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Abstract
This work focuses on the adaptive control of HIV infection when the treatment is done using
multitherapy. A nonlinear three-variable model is used on which a study of the dynamics and
linearizations is made. The purpose of the controllers will be to bring the number of free virions
to a certain reference value, lower than the detection thresholds of the current instruments. Two
therapies are used simultaneously (RTI and PI) and the control variable is related to the effect values
of the therapies. Initially, a non-adaptive approach is used in which different types of controllers are
tested and their performance compared. At this point it is considered that a prior knowledge of the
parameters of the system is available. Subsquently, an approach in which two different adaptation
mechanisms is used in conjunction with different controllers to evaluate which strategy produces the
better results. The inclusion of adaptation allows to deal with the great variability among patients,
as cases with greater and lesser initial uncertainty are tested. The different cost functions used in
controllers are designed such that, in equilibrium, the values of the two different therapies are similar,
thereby minimizing toxicity.
Keywords: HIV infection control, adaptative control, model predictive control, biomedical systems, multiple switched models, pcertainty equivalence principle

1. Introduction

In [6], [9], [12], [20] different strategies to control
the HIV infection using optimal control are shown
1.1. Motivation
and in [8], [14], [18], [19] and [23] strategies using
AIDS is a disease that affects the immune system, predictive control are shown.
caused by the HIV virus. AIDS is not itself a deadly
In [2] and [3] it can be found a description of the
disease. However, by weakening the immune sys- certainty equivalence principle and in [10] and [15]
tem, it leads to other types of diseases, which in it can be found a description of the multiple model
a healthy individual would be easily controlled, to switching.
potentially be deadly.
Nowadays there is a set of drugs that are very 2. Dynamic Model of HIV Infection
effective in controlling the disease, even leading to The model of HIV infection that will be studied in
an infected individual having a nearly 0% chance detail is
of transmitting the virus when properly medicated.

However this type of medication requires extremely

Ṫ = s − dT − βT v
regular dosing which causes undesirable side effects.
,
(1)
T˙∗ = βT v − µ2 T ∗

This work gains special relevance because through

∗
v̇ = kT − µ1 v
existing models it is possible to determine optimal
therapy doses, controlling the virus and reducing
the adverse effects of therapy.

where T represents healthy T CD4+ cells, T ∗ infected T CD4+ cells and v the number of free virions.
This model has two equilibrium points. One corresponding to the absence of infection

1.2. Literature review
In [4], [5], [7], [13] and [17] different models of HIV
infection with and without therapy effects are described being that in [14] and [22] the pharmacokinetic and pharmacodynamic models are also described. In [6] there is a description of the different
therapies.
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and another corresponding to the asymptomatic
phase of the infection
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Typical values for model parameters are shown
in Table 1.
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Days
0.02 per day
100 per cell
10 mm−3 per day
2.4 × 10−5 mm−3 per day
2.4 per day
0.24 per day

Figure 1: State-space representation.
achieves roughly the same effects as using just one
with 0.5 or more.

Table 1: Typical values for model parameters.

In case of absence of infection, whatever the initial T value, it will always evolve into equilibrium.
The T ∗ and v variables remain at zero as expected
because there is no infection.
Otherwise, when there is infection, it can be concluded that whatever the initial conditions of T
and v are, the system always evolves to an equilibrium point corresponding to the asymptomatic
phase. However, the way it progresses to this point
differs depends on the initial conditions, namely the
time it takes to reach this point.
After being infected, the individual reaches a
virion peak at the same time as the number of
healthy cells drop dramatically. After reaching this
peak, the number of virions decreases again and the
number of healthy cells increases due to the immune
system response to the infection.
Figure 1 shows the state-space representation of
the system.
Whatever the initial condition is, the system always converges to the equilibrium point, so, it can
be concluded that the equilibrium point is stable.

2.1.1

Linearization

The system linearization allows to study its behavior for small deviations around the equilibrium
point.
The behavior of a system around an equilibrium
point can be described by the following state space
representation:
d
∆x(t) = A∆x(t) + B∆u(t).
dt

(5)

In order to obtain the dynamic matrix of the linearized system, each of the model equations (4) has
to be derived in respect to the three different states.
The linearized dynamic matrix around a generic
equilibrium point (T̄ , T¯∗ , v̄) is

−d − βv̄
A =  βv̄
0

0
−µ2
k


−β T̄
β T̄  .
−µ1

(6)

The dynamic matrix around the asymptomatic
phase equilibrium point (3) is

2.1. Model With Therapy
The HIV model, including therapy effects of RTI
and PI, is given by


Ṫ = s − dT − (1 − u1 )βT v
.
(4)
T˙∗ = (1 − u1 )βT v − µ2 T ∗


v̇ = (1 − u2 )kT ∗ − µ1 v
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The B matrix is given by

Different simulations were made applying each
one of the therapies individually and both simultaneously. By combining the two therapies, it is possible to achieve the same results as with using them
individually but using smaller quantities. In the
case of multitherapy, making u1 = 0.3 and u2 = 0.4

 δf
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The dynamic matrix B around the asymptomatic
2

phase equilibrium point (3) is

1 µ2
0
s − dµβk
 dµ1 µ2
0
B =  βk − s
dµ1
0
β −

3. Non Adaptative Control
In this subsection three types of controllers will be
studied, so that by imposing a given reference on

(9) the value of v, it is possible to determine how much
.
ks
effect of the therapies need to be applied. For this,
µ2
the system output is compared with the reference
value, generating an error value. Given this error
2.2. Model Discretization
Some types of controllers, such as the MPC con- value, a certain amount of therapy will be applied
troller, use discrete models, so it is necessary to so that over time the error tends to zero.
determine the equivalent discrete model in order to
3.1. PI Controller
use this type of controllers.
The proportional integral controller (PI) contains
The linearized model is given by:
a proportional part and another part with an inte(
grative effect. The proportional part is a simple Kp
ẋ(t) = Ax(t) + Bu(t)
(10) gain that multiplies the error generating a up value.
y(t) = Cx(t)
The integrator will integrate the error so that when
This model corresponds to the discrete model the tracking error is zero the control is non-zero.
The integrator will also be associated with a gain
given by:
called the integral gain (Ki ).
(
To avoid controller spikes when the reference is a
x(k + 1) = φx(k) + Γu(k)
(11) constant, it is defined a reference with exponential
y(k) = Cx(k)
decay given by,
with,
φ = eAh ,

Z
Γ=



r = 877e0.05(300−t) + 15,

h

eAσ dσ · B.

(16)

(12)

0

that is, the reference now tends asymptotically to
The non-linear continuous model is given by
15 and when control is turned on, at the moment
(
t = 300, it has the same value as the current number
ẋ = f (x, u)
.
(13) of system virions. Controller gains are
y = Cx
With the 4th order Runge-Kutta method, it is
possible to approximate the continuous model by a
discrete model given by:
h
(k1 + 2k2 + 2k3 + k4 )
6
= f (x(k))
h
= f (x(k) + k1 )
2
h
= f (x(k) + k2 )
2
= f (x(k) + hk3 ),

Kp1 = 0.10, Ki1 = 1.01, Kp2 = 0.10, Ki2 = 13.00.
(17)

x(k + 1) = x(k) +
k1
k2
k3
k4

(14)

with a sample time h.
On the other hand, Euler method uses a simpler
formulation given by:
x(k + 1) = x(k) + hf (x(k), u(k)).

(15)
Figure 2: PI controller response for reference 15
with exponential decay.

By simulation, it can be stated that the Euler approximation introduces an approximation error in
the representation of the infection model. On the
other hand, the 4th order Runge-Kutta approximation leads to a faithful representation of the continuous model, introducing no observable error in the
model representation.

By analyzing Figure 2 it can be concluded that
the controller has a smooth response without taking
excessively high values of control. The reference
value is also followed.
3

3.2. LQ Controller
The output of the system, the number of free viriThe PI controller does not minimize the usage of ons, is now a noisy measure given by:
therapy so a different approach will be used through
the LQ controller.
vη (t) = v(t) + η(t) , η ∼ N (0, 10).
(23)
A cost function to be minimized is defined, given
by
In these conditions the response of the controller
Z
is overly oscillatory. In order to solve that, the R
J = (xT Qx + Ru2 )dt.
(18) value is now increased to


The controller will contain an observer which will
2 0
6
R = 3.19 · 10 ·
.
(24)
estimate the actual system state and then calculate
0 5
the control to apply to the system. The observer’s
state model will be given by
(
x̂˙ = Ax̂ + Bu + L(y − C x̂)
.
(19)
u = −K x̂
The values of L and K are determined using the
lqr() and lqe() functions of MATLAB respectively,
taking into account the values defined for Q and R
in the cost function. The L vector values will be calculated using the original observer model, however,
as an integrator will be included in the controller,
the matrix used to calculate the K gains will have
to be an augmented matrix in order to obtain the
gain of the integrator. The state model will then be
   
  
A
0 x̂
B
x̂˙
+
u.
(20)
=
− TCi 0 xi
0
ẋi
The control scheme can be described by the block
diagram of Figure 3:

(a) Number of virions

(b) Number of virions

(c) u1

(d) u2

Figure 4: Response of the multivariable LQ controller with reference change and noisy measure.
It is concluded by observing Figure 4 that increasing the value of R allows to mitigate the oscillatory
character of the controller as expected. However,
as was also predicted, the convergence to reference
values becomes substantially slower.
3.2.1

Given that the results using a linear observer
demonstrate some problems, a different approach
was used to estimate states using an extended
Kalman filter [11].
The Kalman filter is a set of mathematical equations that provides an efficient recursive computational solution for the least squares method. The
filter supports past, present, and future estimates,
and can handle cases where noise or uncertainty exists in the modeled system.
Extended Kalman filter is used for processes described by nonlinear models. This type of filter
calculates the estimates by linearizing around the
current mean and covariance. At each instant the
state and covariance estimates of the instant k + 1
are calculated using the estimates of the instant k.
These estimates are calculated according to:

Figure 3: Block diagram of LQ controller.
The simulations start at the equilibrium point of
the asymptomatic phase and the reference is given
by
r(t) = 15+135·ue (t−150)·ue (−t+300), t ≥ 0. (21)
By simulation it was concluded that the best values for R an Q are
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R = 3.19 · 105 ·
0
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Extended Kalman Filter
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0.05
(22)
4

x̂k+1 = f (x̂k , uk )
Pk+1 = Fk Pk FkT + Qek

and the measurements, respectively, is low. Simi(25) larly the initial values of P should be higher if the
uncertainty about the initial measurements is high.
In this simulation the following adjustable pa(26)
rameters were used:

with Jacobian matrix F given by,
∂f
|x̂ ,u =
Fk =
∂x k k
"
1 − h(d + (1 − u1 )βx3 )
h(1 − u1 )βx3
0

0
1 − hµ2
h(1 − u2 )k


0.5
Qe =  0
0

#
−h(1 − u1 )βx1
h(1 − u1 )βx1 .
1 − hµ1
(27)

0
0.001
0




0
100 0

0 , Re =
. (35)
0 100
0.5

and

50000
0
100000
P0 =  0
0
0

In order to prevent the existence of nonlinearities
in the Jacobian matrix, the function f represents
the approximation by the Euler method described
in the equation (15) where f is given by:


0
0 .
100000

(36)

The parameter Q will have the same value as in
(24) while R will be given by:


T (k + 1) = T (k) + h(s − dT (k) − (1 − u1 (k))βT (k)v(k))
T ∗ (k + 1) = T ∗ (k) + h((1 − u1 (k))βT (k)v(k) − µ2 T ∗ (k))

v(k + 1) = v(k) + h((1 − u2 (k))kT ∗ (k) − µ1 v(k))
(28)

.


1
R = 5000 ·
0

0
8


(37)

Then the estimates are recalculated using the new
measurements. Kalman gain will be given by,
Kk = Pk HkT Sk−1

(29)

with

∂hs
1
Hk =
|x̂k =
0
∂x


0
andSk = Hk Pk HkT +Rek .
1
(30)
The h function represents the function that defines the system output which in this case is given
by:


T (k) + T ∗ (k)
hs =
.
(31)
v(k)
1
0

(a) Number of virions

(b) Number of virions

(c) u1

(d) u2

The new estimate of the state will be given by:
x̂k = x̂k + Kk ỹk

(32)

where ỹk is the difference between the measured Figure 5: Multivariable LQ controller response with
output value zk and the predicted output value tak- state estimation by EKF.
ing into account the estimate a priori. This error is
From the analysis of Figure 5 it is concluded that
given by,
the estimation of states through EKF rather than a
linear observer leads to substantially better results.
ỹk = zk − hs (x̂k ).
(33)
With this type of estimation the control is no longer
The error covariance matrix is also recalculated excessively oscillating allowing the use of lower R
values and consequently a faster controller response
according to
to reference variations.
Pk = (I − Kk Hk )Pk .
(34)
3.3. MPC Controller
The Kalman filter has 2 adjustable parameters. MPC control strategy is similar to the LQ controller
The matrix Qe represents the process noise and the in minimizing a cost function. However, here there
matrix Re represents the measurement noise. The is the ability to handle constraints. On the other
values of Qe and Re should be higher if the con- hand, a non-quadratic cost function can be used.
fidence about the values generated by the model The optimization problem to solve is given by,
5

minimize
u

J(k, k + H) =

H
X

2

2

(y(k + i) − r(k + i)) + ρu (k − 1)

i=1

subject to

x(k + 1) = f (x(k), u(k)),
y(k) = Cx(k).
(38)

This control strategy is a predictive control strategy, i.e., the controller predicts the system behavior taking into account the model that describes
the system over a H size horizon. In order to follow the desired reference, the optimization problem
is solved in order to u. Solving this optimization
problem leads to a sequence of u values of size H.
The first value of u is then applied to the system
and the process is repeated. In order to ensure stability it is necessary to choose a sufficiently large H
horizon.
3.3.1

(a) v : η ∼ N (0, 1)

(b) v : η ∼ N (0, 20)

(c) u : η ∼ N (0, 1)

(d) u : η ∼ N (0, 20)

NMPC Controller

According to [14] the toxicity of the different therapies has an exponential evolution. Taking this into
account, the cost function to minimize will now be:
J(k, k+H) =

H
X

2
ρ ·u (k+i−1)
ρ ·u (k+i−1)
[(y(k+i)−r) +ρ1 ·(e 2 1
+e 2 2
)].

i=1

(39)

With this formulation it is assumed that the tox- (e) Estimation: η ∼ N (0, 1) (f) Estimation: η ∼ N (0, 20)
icity of both therapies (RTI and PI) has an equal
evolution since the same parameter ρ2 is used in Figure 6: NMPC controller response with EKF and
noisy measures.
both exponentials. The values for ρ1 and ρ2 are:
ρ1 = 0.05 , ρ2 = 15.

(40)

4. Adaptative Control
Given the great variability of the patient during the
evolution of infection and uncertainty of the built
mathematical models, adaptation gains greater relevance. Adaptive methods allow to deal with patient variability by estimating models and recalculating controller gains based on collected patient
data. This paper will discuss two different adaptation strategies.

This type of approach leads to a slower convergence to the reference value, however it uses lower
therapy values.
Since there is no direct access to the three different states an EKF is used to estimate them. The
output measures are noisy measures given by:
(
[T (k) + T ∗ (k)]η = T (k) + T ∗ (k) + η(k)
vη (k) = v(k) + η(k)

, (41) 4.1. Certainty Equivalence Principle
The certainty equivalence principle, taking into acwhere η(k) follows a normal distribution with null count input u and output y, estimates the model
parameters using the least squares method. Then
average.
Firstly, it can be stated from Figure 6 that al- the controller gains are recalculated. The adaptive
though the measurements are noisy, the Kalman control type scheme can be represented by Figure
filter can make the estimates converge to the real 7.
As described in Figure 7, the control variable
state value and therefore the controller can take the
and
the patient system output represent the intracking error to 0. Comparing the differences in
puts
of the RLS block. This block will estimate the
the existing noise power, the only difference lies in
model
parameters using the recursive least squares
the state estimation which is slower for T and v.
method.
This variant of least squares estimates curOverall it can be said that the extended Kalman
rent
system
parameters using the previous estimate.
filter is a key tool for the control of the dynamic
Consider
the
system given by
model of HIV because, in addition to allowing a
precise estimation of the states, it allows measurey(k) = ϕ0 (k − 1)θ + η(k).
(42)
ment noise filtering.
6

(a) v

(b) u

(c) µ1

(d) Estimate

Figure 7: Certainty equivalence principle model.
The θ parameters are the parameters to estimate.
Then the value of θ̂ will be given by
θ̂(k) = θ̂(k−1)+K(k)[y(k)−ϕ0 (k−1)θ̂(k−1)], (43)
with

Figure 9: Parallel EKF and RLS blocks.
0

P (k) = P (k−1)−

P (k − 1)ϕ(k − 1)ϕ (k − 1)P (k − 1)
1 + ϕ0 (k − 1)P (k − 1)ϕ(k − 1)
(44)

and
K(k) = P (k)ϕ(k − 1)

(45)

After obtaining the parameters of the model, they
are used to recalculate controller gains, with F being a vector of gains.
4.1.1 µ1 Parameter Estimation
Consider that the µ1 parameter, corresponding to
virion mortality, is unknown and the remaining parameters are known. This parameter influences the
evolution of the number of virions given by:
v(k + 1) = v(k) + h((1 − u2 (k))kT ∗ (k)
− µ1 v(k)) + η(k) , η(k) ∼ N (0, 10).

(46)

There is no direct acess to the three different
states so an EKF was used. The EKF will estimate
the states while the RLS block will estimate the
µ1 parameter. The representative block diagram of
this scheme will be as follows:

By observing the simulation in Figure 9 we see
that the estimate of µ1 does not converge to the actual value. However, even with an incorrect value
of µ1 , the Kalman filter can get state estimates to
converge to the real value though at a slower rate
than when the µ1 value is known. This error in estimating µ1 may be due to interdependence between
blocks as EKF needs µ1 to estimate states and the
RLS block needs state value to estimate µ1 .
Since the simultaneous operation of the EKF and
RLS blocks leads to parameter estimation error, a
different approach has now been considered. The
EKF block will now be an enlarged version of the
previous one to estimate the states and the µ1 parameter together. This eliminates the dependency
between the two blocks. The vector to be estimated
will now be a z vector given by,
 
x
z=
(47)
µ1
given that
(

ẋ = f (x, µ1 )
µ˙1 = 0

.

(48)

As it can be seen on Figure 10, this enlarged version of the extended Kalman filter allows to take
both state and parameter µ1 estimation errors to
zero and it is a better alternative to EKF and RLS
blocks together described earlier. The existence of
measurement noise means that the µ1 estimation
error is not exactly zero but fluctuates around zero
over time.
Instead of an MPC controller an LQ controller
can also be used. The extended EKF was used to
estimate the states and the µ1 parameter, similar

Figure 8: EKF+RLS block diagram.

7

(a) v

(c) µ1

(b) u

(a) v

(b) u

(c) µ1

(d) R

(d) Estimation

Figure 12: Adaptive control using LQ controller
and enlarged EKF with dynamic R.

Figure 10: Enlarged EKF block.

know at first the parameters of the model describing this system. In the 4.1.1 section, it was assumed that five of the six parameters were known,
estimating only the µ1 parameter, and this estimation produced the best results when done with EKF.
That said the estimation of all six parameters of the
model will be done using this method.
Since, over time, estimates come closer to the actual value this means that the process noise will be
lower. That said, the Qe matrix associated with
process noise should contain smaller values when t
increases. So when t > 10 the Qe matrix will be
1
multiplied by a scaling factor of t−9
.
In order to evaluate the ability of the algorithm
to approximate the estimates when there is great
uncertainty, a simulation with initial values of the
parameters with substantial error (minimum of 100
Figure 11: Block diagram of adaptive LQ controller % error) was performed. The initial values for the
different parameters are
with enlarged EKF.
  

k0
250
In order to avoid controller saturation in the iniµ10   0.001 
  

tial moments, a varying therapy weight was consid β0  1 · 10−4 




(50)
ered. R will now be ajusted at each sample interval
µ20  =  0.0001 




by
 d0   0.0001 
s0
30
R(k) = R(k − 1)(1 − γ(c2 − u2 )).
(49)
Through simulation it is concluded that at an
From Figure 12 it can be seen that the estimation
early stage the parameters converge, however, they
of µ1 converges to the actual value. When compared
start to diverge at a certain time. This divergence
to the case where the NMPC controller was used,
leads to an error of up to 15000% causing a spring
the convergence time for the reference value is much
effect on the number of virions resulting from an
longer.
interruption of therapy. One of the possible causes
for this is that the number of virions and hence the
4.1.2 Six Parameters Estimation
number of CD4 + T cells stabilize at a given value
Since we are dealing with a biological system, which thus avoiding changes in the system that would alvaries from patient to patient, it is not possible to low parameter estimation (absence of system agito what had been done with the NMPC controller.
Now it will no longer be necessary for the controller
to estimate the states through the observer because
it can use the estimations obtained by the EKF.
Then at each instant of time the K vector gains
are recalculated using the current µ1 estimate. The
block diagram of this new control strategy is given
in Figure 11.

8

tation). The solution to this problem will be to system could become unstable.
stop the estimates. In this case, it was decided to
stop the estimates at t = 15. Note that at this
moment it is already noticeable the divergence of
the parameters s and d, however is when it can be
seen the smallest estimation error of the remaining
4 parameters. With this it is possible to bring the
tracking error to zero because the MPC controller
now has values of the parameters close to the real
ones. However, the estimates do not converge to
zero error but only to a low value (in the order of
10% error) and the control saturates in the initial
moments. The results of this stopping situation are
shown in Figure 13.
Figure 14: Block diagram of adaptive control with
multiple model switching.

(a) v

In order to use this adaptive control method 3 different models and their associated controller were
considered. Each model corresponds to a linearization around a certain equilibrium point with the associated controller being an LQ controller designed
accordingly. The controllers will be designed as described in section 3.2 with the A and B matrices depending on the model used. The Q and R weights
in the cost function will be the same for the different
models and given by:

(b) u


0
0
0 

2
0 
0.05
(51)
Model 1 corresponds to the linearization around
the equilibrium point of the asymptomatic phase.
Model 2 corresponds to linearization around the
equilibrium point with v̄ = 400 and equal values of
the two therapies. Model 3 corresponds to the linearization around the equilibrium point with v̄ = 15
and equal values of the two therapies.
The M1 to Mn blocks represented in Figure 14
will in this case be Kalman filters with dynamics associated with the model they represent. The output
y from the system will only be the number of virions
and there will be measurement error η ∼ N (0, 10).
As shown in Figure 14 after comparing the models
output and the actual value of v this signal is applied to a low pass filter to remove noise. This filter
will be described by:

1
6
R = 6.38 · 10 ·
0

(c) Error

Figure 13: Simulation with 6 parameter estimation
by enlarged EKF.
4.2. Multiple Model Switching
The method of multiple model switching consists in
having n different models. Let u be the input applied to the real system and y its output. This u
input is then applied to the n models and the output of these yˆn models is compared to the actual
model output y. Since en = ||y − yˆn ||2 , the model
with the lowest value of en is chosen. Each of these
models is associated with a given controller so when
choosing one of these models, a new controller for
the real system is also chosen. There is, however, a
condition in choosing the model. If a certain model
Mn and the associated controller Cn is chosen, it is
neccessary to keep that Cn chosen for a minimum
time interval. This residence time condition is necessary to ensure stability. The control scheme can
be described by Figure 14. The ”Lógica de Escolha
do Controlador” block does not simply choose the
model with the lowest mean square error. As stated
above, there is a dwell time condition, which is guaranteed by this block. If there was fast switching the




0
0
, Q=
0
0

0
0
0
0

0
0
10
0

π(k) = απ(k − 1) + (1 − α)z(k),

(52)

where z is the signal at the exit of the squared
error block and α = 0.99. Switching between controllers leads to spikes in the control so the controllers integrator have been reset in each switch
to avoid this problem. The gains associated with
model 3 lead to oscillatory control so the gains of
9

this controller have been multiplied by a scale factor patient data, which was not possible. Finally, it
was always considered that there were new output
of 0.1.
measures of the patient’s values every 6 hours which
would be impractical in reality because the common
analyzes are done every 3 months. At the limit this
data would only be needed every 6 hours at an early
stage until the convergence of the parameters and
then access to more spaced analysis values.

(a) v

(c) u2
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