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Abstract

Learning theory allows the study of the theoretical limits of the inductive inference of computable sets
and functions. It is based on functions called scientists, which receive as input a sequence of observations
(either points of the graph of a function or elements in a set) and return conjectures about the object
to which those observations belong. A scientist is successful in identifying the object if there is a point
in which it stabilizes on a correct conjecture. In this work, we cover a brief introduction to learning
theory, including different types of learning environments (text, fat text, imperfect text, and informant)
and different restrictions on the identificational power of scientists (noncomputable, computable, and
memory-limited scientists). We establish the relation between the identification capacity of several
kinds of scientist and learning environment, and we give examples of classes of sets and functions in
each category. New methods to aid in the verification of whether or not a given class was identifiable
were also created: Markov scientists for memory-limited identification and limit sets for noncomputable
identification, which was developed based on the work of and in partnership with Professor José Félix
Costa. Finally, we propose a concept for empirical identification so that the previously obtained results
may be applicable in practice. This approach is inspired by the computable physical models defined in
Szudzik [6]. We also create the concept of discoverable function using primitive recursive functions.
Keywords: scientist, set and function identification, identification in the limit, inductive inference,
recursive function, discoverable function.

Introduction and philosophical framework

The initial step of the scientific method — the in-
ductive step — hinges on the identification of pat-
terns within observable facts. Pattern recognition is
the necessary basis without which there could be no
formulation of a scientific theory. It was the cyclical
nature of the orbits of planets that eventually led
to Kepler’s laws, and it was Mendel’s observation of
hereditary traits in pea plants that prompted the
foundation of genetics. The realization of the ex-
istence of patterns over randomness and order over
chaos is what allows scientists to make accurate pre-
dictions of our world.

This process is akin to a game in which a player
is required to guess the next number in a sequence
by being told the first few elements. Upon learning
that the first elements of a sequence are 2, 4, 6, 8,
and 10, the player may conjecture that the following
number will be 12, which is the smallest positive
even number not yet in the sequence. If his guess
turns out to be correct, he will likely maintain his
hypothesis for the rule which governs the sequence,
and if not, he will adjust his rule accordingly.

The crux of learning theory lies in understanding
if and when it is possible to correctly induce gen-
eral ‘patterns’ (e.g. an infinite sequence) using only
its particular instantiations (e.g. a finite segment of

the sequence). Just as with empirical science, it is in
general not evident that it should even be possible
to infer an infinite amount of information using only
a finite amount of data. However, we will show that
in many situations this limitation is not as severe
as one would first assume. There are in fact sev-
eral reasonable restrictions we may impose on the
nature of the data which guarantee that many pat-
terns (including a wide variety of functions and sets)
are identifiable in an unbounded but finite amount
of time.
1 Introduction to inductive inference
1.1 Preliminaries on computability

The reader should recall some fundamental com-
putability definitions. We denote the classes of
functions of type N Ñ N of the partial recursive
functions by P , of the recursive functions by R, of
the primitive recursive functions by PR, and of the
class of recursively enumerable sets by E.
Encodings and encoded functions

So far, we have only considered functions and sets
within the natural numbers. To address this, we for-
mulate a general procedure to ‘encode’ a countable
set of numbers (e.g. Q) into the set N.

1.1 Definition (Encoding and representation). We
say that a function f : S Ñ N is an encoding of S if
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it is a bijection from S to N. The inverse function
f´1 : NÑ S is called a decoding of S. If f is an en-
coding of S and fpxq “ n, we say that n represents
(or is the representation of) x.

Using encodings of various countable sets, we are
able to use a partial recursive function defined in the
natural numbers to encode any other ‘computable’
function whose domain and codomain are count-
able. Encoded functions are the extension of the
concept of encodings from sets into functions. Sim-
ilarly to encodings for sets, encoded functions allow
the interpretation within the natural numbers of
functions with a countable domain and codomain.

1.2 Definition (Encoded function). Let A and B
be countable sets, and let f and g be encodings of A
and B respectively. If ψ : AÑ B is a total function
and rψ : N Ñ N is a partial recursive function such
that, for all x P A, rψpfpxqq “ gpψpxqq, we say that
rψ is the encoded function of ψ. In this case, we may
frequently say that f is a (partial) recursive func-
tion when we mean that it has a (partial) recursive
encoded function rψ. Conversely, ψ is the decoded
function of rψ.

Indexes for sets and functions

Consider an encoding of A˚, where A is some fi-
nite alphabet. If we allow the set ta0, a1, . . . , ak´1u

to be the alphabet of symbols used in a specific
programming language, we may use this encoding
to associate a unique integer to each string of pro-
gramming commands. In this way, it is possible to
computably list out the class of computable func-
tions P using a programming system.

1.3 Definition (Programming system, Jain et al.
[4]). A programming system for the class of partial
recursive functions P is a partial recursive function
ν such that tλx . νpxp, xyq : p P Nu “ P . We may
denote νpxp, xyq by νppxq.

A programming system entails the existence of a
universal partial recursive function ν that encodes
all other partial recursive functions. Such a function
computes φpxq for all φ P P and x P N.

We say that a programming system is acceptable
when there is an effective (recursive) function t that
translates between it and any other acceptable pro-
gramming system. In effect, this means that all
acceptable programming systems are equivalent, in
the sense that any partial recursive function that
is expressible in one acceptable programming sys-
tem is also expressible in another, and there is a
recursive way of switching between both.

1.4 Definition (Index for a function and set).
With a fixed acceptable programming system φ, a
φ-index p of a partial recursive function φp is sim-
ply called an index for φp. The domain of φp is the

recursively enumerable set denoted by Wp, and p is
an index for it.

Using indexes for (partial recursive) functions
and (recursively enumerable) sets, it is possible to
‘list out’ all the elements of P and E. We call this
list an indexing.

1.5 Definition (Indexing). Using a fixed accept-
able programming system φ, the acceptable index-
ing, or simply indexing, of all the partial recursive
functions and the indexing of all the recursively enu-
merable sets are the lists tφiuiPN “ φ0, φ1, φ2, . . .
and tWiuiPN “W0,W1,W2, . . . , respectively.

It is important to note that indexings are not
injective functions of N into P or E. Whereas it is
true that an integer is an index for a single function
or set, a function or set can have more than one
index. In fact, for any partial recursive function ψ
or recursively enumerable set S, there are infinitely
many indexes for ψ and S.

1.6 Lemma (Osherson et al. [5]). Let φ0, φ1, . . . be
an acceptable indexing of P. Then, for all i P N,
the set eqi “ tj P N : φj “ φiu is infinite.

1.2 Identification

Recall the guessing game given previously. Here,
the reader played the role of an empirical scientist
attempting to identify some natural law from within
an infinite number of possible laws. This is the ba-
sis for the concept of identification: to conjecture
hypotheses using a finite sequence of information.
For each hypothesis (e.g. λx . xpx´ 1q), we may as-
sign to it an integer label (for example, using an
appropriate encoding of the alphabet used).

1.7 Definition (Hypothesis). A hypothesis is a
natural number i.

A hypothesis may be thought of as the ‘output’
given by a scientist at any given time. The num-
ber i is simply the index of some partial recursive
function φi. In order for a scientist to produce a
hypothesis, it must be given some kind of ‘input.’

Texts and prefixes

Texts are infinite sequences of natural numbers
that respect certain properties. A text is a particu-
lar type of learning environment, which serve as the
basis for the ‘input’ scientists receive.

1.8 Definition (Learning environment). A learn-
ing environment is a mapping of N into N Y t#u,
where # is the blank symbol.

The content of any finite or infinite sequence —
including texts and other learning environments —
is simply the set of all natural numbers it contains.
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1.9 Definition (Content). Let s be a (possibly infi-
nite) sequence of elements. The content of s, writ-
ten content psq, is the set of all natural numbers
that are elements of s.

Note that by the definition of content, # is never
contained in the content of any learning environ-
ment, since it is not a natural number.

An important kind of learning environment is
called a text. In order to refer to the content of
a text for function, we introduce the notion of a set
representation.

1.10 Definition (Set representation). S Ď N is
said to be the set representation of the set tpx, yq :
xx, yy P Su of ordered pairs, where xx, yy “ n is the
image of px, y, q through the Cantor pairing func-
tion. The set representation of the graph of a func-
tion f (or simply the set representation of f) is the
set Ψpfq “ txx, fpxqy : x P domainpfqu.

Texts are the simplest kind of learning environ-
ment, and they are defined for sets or functions.

1.11 Definition (Text, Gold [3]). A text T is
a learning environment such that (a) T is a text
for a recursively enumerable set S just in case
content pT q “ S, and (b) T is a text for a recursive
function f just in case content pT q “ Ψpfq. The set
of all texts (for both sets and functions) is denoted
by text.

A text for a set S or a function f is then any
sequence in which every element of S or every el-
ement of Ψpfq appears at least once, respectively.
Note that texts for functions are only defined for re-
cursive functions and not for partial recursive func-
tions. Consequently, texts for functions are only
defined for total functions.

1.12 Definition (Notation on texts). We denote
the pn` 1q-th element of a text T by T pnq and the
initial sequence of length n of a text T is denoted by
T rns, with n ě 0. Note that T rns does not include
T pnq.

Despite the number of observations an empirical
scientist can make being unlimited, it will always
be limited to a finite number of observations at any
given time. Similarly, a scientist learner can never
‘work with’ an entire text but only with a finite
initial segment of a text, called a prefix.

1.13 Definition (Prefix). A prefix σ is a finite ini-
tial segment T rns for some n P N and some arbitrary
text T , and we write σ Ă T . The set of all prefixes
is pref “ tT rns : T is a text and n P Nu. The set
of all prefixes for sets is denoted by seq and the set
of all prefixes for functions is denoted by seg.

1.14 Definition (Notation on prefixes). Let σ, τ P
pref be two prefixes. Then

(a) the length of σ is the number of elements of σ,
including blanks and repetitions. It is denoted
by |σ|.

(b) the pn ` 1q-th element of σ is denoted by σn,
for n ě 0. Hence, σn “ T pnq when σ is a prefix
of T and n ă |σ|. (Note that the first element
of σ is denoted σ0, the second σ1, and so on.)

(c) the sequence of the first n elements of σ is de-
noted by σrns, and the sequence of last n el-
ements of σ is denoted by σr´ns. If |σ| “ n
then σrns “ σr´ns “ σ.

(d) for |σ| ą 0, the last member of σ — that is,
σr´1s “ σ|σ|´1 — is denoted by σlast.

(e) for |σ| ą 0, all of σ with its last element re-
moved — that is, the prefix obtained by re-
moving σlast from σ — is denoted by σ´. If
|σ| “ 1 then σ´ “ ε.

(f) the result of concatenating τ onto the end of
σ is denoted by σ ˛ τ . Similarly, the result of
concatenating a single character x P N Y t#u
onto the end of σ is written as σ ˛ x.

(g) if σ is an initial segment of τ , then we write
σ Ď τ . If σ is a proper initial segment of τ ,
then we write σ Ă τ .

Prefixes — like texts — are sequences of natural
numbers. Depending on the given context, these
numbers may simply be elements of a set or may
represent ordered pairs in a function. In the former
case, we say that a prefix belongs to seq, and in
the latter case, that it belongs to seg.

Scientists

A scientist is a function that receives a prefix of a
text for a recursively enumerable set or a recursive
function and returns a hypothesis for the index of
the set or function in question. We will allow scien-
tists to be possibly partial functions, as we do not
require a guess to be made for every prefix. Addi-
tionally, we will permit a scientist to be a possibly
noncomputable function.

1.15 Definition (Scientist, Gold [3]). A scientist
for sets M : seq Ñ N or a scientist for functions
M : seg Ñ N is a possibly partial and possibly
noncomputable function.

A group of scientists is said to be a school of
scientists.

1.16 Definition (School). A school of scientists,
or simply school, is a set of scientists for sets or for
function, typically respecting a certain condition. If
a school is a set of scientists for sets, we say it is a
set school, and if it is a school for functions, we say
it is a function school. The school of all scientists for
sets is denoted by S and the school of all scientists
for functions is denoted by Sf .
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For a scientist to identify a text (and, subse-
quently, a set or class of sets), we must define a
notion of convergence for it.

1.17 Definition (Convergence to an index). A sci-
entist M is said to converge to an index i on text
T just in case, for all but finitely many n P N,
MpT rnsq “ i. That is, it converges if, for all but
finitely many prefixes σ of T , Mpσq “ i.

If a scientist converges to a correct hypothesis for
a text, then it is said to identify the text.

1.18 Definition (Identification).

(a) A scientist M identifies a text T for a set S or
for a function f just in case M converges to an
index i and i is an index for S or an index for
f , respectively.

(b) A scientist M identifies a set S or a function f
just in case M identifies every text T for S or
for f , respectively.

(c) A scientist M identifies a class C of sets or
functions just in case M identifies every set S P
C or every function f P C, respectively.

The previous definition implies that there are sev-
eral distinct levels of identification. However, iden-
tification is only meaningful when it refers to an
entire class of sets or functions. For example, a
scientist that is a constant function which returns
the integer i for any prefix of any text it receives
will trivially identify the set whose index is i. The
crux of identification may therefore be said to be
the ability to distinguish between multiple objects.

Learning environments

In addition to texts, we will also consider three
other types of learning environments: fat texts, im-
perfect texts, and informants.

1.19 Definition (Fat text). A fat text T is a learn-
ing environment such that

(a) T is a fat text for a recursively enumerable set
S just in case content pT q “ S and for all x P S,
tn : T pnq “ xu is infinite,

(b) T is a text for a recursive function f just in case
content pT q “ Ψpfq and for all xx, yy P Ψpfq,
tn : T pnq “ xx, yyu is infinite.

The set of all fat texts is denoted by fat text.

1.20 Definition (Imperfect text). An imperfect
text T is a learning environment such that

(a) T is an imperfect text for a recursively enumer-
able set S just in case content pT q “ U , where
U is a finite variant of S1 (i.e. if content pT q “
S YD ´D1, where both D and D1 are finite),

1We say that a set A is a finite variant of B if both pA´Bq
and pB ´ Aq are finite. Similarly, a function f is a finite
variant of a function g if the set of points tx P N : fpxq ‰
gpxqu where f and g differ is finite.

(b) T is an imperfect text for a recursive function
f just in case content pT q “ Ψpgq, where g is a
total recursive function that is a finite variant
of f .1

We denote the set of all imperfect texts by imp. text.

1.21 Definition (Informant). An informant T is
a learning environment such that

(a) T is an informant for a recursively enumerable
set S just in case T is a text for the character-
istic function χS of S, i.e. for all x P S, there
is n P N such that xx, 1y “ T pnq and, for all
x R S, there is n P N such that xx, 0y “ T pnq,

(b) T is an informant for a recursive function f
just in case T is a text for the characteristic
function χΨpfq of the set representation of f ,
i.e. for all x, y P N, there is n P N such that
xxx, yy, 1y “ T pnq if xx, yy P f and xxx, yy, 0y “
T pnq otherwise.

The set of all informants is denoted by informant.
The set of all prefixes of informants for sets is de-
noted iseq and the set of all prefixes of informants
for functions is denoted iseg.

Collections of Classes

Whereas a single scientist may be able to iden-
tify a single class, a set of scientists that respect a
certain condition is able to identify a large group of
classes of sets or functions.

For example, the school of all scientists for sets
contains every possible scientist for sets, including
noncomputable scientists. A collection of classes for
some school of scientists S1 and some learning envi-
ronment e is the set of all classes which are identi-
fiable by S1 in e.

1.22 Definition (Collection). Let S1 be a school of
scientists for sets or for functions and e be a learning
environment. The set of all classes C such that there
is some scientist M P S1 that identifies C in the
learning environment e is called the collection of
classes, or simply collection, for S1 and e, and is
denoted by rS1, es.

2 Identification of sets and functions
2.1 Main results

One of the primary focuses of this chapter is pro-
ducing many examples of classes of sets and func-
tions that are or are not identifiable by a given
school of scientists. Proving that a class is identi-
fiable typically only requires explicitly constructing
a scientist and verifying that it does indeed identify
the class in question, but showing that a class is not
identifiable is usually harder. In this first section,
we explore several important results of identifica-
tion theory that will be very useful in later proofs.
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2.1.1 Locking sequences

A locking sequence provides a necessary condi-
tion for identification in all types of learning envi-
ronments for both sets and functions. It relies on
a fairly evident observation: if a scientist identifies
some set or function, it will necessarily do so after
finitely many observations. If, for every text for the
given set or function beginning with this prefix σ,
the scientist always returns the same output after
reading σ, then σ is said to ‘lock’ the scientist into
the correct hypothesis.

2.1 Definition (Locking sequence, Blum and Blum
[2]).

1. Let S P E be a recursively enumerable set, M
be a scientist for sets and σ P seq be a prefix
of a text for sets. We say that a nonempty
prefix σ is a locking sequence for M on S just
in case (a) content pσq Ď S, (b) WMpσq “ S,
and (c) for all τ P seq, if content pτq Ď S, then
Mpσ ˛ τq “Mpσq.

2. Let f P R be a recursive function, M be a
scientist for functions and σ P seg be a pre-
fix of a text for functions. We say that σ is
a locking sequence for M on f just in case
(a) content pσq Ď Ψpfq, (b) φMpσq “ f , and
(c) for all τ P seg, if content pτq Ď Ψpfq, then
Mpσ ˛ τq “Mpσq.

A locking sequence is always defined with respect
to a scientist and a set or function, so that a locking
sequence for one scientist is in general not a locking
sequence for another. Note that this implies that
there do not exist locking sequences for particular
texts: a sequence must be locking for all texts for
a given set or function. Additionally, there is no
requirement for a locking sequence to be as small
as possible — it need not be a ‘minimal’ locking
sequence. Indeed, if a prefix σ P pref is a locking
sequence for a set S or function f , then any larger
prefix τ P pref such that σ Ă τ and content pτq Ď
S or content pτq Ď Ψpfq is also a locking sequence
for S or f , respectively.

2.2 Theorem (Blum and Blum [2]). Let M be a
scientist for sets or for functions that identifies the
set S P E or the function f PR, respectively. Then
there exists a prefix σ P seq or σ P seg that is a
locking sequence for M on S or on f , respectively.

2.1.2 Angluin’s Theorem

Locking sequences provide a necessary condition
for identification in text by any kind of scientist.
In set identification, if we consider the content of
a locking sequence, we may expect to obtain some
sort of locking set. The precise result was proved
by Angluin [1] and actually constitutes a necessary
and sufficient condition for set identification in text

by a scientist. In effect, it provides the upper bound
of classes of sets that can be identified by any sort
of scientist working in text.

2.3 Definition (Angluin condition, Angluin [1]).
A class of sets C is said to respect the Angluin con-
dition if, for every set L P C, there exists a finite set
DL Ď L (called an Angluin set for L) such that, for
all L1 P C where L1 ‰ L, if DL Ď L1, then L1 Ć L.

2.4 Angluin’s Theorem (Angluin [1]). A class of
sets C is identifiable by a scientist in text if and only
if it respects the Angluin condition, that is, if and
only if every set L P C has an Angluin set.

2.1.3 Limit sets

Angluin’s Theorem, while providing a necessary
and sufficient condition for set identifiability, is not
always an easy result to apply in practice. In gen-
eral, it may be unclear whether a given set is an An-
gluin set. Thus, an alternative condition for iden-
tifiability is desirable. A possible condition stems
from the topological notion of a limit set.

2.5 Definition (Limit set). Let tSiuiPN be a se-
quence of sets. We say that S is the limit set of
tSiuiPN (or that tSiuiPN converges to S), and we
write tSiuiPN Ñ S, if (a) for all i P N, Si Ĺ S, and
(b) for each finite set D Ď S, there is an i P N such
that D Ď Si.

We can show that Definition 2.5 is a necessary
and sufficient condition for identifiability.

2.6 Proposition. Let S be the limit set of a se-
quence tSiuiPN of sets. Then a class C is identifiable
if and only if it does not contain tSiuiPN and S.

2.2 Identification by general scientist

There exist countless constraints and require-
ments one may conceivably place on scientists. A
‘general’ scientist — or simply a ‘scientist’ — is a
scientist without any such restrictions, and there-
fore the collection of classes which are identified by
the school of general scientists represents the upper
limit of what may be identifiable in a given learn-
ing environment. As we shall see, even scientists
on which no restrictions are applied may still have
limited identification power. This limitation there-
fore stems exclusively from the nature of inductive
inference.

2.2.1 In sets

The collection of all classes of sets that are identi-
fiable in text by the school of all scientists for sets —
that is, rS, texts— contains several different classes.
One example is fin, the class of all finite sets, as so
fin P rS, texts.

2.7 Proposition. fin P rS, texts

2.8 Proposition (Gold [3]). finY tNu R rS, texts
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Note that while fin is identifiable and the class
consisting of only the set N is also (trivially) identi-
fiable, the union of both classes is not identifiable.

2.9 Theorem. The collection rS, texts is not closed
under unions.

Informants provide a much more robust learning
environment for scientists, enabling the identifica-
tion of a much larger class of sets. Indeed, the ad-
ditional power imparted by informants is enough to
enable the identification of the entire class of recur-
sively enumerable sets by a general scientist.

2.10 Proposition. E P rS, informants

2.11 Corollary. rS, texts Ă rS, informants

For imperfect text, a general scientist for sets can
identify a strictly smaller collection of classes. The
following lemma provides a necessary condition for
identifiability in imperfect text, and allows us to
given examples of a several classes that are not iden-
tifiable in imperfect text.

2.12 Lemma. Let C be a class of sets such that
L P C and L1 P C are finite variants. Then C R
rS, imp. texts.

2.13 Corollary. rS, imp. texts Ă rS, texts

2.2.2 In functions

Function identification by scientists in text is
powerful enough to identify the entire set R of re-
cursive functions.

2.14 Theorem (Jain et al. [4, p. 52]). R P

rSf , texts

As with sets, function identification in imperfect
text also implies a loss of identifying power relative
to identification in text.

2.15 Proposition. rSf , imp. texts Ă rSf , texts

2.3 Identification by computable scientist

Attempts made at developing artificial ‘scientists’
involve using computers or similar machines to au-
tomatically learn or identify scientific laws. Indeed,
even machines such as quantum computers cannot
perform any operation that may not also be per-
formed by a Turing machine. Thus, if we wish to
analyze these machines, it is natural to impose a
computability restriction on our study of scientists.

2.16 Definition (Computable scientist). A scien-
tist is said to be computable if it can be simulated
by a deterministic Turing machine. We denote the
school of computable scientists for sets by Scp and
the school of computable scientists for functions by
Scp
f .

2.3.1 In sets

Many sets that are identifiable by a general sci-
entist are also identifiable by a computable scien-
tist. This includes simply classes such as fin, and so
fin P rScp, texts. However, there do exist sets which
are identifiable by a general scientist but are not
computably identifiable. We present such a class of
sets in Proposition 2.18.

2.17 Definition (Set K). The set ti P N : i PWiu

is denoted K.

2.18 Proposition (Osherson et al. [5, p. 48]). Let
K˚ “ tK Y txu : x P Nu. Then K˚ P rS, texts but
K˚ R rScp, texts, i.e. K˚ is identifiable in text by
a noncomputable scientist but not by a computable
scientist.

2.19 Proposition. rScp, texts Ă rS, texts

This computational barrier continues to persist
even for computational scientists operating on in-
formant.

2.20 Proposition (Osherson et al. [5, p. 48]). E R
rScp, informants

2.21 Corollary. rScp, informants Ă rS, informants

2.3.2 In functions

An example of two simple classes of functions
which are identifiable by a computable scientist in
text is sd and aez.

2.22 Proposition. Let sd “ tφi P R : φip0q “ iu
be the class of functions that are self-defining. Then
sd P rScp

f , texts.

2.23 Proposition. Let aez “ tφi P R :
there exists a finite set D Ă N such that φipxq “
0 for all x R Du be the class of functions that are
almost everywhere zero. Then aez P rScp

f , texts.

Although both sd and aez are identifiable in text
by a computable scientist, their union is not.

2.24 Theorem (The Nonunion Theorem, Blum
and Blum [2]). sdY aez R rScp

f , texts.

2.25 Corollary. R R rSf , texts

2.26 Corollary. rScp
f , texts Ă rSf , texts

This result shows that enforcing a computability
constraint on scientists for functions in text implies
that a strictly smaller collection of classes is identifi-
able. Nonetheless, many complex functions are still
identifiable by a computable scientist in text. An
example of such a class is PR, the class of all prim-
itive recursive functions with domain and range in
N.

2.27 Proposition. PR P rScp
f , texts
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2.4 Identification by memory-limited scientist

It seems clear that a scientist — whether it be
of human or of mechanical nature — must have a
limited memory for the list of observations or exper-
iments with which it is presented. As soon as each
observation has finished being taken into considera-
tion and possibly triggered a change in hypothesis,
it is forgotten and erased from the scientist’s mem-
ory. In this section, we consider the possible loss in
identifying power imposed by such a limitation.

2.28 Definition (Memory-limited scientist). A sci-
entist M is said to be memory-limited just in case
for all nonempty prefixes σ, τ P pref, if Mpσ´q “
Mpτ´q and σlast “ τlast, then Mpσq “ Mpτq. We
denote the school of memory-limited scientists for
sets by Sml and the school of memory-limited sci-
entists for functions by Sml

f .

The concept of a memory-limited scientist is akin
to the one of memorylessness commonly used in
statistics and probability theory. Intuitively, a
memory-limited scientist is one whose future hy-
potheses depend only future observations and on
the scientist’s present state.

A useful way of specifying a scientist which guar-
antees that it is memory-limited is to use a Markov
scientist.

2.29 Definition (Markov scientist and memory
function). Let s : N2 Ñ N be a recursive, one-to-
one function such that, for all i,m P N, ωpi,mq is an
index for Wi (or φi, depending on context).2 Ad-
ditionally, let ω1 : N Ñ N and ω2 : N Ñ N be the
inverse projections of ω, such that ω1pkq “ i and
ω2pkq “ m if and only if ωpi,mq “ k.

We say that a scientist M is a Markov scientist
just in case there is a function µ : pN Y t#uq ˆ
N2 Ñ N2 (called the memory function of M) such
that, for all σ P pref, (a) Mpσq “ ωpµ0q, where
µ0 “ pi0,m0q and i0,m0 P N, if σ “ ε, and
(b) Mpσq “ ωpµpσlast, i,mqq, where i “ ω1pMpσ

´qq

and m “ ω2pMpσ
´qq, if σ ‰ ε.

The memory function µ of a Markov scientist M
may be thought of as the process through which a
memory-limited scientist obtains a new hypothesis.
It takes three inputs — σlast, i, and m — where
i represents the conjecture for the set or function
that M gives on σ´ and m acts as the ‘memory’
used by M. Intuitively, a Markov scientist M only
converges if both its conjecture i and its memory
m also converge to an integer. Thus, M identifies a
set L or a function f if and only if it converges to
ωpi,mq, where Wi “ L or φi “ f , respectively.

A necessary (but not sufficient) condition for the
convergence of a Markov scientist is the existence
of a ‘fixed point’ of its memory function.

2Such an ω must exist by the s-m-n Theorem.

2.30 Definition (Fixed point). Let µ be the mem-
ory function of a Markov scientist. We say that
pi,mq is a fixed point of µ just in case there is some
n P N such that µpn, i,mq “ pi,mq.

2.31 Lemma. If a Markov scientist M identifies
some set or function, then its memory function µ
has at least one fixed point.

The following theorem shows that the definition
of a Markov scientist is equivalent to the one of a
memory-limited scientist.

2.32 Theorem. Let C be a class of sets or func-
tions. Then there is a memory-limited scientist M
that identifies C in text if and only if there is a
Markov scientist K that identifies C in text.

2.4.1 In sets

The restriction of memory limitation on scientists
for sets in text provokes a real loss of identifying
power when compared to general scientists for sets
in text.

2.33 Proposition. rSml, texts Ă rS, texts

The previous proposition clearly shows that
memory limitation reduces the identifying power of
scientists for sets in text. However, the following
proposition states that this loss can be entirely com-
pensated by working instead in fat text.

2.34 Proposition. rSml, fat texts “ rS, texts

One might wonder what effect a composition of
constraints will have on the identifying power of
a scientist. For example, it may seem reasonable
to assume that if a particular class is identifiable
by both a computable scientist and by a memory-
limited scientist, then there must also exist some
computable, memory-limited scientist which identi-
fies the same class. However, this is not the case,
as is shown by the following proposition.

2.35 Proposition. Consider the class LA made up
of the set L “ tx0, iy : i P Au, where A is a non-
decidable, recursively enumerable set, the set Ln “
tx1, ny Y Lu and the set L1n “ tx1, ny, x0, nyu Y L.
Then (a) LA P rSml, texts, (b) LA P rScp, texts, and
(c) LA R rScp X Sml, texts.

2.36 Corollary. rScp X Sml, texts Ă rScp, texts X
rSml, texts

2.4.2 In functions

As with sets, memory-limitation implies a strict
loss of identifying power in functions.

2.37 Proposition. rSml
f , texts Ă rSf , texts
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3 Identifying scientific laws
3.1 The nature of empirical laws

Until now, we have only considered function and
set identification under the premise that every ele-
ment of a text was exact and did not include any
measurement errors. In reality, the nature of the
physical universe implies that experimental obser-
vations are not as well-defined as points on a func-
tion or elements of a set. Purely mathematical ob-
jects are dissimilar to the experimental data col-
lected by real-world scientists, and so it is conve-
nient to consider an identification paradigm which
takes into account these kinds of errors.

We propose a new kind of empirical text and
empirical scientist, inspired on the aforementioned
concepts, and closely related to the computable
physical models presented in Szudzik [6].

The largest obstacle we face in specifying a suit-
able model of empirical identification is a means of
encoding the real numbers into the natural num-
bers. Such an objective is evidently impossible, as
there is an uncountable infinity of real numbers but
only a countable infinity of natural numbers. We
therefore choose as our basis a subset of the com-
putable numbers, the primitive recursive numbers,
which are both countable and computably enumer-
able, and use them as the foundation of our model
of empirical identification.

3.1 Definition (Primitive recursive number and
primitive recursive defining function). Let x P R.
We say that x is a primitive recursive number if
there exists a primitive recursive function γ : N Ñ
N such that

(a) γp0q “ maxt0, sgnpxqu “

#

0, if x ď 0

1, if x ą 0,

(b) γpnq “ t10n´1 ˆ |x|u for n ą 0,

where sgn is the signum function. We say that γ
is the primitive recursive defining function for x,
and in general we denote γ by dx. The set of all
primitive recursive numbers is denoted by P.

Thus, a real number x is said to be primitive re-
cursive if there is some primitive recursive function
γ such that γp0q encodes the sign of x, and, for all
n ą 0, γpnq encodes x up to n´ 1 decimal places.

3.2 Example. All algebraic numbers are primitive
recursive. The number π is primitive recursive, and
the first 5 terms of its primitive recursive defining
are

dπp0q “ 1, dπp1q “ 3, dπp2q “ 31,
dπp3q “ 314, dπp4q “ 3141.

We define an indexable set of primitive real re-
cursive functions based on primitive recursive func-
tions. These functions will form the basis of empir-
ical identification.

3.3 Definition (Primitive real recursive function).
Let γ : N2 Ñ N be a primitive recursive function.
We say that γ is a primitive real recursive func-
tion if, for each fixed m P N and for all n P N, we
have γpm,nq “ dypnq for some primitive recursive
number y. In other words, for each fixed m P N,
λn . γpm,nq is the primitive recursive defining func-
tion for some y P P.

Essentially, a primitive real recursive function
will enable us to encode a range of primitive recur-
sive defining functions into a single function of type
N2 Ñ N. Informally speaking, m will represent the
‘independent variable’ of the phenomenon that the
scientist will attempt to identify, and λn . γpm,nq
will represent the decimal expansion of its ‘depen-
dent variable.’

3.4 Example. Table 1 shows values of the primi-
tive real recursive function γ, where each line with
a fixed m contains successive values of the primitive
recursive defining function dypnq “ λn . γpm,nq for
y “ mπ.

γ
n

0 1 2 3 4
0 0 0 0 0 0
1 1 3 31 314 3141

m 2 1 6 62 628 6283
3 1 9 94 942 9424
4 1 12 125 1256 12566

Table 1: Values for a primitive real recursive
function γpm,nq.

We may use our indexation of the partial recur-
sive functions to obtain an index for each primitive
real recursive function.

3.5 Definition (Index for a primitive real recur-
sive function). Let γ : N2 Ñ N be a primitive
real recursive function and φ : N Ñ N be the
recursive function such that, for all m,n P N,
γpm,nq “ φipxm,nyq. If i is an index for φ then
we say that i is also an index for γ.

3.6 Corollary. There exists a recursive enumera-
tion of the primitive real recursive functions.

Using primitive real recursive functions, we may
study the identification of functions of primitive re-
cursive numbers. We call these discoverable func-
tions, in the sense that one may ‘discover’ each one
by resorting to its index. Discoverable functions are
based on a particular type of function which we call
distinguishable function.

3.7 Definition (Distinguishable function). Let f :
R Ñ R be a total real function. We say that f is
a distinguishable function just in case fpQq Ď P,
i.e. if, for all x P Q, fpxq is a primitive recursive
number.
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3.8 Definition (Discoverable function). Let F :
RÑ R be a distinguishable function and f : QÑ P
be the restriction of F to Q. We say that f is a
discoverable function if there exists a primitive real
recursive function γ : N2 Ñ N such that, for all
m,n P N, γpm,nq “ dypnq, where y “ fpxq P P and
x “ q´1pmq P Q. In this case, we say that γ is the
primitive real recursive function of f . The class of
all discoverable functions is denoted DS.

In other words, a function f : Q Ñ P is discov-
erable if there is a primitive real recursive function
γ such that λn . γpm,nq is the primitive recursive
defining function for each fpxq, with x P Q and
qpxq “ m. Note that discoverable functions (which
are of type Q Ñ P) are not a subset of distin-
guishable functions (which are of type RÑ R), but
rather that the latter is associated with the former
on a many-to-one basis.

As before, we may use the indexation of the par-
tial recursive functions to obtain an index for each
discoverable function.

3.9 Definition (Index for a discoverable function).
Let f be a discoverable function and γ be its prim-
itive real recursive function. If i is an index for γ
then i is also an index for f .

3.10 Corollary. There exists a recursive enumer-
ation of the discoverable functions.

The nature of empirical measurements

We must now consider what we wish to mean by
‘empirical text.’ In real-world experiments, scien-
tists do not make exact measurements: there always
exists some error or uncertainty associated to each
one.

The nature of these errors suggests that empir-
ical measurements are not point values but rather
intervals. Indeed, the use of error bars is a common
to graphically represent the amount of uncertainty
in each measured value. In this way, we may think
of each measurement as an interval of two rational
numbers.

We assume that each dependent variable is al-
ways exact, and that the error in this assumption
propagates into the error of the independent vari-
able. Note that since the error in any measurement
is always finite, there always exists some sufficiently
large error margin such that the ‘true’ value lies
within the margin. Of course, a scientist must al-
ways take care in selecting an suitably large error in-
terval which is guaranteed to contain the real value.

One final assumption is that it is possible to make
an arbitrarily precise measurement, and that given
enough ‘time’ (where time can be taken to mean
the number of experiments carried out by some sci-
entist, technological advancements that enable the
collection of more accurate data, or even literal
time), such a measurement will eventually be made.

Using this model, we may define an empirical
text for a total function f as a sequence of encoded
triplets in Q3 that meet certain specific conditions.

3.11 Definition (Empirical text). Let f : R Ñ R
be a total function and q be a fixed encoding of
Q. We say that a learning environment T is an
empirical text for f if:

(a) for all elements n P T , n is of the form
xqpxq, xqpy1q, qpy2qyy, where x, y1, y2 P Q and
y1 ď y2. We write xx, y1, y2y as shorthand for
xqpxq, xqpy1q, qpy2qyy.

(b) if xx, y1, y2y P T and xx, y11, y
1
2y P T then

ry1, y2s X ry
1
1, y

1
2s ‰ ∅.

(c) for all x P Q and for all ε ą 0, there is
xx, y1, y2y P T such that fpxq´ε ă y1 ď fpxq ď
y2 ă fpxq ` ε.

We denote the set of all empirical texts by emp. text
and the set of all prefixes for empirical text by eseg.

Elements of empirical texts can be thought of as
the error bars shown in Figure 1. Here, we think
of the x-variable as being an exact, rational mea-
surement, and the pair py1, y2q of elements from the
measured variable y as encompassing the entirety of
inaccuracies in each experiment or observation. In
reality, since the x variable always has some level
of error associated to it, this uncertainty is passed
along to the measured variable with a suitable in-
crease of each ∆y. Put another way, an element
xx, y1, y2y in an empirical text for a function f can
simply be read as it is absolutely certain that fpxq
is in the interval ry1, y2s.

x

∆
y

Figure 1: Measurements of an empirical text.

Empirical identification

With these concepts in mind, all that remains
is to define an empirical scientist and to suitably
adapt the previous definitions of identification to
account for empirical identification.
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3.12 Definition (Empirical scientist). An empiri-
cal scientist M : eseg Ñ N for functions is a com-
putable and possibly partial function. The school
of empirical scientists is denoted Scp

e .

3.13 Definition (Empirical identification). We say
that an empirical scientist M empirically identifies,
or simply identifies, a class of discoverable functions
C if, for all f P C and for all empirical texts T for
f , M converges to an index for f . The collection
of all classes of functions which are identifiable by a
computable empirical scientist in empirical text is
rScp
e , emp. texts.

3.2 Empirical identification of the class of discov-
erable functions

The most significant result of empirical identifica-
tion is that the entirety of the class of discoverable
functions is identifiable. These functions appear to
at least constitute the majority of the scientific laws
that have ever been discovered throughout history.
They include Boyle’s Law, Einstein’s equations for
General Relativity, Maxwell’s equations, and many
others. In fact, we are not aware of any functional
scientific law which cannot be expressed or com-
puted using discoverable functions.

3.14 Theorem. DS P rScp
e , emp. texts

4 Conclusion

The results presented in Chapter 2 present a con-
cise overview of the classes of sets and functions
which can be identified ‘in the limit.’ For a sci-
entist for functions without any restrictions such as
memory limitation or computability, it is possible to
identify any recursive function in finite time. If we
additionally require that scientists be computable,
then the collection of classes of functions and of sets
is strictly smaller.

However, these results are merely the theoretical
limits or upper bounds to scientific identification.
Indeed, aside from imperfect text, there are no con-
siderations made about any kind of error (whether
they be systematic or random) that are inherent to
scientific observations. Chapter 3 therefore presents
an adaptation of the concept of scientist in order to
deal with errors of the sort usually encountered in
experiments.

The applicability of the results of empirical iden-
tification presented in Chapter 3 is also heavily de-
pendent on several assumptions which arguably do
not reflect real-world situations. Empirical text in
particular can be the object of many valid criti-
cisms. For example, it may not be the case that er-
rors in measurements necessarily converge to zero.
It can also be argued that it is in general not pos-
sible to specify a discrete error bound for measure-
ments, requiring that errors be considered as a ran-
dom variable instead.

Certain topics may be worth further exploration
in future works. For example, it is not clear how
— or even if — we can extend the concept of em-
pirical scientists to areas of science that conjecture
theories which are not expressed mathematically,
such as the theory of genetics or evolution. On
the other hand, it is possible to continue improving
the concept of empirical identification. One sug-
gestion would be to construct a kind of empirical
text that better reflects the randomness in error
measurements, and another would be to devise a
suitable definition for discoverable functions based
on computable numbers instead of the primitive re-
cursive numbers, thereby enriching the universe of
functions that may be studied by empirical scien-
tists.
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