different 

orientations, resulted in a bended line.  

   

(a) (b) (c) 

Figure 5.13 - (a) GProj of Oriental Garden; (b) LProjs associated to the SP number three and (c) 
number four. 

• For the viewports of Buildings1, Museum, Office and Workshop, it is verified that the conformality 

of some relevant objects is larger than in CA-PP, notably  the car in the right side of Buildings1, 

the chair in the left side of Office, the face of the man in the left side of Museum, and the chair 

and computer in the left side of Workshop. This occurred since there were SPs placed near these 

objects (see annex B), benefiting from the use of LProjs in that image regions. However, bending 

was introduced in straight lines; again, the results show that subjects, in average, prefer to see 

the objects represented with a correct shape, especially for the case of Buildings1 and Museum. 

For the next analysis, it is important to note that subjects did not compare directly the viewports (the 

reference was the viewport resulting from CA-PP). Moreover, the small number of viewports from these 

projections also turns the conclusions more difficult. However, it is still possible to point out the following:  

b) MPF vs MOP:  

• For Bedroom, MOP had a larger CMOS than MPF, with a difference of 2.1. By the analysis of 

both viewports, it is verified that MPF strongly bends the vertical lines. However, is verified that 

MOP presents with more curvature the horizontal lines than MPF. The bending of vertical lines 

probably caused more negative impact for the subjects. 

• For the remaining images, the obtained CMOS have some difference but considering the context 

(viewports were not directly compared) it is difficult to verify an obvious cause that justifies it. 

• For Office and Workshop, the improvement of conformality for objects near to the viewport limits 

(for example the left chair presented in both viewports) is verified for both MOP and MPF. Also, it 

is verified more bending distortion in both MOP and MPF projections, when compared with CA-

PP and OP. These effects occurred due to the use of LProjs. Accordingly, it can be concluded 

that MOP and MPF have the same effects in the final viewport, despite of using distinct projections 

in LProjs.    

c) MPF vs OP:  

• In this case, the OP projection obtained a larger CMOS for Bedroom, probably because OP 
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represents the vertical lines without bending, in opposite to what happens in MPF.  

• for the Workshop image, MPF obtained a CMOS of 6.2 and OP obtained a CMOS of 4.9. 

Comparing both viewports, it is verified that the chair of the left side is represented with more 

conformality with MPF than with OP. As seen before, for this image subjects gave better scores 

when the chair is represented with a correct shape, whereby this may have been the crucial 

aspect for this difference in CMOS.  

• for the remaining cases the CMOS are   similar.  

From this analysis, it can be concluded that:  

• MPF provided viewports more pleasant than CA-PP for the cases where the SPs are 

positioned close to relevant objects and persons (as seen in Museum and Buildings). This occurs 

since the LProjs represent these perceptual important contents with less shape distortion, whereby its 

use increases the perceived quality. This also shows that some of the SPs are correctly selected by 

MPF.  

• MPF introduces bending distortion if SPs are positioned near straight lines (as seen in Oriental 

Lake and Bedroom). This is a disadvantage, especially considering that GProj uses CA-PP as an effort 

to reduce the bending distortion.  

• MPF introduces the same effects of MOP, on the rendered viewports, but using a less 

complex local model; in fact, MPF uses a content-independent projection for the local model and MPF 

uses a content-dependent projection. 

Given that the number of viewports used to compare MPF with MOP and OP is small, and also that 

CA-PP was used as the reference viewport, it is difficult to obtain reliable and valid conclusions about 

which of these projections is the best. 
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Chapter 6. Conclusions and Future Work  

This chapter outlines the achievements and contributions of this Thesis, and presents some 

suggestions of future work. 

6.1 Summary 

The main objective of this Thesis was the development of a content-preserving projection for ODI 

rendering, by analyzing the content to be visualized and adapting the projection parameters accordingly. 

In this sense, two projections were developed: CA-PP and MPF.  

The main achievements obtained with CA-PP were:  

• Better performance than rectilinear and stereographic projection: The commonly used 

rectilinear and stereographic projections introduce, respectively, stretching and bending distortions in 

the final viewport; CA-PP aims a tradeoff between both. The subjective tests confirmed that, in general, 

more users preferred the viewports rendered with CA-PP. 

• Best performance among the benchmark projections for scenarios where long straight lines 

are the most perceptually relevant image elements: CA-PP adapts the projection parameters giving 

especially importance to the bending distortion. For images containing long straight lines in perceptually 

relevant regions, the considered content-independent projections had worse performance than CA-PP 

since all of them, except the rectilinear projection, introduced always some bending; although the 

rectilinear projection preserves the straightness of the lines, it introduces stretching distortion, which 

reduces the QoE. Relatively to MOP and OP, CA-PP also obtained better results for the image (out of 

the four assessed images) containing long straight lines. However, for the images where relevant objects 

(e.g. faces) and long lines are simultaneously presented, users prefer to see the objects represented 

with a correct shape rather than to visualize straight lines without bending; in this case, the CA-PP loses 

to OP, MOP and Pannini (𝑑 = 0.5) projections. 

The main achievement obtained with MPF was:  

• Improvement of conformality with less complex LProjs: With MPF, it was observed that the 

conformality of relevant objects was improved relatively to CA-PP. This had been already achieved by 

MOP ( relatively to OP), but using optimized projection models in the LProjs, which requires the image 

content to be analyzed in order to find out the LProjs parameters; in MPF, the rectilinear projection 

model is used as LProj, which decreases the complexity. Also, an increase of bending distortion was 

verified in MPF, relatively to CA-PP, and in MOP, relatively to OP. Thus, the same final distortion effects 

were obtained for the MPF and MOP methods but using less complexity in MPF than in MOP.  

In addition to the proposed rendering techniques and their achievements, other important 

contributions were done:  

• SLICER, a new segmentation method targeted for ERI: SLICER takes into consideration that 

ERI is a spherical image, allowing a reasonable segmentation of the objects, even if they are 



 

84 

represented with some distortion; SLICER is based on SLIC , but the latter segments ERI as a planar 

image (thus, not considering its spherical geometry). SLICER can also be used in other ODI based 

applications, beyond rendering.  

• A new method for selection of SPs, based on the texture information of the ERI and in its saliency 

map. 

6.2 Future Work 

Considering the results obtained along this Thesis, some future work directions may be defined:  

• Content-dependent stretching distortions metrics – Several stretching metrics were proposed 

in this work; however, they are based in the Tissot indicatrices, which are content-independent metrics. 

Consequently, in the proposed metrics, an object of low perceptual importance (such as a cloud) has 

the same weight as an object of high perceptual importance (such as a face), whose distortion drastically 

decreases the user's QoE. The development of stretching metrics that consider the viewport content - 

e.g., by using image saliency maps - may provide better solutions to measure the stretching distortion 

impact on the perceived viewport quality.    

• Content-dependent 𝑩𝑺𝑹 – It was verified that the used 𝐵𝑆𝑅 value was appropriate to predict the 

projection parameters for images containing long straight lines. However, for scenes with other type of 

contents, e.g., faces and people, it was verified that more importance should be given to the stretching 

distortion; in this case, the  𝐵𝑆𝑅  value  should be smaller than the one used for the subjective tests. 

The development of a technique that varies the 𝐵𝑆𝑅 as a function of the content to be rendered will 

allow a better trade-off   between stretching and bending distortions, for different scenes.   

• Automatic method for the selection of scale factors – For the subjective tests, the scale factors 

used for each LProj were selected manually, by visual inspection of the resulting viewport. Obviously, 

to fulfill the requirement of an automatic rendering technique, an automatic method to compute these 

scale factors should be developed.  

In summary, there are several topics with space for improvement, to enhance the proposed viewport 

rendering techniques. 
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Annex A. Straight Lines Detection and Merging 

Figure A.1 shows the 3D straight lines (at green) resulting from line merging detection and merging 

(with vertical already excluded) for the images used in the subjective test dataset. The following 

parameters were used: 𝐴𝐶 = 3°, 𝐶𝑐 = 16 pixels , 𝐿𝑚 = 16 pixels and 𝐿𝑓 =80 pixels. 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

  
(g) (h) 

  
(i) (j) 

Figure A.1 - Viewport resulting from rectilinear projection with straight detected and merged (vertical 
lines excluded) for (a) Bedroom, (b) Buildings1, (c) Buildings2, (d) Dinner, (e) Gallery, (f) Garden, (g) 

Museum, (h) Office, (i) Oriental Garden, and (j) Workshop. 
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Annex B. Detected Salient points and Scale  

Figure B.1 to Figure B.10 show the SPs (labelled with a number) that were detected by MPF and 

are represented within the GProj of each image used for the subjective test. The scale factors 𝑠𝑓 used 

in the subjective tests for the LProjs (associated to the enumerated SPs) are indicated in Table B.1 to 

Table B. 10.  

A. Bedroom 

 
Figure B.1 – GProj viewport of Bedroom and corresponding SPs.  

 

Table B.1 - Scale factors of the LProjs associated to each SP of Bedroom. 

Salient 
Point 

Scale 
factor 𝑠𝑓 

1 2 

2 2 

3 2 

4 4 

5 4 

6 2 

 

B. Buildings1 

 
Figure B.2 – GProj viewport of Buildings1 and corresponding SPs. 

Table B.2 - Scale factors of the LProjs to each represented SP of Buildings1. 

Salient 
Point 

Scale 
factor 𝑠𝑓 

Salient 
Point 

Scale factor 
𝑠𝑓 

1 1.8 7 1.8 

2 1.8 8 6 

3 1.8 9 1.8 

4 1.8   

5 1.8   

6 1.8   
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C. Buildings2 

 
Figure B.3 – GProj viewport of Buildigs2 and corresponding SPs.  

Table B.3 - Scale factors of the LProjs associated to each SP of Buildigs2.  

Salient 
Point 

Scale 
factor 𝑠𝑓 

Salient 
Point 

Scale factor 
𝑠𝑓 

1 2.2 7 3 

2 4 8 3 

3 2.2 9 3 

4 2.2 10 2.2 

5 3 11 2.2 

6 2.2 12 2.2 

 

D. Dinner 

 
Figure B.4 – GProj viewport of Dinner and corresponding SPs.  

Table B. 4 - Scale factors of the LProjs associated to each SP of Dinner. 

Salient 
Point 

Scale 
factor 𝑠𝑓 

Salient 
Point 

Scale factor 
𝑠𝑓 

1 1.2 8 1.2 

2 1.2 9 1.2 

3 1.2 10 1.2 

4 2 11 1.2 

5 2 12 1.2 

6 1.2 13 1.2 

7 1.2   
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E. Gallery 

 
Figure B.5 – GProj viewport of Gallery and corresponding SPs. 

Table B. 5 - Scale factors of the LProjs associated to each SP of Gallery. 

Salient 
Point 

Scale 
factor 𝑠𝑓 

Salient 
Point 

Scale factor 
𝑠𝑓 

1 4.5 7 2.5 

2 2.5 8 2.5 

3 4.5 9 4.5 

4 2.5   

5 2.5   

6 4.5   

 

F. Garden 

 
Figure B.6 – GProj viewport of Garden and corresponding SPs.  

Table B. 6 - Scale factors of the LProjs associated to each SP of Garden. 

Salient 
Point 

Scale 
factor 𝑠𝑓 

Salient 
Point 

Scale factor 
𝑠𝑓 

1 2 7 2 

2 2   

3 2   

4 4.5   

5 4   

6 2   
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G. Museum 

 

 
Figure B.7 – GProj viewport of Bedroom and corresponding SPs. 

Table B. 7 - Scale factors of the LProjs associated to each SP of Bedroom. 

Salient 
Point 

Scale 
factor 𝑠𝑓 

Salient 
Point 

Scale factor 
𝑠𝑓 

1 1.6 7 1.6 

2 1.6 8 1.6 

3 2.1 9 1.6 

4 1.6   

5 1.6   

6 1.6   

 

H. Office 

 
Figure B.8 – GProj viewport of Office and corresponding SPs. 

Table B. 8 - Scale factors of the LProjs associated to each SP of Office. 

Salient 
Point 

Scale 
factor 𝑠𝑓 

1 2.5 

2 2.5 

3 1.5 

4 2 

5 4 

6 4 
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I. Oriental Garden 

 
Figure B.9 – GProj viewport of Oriental Garden and corresponding SPs. 

Table B. 9 - Scale factors of the LProjs associated to each SP of Oriental Garden. 

Salient 
Point 

Scale 
factor 𝑠𝑓 

Salient 
Point 

Scale factor 
𝑠𝑓 

1 2 8 2 

2 2 9 2 

3 2 10 2 

4 2 11 2 

5 2 12 2 

6 2 13 2 

7 2   

 

J. Workshop 

 
Figure B.10 – GProj viewport of Workshop and corresponding SPs. 

Table B. 10 - Scale factors of the LProjs associated to each SP of Workshop. 

Salient 
Point 

Scale 
factor 𝑠𝑓 

Salient 
Point 

Scale factor 
𝑠𝑓 

1 2.5 8 2 

2 4 9 3 

3 1.5 10 1.5 

4 1.5   

5 4   

6 4   

7 1.5   
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