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Abstract

Graphs are interesting structures: extremely useful to depict real-life problems, extremely easy
to understand given a sketch, extremely complicated to represent formally, extremely complicated to
compare. Phylogeny is the study of the relations between biological entities. From it, the interest
in comparing tree graphs grew more than in other fields of science. Since there is no definitive way
to compare them, multiple distances were formalized over the years since the early sixties, when
the first effective numerical method to compare dendrograms was described. This work consists of
formalizing, completing (with original work) and give a universal notation to analyze and compare the
discriminatory power and time complexity of computing the thirteen here formalized metrics. We also
present a new way to represent tree graphs, reach deeper in the details of the Geodesic Distance and
discuss its worst-case time complexity in a suggested implementation. Our contribution ends up as a
clean, valuable resource for anyone looking for an introduction to comparative metrics for tree graphs.
Keywords: Geodesic Distance, Comparative Metrics, Graph Theory, Complexity, Phylogeny.

1. Introduction

Phylogeny is the study of the relations between bi-
ological entities. From it, the need to compare tree-
like graphs has risen and several metrics were estab-
lished and researched, but since there is no defini-
tive way to compare them, its discussion is still open
nowadays. All of them emphasize different features
of the structures and, of course, the efficiency of
these computations also varies.

The topic of this work is comparison metrics.
Given two classifications, the challenge is to gen-
erate some parameter that expresses how similar
these classifications are. A classification is some
data structure that expresses relations between the
data. For instance:

One of the big applications of comparison met-
rics is phylogenetics. Phylogenetics is the study
of relations between biological entities: may it be
genes, species or individuals. If we consider Dar-
win’s theory of evolution, we can think of every
species as having a direct ancestor (or multiple di-
rect ancestors, but for sake of this example, lets
assume there’s only one) and multiple successors,
and then, it’s only natural to suggest that the whole
map of species evolution can be described by a tree-
like graph. We say that one specific tree hypothesis
for the arrangement of species is a classification.

One of the first data structures considered for the

first known problem of classification were the den-
drograms. Dendrograms are tree graphs where
the data is concentrated in the leaves, while the
rest expresses the relation between it. This was a
way to relate data by hierarchical clustering: close
data is on the same cluster (cluster as a bulk of
closely related data), and how close they are on the
tree dictates how alike the information stored in
the leaves is. The first effective numerical method
to compare dendrograms was developed by Sokal
and Rohlf in 1962, is known as the cophenetic
correlation and it will be defined in the appropri-
ate section. At the time, it was a method created
to compare dendrograms generated from numerical
taxonomic research.

However, since these methods were born out of
a necessity to compare tree-like structures, a lot of
other metrics were proposed, some of them formal-
ized for quirky data structures and to emphasize dif-
ferent properties (based on topology, edge weight,
and other parameters). This happened since there
was no definitive method to compare trees, from a
discriminative point of view and also from lack of
efficiency: in computer science, graphs are a compli-
cated structure to work with, and with the growth
of the field of application and amount of available
data over time, it’s no surprise the need for an effi-
cient and personalized way to deal with these prob-
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lems rises.

In recent years this field of study has widened and
our knowledge of this problem deepened since more
people started working on it. Probably the most
relevant metric (or distance) is Robinson Foulds
since it can generate a parameter in linear time in
the number of vertices of our trees (which is fairly
good), but, as stated before, this does not mean
that this metric suits all problems, hence the need
to create others.

2. Background
2.1. Methodology and relevant aspects

As stated before, no metric should be considered as
default for all problems. Depending on the prob-
lem at hand, choosing a metric over the other can
be an advantage given the goal we want to achieve.
However, this idea revolves around two important
concepts. Since graphs are difficult to handle from
a computation point of view, it is an advantage to
know how fast are we able to compute the metric.
On the other hand, since the output parameter de-
scribes how close two trees are the metric might
benefit certain properties over others. These two
can be referred to as efficiency and discrimina-
tory power, respectively.

Efficiency can be seen from a complexity point
of view, but complexity varies with the implementa-
tion of the algorithms. Although most of the times
the description for the metrics might describe an al-
gorithm, it might exist an equivalent algorithm im-
plementation that is not the literal translation from
that description but outputs the same values for the
same inputs, although has a lower complexity.

The Discriminatory Power will depend on the
metric. For instance, some metrics might benefit
the tree topology over edge length (or weight) and
some might have associated errors or output the
same value for some types of trees. Being aware
of these properties it is important to recognize the
best metric to solve a problem at hand, however
(and unlike efficiency) it is not a parameter that we
can quantify, so we will go over the discriminatory
power of each metric on the appropriate section.

The following work is structured according to the
analyzed metrics. First, we will go over the most
commonly used metrics and then the others. The
latter have a less common use since they may be for-
malized for a different type of data structures (e.g.:
Hybridization number) or aren’t that practical to
compute in present days (e.g.: Subtree Prune and
Regraft). In each subsection our main focus (be-
sides defining the metrics) will be their efficiency
and discriminatory power.

2.2. Basic definitions

Next, we’ll go over some definitions needed to define
the metrics later on.

Definition 2.1. Graph theory basic definitions
Let G = (V,E) where V is a set of vertices (or
nodes) and E a set of edges. An edge is a pair
(v1, v2) of vertices from V (for a lighter notation,
one may write v1v2 instead of (v1, v2)). G is a
graph.

A path is a subset P ⊆ E of size k that can
be ordered in a way that for the i-th element of P
(vi,1, vi,2): vi,1 = vi−1,2, vi,2 = vi+1,1. We say
that a path is a cycle if, on top of being a path,
v0,1 = vk,2. We name a connected graph without
cycles a tree graph (or just tree). The length of a
path P with no cycles is k = |P |.

In undirected graphs the edges (a, b) and (b, a)
are equal. We will work with undirected graphs un-
less is differently stated

Let u, v ∈ V . We say that v is neighbor of u if
(u, v) ∈ E and we write u ∼ v. In an undirected
graph this relation is reflexive. The degree of a
vertex is the number of neighbors it has.

For the next set of concepts, it is important we
assume that graph vertices can have labels, this
means that exists a function label : V −→ STR ∪
{′NULL′} that for each vertex returns a string (that
we call label) or NULL. The same way we define
a concept of edge weight (or length), as a func-
tion weight : E −→ R. That’s actually needed to
be considered for some problems and could repre-
sent, building over the phylogeny application, for
example, how many years are between species. In
both cases, they are just ways to hold information
in these data structures, if needed.

Definition 2.2. Tree specific concepts
Let T = (V,E) be a tree graph.

• A leaf is a vertex with degree 1.

• If exists one (and only one) vertex v ∈ V such
that label(v) =′ root′ then we say that v is the
root vertex and that T is a rooted tree. If
a root vertex does not exist, then T is an un-
rooted tree. Assuming T is rooted we can now
define a new set of concepts:

– The depth of a vertex v is the number of
edges on the path (that on a tree is singu-
lar) from the root vertex to v. The depth
of a tree is the maximum depth between
all nodes. (We will refer to the depth of
a vertex v as depth(v), and the depth of a
tree T as depth(T ))

– Let u, v ∈ V . We say that u is an di-
rect ancestor of v if (u, v) ∈ E and
depth(u) < depth(v). In this case, v is
also a direct descendant of u. Also, we
generally say that u is an ancestor of v if
there is a path of direct ancestors from v
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to u (similarly we define the same general
concept for descendant).

– A clade consists of a vertex and all its
lineal descendants.

• A dendrogram is a tree where only leaves
(and, in case of a rooted tree, the root) have
labels.

• A binary tree is a tree in which every vertex
has degree at most 3.

• A forest is a collection F = {T1, T2, ..., Tk}
where for every i Ti is a tree.

Definition 2.3. Let d : X × X −→ R+
0 be an in-

jective function. We say that d is a metric over
X (and d is called the distance function) if: (1)
d(x, y) = 0 if and only if x = y; (2) d is sym-
metrical, that is d(x, y) = d(y, x); (3) d satisfies
the triangular inequality, that is for all x, y, z ∈ X
d(x, z) ≤ d(x, y) + d(y, z).

In regard to efficiency, we now define a notation
that will be useful to talk about program complex-
ity.

Definition 2.4. Big-O Notation
If f and g are two functions from N to N, then we:
(1) say that f = O(g) if there exists a constant c
such that f(n) ≤ c · g(n) for every sufficiently large
n, (2) say that f = Ω(g) if g = O(f), (3) say that
f = Θ(g) if f = O(g) and g = O(f), (4) say that
f = o(g) if for every ε > 0, f(n) ≤ ε ·g(n) for every
sufficiently large n, and (5) say that f = ω(g) if
g = o(f).
To emphasize the input parameter, we often write
f(n) = O(g(n)) instead of f = O(g), and use simi-
lar notation for o, Ω, ω, Θ.

When one refers complexity it is common to use
Big-O Notation, but there are other notations. This
will be important to understand how the computa-
tion time varies with the size of the input. So if
we say that an implementation runs in O(n) time
it means time grows linearly with input growth.
As expected, how fast a program runs will depend
on its complexity. Given two functions f and g,
f = O(pf (n)) and g = O(pg(n)) the function with
higher complexity is determined by which of pf (n)
and pg(n) as a higher growth rate. For example, if
pf (n) = en and pg(n) = n5 + n3 + 10, then f has a
higher complexity.

2.3. Robinson Foulds, Robinson Foulds Length
Definition 2.5. Given a tree T = (V,E) we define
S = {x ∈ STR : ∃v ∈ V s.t. label(v) = x} (that
is S = label(V )) as the set of labels of T . A la-
beled tree consists of a 4-tuple Tl = (V,E, label, S)
where (V,E) is a tree, label a labeling function

label : V −→ S and S the corresponding set of la-
bels.

Definition 2.6. The set of all labeled trees with S
as the set of labels is defined as:

γS = {(V,E, label, S) : label : S −→ V } (1)

For sake of simplicity, we will omit the label func-
tion from the elements of γS.

One should realize that, given this definition,
dendrograms are in fact trees T ∈ γS such that
the function label is injective and label(VT ) = {v ∈
VT : degree(v) = 1}.

Definition 2.7. We say that two trees are iden-
tical if there is a bijective map between them that
preserves labeling, meaning that, for two identical
labeled trees A,B ∈ γS exists h : VA −→ VB bi-
jective, such that x, y ∈ VA and xy ∈ EA if and
only if h(x)h(y) ∈ EB and label(x) = label(h(x)) ∧
label(y) = label(h(y)).

Remark 1. In all extension of our work we assume
that S is the set of labels of the leaves (and usually
consists in all natural numbers until some k ∈ N),
meaning that leaves of trees in γS must be exactly
|S| and its labels will be non repeated labels from S.
The label ’root’ is not in S.

Definition 2.8. A weighted labeled tree consists
of a 4-tuple Twl = (V,E, S,w) where (V,E, S) is a
labeled tree and w the corresponding weight func-
tion w : E −→ R+

0 . The set of all weighted labeled
trees with w as weight function and S as the set
of labels is denoted by γwS . We say that two trees
are weight-identical if there is a bijective map be-
tween them that preserves labeling and weight of the
edges, meaning that, for two weight-identical trees
A,B ∈ γwS exists h : VA −→ VB bijective, such that
x, y ∈ VA and xy ∈ EA if and only if h(x)h(y) ∈
EB, label(x) = label(h(x)) ∧ label(y) = label(h(y))
and w(xy) = w(h(xy)).

This means that, looking back on our Robinson
Foulds distance, the |CA ∩ CB | term of the expres-
sion can be rewritten as |(C(A,B))′|. The algo-
rithm defined in Day’s paper is, in fact, an algo-
rithm to calculate the strict consensus tree between
T1, T2, ..., Tk ∈ γS with |S| = n and the conclu-
sion is that this algorithm is capable of doing it in
O(kn) time. Implementation, complexity reasoning
and respective empirical verification are available in
the article [2].

Definition 2.9. A weighted labeled tree consists
of a 4-tuple Twl = (V,E, S,w) where (V,E, S) is a
labeled tree and w the corresponding weight func-
tion w : E −→ R+

0 . The set of all weighted labeled
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trees with w as weight function and S as the set
of labels is denoted by γwS . We say that two trees
are weight-identical if there is a bijective map be-
tween them that preserves labeling and weight of the
edges, meaning that, for two weight-identical trees
A,B ∈ γwS exists h : VA −→ VB bijective, such that
x, y ∈ VA and xy ∈ EA if and only if h(x)h(y) ∈
EB, label(x) = label(h(x)) ∧ label(y) = label(h(y))
and w(xy) = w(h(xy)).

Definition 2.10. Partitioning Function
Let A ∈ γwS such that A = (V,E, S,w) and ZS the
set of all proper partitions of S into two subsets.
Let f : E −→ ZS such that, for every edge e ∈ E,
f(e) returns the set of ZS that corresponds to the
partition of S given by (according to Day’s nota-
tion, Notation ??) the clusters of both connected
components of (V,E\{e}, S, w). We say that f is
the partitioning function of A.

Definition 2.11. Let A,B ∈ γwS with edge sets EA

and EB and partitioning functions fA and fB. The
edges eA ∈ A and eB ∈ B are matched if and only
if

fA(eA) = fB(eB) (2)

This last definition can help us build concepts for
matching functions from E1 to E2, and actually, one
of those is needed for the definition of the Robin-
son Foulds Length distance. Consider that h(A,B) :
EA −→ EB is a function that, given eA ∈ EA, if
exists eB ∈ B such that fA(eA) = fB(eB) then
h(A,B)(eA) is defined and equals eB , undefined oth-
erwise.

Definition 2.12. Robinson Foulds Length dis-
tance
Let A,B ∈ γwS , EA, EB, EC(A,B) the respective sets
of edges, fA and fB the respective partitioning func-
tions and h(A,B) the matching function from A to
B. The Robinson Foulds Length distance is
defined as

dRFL(A,B) =

( ∑
e∈(EA\E′

A)

w(e)

)
+ (3)

+

( ∑
e∈(EB\E′

B)

w(e)

)
+

( ∑
e∈E′

A

|w(e)−w(h(A,B)(e))|

)
(4)

where:

E′A = {eA : eA ∈ EA,∃eB ∈ EB s.t. fA(eA) = fB(eB)}

E′B = {eB : eB ∈ EB ,∃eA ∈ EA s.t. fB(eB) = fA(eA)}

One interesting thing to note is the limitations of
dRFL, since can give multiple results for the same
input and it isn’t symmetric.

It should be trivial to understand that:

• The edge sets E′A and E′B equal EA and EB

respectively;

• There are two possible functions h(A,B) :
EA −→ EB : one that maps a1 into b1 and
other that maps a1 into b2;

• h(B,A) : EB −→ EA maps b1 and b2 in a1.

Given this, one should also realize that we have
two different values for dRFL(A,B) depending on
the chosen h(A,B) function. These are results of sev-
eral problems in [5]: Theorem 4 proves the existence
of hmatching function between identical trees, how-
ever, there’s no unicity assured; The authors define
(differently to Day’s Notation) T ′1 and T ′2 as the
trees generated by collapsing edges in E1\E′1 and
E2\E′2 respectively as identical, but in the exam-
ple we just exposed that does not hold; Definition
5 assumes a unique h between T ′1 and T ′2 but that
might not be the case, as we just exemplified.

But the problems don’t end here. We ask the
reader to check if the symmetry and identity of in-
discernibles holds in dRFL for all A,B ∈ γwS , which
the second can be easily refuted by considering the
weight of every edge in A and B of our example as
1.

Definition 2.13. Let A ∈ γwS and B a subtree of
A. S |B is the subset of S in which its elements are
labels of some vertex in B. Also, let v ∈ VA. We
define A(v) as the subtree of A that consists of v
and all its lineal descendants.

Assume as well that for every edge uv ∈ EX for
X ∈ γwS , v is deeper than u.

Theorem 2.1. Let A,B ∈ γwS , fA, fB the respec-
tive partitioning functions and C(A,B) their strict
consensus tree. Assuming (†) there’s a one-to-one
correspondence between edges of A and B and their
respective clades and (††) for all a ∈ EA there’s
no a′ ∈ EA such that S |A(a)= S\

(
S |A(a′)

)
,

there’s bijective matching functions h(C(A,B);A′) and
h(C(A,B);B′).

2.4. Geodesic distance
We are first left with the question of how many
minimal (with no edges ab, bc ∈ E such that
degree(b) = 2 and b is not the root) non-identical
(Definition 2.7) binary trees (Definition 2.2) exist.
This will be a key factor for the space we will later
formalize.

Theorem 2.2. The number of minimal non-
identical binary trees with n leaves is (2n − 3)!!
(where !! stands for the double factorial).

Most literature points to [6] for a proof, but this
can be instead done in the following way: given
trees with n leaves (S = {1, 2, ..., n}) and root r, if
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we identify all the possible n − 2 internal vertices
(except the root) as a1, a2, ..., an−2, the Prüfer code
(you can find a description in Reference [3]) gives
us a bijection between those trees and sequences
of size 2n − 3 with one r and two of each ai (for
1 ≤ i ≤ n−2). Therefore, we can conclude that the
number of sequences is

(2n− 3)!

2n−2
(5)

Finally, we need to remove from this counting the
trees with permutations of labels on the internal
vertices a1, a2, ..., an−2, which are (n − 2)!. Then
we obtain the desired result:

(2n− 3)!

2n−2(n− 2)!
= (2n− 3)!!. (6)

That leaves us with the task of primarily formal-
izing the space where the distance will be built.
Take into consideration that an internal edge is
any edge that is not connected to a leaf of a tree.
Do not forget that when we refer minimal trees we
are specifically referring to our context previously
explained (that these have no edges ab, bc ∈ E such
that degree(b) = 2 and b is not the root).

Definition 2.14. Space of trees with n labels,
Tn
Consider S a set of labels and |S| = n. For ev-
ery minimal non-identical (Definition 2.7) binary
tree (Definition 2.2) Bi ∈ γS (there is a total of
(2n − 3)!! minimal non-identical binary trees [6])
generate an (n− 2)-dimensional space T o

B (that we
designate as orthant) such that every component
ce is identified to one (and only one) internal edge
e ∈ EB and takes real values between [0,∞[. For
all pairs of spaces T o

B1
and T o

B2
(with e1 ∈ EB1

and
e2 ∈ EB2

) identify components ce1 and ce2 if and
only if the cluster representation of the clades asso-
ciated with the removal of e1 and e2 from their re-
spective trees match, that is, if (Ce1)′ = (Ce2)′ (or,
according to Definition 2.11, e1 and e2 are matched
edges). The Space of trees with n labels is the
result all the orthants T o

B with this identification.
A point (t1, t2, ..., tk) ∈ Tn specifies a unique tree
A ∈ γwS with internal edges ei such that w(ei) = ti
for all ti 6= 0.

Definition 2.15. Geodesic distance
Let A,B ∈ γwS , T|S| the space of trees with |S| labels
and dT|S| the associated distance function. Then,
the Geodesic Distance dGeo(A,B) = dT|S|(A,B).

Definition 2.16. Let T = (V,E, S,w) ∈ γwS be a
weighted rooted tree where every leaf and root are la-
beled and have no duplicate labels (there are no two
distinct vertices v1, v2 ∈ V such that label(v1) =

label(v2)). Let V ′ ⊆ V be the set of labeled ver-
tices and X =

⋃
v∈V ′{label(v)} (note that it is al-

ways the case that S ⊆ X). Given a set of la-
bels L, a L-split is a two set structure A|B such
that {A,B} is a partition of L of two non-empty
sets and, in our work, if we omit the set and re-
fer only split we are referring to X-splits of the tree
at hand. It is straightforward to understand that
each edge e ∈ E induces a partition of the set X,
building the sets A and B from the labeled vertices
contained in each of the connected components gen-
erated from removing e from T . We will denote the
X-split induced by e ∈ E as σe = σX

e = Xe|X̄e, Σ
will denote an arbitrary collection of X-splits and
Σ(T ) =

⋃
e∈E{Xe|X̄e}. These are similarly estab-

lished to any subtree T ′ ⊆ T with label set X ′ ⊆ X
of vertices of degree at most 2.

Definition 2.17. (Compatible X-Splits and
Compatible X-Split Sets) Let Σ be any non-
empty collection of X-splits and A|B,C|D ∈ Σ. We
say that X-splits A|B and C|D are compatible if
at least one of the sets A∩C, A∩D, B∩C, B∩D is
empty. Additionally, we say that Σ is a compatible
X-split set if every pair of X-splits is compatible.

Definition 2.18. (Compatible Edge Sets)
Let T1, T2 ∈ γwS and A ⊆ ET1

and B ⊆ ET2
.

• A set C is a compatible edge set if, for all
c1, c2 ∈ C, the X-splits Xc1 |X̄c1 and Xc2 |X̄c2

are compatible;

• We say that A and B are compatible edge
sets if for every a ∈ A and b ∈ B the X-splits
Xa|X̄a and Xb|X̄b are compatible.

Theorem 2.3. (Split Equivalence Theorem, [7,
Theorem 3.1.4])
Let Σ be a set of X-splits. Σ uniquely defines a tree
if and only if Σ is a compatible X-split set.

Definition 2.19. (Path Space and Path Space
Geodesic)
Let TA, TB ∈ γwS : TA, TB non-identical and A =
(A1, ..., Ak) and B = (B1, ..., Bk) partitions of ETA

and ETB
such that the pair (A,B) satisfies:

(P1) For each i > j, Ai and Bj are compatible
sets.

Then, for all 1 ≤ i ≤ k, B1∪ ...∪Bi∪Ai+1∪ ...∪Ak

is a compatible set, hence, from the splits equiva-
lence theorem, uniquely defines a binary |S|-tree
Ti and an associated orthant T o

Ti
. The connected

space P =
⋃k

i=1 T o
Ti

is the path space with sup-
port (A,B) and the shortest path from TA to TB
contained in P the path space geodesic for P.

Theorem 2.4. (From Billera et al. [1, Proposition
4.1])
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For trees T1, T2 ∈ γwS with disjoint edge sets, the
geodesic between T1 and T2 is a path space geodesic
for some path space between T1 and T2.

Definition 2.20. (Proper Path Space and
Proper Path)
Let T1, T2 ∈ γwS and Γ the geodesic in T|S| between
T1 and T2. Then, Γ can be represented as a path
space geodesic with support A = (A1, ..., Ak) of ET1

and B = (B1, ..., Bk) of ET2 which satisfy P1 and
the following additional property:

(P2) ||A1||
||B1|| ≤

||A2||
||B2|| ≤ ... ≤

||Ak||
||Bk||

We call a path space satisfying conditions P1 and
P2 a proper path space and the associated path
space geodesic a proper path.

Theorem 2.5. (From Owen et al. [4, Theorem
2.5])
Given T1, T2 ∈ γwS a proper path Γ between T1 and
T2 with support (A,B) is a geodesic if and only if
(A,B) satisfy the property:

(P3) For each support pair (Ai, Bi) there is
no non-trivial partitions C1 ∪ C2 for Ai and
D1∪D2 for Bi such that C2 is compatible with

D1 and ||C1||
||D1|| <

||C2||
||D2|| .

One intuitive path between any two trees that
will be useful for the algorithm implementation
as the starting point is the cone path . This is
the path that connects the two trees through two
straight line segments through the origin of our
space Tn. The cone path will function as our start-
ing point with support (A0,B0) that vacuously sat-
isfies (P1) and (P2). The algorithm goes as follows:

Algorithm 1. (Geodesic Algorithm, GTP)

Input: T1, T2 ∈ γwS ;

Output: The path space geodesic between T1
and T2.

Initialize: Γ0 = cone path between T1 and T2
and support (A0,B0) = ((ET1

), (ET2
)).

Step: At stage l, we have proper path Γl with
support (Al,Bl) satisfying conditions (P1) and
(P2).

if (Al,Bl) satisfies (P3),

then path Γl is the path space geodesic,

else chose any minimum weight cover
C1∪D2, C1 ⊂ Ai and D2 ⊂ Bi with com-
plements C2 and D1, respectively, hav-

ing weight ||C1||
||Ai|| + ||D2||

||Bi|| < 1. Replace

Ai and Bi in Al and Bl by the ordered
pairs (C1, C2) and (D1, D2), respectively,
to form a new support (Al+1,Bl+1) with
associated path Γl+1.

Theorem 2.6. Geodesic Distance
Let T1, T2 ∈ γwS such that T1 and T2 have no com-
mon edges and (Al,Bl) = ((A1, B1), ..., (Ak, Bk))
the resulting support of running the geodesic algo-
rithm for T1 and T2. The geodesic distance be-
tween T1 and T2 is given by:

dGeo(T1, T2) = ||(||A1||, ..., ||Ak||)+(||B1||, ..., ||Bk||)||
(7)

3. Implementation
3.1. General Overview
The GTP algorithm receives as an input two trees
T1 and T2 of γwS , returns the path space geodesic
(Definition 2.19) (or its length) and consists in three
parts plus one extra part: initialization, guard
test, step (the latter two consisting of the program
cycle) and common edge handling.

• Initialization consists of constructing the
support (A0,B0) = ((ET1

), (ET2
)) and initial-

izing all the variables we will need for execu-
tion.

• The guard test is where we verify if the sup-
port at hand (Al,Bl) satisfies (P3), which is
equivalent to check if the extension problem
has no solution for each pair (Ai, Bi) of this
same support.

• The step consists of the construction of a new
support (Al+1,Bl+1) satisfying certain proper-
ties.

• Common edge handling replaces the last
two steps for trees T1, T2 that share common
edges. For this step, we start by identifying
a common edge e ∈ ET1

∩ ET2
and the split

σe = C|D, and compute the geodesic distance
between TC

1 and TC
2 and the geodesic distance

between TD
1 and TD

2 to determine the geodesic
distance between T1 and T2.

Definition 3.1. Incompatibility Graph
Let T1, T2 ∈ γwS and E1, E2 subsets of ET1

and ET2

respectively. We define the incompatibility graph
G(E1, E2) = (V,E) such that V = E1 ∪ E2 and

E = {uv : u ∈ E1, v ∈ E2, σu and σv are incompatible splits}.
(8)

Lemma 3.1. (Lemma 3.2, article [4])
A proper path Γ with support pair (Al,Bl) is a
geodesic if and only if the extension problem has no
solution for any support pair (Ai, Bi) of (Al,Bl).

Definition 3.2. Maximum weight indepen-
dent set
Let G = (V,E) be a graph. An independent set
I ⊆ V is a set of vertices in which for all u, v ∈ V ,
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uv, vu /∈ E. A maximal independent set is an
independent set with maximal cardinality against
every other independent set of G. A maximum
weight independent set is a maximal indepen-
dent set with minimal weight against every other
maximal independent set.

Definition 3.3. Minimum weight vertex cover
Let G = (V,E) be a graph. A vertex cover C ⊆ V
is a set of vertices in which for all uv ∈ E, it is
the case that u ∈ C or v ∈ C. A minimal vertex
cover is a vertex cover that has minimal cardinal-
ity against every other vertex cover of G. A min-
imum weight vertex cover is a minimal vertex
cover with minimal weight against every other min-
imal vertex cover.

Theorem 3.1. Let G = (V,E) with weight func-
tion w defined in V . The weight wI of the maximum
weight independent set and the weight wC of a mini-
mum weight vertex cover satisfy (Σv∈V w(v))−wI =
wC .

Definition 3.4. Extension Problem (final for-
mulation)
For all pairs (Ai, Bi) from the support (Al,Bl), we
want to check if the minimum weight vertex cover
for G(Ai, Bi) with vertex weights

we =

{
e2

||Ai||2 if e ∈ Ai

e2

||Bi||2 if e ∈ Bi

(9)

has weight greater than 1. If that’s the case for all
the minimum weight covers, the extension problem
is said to have no solution (hence satisfies (P3))
and we know that we can generate the path space
geodesic from the support (Al,Bl).

Definition 3.5. Maximum flow problem
Let N = (V,E) be a directed graph with s, t ∈ V ,
which we will designate by source and sink re-
spectively, c : E −→ R+ a capacity function de-
fined on the edges N . We designate (N, c) as a
flow network. A flow function is a mapping
f : V × V −→ R+ such that for every xy ∈ E we
have that f(xy) ≤ c(xy), f(yx) = −f(xy) such that
y, x /∈ {s, t} (and yx not necessarily in E) and also∑

xy∈E f(xy) = 0 for any x ∈ V \{s, t}. The flow
of N is defined as |f | = Σsx∈Ef(sx) and the max-
imum flow problem consists in determining the
maximum value of |f |.

Definition 3.6. Minimum cut problem
Let N = (V,E) be a directed graph with a weight
function w : E −→ R+. We define a cut as a
partition {U1, U2} of V such that there is at least
one xy ∈ E such that x ∈ U1 and y ∈ U2 and
s ∈ U1 and t ∈ U2. Let C ⊆ E the subset of edges
between U1 and U2. The minimum cut problem

consists in finding a cut such that the weight of C,
w(C) = Σe∈Cw(e) is minimal amongst the weight
of all possible cuts.

Theorem 3.2. Max-flow min-cut theorem
In a flow network (N, c), the maximum flow |f |
equals w(C) where C is the minimum cut of N .

Definition 3.7. Flow equivalent graph
Let G(A,B) = (A ∪ B,E) be the incompatibility
graph of A and B, and we : A ∪ B −→ R+ a
weight function defined in the vertices of G(A,B).
We define the flow equivalent graph Gf (A,B) =
(Vf , Ef ), a directed graph for our problem, as:

Vf = A ∪B ∪ {s, v}

E′ = {ab : a ∈ A, b ∈ B, ab ∈ E or ba ∈ E}

Ef = E′ ∪ {sv}v∈A ∪ {vt}v∈B
and the weight function wf : Ef −→ R+ defined as:

wf (xy) =


we(y) if x = s

we(x) if y = t

∞ otherwise

(10)

Theorem 3.3. Let G(A,B) = (A∪B,E) be the in-
compatibility graph of A and B, and Gf = (Vf , Ef )
the flow equivalent graph for G(A,B). A minimum
cut in Gf induces a minimum weight vertex cover
in G(A,B) and vice versa.

We are now into condition to delineate a path
from the extension problem to its solution. In Fig-
ure 1 it is presented a schema for clearer under-
standing.

Figure 1: A diagram for the path from the support
set until its respective minimum weight vertex cover
and its weight

Putting it all together, the bigger slice of com-
plexity is indeed in the Edmonds Karp algorithm,
which is capsuled inside the main program cycle,
which the number of runs is, as mentioned before,
bounded by the minimum number of internal edges
for one of the input trees. Each internal edge in the
input trees corresponds to a vertex in the incompat-
ibility graph, therefore, we can conclude that
the worst case time complexity of the GTP
Algorithm is O(|E|2|V |2). More specifically, and
putting it in terms of the input T1 and T2 instead
of vertices and edges of the incompatibility graphs,
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we have that |V | equals the number internal edges
of T1 and T2 summed and |E| equals the number
of incompatible splits to which the internal edges
of T1 and T2 are associated with. Then, let t1 and
t2 be the number of internal edges of T1 and T2 re-
spectively and k the number of incompatible splits
between T1 and T2. The complexity of the GTP
Algorithm is O(k2min(t1, t2)(t1 + t2)).

4. Results and Conclusions

As you will witness, our work was divided in two
core parts: an expositive text regarding thirteen of
the most popular or promising methods to compare
tree-like structures; specification of details for the
Geodesic Distance, implementation of the GTP Al-
gorithm and an worst-case time complexity analy-
sis. We will discuss conclusions for these two topics
separatly.

4.1. Distance synopsis

After all the formalization and property lifting of all
the metrics we can say that we managed to compile
information about all these with the same notation,
providing a valuable resource for someone who looks
for an introduction for comparative metrics. Some
original work was developed (as stated in Introduc-
tion) and that helped us gluing some gaps in our
understanding of the distances we’ve approached.

In our full work we present two tables compiling
the information regarding the complexity and dis-
criminative power of all thirteen the metrics. Since
dH and dSPR don’t have yet feasible algorithms to
be calculated, it’s presented the conjectured prob-
lem hardness of their computation. The worst case
time complexity of the geodesic distance is also re-
vised by our work.

4.2. SplitToTree and GTP Algorithm Implementa-
tion

In regards to our achievements in Implementation,
we can say that the representation of trees in an
edge weight vector made it fairly straightforward
to handle trees in the GTP Algorithm, and repre-
senting trees in this way is extremely practical once
we have access to a sketch. Those vectors are gener-
ated by, first, checking the splits (induced partitions
on the set of labels S for each e internal edge, check-
ing which labels belong to each connected compo-
nent on the graph upon removal of e), check their
position according to a lexicographical order, and
placing the weight of each e in a vector of zeroes of
size (2n− 3)!! (|S| = n+ 1).

In regards to our implementation, it matches the
worst case time complexity reported by Owen et al
in [4]. This comes from the fact that the maximum
flow problem is solved with an Edmonds Karp algo-
rithm, which has O(|V ||E|2) complexity. The data
structure we chose for input led us to some com-

promise in terms of memory, and for big label sets,
it might be a good idea to rethink the way com-
patible splits are checked. Also, its worth to note
that the fact we chose Wolfram Mathematica as a
coding language was also a drawback when it came
to analyze complexity, since it is proprietary code
and function specification does not cover complex-
ity, neither we have way to check its implementa-
tion.
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