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Abstract

In this Thesis, a previously developed high-order finite volume scheme for unstructured grids is
improved and extended to convection-diffusion problems. The method used is based on the weighted
least-squares and reconstructs a high-order polynomial at each face center. A scaling technique is
introduced when solving the least-squares problem resulting in a lower condition number and faster
inversion time of the local least-squares matrix. The proposed algorithm is developed and studied for
second, fourth, sixth and eighth orders schemes, showing a convergence order close to the theoretical
one for several analytical solutions and grid topologies. A different stencil expansion algorithm, based
on face neighbors, is tested, resulting in a higher accuracy while decreasing the required memory and
solver run time (SRT). A new weight function is studied, having as main criteria the condition number
of the global and local matrices, and also the convergence order of the mean error. Finally, a study
on different meshes types (Cartesian, triangular, polyhedral, hybrid and irregular quadrilaterals) and
scheme orders is done to compare the best and most efficient combinations for regular and irregular
grids. This efficiency is compared by computing the memory and SRT required by each scheme versus
the obtained accuracy.

Keywords: High-order Scheme, Finite Volume Method, Weighted Least-Squares, Unstructured Grids,
Convection-Diffusion Equation.

1. Introduction

Almost all natural phenomena can be described and
modeled via a set of mathematical equations. These
analytical descriptions are one of the fundamental
techniques used by scientists and engineers to un-
derstand and predict different physical processes.
In the case of fluids, how they move and interact
with objects, can be described by a set of partial
differential equations (PDEs). Through these equa-
tions, it is possible to determine multiple parame-
ters of a fluid flow such as temperature, pressure
and velocity. The most common way of finding a
solution for these equations is describing them into
an algebraic form and solve them using comput-
ers. This is known as computational fluid dynam-
ics (CFD). In the aerospace industry, CFD had a
tremendous impact since it made possible to simu-
late the air flow around aircrafts without the need
of wind tunnel testing, in every design iteration.
This gave the aircraft manufacturers, the potential
of decreasing the development time and cost asso-
ciated to each product. Nonetheless, it is impor-
tant to validate, whether the models and descrip-

tions used are producing realistic results. To do
so, complementary tests on wind tunnels should be
made, but once the model is validated, the need
for these tests decreases. The most used model for
turbulent flows is konwn as RANS (Reynolds aver-
aging Navier-Stokes), that allows engineers to use
moderately refined grids and still produce coherent
results. However, on sensitive regions where air-
flow separation occurs, this model is not accurate
enough. Since it is still not feasible to use DNS
(Direct numerical simulations) on these scales, LES
(Large Eddy Simulation) emerges as a potential so-
lution for highly accurate results. This method has
the downside of demanding a very refined grid, not
as much as DNS, but still consuming a lot of com-
putational power. Fortunately, the computational
power is increasing and LES is becoming an alter-
native option for most aircraft manufacturers. The
commonly used second order discretizations can be
replaced by higher-order schemes to help decrease
the computational cost, while improving the accu-
racy [1]. Also by requiring less computational re-
sources, the time needed for each simulation would
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decrease. This would open the possibility to use
better optimization tools, currently limited by the
number of design variables (ND), since the number
of simulations in an optimization problem varies ap-
proximately with O(ND2).

2. Background
In a comparison study made by Zing et al. [2], it
was demonstrated that higher-order methods can
achieve a better accuracy in comparison with sec-
ond order schemes. Also, Visbal et al. [3], using a fi-
nite difference sixth order method, showed the supe-
rior accuracy and robustness of high-order schemes
on deformed grids and boundary layer simulations.

In the finite volume (FV) field, high-order tech-
niques had as one of its precursor the work of Barth
and Frederickson in 1990 [4], with a quadratic re-
construction of the Euler equations. Since then,
high-order finite volume methods have been devel-
oped by Ollivier-Gooch et al. [5, 6, 7], with schemes
up to fourth order, Nogueira et al. [8, 9], with stud-
ies of high-order laminar flow around a cylinder and
the sixth order schemes on unstructured grids de-
veloped by Clain et al. [10, 11, 12, 13]. The moving
least-squares (MLS) introduction in FV was pro-
posed by Cueto-Felgueroso et al. [14, 15, 16, 17],
and has also influenced the works Nogueira et al.
[8, 9], previously mentioned. This technique uses a
weight function, in the least-squares problem, to ob-
tain with greater accuracy the original function and
its derivatives. The weight function used is directly
related to the distance between the cell sample and
the face reconstruction location.

The study made by Nogueira et al. [18], com-
pared the finite volume method and the Discontin-
uous Galerking (DG) one, when solving compress-
ible flow. It showed the finite volume advantages in
terms of degrees of freedom (Dof), concluding that
for the Navier-Stokes equations, the finite volume
method requires four times less Dof for the same
accuracy level.

Following the work of the previous authors, Vas-
concelos et al. [19] developed a stencil generation
algorithm based on vertex neighbor cells, able to
deal with unstructured meshes. In his work, sev-
eral high-order finite volume diffusive schemes are
presented (up to eighth order), reconstructing the
polynomial at the cell faces. The proposed method
is also shown to work correctly on highly anisotropic
meshes used on boundary layer grids.

Some authors have shown the importance of us-
ing high-order schemes combined with LES models
as a mean to use coarser grids while maintaining
the same accuracy. Neto et al. [20] has compared
second and fourth order schemes for a compressible
gaseous reactive mixture using Navier-Stokes equa-
tions. Also did Kok et al. [21] for a flow on a cavity,
concluding that the fourth order scheme could have

a grid twice as large to reach the same accuracy as
second order.

3. Implementation
A convection-diffusion equation is composed by a
diffusion term, a convective term and an optional
source term. This can be seen on equation 1, where
φ is the variable being studied (for example: veloc-
ity, temperature, etc), V stands for the convective
velocity, Γ is the diffusion coefficient and ϕφ is the
source term. No time derivatives are written, since
the system is considered to be in steady state.

5.(Vφ)−5.(Γ5 φ) = ϕφ (1)

By integrating the same equation over a control
volume (CV), equation 2 is obtained. This is con-
sidered the first step required to apply the finite
volume method (FVM).

∫
CV

5.(Vφ)dV −
∫
CV

5.(Γ5 φ)dV =

∫
CV

ϕφdV

(2)
The Gauss Divergence Theorem states that the

outward flux property in a close surface is equal
to the volume integral of its divergence. In this
way, the CV integral of the previous equation can
be rearranged into a control surface (CS) integral,
with n being the outward face normal [22].

∫
CS

(φV).ndS−
∫
CS

Γ(5φ).ndS =

∫
CV

ϕφdV (3)

Taking into account equation 3 and adapting it
to a two-dimensional plane, it is necessary to con-
sider that the variable values change along the cell
face. So, in order to have a high-order integration
at each face, a high-order 1D Gauss Quadrature
is adopted. The generalized equation for a two-
dimensional case can be seen in equation 4, where
F (I) is a set of faces that compose cell I, G (f) is
the group of Gauss points of face f , wGg

are the
Gauss weights and Sf is the face area multiplied by
the face normal vector. Since this approach recon-
structs a high-order polynomial at the cell faces, it is
designated by face least-squares (FLS). Contrary to
what is used for cell-centered reconstructions, this
method does not require an interpolation to obtain
the face value or fluxes.

∑
f∈F(I)

∑
g∈G(f)

wGg
(φgV − Γ∇φg) · Sf =

∫
CV

ϕφdV,

(4)
The value of φg is obtained by using the Taylor ex-
pansion written in equation 5, where df (x,y) is
[1, (x− xf ) , (y − yf ) , · · · ], and replacing x and y
by the Gauss point coordinates. In this case, and for
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simplicity, all terms that multiply by the distance
can be included into the coefficients cf . The accu-
racy of the numerical scheme will be directly related
to the polynomial degree by p + 1, where p is the
polynomial order. The polynomial coefficients will
be estimated for each face center (xf , yf ) and only
afterwards the value of φg is computed. To obtain
∇φg, it is necessary to derive equation 5 relative to
the desired coordinate and replace, as before, x and
y by the Gauss point coordinates.

φf (x,y) = df (x,y) cf . (5)

Since the algorithm needs to be prepared to work
with unstructured grids, it is not feasible to com-
pute directly the coefficients cf . Furthermore, the
choice of the appropriate cells to use would be a
complex task, since an unbalanced stencil could af-
fect the results. For this reason, a higher number
of cells than polynomial coefficients is used, guar-
anteeing that the stencil is balanced and its stencil
generation algorithm is simpler. To deal with this
additional number of cells, the coefficients are esti-
mated using the weighted least-squares algorithm.

The generic formula of weighted least-squares
(WLS) in matrix form can be seen on equation 6.
The cells values (φs) for this work are also un-
known, since it is being proposed an implicit so-
lution of the global system. The weight matrix
(WLS) is a square matrix with its diagonal fill with
the respective weights of each stencil point. The
weight function is inversely proportional to the dis-
tance from the stencil point to the face where the
polynomial is being reconstructed, powered by a
shape factor k. Since the purpose of this tech-
nique is to find the coefficients values, in equation 7,
these are isolated on the left hand side of the equa-
tion, where PI (pseudo-inverse matrix) is equal to

(DT
f WLSfDf)

−1
DT

f WLSf .

DT
f WLSfDfcf = DT

f WLSfφs. (6)

cf = PIφs (7)

By combining equation 5 with 7, it is possible to
obtain the value of φf as a function of the cell values
(φs) used in the stencil(equation 8).

φf (x,y) = df (x,y) PIφs. (8)

Since φf is directly related with a convection term
of the global equation, the previous equation can be
modified to φf (x, y) = TC

f (x, y)φs, where TC
f is a

row vector with number of columns equal to the
number of stencil samples.

To compute the gradient of the property (∇φf ),
equation 8 is derived obtaining:

∇φf (x,y) = (∇df (x,y)) PIφs (9)

In a two-dimensional case, ∇df has components
in the X and Y directions and, for that reason, it
is a matrix with two rows and a number of columns
equal to the number of coefficients. Computing the
gradient is, in finite volume, associated with a dif-
fusion term. So, the last equation can be written as
∇φf (x) = TD

f φs.

Bringing together the left hand side of equation
4 with the recently obtained equation 8, for convec-
tion, and 9, for diffusion, the final equation 10 is at-
tained and will be used to fill in the system AΦ = b.
The convection (TC

f ) and diffusion (TD
f ) matrices

need to be updated with the Gauss points locations
(Xg), since the polynomials are reconstructed at the
faces centroids.

∑
f∈F(P )

∑
g∈G(f)

wGg
(TC

f (Xg)φsV − ΓTD
f (Xg)φs) · Sf ,

(10)

4. Source term

The right hand side of equation 4 has to be inte-
grated using gauss quadrature (GQ). To make the
2D algorithm simpler and since it has to deal with
unstructured grids, all cells shapes will be divided
into smaller triangles.

The integral of the source term can then be re-
arranged as in equation 11, where T (P ) is the
group of triangles that compose a cell, S∆i

is the
area of triangle i and Gi are the gauss points of that
same triangle.

∫
CV

ϕφdV =
∑

i∈T (P )

S∆i

∑
j∈Gi(∆i)

wGjϕφ (xj)

 ,

(11)

The coordinates are modified according with
equation 12, where x1, y1, x2, y2, x3 and y3 are
the triangle vertices and ζ1j

, ζ2j
and ζ3j

are the
simplex coordinates taken from [23] and [24].

xj = ζxv =
[
ζ1j

ζ2j
ζ3j

] x1 y1

x2 y2

x3 y3

 (12)

5. Stencil Generation

The stencil is a set of samples or points that are
used to reconstruct the polynomial at a given face.
The main goal is to generate a stencil as compact
as possible, but still have sufficient samples for each
polynomial reconstruction. In order to reduce the
size of the stencils and the fitting error, a new ap-
proach to generate the stencils was tested. Instead
of using vertex neighbors, it uses a face neighbors
expansion for fourth order schemes or higher. This
means that the base stencil (associated with second
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order scheme) is always generated with all the cells
that have at least one vertex of the face.

During the development and testing of these new
stencils, it was understood that there is a minimum
number of samples for the WLS to work properly.
So, in order to make the algorithm robust to ev-
ery grid type, a minimum number of stencil points
was defined for each polynomial order considered.
Those numbers were chosen based on smallest num-
ber of points that the tested grids could have, but
still producing coherent results. Therefore, for the
second order scheme the minimum number is 4, for
the fourth is 16, for sixth is 30 and lastly for the
eighth order scheme is 48.

5.1. Interior faces
Assuming as interior faces, all the faces on which
their respective stencil does not intersect any of the
boundaries. The stencil will have a structure like
the one shown on figure 1, generated around each
face and based on face neighbor cells. In that figure,
the level 1 is for a second order scheme, the level
2 is for fourth, level 3 is for sixth and level 4 is for
eighth.

Figure 1: Face neighbors stencils for all orders, on
a Cartesian grid.

5.2. Boundaries
In case there is a cell from the stencil, with one of
its faces being a boundary face, the algorithm will
automatically add that face to the stencil. However,
depending on the scheme order required, adding
the boundary faces as stencil samples may not be
enough. In order to overcome this situation, a pa-
rameter was developed to verify the stencil size and
on which direction it should be expanded, when re-
quired. This parameter, designated dimensionless
length of the stencil, is given by equation 13, where
it is computed the stencil length in the X direction
(Lsx = xsmax − xsmin), divided by the mean reference
length of the stencil cells. This last value is given
by equation 14, where Lix is the length of cell i in
X direction, nscells is the number of cell in the sten-

cil and Nc (f) is the stencil set, corresponding to
the face f . The factor 1.6 is added considering two
main factors, the first is that to compute the sten-
cil length the cell centroids are used, so a factor of
one had to be considered. The second is that, since
the border faces can enter the stencil samples, it is
important to add 0.5 to account for that. The addi-
tional 0.1 is a tolerance factor. The same procedure
is done to compute the dimensionless length of the
stencil in the Y direction (nsy).

nsx =
Lsx
Lsxref

+ 1.6, (13)

Lsxref
=

1

nscells

∑
i∈Nc(f)

Lix, (14)

Figure 2 shows an example for an eighth order
scheme stencil, on a Cartesian grid. In this case,
the algorithm expands the stencil up to level four,
checks the dimensionless length in the vertical di-
rection and verifies that is greater than 8, so there is
no need for vertical expansion and the vertical lim-
its are defined. Then the dimensionless horizontal
length is checked and the value obtained is nsx = 6.1
that is rounded to 6. To reach a nsx = 8 , two addi-
tional expansions are needed, adding levels 5 and 6
that don’t exceed the vertical limits of the stencil.
The final value of nsx is 8.1 ≈ 8, ending the stencil
generation algorithm.

Figure 2: Boundary stencil for an eighth order
scheme, on Cartesian grid.

6. Local matrix condition number improve-
ment

The condition number of each matrix gives an mea-
sure on how perturbations or round off errors can
affect the system accuracy. A higher ratio means
that the inversion process is subjected to more er-
rors and an increased computational time, depend-
ing on the selected algorithm.

To address this situation a scaling technique in-
spired in Gooch et al. [7] is adopted. Such pro-
cedure is also used on machine learning algorithms
and consists in normalizing each column of matrix
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Df . Each column is divided by its maximum ab-
solute value, making all column values ranging be-
tween -1 and 1. To return to their proper values,
after the obtaining PI, each row is divided by the
maximum value of each Df column. The theoret-
ical results of the pseudo inverse matrix should be
the same, however due to round off errors, better
results can be obtained when using this technique.

Considering only the performance gains, in ta-
ble 1, are the obtained mean condition numbers
of matrix DT

f WLSfDf in a Cartesian grid with ver-
tex neighbor stencils, using the scaling technique
(cond(TS)) and the regular procedure (cond(T )).
As it is possible to see, both techniques present high
condition numbers, however there is a significant re-
duction when using scaling. Another fact is that, on
the same scheme, without using scaling the condi-
tion number increases as the reference length (href )
diminishes, but by using this technique the condi-
tion number tends to be more stable, even decreas-
ing slowly, with mesh refinement. Similar results
were also obtained for the remaining second, fourth
and sixth order schemes.

Table 1: Comparison of the average condition
number of matrix (DT

f WLSfDf) using the scaling
technique (cond(TS)) and the regular procedure
(cond(T )), on a Cartesian grid.

Cratesian grid FLS8
ncells href cond(T ) cond(TS)
400 5.00E-02 4.63E+20 6.47E+14
1600 2.50E-02 2.67E+24 3.29E+14
6400 1.25E-02 2.26E+28 1.66E+14

7. Weight function

Due to the more compact stencils, it was considered
necessary to re-test if the weight function used on
the vertex neighbors stencils and studied by Vas-
concelos [25] was still the optimal one. Two weight
functions were studied, however based on the lo-
cal and global matrices condition numbers and in
the norm-1 error, it was concluded that the func-
tion wLS1

(xP ) = 1
(dfP )k

, proposed by Vasconcelos,

was still the one providing the best results. In this

function, dfP =
√

(xP − xf )
2

+ (yP − yf )
2

is the

distance between the face centroid f and the cell
centroid P and the variable k is the shape factor.

The shape factor values proposed by Vasconcelos
were no longer the optimal ones for this new stencil
configuration. A study considering only wLS1 and
a varying k lead to the results in figure 3, where it
is shown the norm-1 error for three different grid
types. It is seen a stabilization of the error close to
k = 6. From previous tests, it was observed that
the local matrix condition number can increase up

to 74 times, when the shape factor changes from
6 to 8, on a Cartesian grid. Due to these higher
condition numbers and relatively low gains in the
norm-1 error (at most 6.3%), it was opted to use k =
6 as the shape factor for the eighth order scheme.
Since similar results were also obtained for the other
orders, all schemes will use wLS1

with k=6.

Figure 3: The ‖e‖1 for eighth order scheme on three
different grid types, using the weight function wLS1

.

8. Results

8.1. Grid type comparison
In this section, the accuracy of each grid type
is compared, by using a convection-diffusion solu-
tion (equation 15) with a convective coefficients of
(10,10) and a diffusive coefficient of 1. To help the
comparison, the grids are divided into two cate-
gories: regular and irregular. The obtained results
for the regular triangular grid are shown in figure
4, while the results for the irregular, quadrilaterals
and polyhedrons, are presented in figure 5.

ψi =

4∑
i=1

exp
(
−120

(
(x− xi)2

+ (y − yi)2
))

,

(15)
In order to quantify, these differences in terms of

ratios, for each grid type, the best fit of coefficients
a and b in the logarithmic equation log(‖e‖1) =
a× log(href )+b was computed. From these results,
it was estimated the norm-1 error for a href = 0.01.
The norm-1 error was then divided by the same er-
ror type estimated for the polyhedral grid, obtain-
ing the norm-1 error ratios. The ratios, for regular
grid types, can be seen in table 2 and show that
the polyhedral grid is the best for second, sixth
and eighth orders, while for the fourth order scheme
the Cartesian grid is the most accurate. As for ir-
regular meshes, the best option for the second and
fourth order schemes are the irregular quadrilater-
als, while for the sixth and eighth orders are the
irregular polyhedrons. The ratios of the irregular

5



grids can be seen in table 3.

Figure 4: The ‖e‖1 for all schemes, on a regular tri-
angular grid, where the dashed lines have the exact
theoretical order.

(a) ‖e‖1 for the irregular quadrilaterals grid.

(b) ‖e‖1 for the irregular polyhedral grid.

Figure 5: The ‖e‖1 for all schemes, where the
dashed lines have the exact teoretical order.

Table 2: The ‖e‖1 ratios estimated for an href =
0.01, using as reference the solution of the regular
polyhedral grid.

Grid type FLS2 FLS4 FLS6 FLS8
Cartesian 1,12 0,80 1,69 2,14
Triangular 1,04 0,82 2,56 6,76
Polyhedral 1,00 1,00 1,00 1,00

Table 3: The ‖e‖1 ratios estimated for an href =
0.01, using as reference the solution of the irregular
polyhedral grid.

Grid type FLS2 FLS4 FLS6 FLS8
Quadrilateral 0,92 0,82 1,39 1,75

Triangular 1,11 1,33 3,35 6,28
Polyhedral 1,00 1,00 1,00 1,00

Hybrid 1,70 2,51 7,35 13,03

8.2. Number of non zeros
The number of non-zero elements (NNZ) of the
global matrix is directly related to the memory used
to solve the problem. So, for the same accuracy,
if less memory is occupied, the more efficient the
scheme is. This parameter is generally affected by
the number of faces from a cell, by the stencil size
and the number of cells inside the domain.

To better compare the results a fitting was made
to the data, as previously. The obtained fitting
functions allow to estimate the number of non ze-
ros that each scheme and grid would required for a
given norm-1 error. Table 4 presents the expected
occupied memory for a norm-1 error of 1E-05 using
regular grids, while table 5 shows that same param-
eter for the irregular grid types.

Figure 6: The ‖e‖1 and NNZ for sixth order scheme,
on irregular grid types.

Considering the regular group, the most mem-
ory efficient grid for the second order scheme is the
polyhedral one, while for fourth and sixth orders
the triangular is the best option. The eighth or-
der scheme has its best efficiency for the Cartesian
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Table 4: Estimated memory in MB used for an
norm-1 error of 1E-05, on regular grid types.

Grid type FLS2 FLS4 FLS6 FLS8
Cartesian 31,36 1,11 0,66 0,69
Triangular 31,49 0,93 0,61 0,90
Polyhedral 23,65 2,45 0,66 0,72

Table 5: Estimated memory in MB used for an
norm-1 error of 1E-05, on irregular grid types.

Grid type FLS2 FLS4 FLS6 FLS8
Quadrilateral 34,16 1,90 1,07 1,02

Triangular 40,88 1,51 1,07 1,14
Polyhedral 28,63 2,99 1,22 1,11

Hybrid 52,49 2,15 1,41 1,35

grid. From those same tables it is also possible to
conclude that if requiring a mean error of 1E-05 or
lower a sixth order scheme is better than an eighth
order one, since the memory requirements are lower.
Regarding the best grid for the irregular category,
for the second order scheme, the polyhedral one is
the best, while for fourth order, the irregular tri-
angular grid has the best efficiency. For the sixth
order scheme the irregular quadrilaterals and trian-
gles require a similar amount of memory, whereas
for the eighth order, the quadrilaterals have a better
performance. Figure 6 presents the results obtained
for a sixth order scheme, using the irregular grids
type.

8.3. Solver Run Time

The solver run time (SRT) is the time (in seconds)
required for the solver to reach a converged solu-
tion and is considered another parameter associated
with scheme efficiency. Some high-order compari-
son studies with the SRT have already been made
by Gooch et al. [26] and Costa et al. [13], never
exceeding a sixth order scheme. By applying the
previous fitting procedure, it is possible to obtain
the optimal coefficients that adjust the function to
the data points. Once those coefficients were com-
puted, it was possible to determine the convergence
order and compare the different grids SRT’s, for the
same accuracy level.

In figure 7, a plot with all schemes for the regular
triangular grid is shown. It is clear that the highest
order is not always the most advantageous, since
the eighth order scheme only surpasses all other or-
ders for an accuracy level of approximately 5.0E-07,
which is a very low value.

Performing the same SRT comparison for the ir-
regular grids, in figure 8, the plot of the irregular
quadrilaterals grid is shown. As in the regular type,
it is possible to check the accuracy level for which
each scheme outperforms its lower scheme.

Table 6 presents the estimated SRT’s for an accu-
racy of 1E-05, on regular grids. Comparing the var-
ious grid types for each scheme, the triangular grid
is the fastest for second and fourth order schemes,
while for the sixth order scheme the best grid is the
Cartesian one. For the eighth order, the polyhedral
grid is the most efficient, despite in the table pre-
senting the same SRT as the Cartesian one. Table
7, depicts the predicted SRT’s for the same norm-1
error, on the irregular grids type. In this case, the
irregular quadrilaterals are the best for all schemes.

Figure 7: The ‖e‖1 as function of SRT for all
schemes, on regular triangular grids.

Figure 8: The ‖e‖1 as function of SRT for all
schemes, on irregular quadrilaterals grids.

Table 6: Estimated SRT for an norm-1 error of 1E-
05, on regular grid types.

Grid FLS2 FLS4 FLS6 FLS8
Cart. 9,3E+0 7,9E-2 3,4E-2 3,4E-2
Triang. 8,3E+0 6,6E-2 3,9E-2 4,8E-2
Poly. 8,4E+0 1,8E-1 3,5E-2 3,4E-2

8.4. Face Vs Vertex Neighbors Stencils
The advantages of using face neighbors instead of
vertex ones (for stencil generation) can be seen in
figure 9, in relation to memory usage, and in figure
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Table 7: Estimated SRT for an norm-1 error of 1E-
05, on irregular grid types.

Grid FLS2 FLS4 FLS6 FLS8
Quadri. 1,9E+1 1,7E-1 6,2E-2 5,8E-2
Triang. 2,8E+1 1,7E-1 7,2E-2 6,3E-2
Poly. 2,9E+1 3,1E-1 7,7E-2 6,9E-2
Hybrid 3,6E+1 2,7E-1 1,3E-1 8.0E-2

10, regarding the SRT. In these figures, the dashed
lines represent the face neighbor stencils, while the
filled lines show the vertex neighbor ones. Although
different efficiency parameters and grid types are
shown, in both figures the face neighbors stencils
present lower NNZ and SRT values for a given ac-
curacy level, proving that this stencil type is more
efficient

Figure 9: Solution accuracy (‖e‖1) versus number of
non-zeros of the global matrix, on irregular triangu-
lar grids. The dashed lines represent face neighbors
stencils, while the filled lines the vertex neighbor
ones.

Figure 10: Solution accuracy (‖e‖1) versus the SRT,
on Cartesian grids. The dashed lines represent face
neighbors stencils, while the filled lines the vertex
neighbor ones.

To better understand the advantages, the ob-
tained results were used in a fitting to find the op-

timal coefficients, as in the previous sections. Once
these coefficients were obtained, it was estimated
the number of non-zeros and SRT that each sten-
cil type would require for a norm-1 error of 1E-05.
The ratios shown in table 8 are computed by divid-
ing the NNZ of face neighbors by the NNZ of the
vertex neighbors. In table 9, the same procedure
is applied to obtain the SRT ratios. As it can be
seen, all the ratios are smaller than one, showing
that the face neighbors stencils are more memory
and time efficient. The Cartesian grids present the
highest ratios, meaning that the gains are smaller,
however in terms of memory, they range from 14%
to 33%. Regarding time savings for this grid type,
they range from 26% up to 53%. The best case are
the irregular triangles with a memory gain of 46%
for fourth order and 60% on eighth order. This
grid type also presents the best results regarding
the SRT improvements, with gains up to 79% on the
eighth order scheme. This means that, at best, the
time required for a simulation is almost five times
less than what it would be needed if using a vertex
neighbor stencil. These results restate the impor-
tant choice of using face neighbors for high-order
stencil generation with unstructured grids.

Table 8: Estimated NNZ ratios, for an norm-1 error
of 1E-05. The values are obtained by dividing the
NNZ of face neighbors stencils by the NNZ of vertex
ones.

Grid type FLS4 FLS6 FLS8
Cartesian 0,86 0,72 0,67

Irregular triangles 0,54 0,45 0,40
Hybrid 0,64 0,54 0,45

Table 9: Estimated SRT ratios, for an norm-1 error
of 1E-05. The values are obtained by dividing the
SRT of face neighbors stencils by the SRT of vertex
ones.

Grid type FLS4 FLS6 FLS8
Cartesian 0,74 0,55 0,47

Irregular triangles 0,40 0,27 0,21
Hybrid 0,58 0,51 0,30

8.5. Final Remarks

The study made on grid efficiency is solution depen-
dent, so it should not be considered as a complete
standard for any other analytical solution. Instead
it should be viewed as reference or guide-line, but
repeating this study for a more close to desired so-
lution or domain, may be relevant. From what was
shown, using only as comparison the norm-1 error
as function of the reference length is not enough,
since it is does not take into account the stencil con-
figuration generated by each grid type. These dif-
ferent stencil configurations, although not directly
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visible to the user, can affect the memory usage
and time consumption of the solver. These small
gains in memory and solver time can be perceived
as having little relevance for steady simulations, but
they can translate into significant gains when solv-
ing time dependent problems. Finally, it should not
be concluded that the highest order is always the
best one. It all depends on the accuracy level. As
seen before, for accuracy levels around 1E-05 higher
orders (such as eighth) can turn to be disadvanta-
geous, since the memory and time used are greater
when compared with lower orders schemes. On
the other hand, when requiring high-accuracy lev-
els, high order schemes can save a large amount of
computing resources. Taking as example a compar-
ison study made with an irregular polyhedral grid
and requiring an mean error of 1E-09. The mem-
ory decreases from around 250Gb to 11Mb, when
comparing a second order scheme with an eighth
order one. The solver time, despite changing from
computer to computer, also decreases from around
3720 hours to about one second.

9. Conclusions

A new high-order convective scheme was developed
and combined with a high-order diffusive one, previ-
ously presented by Vasconcelos [25]. This allowed to
test convective-diffusive equations with different co-
efficients and therefore, testing several Peclet num-
bers. The proposed change in the stencil generation
algorithm, that is now based on a face neighbors ex-
pansion rather than vertex ones, has led to signifi-
cantly memory and time savings. Nonetheless, the
introduction of this new and more compact stencil
type meant that the shape factor chosen by Vascon-
celos [25] was no longer the ideal one. A new opti-
mization of this parameter was made, resulting in a
unique shape factor for all scheme orders. Finally,
in the last sections, it was shown that all schemes
follow their expected order for all grid types at test,
proving the flexibility of the new stencil generation
algorithm. It was also analyzed which grid type is
better, for both the case of regular and irregular
grids, obtaining results dependent on the scheme
order. The Author’s work, also demonstrated that
using high-order schemes is more efficient in terms
of memory and solver time, proving that this tech-
nique has the potential to reduced the computa-
tional cost of highly accurate steady simulations or
time dependent ones.

The main goal of CFD, particularly on aerospace,
is to study the air flow around an object. So, incor-
porating these high-order schemes into Euler and
Navier-Stokes solvers, would be the next step in
order to understand the potential of the proposed
method in fluid simulations.
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[11] Ricardo Costa, Stéphane Clain, and Gas-
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inas, H. Gómez, F. Navarrina, and
M. Casteleiro. On the accuracy of finite
volume and discontinuous Galerkin discretiza-
tions for compressible flow on unstructured
grids. International Journal for Numerical
Methods in Engineering, 78(13):1553 – 1584,
2009.

[19] Artur G. R. Vasconcelos, Duarte M. S. Al-
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