
Limit-cycle model for internal-transport-barrier oscillations

António J. Coelho
antonio.joao.coelho@tecnico.ulisboa.pt
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Abstract

A 0-D model for the time evolution of the electron temperature T and current density j is derived from
the 1-D electron heat transport and current density diffusion equations. The stationary regimes of the model
are analysed and it is shown that they reproduce well the cases of total diffusion (no sources), of a pure Ohmic
(OH) discharge and of a constant external heating scenario. Moreover, it is seen that, as the fraction of
external current applied off-axis is increased, the system moves from an OH regime into an internal transport
barrier (ITB) regime, where j is reversed and the negative magnetic shear reduces the heat diffusivity, thus
increasing T at the core. When the external power deposition is made proportional to both T and j, limit
cycle oscillations, which resemble those of the O-regime at Tore Supra, are found. The more exact 1-D
equations are then solved numerically and an oscillatory regime with features similar to the experiments is
found, namely, the period of the oscillations is of the order of the resistive time scale and the decrease of the
oscillations amplitude with increasing frequency is recovered.
Keywords: internal transport barriers, limit cycle oscillations, non-inductive current, advanced tokamak
scenarios, negative magnetic shear

1. Introduction

The usual inductive operation of a tokamak uses a
transformer to generate the toroidal current, making
this mode of operation inherently pulsed and inhibit-
ing any steady-state (SS) or long-pulsed scenarios that
could deliver continuous electrical power to the grid
and reduce the cost of fusion power, since the toroidal
field coils no longer need to withstand the effects of
cyclic fatigue [1] and hence to be replaced more fre-
quently. Furthermore, a pulsed mode implies cyclic
thermal and mechanical stresses that potentially de-
grade the wall materials much faster [2]. This means
that an SS or a hybrid scenario, where plasma current
is driven completely, or partially, by non-inductive (NI)
means is one of the main goals in view of future reliable
fusion reactors [1, 3]. Since, from an energetic point of
view, it is economically prohibitive to rely solely on ex-
ternal current drive (CD) mechanisms, one must look
for scenarios with a high fraction of bootstrap (BS) cur-
rent [2, 3]. To achieve these scenarios, a highly tailored
hollow current density profile is required, which can be
created by means of some external CD applied off-axis.
This will induce a reversed profile for the safety factor
q, i.e., an inner zone with negative magnetic shear, or
a reversed shear (RS) region, that opposes the growth
of drift-wave instabilities, eventually stabilizing them.
Moreover, sheared E×B flows can reduce the ampli-

tude of turbulent fluctuations. These two phenomena
together result in a local decrease of the particle and
heat turbulent diffusion coefficients, which can trigger
the formation of an internal transport barrier (ITB), a
region within the plasma core where the density and
temperature gradients become large [1].

Whereas the radial heat and particle fluxes stay es-
sentially the same in this region of improved confine-
ment, the pressure in the plasma center will increase
substantially, leading in this way to a higher value of
the energy confinement time. This is the main rea-
son why ITB’s are a key factor in future operation of
advanced tokamak (AT) scenarios. Notwithstanding
this advantage, an oscillatory regime featuring long-
lasting, quasi-sinusoidal electron-temperature oscilla-
tions in the core has been observed in Tore Supra (and
dubbed the O-regime) [4]. These oscillations are a re-
sult of a non-linear coupling between electron temper-
ature T and current density j and they are understood
as the manifestation of an incomplete ITB transition,
i.e., a regime that oscillates back and forth around a
bifurcation to an enhanced core confinement state [5].

These oscillations have also appeared in fully non-
inductive experiments at TCV [6] and DIII-D [7] toka-
maks, although in the latter case the oscillations are
more of a relaxation type rather than sinusoidal. In the
Tore Supra case, the onset of the oscillations is linked

1



to the quasi-full lower-hybrid (LH) current drive, which
introduces a strong dependence of the current diffusion
on the temperature and q-profiles [8], but this coupling
might also come from electron cyclotron (EC) heating
and ECCD [6, 7], or even in high BS scenarios, since
the BS current depends on temperature and q profiles.
In all cases the oscillations have a very low frequency
(1-10Hz) and are azimuthally and poloidally symmet-
ric.

Understanding the phenomenology underlying these
oscillations, as well as the equations behind it, is of
great importance, since this strong coupling between
current and temperature may be a common feature of
SS tokamak plasmas, and so we must know how to
deal with it, especially when AT scenarios are one pos-
sibility for the operation of future tokamaks. So far,
these oscillations have been analysed in the framework
of the TASK/TR [9], ASTRA [10], CRONOS [5, 8]
and JETTO [2] transport codes, and also a link be-
tween Tore Supra’s O-regime and a modified predator-
prey dynamical system has been presented [5]. In this
work we intend to tackle these oscillations also from
a dynamical system point of view, but with a more
consistent 0-D model derived from the 1-D transport
equations for heat and current density. This differs
from the predator-prey analysis [5] since the very sim-
ple noisy Lokta-Volterra equations used therein were
introduced in an ad-hoc fashion and not via a more ac-
curate reduction of the 1-D equations describing cur-
rent diffusion and heat transport. Our approach is thus
to look for limit-cycles (LC’s), within our model, when
these originate from an Andronov-Hopf bifurcation, a
very common bifurcation in the study of dynamical
systems, and which is the birth of a LC [11]. Subse-
quently, we are interested in solving the more accurate
1-D equations and compare the results with those of
the 0-D model.

This paper is organised as follows. In section 2, the
0-D model is derived from the 1-D transport equations
and the heat diffusivities are adapted to the model; in
section 3, the 0-D model is exploited and the conditions
to see ITB oscillations are given; in section 4, the 1-D
model is implemented and the results are presented;
finally, in section 5 we present the conclusions of this
work.

2. Derivation of the 0-D model

2.1. Transport equations

The equations used in our model are the electron heat
transport and the current density (or poloidal mag-
netic field) diffusion equations. In this work we use
cylindrical geometry (valid for a tokamak with large
aspect-ratio) with poloidal and axial symmetry. The
equations for T and j are [5, 9]
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where SΩ = ηj(j − jNI) is the OH heating, Sext is
the external heating, jNI = jBS + jext is the NI cur-
rent given by the sum of the BS current with the
externally driven current, χ is the electron heat dif-
fusivity and η = η̃/T 3/2 is Spitzer’s resistivity with
η̃ = 6.1 × 10−8Ω · m if [T ] = keV [12]. The electron
density n is assumed to be a constant value, which is
a good approximation when refueling takes place by
gas puffing from the outside [12]. Finally, note that,
instead of using (2), it is possible to work with the
poloidal magnetic field B diffusion equation
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j and B being related by means of Ampère’s law.

2.2. Deriving the 0-D model

The strategy is to assume quadratic profiles for T (r)
and j(r) with the following boundary conditions
(BC’s): the values of T and j are fixed at the foot of
the ITB, r = rb, with T (rb, t) = Tb and j(rb, t) = jb.
Furthermore, we require that ∂rT (r = 0) = ∂rj(r =
0) = 0. Hence, the profiles compatible with these con-
straints are

T (r, t) = T0 − (T0 − Tb)

(
r

rb

)2

, (4)

j(r, t) = j0 − (j0 − jb)

(
r

rb

)2

, (5)

the time dependency entering via T0 = T0(t) and
j0 = j0(t). The NI current term is treated also with
a second order expansion around the ITB foot, being
given by jNI = jNIb (r/rb)

2
with jNIb = jBSb

+ jextb .
So, after inserting these profiles in (1) and (2), and
evaluating both equations at r = 0, the two coupled
PDE’s become a non-linear autonomous dynamical sys-
tem, namely,
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The time-varying value of the BS current at the bar-
rier’s foot jBSb

is evaluated using Eq. (4.9.2) in [13]
and profiles (4) and (5). After some simple algebra we
get

jBSb
[A/m2] = 3.5× 104 n20

µ0R
1/2
0 r

3/2
b

T0 − Tb

j0 + jb
. (8)

Regarding the external current, we fix jextb/jb ≡ KNI

to a constant value. Finally, we define the adimensional
quantities x ≡ T0/Tb and y ≡ j0/jb, which become
quite useful in what follows.

2.3. Models for the heat diffusivity
The only quantity in (6) and (7) we have not yet pro-
vided is the electron heat diffusivity χ. Currently, a
first-principles derived heat diffusivity taking into ac-
count the negative magnetic shear effect is still lacking.
Indeed, transport simulations typically use an heuris-
tic model that mimics the reduction of the coefficients
in the presence of an RS configuration [8, 14]. In the
present work we will use two different forms for the
diffusivity. The first one is a phenomenological model
that captures the essence of the influence the shear s
has in reducing χ: for s < 0, the heat diffusivity tends
to a lower value (χH, high confinement mode), and for
s > 0 to a higher value (χL, low confinement mode).
By casting this behaviour in a logistic function, the
henceforth mentioned “shear diffusivity” is given by

χsh = χH +
χL − χH

1 + e−αs
(9)

with α a shear control parameter. Because the shear is
a complicated function of j, it is important to realize
that, within our model, y > 1 corresponds to a typical
OH non-reversed discharge, whereas y < 1 corresponds
to a reversed shear configuration. Thus, we would have
the correspondence: as y → 0, χ → χH and as y →
+∞, χ→ χL:

χsh = −2
χH − χL

1 + e−αy
+ 2χH − χL. (10)

Note that this expression is only valid for y > 0, since
for y < 0 the expression may become negative. We
will now fix χH = 0.1 m2/s and χL = 1.0 m2/s since
typically the turbulent diffusion coefficients are of order

1.0 m2/s [12] and we assume that negative magnetic
shear can potentially reduce them up to one order of
magnitude [5].

The second form for the diffusivity used in this work
is a more sophisticated model that also takes into ac-
count temperature, as it is usual for a fusion diffusion
coefficient. Without an RS configuration, turbulent
diffusion coefficients usually follow the Bohm (χB) and
gyro-Bohm (χgB) form given by
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a
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q2

∣∣∣∣dTdr
∣∣∣∣ , (11)
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√
T

B2
0

∣∣∣∣dTdr
∣∣∣∣ , (12)

where C1,2 are numerical coefficients usually adjusted
by benchmarking a broad range of discharges, and the
total diffusion coefficient is given by χ = χB + χgB

[15]. Whenever the shear effect is to be taken into ac-
count, a shear function F (s) multiplies the Bohm term,
χ = χgB+χBF (s), so that its value is reduced in an RS
configuration [8, 14]. The Bohm term is related with
the long-wavelength turbulence transport and it is this
one that is reduced by low-positive or negative mag-
netic shear; short wavelength turbulence, which pro-
duces gyro-Bohm transport, is not modified in such a
region. Using profiles (4) and (5), and evaluating the
diffusivity inside the barrier at r = rb,1 we get

χB = C1
2aB0
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C′

2

|x− 1|. (14)

For Tore Supra values, R0=2.4 m, a=0.7 m, rb=0.2a,
B0=3.8 T, n20 = 0.5 m−3, Tb=4 keV, ηb=8×10−9 Ω·m,
jb=1.5 MA/m2 [5], and thus C ′1 = 119 and C ′2 = 7.91.
When all constants are given in SI, except for Tb,
which is given in keV, C1 = 0.200 and C2 = 0.158
for electrons [15]. This means that C1C

′
1 = 23.8 m2/s,

C2C
′
2 = 1.26 m2/s. Introducing now a shear function

that multiplies both Bohm and gyro-Bohm terms in
order to amplify its effect, as is done in [8], we write

χBgB = (χgB + χB)
[
1− (1− γ)e−αy

]
, (15)

with the γ-factor preventing χBgB → 0 when y → 0.
Thus, if for instance γ = 0.01, the total diffusivity is
reduced by two orders of magnitude as y → 0.

1The reason why we do not evaluate it at the core, r = 0, is
because (11) and (12) are zero at this position, meaning that we
would lost the heat diffusion term in our model.
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2.4. Nondimensionalization of the 0-D model

By defining τx = r2
b/χ0, τy = µ0r

2
b/ηb,

CΩ = 4.20 × 10−5r2
bηbj

2
b/n20Tbχ0, CBS = 3.5 ×

104n20Tb/µ0R
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0 r

3/2
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b and
(
2r2
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)
Sext(r =

0) = Kexth(x, y), Eqs. (6) and (7) can be written in
adimensional form as
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x− 1

y + 1
−KNI

]
,

(17)
with χ̃ ≡ χ/χ0, χ given by (10) or (15) and χ0 a nor-
malization constant equal to χL or C1C

′
1, respectively.

Using Tore Supra values, we have that CBS = 0.305,
τy = 3.08 s, τx = 1.96 × 10−2 or 8.24 × 10−4 s and
CΩ = 7.41 × 10−3 or 3.11 × 10−4, depending on the
chosen χ.

It is tempting to regard τx and τy as the heat trans-
port and current diffusion time scales, respectively. If
this poses no problem with the latter, regarding the
former there is a very strong dependency on the model
chosen for χ, which may lead to very disparate figures
for τx, as we have just seen. As such, we will no longer
look at τx as being fixed by the χ model, but we will
consider it an independent parameter instead, to be
gauged against τy through the ratio µ ≡ τx/τy. Fi-
nally, note that α, KNI and Kext are free parameters
of the model and h(x, y) is a function that may, or
may not, depend on x and y, providing which external
heating scheme is under consideration.

3. Results of the 0-D model

3.1. Analysis of the simplest cases

The best way to test our model is to make sure that the
outcome is correct when looking at familiar situations.
We thus start by studying the dynamical system in
its simplest form (no sources) and then by successively
adding more terms.

a) No sources

Let us thus start to set all heating and current
sources to zero in (16) and (17), i.e., CΩ = Kext =
CBS = KNI = 0. In this case, the system has the fixed
point {xSS = 1, ySS = 1}, which is a stable node regard-
less of the form of the diffusivity used. This result is
consistent with our knowledge of transport equations:
with no sources, the temperature and the current sim-
ply diffuse away, achieving a SS where T and j are
equal to the boundary value everywhere - note that
because T and j are normalized to the boundary val-
ues (x = T0/Tb and y = j0/jb), this SS corresponds
to x = 1 and y = 1, as can be seen in Fig. 1(a).
Note that the trajectory is rapidly attracted to the x-

nullcline2 and then slowly approaches the stable equi-
librium; this is due to the distinct time scales we have
set for this simulation. In addition, keep in mind that
any SS equilibrium, {xSS, ySS}, is independent of the
time scales.

b) Effect of OH heating
If CΩ 6= 0, the stable node is {xSS > 1, ySS > 1}

as can be seen in Fig. 1(b), which is also consistent
because, whenever there is a source term balancing the
losses by diffusion, in principle it is possible to sustain
non-constant temperature and current profiles. How-
ever, if the initial y, y(0), is too large, the system di-
verges (x→∞, y →∞). This is simply due to the fact
that OH heating scales with y2; thus, if the initial y is
too large, the heating will quickly overcome the diffu-
sion losses (in the case that ẋ(0) < 0, otherwise the
losses are initially already overcome), driving the sys-
tem to higher and higher temperatures. On the other
hand, the reason for y not stabilizing can be explained
by re-writing (17) in the no-source case as

ẏ =
4

x3/2

[
y

2

(
1− 3

x

)
+ 1

]
, (18)

which shows that y will not stabilize if x > 3.

c) Effect of the NI current source terms
Let us now release the constraint CBS = 0 and recall

that in highly bootstrapped tokamak plasmas, when
the BS current gets peaked off-axis, the total cur-
rent density will follow it and, eventually, will also get
peaked at the same position. In our 0-D model that
would mean that, if we have an initial situation with
y > 1 and at some point jBSb

starts to increase, the
total current density would start changing to a more
RS profile, i.e., y would start decreasing, eventually
reaching y < 1 if the BS term at the barrier is further
increased. With this in view, observe that, from (17),
an increase in the BS term will always contribute to re-
duce ẏ(t); moreover, we have found that the SS y-value
decreases with increasing CBS. These two features of
our model are thus in good agreement with what we
just saw that usually happens in tokamak plasmas. Fi-
nally, note that when we allow KNI 6= 0, we have the
same effect as allowing CBS 6= 0. Thus, if both CBS

and KNI do not vanish, more easily ySS reaches a lower
value.

d) Effect of the external heating term
If we now set h(x, y) = 1 and Kext a positive con-

stant, we can find the behaviour of the system when
it is externally heated at the core. It was found that
there is a stable node for 0 < Kext < KMAX

ext , and
beyond KMAX

ext the nullclines no longer cross and the
system diverges independently of the initial condition.

2The x- and y-nullclines are the set of points where ẋ and ẏ
are zero, respectively.

4



(a) CΩ = 0 and µ = 0.001.

(b) CΩ = 0.02 and µ = 0.1.

Figure 1: Phase space and vector field of (16) and
(17) with χ = χBgB, α = 1.0 and Kext = KNI = 0.
Blue and orange lines are the x- and y-nullclines, re-
spectively. Red curve is some trajectory in the phase
space and the black dot indicates the stable fixed point
{xSS, ySS}. Note that, whatever the initial conditions
are, the system evolves always towards its stable node.

In the convergence region, the value of xSS increases
with Kext, which means that more external heating
leads to a higher core SS temperature. The value of
ySS will also increase with Kext. In fact, ySS increases
much faster than xSS with Kext as can be seen in Fig.
2, where it is depicted the evolution of xSS and ySS

with Kext for three different values of CΩ. It is possi-
ble to see that with increasing CΩ, KMAX

ext decreases; in
other words, if the OH heating increases, there is “less
space” for the system to be externally heated without
diverging. Moreover, the highest xSS value increases
with decreasing CΩ; in the limit CΩ → 0, the highest

(a)

(b)

Figure 2: Stable fixed points xSS and ySS, (a) and (b)
respectively, as functions of Kext for different CΩ and
with χ = χsh, α = 1.0, CBS = 0.1 and KNI = 0.3.

value of xSS → 3 and ySS → ∞, which is consistent
with what we have seen in b).

3.2. Analysis of ITB regimes
In the h(x, y) = 1, Kext > 0 and KNI > 0 case, it
should be possible to observe two different SS regimes:
an OH and an ITB, depending on the external parame-
ters Kext and KNI, and independently of the diffusivity
used, χsh or χBgB. Whereas in an OH situation we ex-
pect xSS & 1 and ySS & 1, in the case of an ITB with
RS we should find xSS � 1 and ySS . 1.

The phase space corresponding to an OH and an
ITB SS regime is shown in Figs. 3(a) and Fig. 3(b),
respectively, where Kext is fixed, but the fraction of
externally applied current at the foot of the barrier,
KNI, is different. Then, in Fig. 4, we plot xSS and
ySS as a function of KNI and for different Kext. The
first thing to notice is that, in general, xSS increases
with KNI, which means that, as the fraction of exter-
nal current applied at the foot of the barrier increases,
so does the temperature; this is just a consequence of
ySS being decreasing, reducing this way the diffusivity.
Thus, we can conclude that, as KNI is increased, the
system moves from an SS OH regime into an SS ITB
regime, i.e., a regime where the externally applied cur-
rent changes the current density into a reversed profile,
reducing the turbulent transport and thus allowing for
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(a) SS OH regime with KNI = 0.10.

(b) SS ITB regime with KNI = 0.87.

Figure 3: Phase space and vector field of (16) and (17)
with CΩ = 0.01, µ = 0.01, CBS = 0.1, χ = χsh, α =
1.0, h(x, y) = 1 and Kext = 2.9. Blue and orange lines
are the x- and y-nullclines, respectively. Red and green
curves correspond to trajectories with different initial
conditions and the black dot indicates the stable fixed
point {xSS, ySS}.

steeper temperature gradients at the core.

3.3. ITB oscillations

Regarding current and temperature oscillations, as al-
ready mentioned, these are due to the non-linear cou-
pling between the equations that model their evolu-
tion. This coupling comes about via Spitzer’s resis-
tivity, heat diffusivity, bootstrap current and external
current (and respective power deposition). The first
two coupling sources (resistivity and diffusivity) are
not sufficient, at least within our model, to trigger os-

(a)

(b)

Figure 4: Stable fixed points xSS and ySS, (a) and (b)
respectively, as a function of KNI for different Kext

and with h(x, y) = 1, χ = χsh, α = 1.0, CBS = 0.1 and
CΩ = 0.01.

cillations. A scan in Kext, KNI and α (and also in
µ for reasons that will become clearer in a moment)
was made to look for LC’s, and the result was null for
both diffusivities being considered so far. This indi-
cates that the external current density and/or its power
deposition should be x and y dependent, in order to
introduce a new form of coupling. In the LH case,
wave propagation and absorption are usually well de-
scribed by ray-tracing or full-wave codes. Obviously
we are not interested in that type of approach, so we
must stick to the simple scalings. Since it has been
reported that the local LH absorption increases with
electron temperature, whereas the global LH efficiency
increases with plasma current [8], it is reasonable to
assume Sext ∝ jT . This cross term between T and j
is not new since it has already been used in the con-
text of the CRONOS transport code [4, 8]. However, it
had been used to model jLH inside the barrier, and not
the external heating profile, but since the latter typ-
ically follows the former, it is a good approximation
to make the opposite way around. Thus, we will keep
the fraction of externally applied current at the foot of
the barrier, KNI, as a constant, and write the external
heating term due to LH-waves as h(x, y) = xy.

a) LC oscillations when χ = χsh
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Figure 5: Phase space and vector field of (16) and (17)
with CΩ = 0.01, µ = 1.0, χ = χsh, α = 1.0, KNI = 0.7
and h(x, y) = xy. In this plot, we ignore the initial
instants where the trajectories, coming from different
initial conditions, approach the respective LC’s. Blue
and orange lines are the x- and y-nullclines, respec-
tively, and the grey dot corresponds to the unstable
fixed point in the Kext = 1.48 case.

When the shear diffusivity (10) is used and α is set to
1.0, supercritical Andronov-Hopf bifurcations (stable
LC’s) are found for 0 < KNI < 1.0 and, for each value
of KNI, Kext above K∗ext, which is the value of Kext at
the bifurcation point. Furthermore, these oscillations
only appear if the time-scale ratio verifies µ ≈ 1. In
Fig. 5 we show the phase space of some of these LC’s
for different values of Kext and KNI = 0.7. Note that,
as Kext increases, so does the size of the limit cycle, as
predicted for Andronov-Hopf bifurcations [11]. Note
that, as Kext increases, y(0) and x(0) cannot be too
large otherwise the system is not attracted to the LC,
but rather diverges away. This is simply due to the
external heating being proportional to xy.

b) LC oscillations when χ = χBgB

When the BgB heat diffusivity (15) is used, super-
critical Andronov-Hopf bifurcations are found when
KNI > 0.5 and, for each value of KNI, Kext above the
bifurcation point. However, for this to occur, α must
lie between roughly 0.1 and 0.01, otherwise no sta-
ble/physical LC’s are found. When the values of Kext

and KNI are not in the LC range, SS ITB regimes are
encountered, which are much more pronounced than
those of the constant external heating case, in the sense
that xSS � 1 and ySS � 1. Besides, no LC’s are found
when the BgB heat diffusivity is used without the shear
correction, nor when the BS term is disregarded, and,
once more, the oscillations only appear when we set

Figure 6: Normalized frequency (f∗ = f/τ−1
y ) of the

LC as a function of Kext for CΩ = 0.001, CBS = 0.1,
µ = 1.0, χ = χBgB, α = 0.01, KNI = 0.6 and h(x, y) =
xy. Simulation frequency is compared with the one
given by Hopf theorem which is only exact near Kext =
1.30 in this case.

µ ≈ 1. From a dynamical system point of view this is
understandable: in order to have an oscillatory regime,
one needs the two quantities competing with each other
(just like in a predator-prey system) and this is only
possible if both evolve in the same time scale. From a
plasma point of view, this means one of three things:
the heat transport time τx increases to the order of the
current diffusion time τy, the latter decreases to the
order of the former, or a mixing between these two.
This last option seems very plausible because, locally
close to the ITB, we expect the confinement time to
substantially increase and the current diffusion time to
be low (due to the small ITB radius), and thus these
two times approach each other.

The oscillation frequency in our model is of the order
0.1/τy [Hz] as can be seen in Fig. 6 where we plot the
frequency normalized to τ−1

y , f∗, as a function of Kext.
We also show the theoretical frequency given by the
Hopf theorem, which is exact at the bifurcation point
and correct within O(Kext − K∗ext) for Kext close to
K∗ext [11]; this is the reason why this theoretical value
is only in very good agreement with the frequency ob-
tained with the simulation in the beginning, close to
K∗ext (which in the case of KNI = 0.6 as in the figure is
K∗ext = 1.30). This order of magnitude obtained for f∗

means that the the period of oscillation is of order 10τy,
which is roughly one order of magnitude above what
is seen in the various experiments, i.e., typically the
oscillation goes with the resistive time scale [4, 5, 6, 8].

4. Implementation and results of the 1-D model

Although the 0-D model has given us a great in-
sight into the transport equations, providing us with
a very simple tool to look at stationary and oscilla-
tory ITB regimes, we consider that three central ques-
tions should still be addressed in the more complete
1-D model, namely, the question on the time scales of
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the two equations, on the oscillation frequency and on
how the amplitude depends on it. For that reason, it
is our purpose now to solve the 1-D equations with the
same type of assumptions made within the 0-D: second-
order profile for the external current density between
the core and the foot of the barrier, fixed values of tem-
perature and current density at the foot of the barrier
and a phenomenological model for the heat diffusivity
that takes into account its reduction in RS scenarios.

4.1. Numerical implementation

The 1-D equations to be numerically solved are (1) and
(3). The reason why we now prefer to use (3) instead
of (2) is that, when using model (9) for the diffusivity,
we will need to have access to s = 1− r∂rBθ(r)/Bθ(r),
which is directly given by differentiation of Bθ, while
if we use j we would have to perform an integra-
tion, which is not so straightforward nor intuitive when
working with finite differences as we do.

The spatial derivatives of the equations are dis-
cretized using second-order finite differences, and the
system is evolved in time according to a semi-implicit
numerical scheme [16], which is marginally stable, and
will allow to see the oscillatory regime when we make
Sext ∝ jT . Would we use the typical schemes used to
solve diffusion-like PDE’s, such as the Crank-Nicolson
scheme, the time evolution would become unstable in
such scenario.

4.2. OH and ITB SS regimes

Let us analyse the SS regimes of the 1-D equations
when χ = χsh, as given by the phenomenological model
in (9), Sext ∝ Kext is constant and jext(r) = KNIjbr

2.
In Fig. 7 we show an SS regime, i.e., we have given
some initial profile to the numerical scheme and then
evolved in time until the profile was no longer changing,
with KNI = 0.8 and Kext = 0.4. Moreover, with two
different {Kext,KNI} sets, and by picking up the values
of temperature and current density at r = 0 at each
instant of time until the SS is achieved, we show the
phase space in Fig. 8. Note that the cases displayed
therein start at the same initial position in the phase
space, but in the case where KNI is much larger, the SS
value of y decreases to a much lower value as expected.

We now evaluate SS profiles for different Kext and
with KNI in the range [0.0, 0.95]. After doing so, we can
construct the plots in Fig. 9, where xSS and ySS corre-
spond to the central SS values of T and j normalized
to the fixed values at the boundary, just like in the 0-D
model. As expected, we see that larger heating leads
to higher core temperatures, and, as the fraction of NI
current applied at the foot of the barrier is increased,
so does the temperature. At the same time, we see
that the current density changes from an OH profile to
a more reversed profile as KNI increases, and that the
central current density increases with Kext. All this

(a)

(b)

Figure 7: SS profiles of temperature (a), current den-
sity (b), poloidal magnetic field (c) and heat diffu-
sivity (d) when χ = χsh, α = 1.0, Kext = 0.4 and
KNI = 0.8. A fit is made to T and j of the type
Tfit = T0 + (T0 − Tb)(1− ρα)β .

Figure 8: Phase space of x = T0/Tb and y = j0/jb
for two different Kext, KNI conditions, but with same
initial profiles. χ = χsh and α = 1.0. The black dots
indicate the SS.

is in accordance with the results of the 0-D model -
recall Fig. 4. Please note that this behaviour of chang-
ing from an OH regime into an ITB regime is induced
by the type of heat diffusivity used. If χ would not
have a shear dependency (for example, if it would only
depend on T ), the temperature equation would be de-
coupled from the magnetic field equation (aside from
the OH heating term, which has little influence since
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Kext � CΩ), and thus xSS would not be sensitive to
KNI.

4.3. Oscillatory regimes
When we make Sext ∝ KextjT , we do not obtain os-
cillatory solutions but rather stationary regimes. This
suggests that we need to decouple the left-hand side
of the temperature equation from the right-hand side,
just like we have done in the 0-D model. That is, we
need to take τx as an independent variable such that it
approaches τy, since these two differ by three orders of
magnitude, τx/τy = 0.003. Thus, as in section 2.4, let
τx = µτy. In the 0-D model we have seen that oscil-
lations only appear when µ ≈ 1. However, within the
1-D equations, we have also found oscillatory regimes
in the µ ∼ 0.1 and 0.01 cases. Furthermore, contrary
to the 0-D model, all the oscillatory regimes within
the 1-D equations were obtained without the BS term,
thus making jT the main term inducing a non-linear
coupling between T and B that ultimately leads to os-
cillations.

The appearance of oscillations is very similar to the

(a)

(b)

Figure 9: xSS = T0/Tb and ySS = j0/jb as a function of
KNI for different Kext and with χ = χsh and α = 1.0.
Note that, as KNI increases, the system changes from
an OH regime into an ITB regime. A comparison with
the 0-D model can be made through Fig. 4.

(a)

(b)

Figure 10: Temperature (a) and current density (b)
oscillations at different ρ = r/rb positions when χ =
χsh, α = 1.0, Kext = 7.5, KNI = 0.7 and µ = 0.3.

bifurcation-like behaviour we have seen in the dynam-
ical system model: for a fixed value of KNI, an oscilla-
tory regime appears after a certain K∗ext threshold. In
Fig. 10 it is depicted an example of the oscillations at
different ρ = r/rb positions. Note that the oscillations
in j look more sinusoidal than those in T . Nevertheless,
the latter resembles the O-regime in Tore Supra [4].

The oscillation’s frequency was also studied in the
context of the 1-D model. In Fig. 11 we show the nor-
malized frequency f∗ = f/τ−1

y as function of Kext and
for KNI = 0.7. It should be noted that the frequency
increases with Kext just like in the 0-D model, where
the Hopf theorem predicts such increasing. The main
difference with the 0-D model is in the frequency it-
self, since now we have a frequency of the order of τ−1

y ,
or, in other words, an oscillation period of the order
of τy, and not of 10τy as in 0-D. The 1-D results thus
agree more correctly with the experiments, since in the
O-regime it was seen that the oscillation goes with the
resistive time scale [4, 8]. In the same plot of Fig. 11 we
depict the temperature oscillation’s amplitude also as a
function of Kext, where it is possible to see it decreases
with increasing Kext. This highly contrasts with what
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Figure 11: Normalized frequency (f∗ = f/τ−1
y ) of the

LC and amplitude of the temperature oscillations as
function of Kext for χ = χsh, α = 1.0, KNI = 0.7 and
µ = 0.3.

was seen in the 0-D model, where an increasing was
found. Nevertheless, this is exactly what happens in
the O-regime at Tore Supra: decreasing of the oscilla-
tion’s amplitude with increasing frequency [4].

5. Conclusions

We developed a 0-D model starting from the 1-D equa-
tions for heat transport and for the current-density
diffusion. By assuming certain spatial profiles for T
and j, we derived a two-dimensional dynamical system
able to reproduce stationary OH and ITB regimes, the
transition between these two being accomplished by in-
creasing the fraction of external current deposited at
the foot of the barrier, KNI. When the external heating
term of the system was further made proportional to
the current density and temperature, i.e, Sext ∝ jT , in
order to mimic the power deposition of an LH system,
we were able to find stable LC’s if the time scales that
govern both equations were of the same order. There
were, however, two features of the found oscillations
that did not match the experimental results, namely,
the oscillation’s period, which was one order of mag-
nitude above the experiment, and the LC amplitude,
which increased with increasing frequency, while in the
O-regime the inverse was reported. For that reason,
the more exact 1-D equations were solved numerically,
and by doing so we were able to conclude that: first,
when the external heating is constant, Sext ∝ Kext,
the SS profiles are close to second-order polynomials,
as assumed in the 0-D model, and the values at the
core follow a similar trend with Kext and KNI as found
in 0-D: temperature at the core increases with Kext

and with KNI, while the value of the current density at
the core decreases with KNI, but increases with Kext.
Second, the 1-D system contains oscillatory solutions
in the Sext ∝ jT case, not only when the time scales
of the two equations are of the same order, but also

when these differ by up to two orders of magnitude.
This reveals that the 1-D equations are not so restric-
tive on the time scales as the 0-D model. Third, the
oscillation’s frequency scales as (1 − 10)/τy, which is
consistent with the experiments in the O-regime, where
it has been reported an oscillation that goes with the
resistive time scale. And finally, the oscillations’ am-
plitude decreases with increasing frequency, which is
exactly what was seen on Tore Supra [4].

Future extensions of this work, both on the 0-D and
1-D models, include introducing a non-constant den-
sity, by assuming a space-dependent profile, or by in-
cluding a time-dependent equation for the density. Be-
sides, we could also introduce an equation for the ion
temperature, coupling it with the electron temperature
equation via the equipartition term.
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