
	 1	

 
Numerical Modelling of a Vertical Shaft Excavation 

João Rodrigo Ventura Belo 

Department of Civil Engineering, Architecture and Georesources (DECivil), 
Instituto Superior Técnico, Universidade Técnica de Lisboa 

 
Abstract 
 This extended abstract has the purpose of resuming a dissertation that aims to contribute 
to the understanding of the stress state in the soil and forces installed in the retaining structure of 
vertical shafts, generated by its construction.  

In this work, we begin by presenting the most current geometry and techniques of shaft 
construction, as well as a brief review of the methods that estimate the earth pressure applied in 
shaft walls.  

The excavation of a vertical shaft in Algiers’ subway line extension, as the case study, is 
the starting point for the analysis of the parameters of the soil and materials to be considered, of 
the constructive phase, as well as the geometry of the solution which, since it is a complex 
solution, allows a general approach to the theme. It is possible to apply the same study to shafts 
that present similar solutions. 

The analysis was based on the automatic calculation program based on the finite element 
method, Plaxis 2D, to model the horizontal and the vertical sections of the shaft. 

The results were compared with simplified methods. 
In the final part, the possibility of changing the construction phase at the level of the 

excavation step is still approached, since this change, if feasible, could translate savings into the 
solution. 

The dissertation ends with conclusions of a general nature and with suggestions for future 
studies and developments of the theme. 
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1. Vertical Shafts  

Shafts are geotechnical excavation works, 

with a temporary or definitive character, 

distinguished by their vertical development 

that can reach considerable depths, noted by 

geometry, constructive techniques and 

purposes. 

 

 

 

 

1.1. Geometry 
With field of application in Civil Engineering 

growing, shafts are recognized by their simple 

execution and reduced costs. By taking 

advantage of the arch effect, the need to 

resort to shoring systems is greatly reduced. 

The circular or elliptical geometry is the main 

factor that allows to take advantage of this 

effect, making the construction of multiple 

shafts possible. 
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1.2. Execution Techniques 
In terms of execution techniques, the main 

constraints are the soil properties. Thus, the 

shaft can be excavated with no other 

technique (even if later the solution predicts a 

lining application in order to control the rock 

mass fragmentation) or with pre-installation 

(throughout the development of the shaft) or 

soil pre-treatment techniques (only in 

localized developments). Piles are an 

example of a pre-installation technique. 

 

1.3. Earth pressure distribution on 
cylindrical shafts 

Classical earth pressure theory developed by 

Coulomb and Rankine method are the best 

known ways to estimate the earth pressure in 

linear rigid support structures. However, 

shafts geometry does not resemble the model 

that those authors considered in the studies, 

which invalidates the use of their conclusions 

and solutions in the vertical shafts design. 

Over time, several authors attempted to 

explain the variation of the earth pressure 

acting on vertical cylindrical cavities, based on 

previous authors’ analytical solutions, trying to 

overcome limitations and expanding the field 
of analysis. This was the case of 

Westergaard’s study (1941), where the model 

was a small unlined drilled hole, passing 

through Berezantzev’s study (1958), in which 

the model already considered axissimetric 

conditions and the existence of horizontal 

backfill and uniform surcharge, among others. 

However, the Analytical Solutions revealed 

limitations. When simulated under the same 

conditions, they prove to be quite incoherent 

between. In order to illustrate this point, 

normalized earth pressure, as a function of 

depth, is presented for a shaft lining of radius, 

a, and height, h, considering no surcharge, 

and installed in cohesionless soil with 𝜙" =

41º and 𝑐" = 0 (fig.1). Note that 𝜎)" = 𝜆 ∙ 𝜎," 

	
Fig. 1: Normalized earth pressure, as a function of 

depth, determined by Analytical Solutions 
aborded, in Tobar e Meguid (2010) 

Due to this inconsistent results, the need to 

correctly define the soil behaviour and the 

stress state of the soil in geometries such as 

shafts remains. 

 

2. Case Study 

The construction of ventilation shaft No. 7 that 

integrated the subway line extension between 

Ain Naadja and Baraki in Algiers, was the 

basis of the numerical modelation done in this 

dissertation. 

  

Fig. 2: Shaft excavation (january 2016) 
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Performed in-situ and laboratory tests, it was 

concluded that the soil is mostly clayey and 

that the layers have physical properties similar 

to each other, recognizing their properties 

improvement due to the in-depth distribution. 

Schematically, the soil properties that were 

used in the numerical simulation of the 

different solutions, presented in fig. 2, are 

those that have been determined by SANTOS 

et al. (2015): 

 

 
Fig. 3: Soil properties determined by in-situ and 

laboratory tests 

	
3. Numerical modelation of the 

horizontal section  
It was necessary for the next analysis the use 

of finite element software, Plaxis 2D.  

 

 

3.1. Numerical model validation 

Initially, the model of horizontal cross-section 

was unsupported and its validation was based 

on Kirsch’s Analytical Solution. Earth pressure 

is simulated by a distributed load, so it is 

important to determine how far from the centre 

of the excavation the load should be applied. 

A load of 1 MPa was considered in three 

different models with distances between the 

centre of the excavation and the load 

application point equals to 10m, 40m and 

80m. Using Plaxis, it was possible to 

determine tangential and radial stresses, in a 

axyssimetric to the excavation section. 

The model with distance between the load 

application point and the excavation centre 

equal to 40m was adopted from then on. 

 

3.2. Numerical model considering piles 
and shotcrete 

In relation to the previous model, piles and 

shotcrete were introduced, as shown in fig. 3: 

 
Fig. 4: Numerical model considering piles and 

shotcrete (horizontal section) 

Due to the determined soil properties, all 

simulations predict the undrained soil 

behaviour. 

At this point, elastic and elastoplastic stress 

analysis were performed. Once Kirsch 

Solution requires a linear elastic calculation, it 

was necessary to check both analysis. For 

that, the model was radial loaded (in both 

analysis) with 100kPa, 200kPa and 300kPa, 

considering constant soil properties between 

simulations, aiming to the study of total radial 
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displacements and plastic points. It was 

concluded that all tests presented the 

expected response, both to the radial 

displacement level and to their low variation in 

the same simulation. Table 1 shows radial 

displacements in elastoplastic stress analysis: 
Table 1: Mean total radial displacements 

Load Mean total radial displacements  

100 kPa 0,296 mm 

200 kPa 0,591 mm  

300 kPa 0,885 mm 

 

It allowed to verify the linearity and isotropy of 

the response (fig.4), and helps to predict what 

displacement we expect when earth pressure 

assumes those values. 

 
Fig. 5: Deformed mesh (p=300 kPa) 

The load applied in each simulation was 

calculated based on the Coulomb earth 

pressure theory: 

𝑝 = 𝑘×𝛾×ℎ + 𝑘×𝑞 

where, 

p – earth pressure; 

k – earth pressure coefficient; 

𝛾 – soil volumetric weight 

h – depth; 

q – surcharge. 

These models adopted soil characteristics 

determined at depths of 15m, 25m and 35m, 

what allows to evaluate the development of 

plastic deformations expected in the case of 

study. According to Melâneo et al. (2015), 

k=0.6 and surcharge, q, equals to 66 kN/m2. 

At the depths of 15m and 35m, there were no 

evidences of plastification (fig. 5); at 25 m of 

depth, plastic points are located on the ground 

adjacent to the piles, according to the fig. 6, 

although in a small area, which does not 

compromise the overall stability of the work. 

 

  
Fig. 6: No plastic 
points detected 

Fig. 7: Plastic points 
adjacent to the piles 

 

3.3. Equivalent model with continuous 
retaining structure 

The cylindrical geometry of the shaft leads to 

the consideration of a model in axissimetric 

conditions, which assumes that any profile 

that crosses the centre of the shaft and 

develops itself in depth is equal, which is not 

verified in the geometry considered (fig. 3). 

That requires the definition of an equivalent 

stiffness and continuous retaining structure. 

Thus, by setting Young’s modulus to 31 GPa 

(mean value between piles and shotcrete’s 

Young’s modulus), the thickness of the 

retaining structure was estimated. Due to this, 

they were considered models with thickness 

compromised between 0.5m and 0.8m, and 

the mean total radial displacements were 

calculated and compared to mean total radial 

displacements obtained during elastoplastic 

analysis (fig. 7). The modelation considered 

the soil parameters used to calculate 

displacements presented in table 1. 
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Fig. 8: Comparison between mean total radial 

displacements in both analysis 

It was concluded that the model to be adopted 

would have a thickness equal to 0.6m. 

 
Fig. 9: Deformed mesh 

4. Numerical Modelation of the 
vertical section  

The simulations related to the shaft vertical 

section will be represented and the influence 

of the excavation step considered in the 

construction phase (of 2m and 3m) analyzed, 

in terms of the displacements, the plastic 

points and the stresses to which the retaining 

structure is subjected to. 

 

4.1. Numerical model considering no 
piles 

According to Melâneo et al. (2015), in the first 

simulation it was not considered the presence 

of piles prior to the excavation (fig. 9). 

 
Fig. 10: Construction phased modelled 

Also according to Melâneo et al. (2015), the 

shaft simulation was based on the assumption 

that a stiffness of the piles allowed the 

reduction of the earth pressure in 50%. This 

was not considered in this work. Thus, at the 

level of the horizontal maximum 

displacements (corresponding to the total 

radial displacements in the models of chapter 

4), in the dissertation were obtained values 

that double the data by Melâneo et al. (2015), 

justified by the assumption considered. 
 

Table 2: Horizontal maximum displacements 

Simulation 
Horizontal maximum 

displacements 

In Melâneo et al. 

(2015) 
32mm 

Excavation step of 2m 62mm 

Excavation step of 3m 67mm 
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However, these displacements are quite 

different from those that were determined 

when the horizontal section of the shaft was 

numerically modelled using soil parameters. 

 

In terms of forces, the arch effect was verified 

by the very reduced shear force and bending 

moment on the wall; on the other hand, 

normal force revealed preponderant, as 

expected. 

 

Finally, the extent of plastic points is very 

small, which doesn’t compromise at all the 

overall stability of the work; the presence of 

the piles on the model will contribute positively 

to the elimination of the effect observed in the 

fig. 10. 

 
Fig. 11: Plastic points 

 

4.2. Numerical model considering piles 
Due to the need of considering piles in this 

simulation Thus, the thickness of the 

equivalent continuous support already 

calculated was divided by the thickness 

corresponding to the piles and the thickness 

corresponding to the shotcrete: 

𝑒56789
8:;6, =

𝐴56789	 ×𝐸56789
𝐴89?@A@9	 ×𝐸89?@A@9 + 𝐴9A	 ×𝐸9A

×0,6	(𝑚) 

	(1) 

𝑒9A
8:;6, =

𝐴9A	 ×𝐸9A
𝐴56789	 ×𝐸56789 + 𝐴9A	 ×𝐸9A

×0,6	(𝑚)	

(2)	

Construction phases are now modelled 

according to fig. 11: 

 
Fig. 12: Construction phases considering piles 

prior to excavation 

 

Total radial displacements are now closer to 

the ones expected after the simulation of the 

horizontal section, as shown in table 3. 

 
Table 3: Comparison between design total radial 

displacements in both analysis 

Depth 

Design total 

radial 

displacement 

Excavation 

step of 2m 

Excavation 

step of 3m 

15 m 0,572mm 0,419mm 0,420mm 

25 m 0,746mm  0,761mm 0,772mm 

35 m 0,959mm 0,989mm 1,11mm 

 

Displacements are not precisely the same 

because: a) horizontal model can’t take into 

account deformations induced by the 

construction phases; b) parameters used in 

horizontal models are the exact parameters 

estimated at those depths, and average 

parameters were used in vertical model 

layers; c) horizontal model can’t take into 

account the effect of the reinforcing rings 

installed along the surface to control wall’s 

deformation. 

 

By analysing figure 12, at a depth of 38m, the 

horizontal displacements in the cavity have 
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opposite directions (compared to the 

undeformed wall), which at first sight suggests 

a disparity between the models. However, by 

analyzing the magnitude of the 

displacements, the difference between the 

two models is approximately 1.5mm (relative 

to the 0.004% vertical), a value that is quite 

acceptable in the construction situation. The 

direction of the displacements is justified by 

the stiffness induced by the slab at the end of 

the shaft.  

 
Fig. 13: Total displacements of the retaining 

structure 
 

In terms of forces, there are no conclusions to 

add to the ones which were considered in 

chapter 5.1. 

 

These simulations revealed some limitations 

according to the plastic points zones. 

Although the plastic points don’t compromise 

overall stability when considering an 

excavation step of 3m, the response suggests 

not enough distance until rigid boundaries. 

Thus, the results can be influenced by that, 

which doesn’t reproduce the correct 

behaviour of the soil and the structure. 

 

 
Fig. 14: Rigid boundaries further away from the 

shaft 

 

Radial displacements are very similar to the 

ones shown in the table 3: 

 
Table 4: Radial displacements in this model, 
considering the change of excavation step 

GZ 
Excavation step 

of 2m 

Excavation step 

of 3m 

GZ1 0,416mm 0,416mm 

GZ2 0,811mm 0,775mm 

GZ3 1,142mm 1,143mm 

 

However, what motivated the current analysis, 

it was the fact that the plastic points in Chapter 

5.2. suggested that the consideration of the 

distance between the shaft and the rigid 

boundaries could affect the results. 

The plastified area remained, as figure 15 

shows. 
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Fig. 15: Plastic points 

 

Still, the distance between the shaft and the 

plastified area is enough to consider that the 

analysis is not compromised by the model. 

Lastly, and appealing to Plaxis calculation 

tools, the reduction of the earth pressure on 

the piles induced by the excavation of the 

shaft was measured (fig. 15). 

 
Fig. 16: Earth pressure during shaft excavation 

 

There was no significant decompression after 

the excavation of the shaft. 

Due to the continuity of the crown beam, and 

its high stiffness when compared to the 

surrounding ground, the decompression is 

expected to be approximately zero, which is 

verified by fig. 15. 

In the remaining development of the shaft the 

decompression is low. This is due to the 

presence of the piles in the ground prior to 

excavation. Although they are not secant 

piles, they have considerable diameters when 

compared to the space between them, and it 

is expected that during the excavation (and at 

a stage prior to the projection of concrete that 

will make it possible), there is decompression 

of the soil. 

 

5. Alternative solutions 
Alternative solutions were considered: the 

reduction of the number of the piles and the 

reduction of their diameter. 

The main goal of these alternatives was to 

purpose solutions which represents a smaller 

execution cost associated, when compared to 

the one studied on the previous chapters. 

 

Thus, in the first solution there are only 16 

piles (half of the piles comparing to the project 

solution), equally spaced between, with the 

same diameter (1 meter). 

 
Fig. 17: Earth pressure during shaft excavation 

 

When analysed the radial displacements 

resembling previous horizontal section 

simulations, we conclude the variation 

between minimum and maximum 
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displacements was substantial, what didn’t 

allow to adopt a equivalent model with 

continuous retaining structure. Indeed, if the 

pretention is to adopt a model like this, we 

have to ensure the radial displacement is 

isotropic. For that maybe a 3D model should 

adapt better. 

 

On the other hand, were considered different 

radius of the piles: 0.35m, 0.40m e 0.45m, 

instead 0.50m. 

 
 

Fig. 18: Alternative 
solution 2 – pile 
radius equals to 

0.35m 

Fig. 19: Alternative 
solution 3 – pile 
radius equals to 

0.40m 
 

 
Fig. 20: Alternative solution 4 – pile radius equals 

to 0.45m 

 

Following the same methodolody of the 

chapter 3, the thickness of the equivalent 

continuous retaining structure to Alternatives 

2, 3 and 4 are, respectively, 0.40m, 0.47m and 

0.53m. 

At this point emerges the necessity to 

compare these solutions with the original in 

two different ways: displacements expected 

on the shaft and economically. 

 

In terms of displacements, it was easy to 

conclude the displacements increase with 

decreasing stiffness of the solution. 

 
At last, it was estimated the reduction of each 

material in the alternative solutions compared 

to the project one. 

 
Table 5: Reduction of solution quantity materials 

compared to the project 

Material Alternative 1 Alternative 2 Alternative 3 Alternative 4 

Concrete 50,00% 51,00% 36,00% 19,00% 

Steel 50,00% 51,00% 36,00% 19,00% 

Shotcrete - 62,63% 1,48% -2,39% -2,36% 

 

A negative reduction means alternative 

solution uses more of this material than the 

project solution.  
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Prices of the material were taken into account:  
Table 6: Solutions execution costs 

	 Project	 Alternative	1	 Alternative	2	 Alternative	3	 Alternative	4	

Drill	 71	680,00		€	 35	840,00		€	 71	680,00		€	 71	680,00		€	 71	680,00		€	

Concrete	 2	010,62		€	 1	005,31		€	 985,20		€	 1	286,80		€	 1	628,60		€	

Steel	 8	641,92		€	 4	320,96		€	 4	234,54		€	 5	530,83		€	 6	999,96		€	

Shotcrete	 73	136,28		€	 73	136,28		€	 73	136,28		€	 73	136,28		€	 73	136,28		€	

TOTAL	
155	468,82		

€	 114	302,55	€	
150	036,02	

€	
151	633,90		

€	
153	444,83		

€	

 

All solutions have a minor cost when 

compared to the project solution. 

 

6. Final remarks 
In order to control the in-depth behaviour of 

the structure, due to its geometry and the 

need to simulate it under axissimetric 

conditions, it was concluded that the behavior 

of the horizontal section would have to be 

analyzed, predicting the model's elastoplastic 

response at various depths. The comparative 

analysis of the results with the numerical 

modeling of the vertical section gives to the 

designer a term of comparison, conferring 

confidence and sensitivity to the results 

obtained and expected, respectively. 

The complex geometry that the solution 

presents perpendicularly to the development 

of the shaft becomes difficult to represent in 

an axissimetric model, reason why it was 

necessary to analyze two variants: one in 

which the earth confinement was represented 

by a continuous support, and another one that 

considers the presence of the piles before the 

excavation, although with an equivalent 

geometry and able to represent in an 

axissimetric model. 

In the support of the shaft, it was verified the 

arch effect expected by the reduced shear 

force and bending moment, acting on the wall. 

Finally, in order to study the influence of the 

extension of ground considered in the model, 

a last one was developed and, based on an 

analysis similar to the previous one, the 

results were compared. 

 

7. Future developments 
Regarding future developments, it would be 

interesting to perform a 3D modeling of the 

problem, compare this results with the Plaxis 

2D axisymmetric mode ones and study how 

can the efforts introduced by the execution of 

the tunnel gallery affect the shaft. 
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