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Instituto Superior Técnico, Lisboa, Portugal

November 2015

Abstract

The Automotive Department of Institut für Verkehrssystemtechnik (Institute of Transportation Systems)
of the Deutsches Zentrum für Luft- und Raumfahrt e.V. (DLR) Braunschweig is conducting research in the
field of cooperative and automated vehicles driving in an urban traffic. It is intended to develop a contingency
planner for urban traffic that finds a solution in a 0.1[s] time frame. The approach is anchored in an anytime
search algorithm for constrained contingency planning, which as the aim to compute a safe and feasible
path in a free environment by taking advantage of an inflated heuristic and pre-computed motion primitives.
The contingency planner is subdivided into two phases. In the offline phase of the contingency planner it
is intended to develop a set of motion primitives, following a nonlinear system model, bounded by physical
constraints which takes the burden of the feasibility verification from the online phase, where time has an
higher cost. The online phase is the search phase, in which is constructed a graph of maneuver segments using
the motion primitives. An improvement in the number of explored invalid nodes and runtime was verified in
the experiments. In the first a reduction of twenty to sixty times and in the second it was accomplished a six
to ten times faster search. The strategy implemented, where the inflated part of the overestimated heuristic
could be utilized to make a better informed search, gives a framework for future adaptations.
Keywords: Motion Primitives, Anytime Search, Overestimated Heuristic, Contingency Planner

1. Introduction

Imagine a world where everyone could get from point
to point in a easy and safe manner. Where elderly or
even visually impaired would greatly benefit from au-
tonomous driving. In the past decade, several vehicle
safety technologies were developed and made possi-
ble a considerable reduction of fatalities, although the
number of accidents is not followed by this trend. In
fact, most of these systems have the aim to minimize
the hazardous consequences of an accident. However,
there is still a common denominator in all accidents
that cannot be improved by this type of technologies.
The driver.

The work developed has the aim to tackle such fact.
Further more, this project is apart of the UnCoVerCPS
European project. Which is a consortium of the fol-
lowing institutions and companies: Technische Univer-
sit”at Mnchen, Université Joseph Fourier Grenoble 1,
Universit”at Kassel, Politecnico di Milano, GE Global
Research Europe , Bosch GmbH, Esterel Technologies,
Tecnalia, R.U.Robotos Limited.

The approach followed, in DLR, falls in the concept
of integrating several modules/planners which are op-
timized for a sort of situations (e.g emergency situa-
tions, nominal driving, etc...) with the help of a be-
havior planner and the development of those separate
modules. The focus of the following work is in the cre-
ation of one of the modules, the contingency planner,

where it is also intended to subdivide it into an on-
line and offline part. Further more, a collision testing
strategy was also created. In the offline phase, a set
of motions primitives are generated, pursuing a non-
linear system model bounded by physical constraints.
Which takes the burden of feasibility verification from
online phase, where time has an higher cost.

The online phase is the search phase, in which is
constructed a graph of maneuver segments using the
precomputed motion primitives. During this phase
the collision tests upon moving obstacles and road
boundaries are conducted. Next it is presented a di-
agram representing the overall hierarchical planner of
the project.

Figure 1: Hierarchical Planner of the overall project,
contemplating several modules/planners and its inter-
ations
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Note: both global planner features and trajectory
tracking module are already implemented and will be
utilized as a starting point.

2. State of the Art
This section was divided into two subsections where
each one corresponds to a phase of the contingency
planner. The motion primitives to the offline phase
and the search methodologies to the online phase.

2.1. Motion Primtives

A grid based approach is a deterministic search of
motion primitives in a discretized state and/or con-
trol space. Some examples of this approach are
an N-order grid, Barroque Latombe motion primi-
tives, [Barraquand and Latombe, 1993], Mihail Piv-
toraiko Lattices, [Pivtoraiko et al., 2009]. As a result
of the discretization of the state space, one can only
assure resolution completeness. On the other hand,
the quality of the path sets generated is high, since
the computation of the trajectories is made off-line,
which allows the resolution of a BVP Problem by us-
ing time demanding numerical methods, when there is
no closed form solution and the state space is sampled
instead of the control space. Even when the control
space is sampled off-line, in case is not necessary to
solve a BVP, the higher order of the search space can
have an effect in the online search.

Since an increase in the number of the motion prim-
itives also increases the number of expansions (branch-
ing factor) during the online phase and only a limited
data file size can be accepted, several strategies were
developed in order to reduce its amount by follow-
ing different criteria. Some of the metrics used dur-
ing the sampling of the state space are: discrepancy,
dispersion or diversity, [Erickson and LaValle, 2009],
[Knepper et al., 2009]. In [Knepper, 2011], a formu-
lation concerning metrics to sample the state space,
such metrics are: quasimetric area metric (related
with the computation of the area between consec-
utive points of two paths), [Green and Kelly, 2007],
Mutual Collision metric (measures the probability of
two paths colliding into the same object, it does not
know the object a priori so it is computed an aver-
age over all possible configurations), Exact Area met-
ric, Hausdroff metric (similarly to Green Kelly met-
ric it increases diversity, but instead of using an area
uses the distance between two points along two dif-
ferent paths at the same path length), Hilbert Space
L2 metric (is an increment of the Green Kelly met-
ric by taking other dimensions into account, e.g.
time, acceleration, etc.), Path Diversity Inner Product,
[Branicky et al., 2008] (deterministic approach that
relies on the combination of two criteria, path cells
occupation and path cell overlapping). Nevertheless,
there are deterministic approaches exclusive to grid
based methods, e.g. pruning method for newly created
trajectories by accessing previous lattices and compar-

ing them within a certain adjustable boundary factor,
this strategy is defined as primitive set decomposition,
[Pivtoraiko and Kelly, 2011].

2.2. Search Methodologies

The following work [Ferguson et al., 2005] gives an
overview about several combinatorial methods going
from the fundamentals with the classic A* to more
recent methods. A* is a method used in static
environments, [Hart et al., 1968], where the environ-
ment does not change so it is known and certain. A
first development to A* is the D*Lite which allows
replanning cycles. ARA* gives anytime characteristics
to the planner, [Likhachev et al., 2003]. LPA* is
able to repair the search tree with a changing
environment, [Likhachev and Koenig, 2005]. Finally
AD* combines the anytime characteristics of ARA*
and the repairing features of the LPA* algorithm.
Anytime search is a pragmatic approach for trading
solution cost and solving time. It can also be used
for solving problems within a time bound. Three
frameworks for constructing anytime algorithms in
a bounded suboptimal search have been proposed:
continuing search, repairing search and restarting
search, [Thayer and Ruml, 2010a]. Continuing is a
bounded suboptimal search which after encountering
a solution continues by iterating the process allowing
ever improving solutions. The OPEN list is main-
tained in each cycle. This approach was initiated
in the following work [Hansen and Zhou, 2007].
Repairing searches have a different manner of han-
dling duplicate states by creating three list (OPEN,
CLOSED and ICONS), where all inconsistent nodes
are stacked, rather than immediately expanded,
until the next iteration of the repairing cycle. This
method is valuable in situations where an agent finds
a solution initially and while moving through the
goal perceives a changed environment, being easier
to repair only the different part of the environment,
[Koenig et al., 2004]. And a second difference is
related with the fact that in each cycle the search
starts from the initial node instead of a node with
the lower evaluation function value in the OPEN
list. Restarting search is similar with continuing
search where a suboptimal bound is tightened in
each iteration improving the solution in each cycle.
The main difference is that it restarts the search
from the initial node. This approach gets rid of the
low-h-bias in the initial phase of the search (since the
effect of the inflated part of the heuristic is bigger at
lower depths, final states would have lower evaluation
function values, which would be responsible for
having similar solutions in the following anytime
cycles) and such is accomplished by recomputing the
cost of each node in the OPEN list knowing already
the true cost to the goal from the first iteration,
[Koenig and Likhachev, 2006].

2



Concerning heuristics, exists methods which allow
the usage of inadmissible heuristics with an anchor
admissible heuristic (an anchor heuristic has proper-
ties such as admissibility which when used together
with other inadmissible heuristics allows the mainte-
nance of such properties), e.g.[Thayer et al., 2008],
in which a rather simple technique is used where
the heuristic is the minimum between the anchor
admissible and the inadmissible heuristic (pathmax
strategy). The International Symposium on Com-
binatorial Search (SOCS) is great a source of such
methods. Where one can also find strategies us-
ing multi-heuristic search with uncalibrated heuristics,
e.g [Aine et al., 2014] , several OPEN lists are used,
each one with an uncalibrated heuristic and one of
the OPEN lists has an anchor heuristic to assure ad-
missibility. With this strategy it is possible to cre-
ate several heuristics for different situations which will
make the overall planner more adaptable to the envi-
ronment features. Approaches to the multi-heuristic
strategy can go from MHA*++, Focal-MHA*, to
Unconstrained-MHA* ,[Narayanan et al., 2015]. In
the previous method OPEN lists are completely sepa-
rated, but it is possible to share information between
lists with SMHA* which can be seen in one of its vari-
ations in this work [Brown et al., 2014]. Nevertheless,
in MHA* it is easier, to do parallel processing, than
SMHA*. Other formulations intend to find accept-
able solutions faster by using inadmissible heuristic
by using the number of nodes to expand till the goal
node, [Thayer and Ruml, 2010b]; or after finding the
initial solution (suboptimal) by computing the proba-
bility of finding a solution with lower cost, Potential
Search, [Stern et al., 2010]. The following publication
[Holte, 2010] presents a discussion upon common mis-
conceptions concerning heuristic search such as: more
accurate heuristics result in fewer node expansions, A*
does fewer expansions than any other equally informed
method which finds an optimal solution or bidirec-
tional A* stops when both trees frontiers meet.

3. Implementation

The Contingency Planner is based on two distinct
phases. One of them is Online and the second is
Offline. The Offline phase of the planner as the aim
to compute the set of motion primitives, which will be
utilized during the Online phase where it is applied a
search method. Next it will be presented the created
Motion Primitives.

3.1. Motion Primitives

The motion primitives are well defined trajectories that
result from the computation of a BVP problem be-
tween a starting and final state, that belongs to a dis-
cretized state/action space. The discretization space
generated has two dimensions, lateral acceleration and

longitudinal velocity; and his constrained by physical
boundaries, those are maximum and minimum veloc-
ity, normal acceleration and curvature. It is also ap-
plied an interval time constrain (which can be see by
the half ellipses in the figure 2) The discretization
space here referred will be, from now on, called as
constraint graph. The vehicle model and assumptions
that were used in this BVP problem are depicted be-
low.

Assumptions made:

Ax = sign(V1 − V0)
√
g2 −max(|Ay0|, |Ay1|)2

∆t =
V1 − V0
Ax

dAy

dt
=
Ay1 −Ay0

∆t

Ay
2 +

(V1 − V0
∆t

)2
≤ g2 : 1 ≤ ∆t ≤ 5[s]

where:

V0 : vehicle initial velocity in sl direction
V1 : vehicle final velocity in sl direction
Ay0

: lateral initial acceleration
Ay1

: lateral final acceleration
g : gravity constant
∆t : trajectory time

The model:

dx

dt
= Vxcos(θ)

dy

dt
= Vxsin(θ)

dθ

dt
=
Ay

Vx
dVx
dt

= Ax = u1

dAy

dt
= u2

where:

Vx : vehicle longitudinal velocity
Ay : lateral acceleration
Ax : longitudinal acceleration
x : longitudinal position
y : lateral position
θ : vehicle heading

Note: the reference system x-y is centered on the
car gravitational center. The vehicle x-axis is assumed
to be parallel to the trajectory.

One has to consider that a geometric increase of
the constraint graph resolution results in an exponen-
tial explosion of motion primitives. This fact generates
two major issues. First, the data file of motion prim-
itives can quickly reach a size that is not acceptable.
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And second more edges are expanded in each expan-
sion step, increasing the search branching factor. In
order to overcome this fact an empirical pruning strat-
egy was utilized. Where instead of creating all the tra-
jectories that have an end state inside the bounding el-
lipses, only trajectories within a grid cell distance from
the bounding ellipses are used. A picture representing
the constrained graph with the pruning strategy and
the respective trajectories is depicted below.
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Figure 2: Constraint Graph representing the contin-
uous state space, in 2D (Ay,Vx) and the respective
trajectory set. The initial state has maximum velocity
and zero lateral acceleration.

3.2. Anytime Search
The second phase of the motion planner is the anytime
online search. During the search a graph of nodes,
with motion primitives and search exclusive informa-
tion, is generated. Contrary to the offline part of the
algorithm, in this phase, time is a crucial constraint.
As a result other considerations had to be taken into
account during its implementation. The anchor algo-

rithm here used is an epsilon bounded anytime search
and the approach followed is a continuing anytime
search.
The update of the ε bound in each anytime cycle is an
adaptation of the method followed in ARA* (repair-
ing anytime [Likhachev et al., 2003]) for a continuing
anytime search.

εnew = min
s∈OPEN

(
εold,

f̄

g(s) + h(s)

)
(1)

where:

ε : bound factor
f̄ : is the true cost of the solution found
g(s) : true cost of going from the initial

state/node to the final state/node s
f(s) : evaluation function

Node cost is defined as the total trajectory time,
since it is thoroughly accepted that a faster vehicle
in the case a collision happen the damages are mini-
mized.

For the anchor heuristic an admissible heuristic
was defined as the time required to come to a
standstill state when applying maximum longitudinal
acceleration. To assure admissibility it was set an
amax (9.81 [m/s2]), which in fact allows to always
under estimate the true cost to the goal. It is also
computed an inflated and uninflated heuristic for the
adaptative strategy.

Since the anchor heuristic does not have any infor-
mation about the environment, it would be interesting
to create an heuristic better informed and test if it im-
proves the search performance. In order to better fit
the heuristic to the current environment a new heuris-
tic was created and it can be seen below.

c(s) = ∆tincoming trajectory

g(s) = c(s) + g(parent)

h(s) =
Vs
amax

funinflated(s) = g(s) + h(s)

finflated(s) = g(s) + εh(s)

≡ finflated(s) = g(s) + (ε+ 1− 1)h(s)

≡ finflated(s) = funinflated(s) + (ε− 1)h(s)

≡ finflated(s) = funinflated(s) + InflatedPart

InflatedPart = α(ε− 1)h(s) : α ∈ [0, 1] (2)

αst=i =
maxst∈St(dost)− doi

maxst∈St(dost)
: o ∈ O

where:
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c(s) : cost between the node and its
parent, cost of the edge

g(s) : true cost of going from the initial
state/node to the final state/node s

h(s) : heuristic function that predicts the
true cost from state s to the goal

funinflated(s) : unbounded evaluation function
finflated(s) : bounded evaluation function
α : inflated part factor
ε : bound factor
InflatedPart : overestimation made by the ε bound

in the evaluation function
St : group of all trajectory sets in a

trajectory super set
O : universe of all the objects detected

by the ego vehicle
dost : the average distance between the

center of the obstacles (o) and the
center of the trajectory set (st)

g + h

α (ε-1) h

(ε -1) h

Figure 3: Representation of the use of the inflated
heuristic part by changing α parameter

As a result one can change the inflated part between
0 and (ε− 1)h(node) for making the search more in-
formed and at the same time not loosing the epsilon
bound (sub)optimality and completeness.

One could argue that the number of computations
increases geometrically the more obstacles are de-
tected. Further more instead of choosing the center of
each set it could be used other sampling strategy with
more samples rather than three per trajectory super
set, which would make the heuristic more informed
but on the other hand slower to compute.

In order to better understand the overall online plan-
ner with an anytime search, a diagram is depicted
next.

Figure 4: Online Search Algoritm flow diagram

In the figure above it can be seen and overview
of the search method implemented. Where the stan-
dard explore and expand steps of the A∗ are main-
tained. Further improvements go from an anytime
cycle adaptation, where the epsilon bound is tight-
ened, and an adaptive collision testing strategy is im-
plemented. Making tests in an increasing order of time
complexity.

4. Results
The integration of the motion primitives into the any-
time online search depicted in the previous chapter
allowed the construction of two strategies that will be
compared in this section. One is an anytime sub op-
timally bounded search using a triple set division of
the trajectory super set and an environment informed
heuristic (AMEIA∗3 - Anytime Multi set Environment
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Informed A∗ with 3 sets) and the second one an any-
time sub optimally bounded search using one set and
an environment uninformed inflated heuristic (Stan-
dard Search).

Even though both use the same anchor heuristic one
has to consider that the strategy (AMEIA∗3) has an in-
admissible heuristic sensitive to environment features
such as moving obstacles. This informed heuristic has
a higher computation time, nevertheless it also means
that less collision tests are made. As a result, it is
intended to create tests and evaluate the results such
that it is possible to answer if one effect compensates
the other and what are the advantages and disadvan-
tages of each method. One of the tested scenarios is
depicted bellow and a discussion about the results will
follow it.

(a) Front View

V=25(m/s)

V=0(m/s)

35 m

(b) Top View

Figure 5: Scenario 1 comtemplating a stationary ob-
tacle vehicle in red and the ego vehicle with a velocity
of 25 (m/s)

Next it will be presented a bar chart with the results
of each search method based upon several criteria.
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4.1. Time Analysis
The results show a major improvement when compar-
ing the first solution of both methods. In fact with the
standard search strategy the time to get the first so-

lution is 600% bigger than AMEIA∗3. Comparing the
time to find a final solution both methods are similar
with the standard search being slightly better. N.B.
the aim of the planner is to find a solution as soon as
possible.

The approximation of the final solution is similar,
which is expected, since both methods converge to an
A∗ by reducing ε value to almost unity.

4.2. Valid and Invalid Explorations Analysis

In this criteria the superiority of the AMEIA∗3 method
is straight forward. Where the number of invalid ex-
plorations is bigger in both first and final solution
found. Concerning valid edge explorations, AMEIA∗3
method explores two to three times more than the
other method.

In fact since the AMEIA∗3 is environment sensitive,
one expects that less invalid explorations are made.
Nevertheless, it is exploring valid edges that are not
necessarily going to the solution. One could argue
that since there were more invalid explorations in the
standard search, only on a later phase of the standard
search it starts getting valid nodes, because most of
the nodes were searched previously. Other possible
reason for an higher value of valid explored nodes has
to do with the fact that inside each set there is no bet-
ter informed heuristic to distinguish between nodes,
since all the nodes follow the anchor heuristic.

The overall result is expected in this scenario since
the heuristic here used prioritize going in front and
deviates from that objective when continuing invalid
explorations are being taken.

4.3. Expansions and Memory Analysis

The number of expanded nodes and nodes in memory
in AMEIA∗3 strategy is more than ten times bigger
than the standard search in both final and first solu-
tion.

Looking to the time interval till a solution is found,
it is possible to conclude that expansions don’t have
a major role on that behalf. Nevertheless, one could
point out that with an increased scenario complex-
ity that could represent an issue. Note: the assigned
nodes limit of the program is 100.000, where the mem-
ory is statically allocated.

The elevated number of expansions can also be ex-
plained due to the fact that with a AMEIA∗3 strat-
egy more jumps between sets are expected, and even
though a superset is divided in three sets all of the
nodes inside a set are expanded.

4.4. ε value Analysis

An important characteristic of both methods is the fol-
lowing: AMEIA∗3 strategy made two anytime cycles
which also means two solutions were found, the other
method realized three anytime cycles finding three so-
lutions. The final value of ε in AMEIA∗3 method is
closer to 1 than in the standard search and just two
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cycles were needed which means that AMEIA∗3 has
a better convergence to A∗. Nevertheless, even with
three cycles the standard search was faster finding the
optimal solution. The reason has to due with the fact
that the second solution of the standard search is sim-
ilar to the first and few search steps were necessary.

Since the final solution was found in a time lower
than 0.1[s] this means the search stopped in both cases
because it found a resolution optimum solution.

Invalid Edges

Solution

Valid Edges

x[m]

y [m]

Scenario 1

Graph Trees

Figure 6: Graph trees generated using both strate-
gies in scenario 1. Figure on the left has represented
the tree of AMEIA∗3 method and the right one the
standard search method.

5. Conclusions
The proposed contingency planner with an anytime
sub optimally bounded search using a triple set orga-
nization and an environment informed heuristic with
the help of the created motion primitives can generate
reasonable and fast solutions for the tested scenarios,
improving upon existing anytime methods. It also ful-
fills the project objective of finding a solution in a time
frame of 0.1 [s], further more it finds a resolution op-
timal solution.

6. Achievements
The major achievements of the contingency planner
developed are the following:

• The creation of an anytime search informed
heuristic, with outer environment information,
maintaining characteristics such as a sub-
optimally bounded solution by the ε factor value
of the last iteration and completeness.

• The construction of a more computationally com-
plex heuristic, that even though affects the run-
time such is overcame by making the search bet-
ter informed, which allows less invalid explored
nodes making it possible to have a reduced run-
time for the first solution.

• The construction of motion primitives that are
suited for the emergency situations in the tested
scenarios and that are not a burden in terms of
memory to the online search. Several strategies

where implemented in order to reduce the dimen-
sionality explosion when the grid resolution is in-
creased. Such as a graph prune strategy, time
ellipses bounds and physical bounds.

• An iterative method of making collision tests.
Where simpler tests are made in the beginning
and if a collision is detected, since it can be a
false positive, the complexity of the tests increase
in the next iteration. Tests such as first apply-
ing an overlapping test between a pie shape of
the trajectory super set and the road boundaries,
next an OBBtree test in which is in itself an itera-
tive collision test where in each depth of the tree
the number OBB’s enclosing the vehicle also in-
creases. Resulting in an fast but also safe method
to apply during the search.

7. Future Work
In this section several considerations of the work con-
ducted will be made in order to prospect future pos-
sible modifications and improvements.

The heuristic used could be changed since the
InflatedPart constructed allows a great freedom of
choice in this behalf. Instead of using the average dis-
tance between the objects and the trajectory set test
point, it could be changed to the minimum distance.
These would give an higher degree of importance to
closer objects. For example:

InflatedPart = α(ε− 1)h(node) : α ∈ [0, 1] (3)

αst=i =
maxs∈S(mino ∈ O(dosl))−mino∈O(doi)

maxsl∈S(mino∈O(dosl))

Other possibility could be following the path of re-
fining the existent heuristic by varying the number of
points that are tested in each set. The work here
developed uses dosl as the distance between an ob-
stacle and the center of the set. And based on that
all the trajectories inside that set have the same in-
flated part, as a result when comparing trajectories
from the same set they will only have a different eval-
uation function because of the anchor heuristic (which
is not informed). So one could interpolate between
each testing point of each set in order to differentiate
the inflated part of the heuristic between trajectories
inside the same set.

It would be interesting to test if an increase of test-
ing points would accelerate the search and at which
point does the computation of the inflated part does
not compensate a reduction in the number of invalid
explorations and runtime, if any. Because more test-
ing points to measure the distance to the obstacles
also means more computations are executed and if
the scenario has more objects the number of com-
putations would increase geometrically. Nevertheless,
other assumptions could be made such that such prob-
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lem would not arise. For examples, setting up a looka-
head and look-back distance.

Since the objective of the search is to find a solution
as soon as possible then one could argue that increas-
ing the diversity of the motion primitives would help
in such manner. Considering that the anchor heuris-
tic would search faster trajectories this also means
that it would prioritize trajectories with less lateral
acceleration (”going in front”). But one could create
an heuristic that could prioritize lateral acceleration
which would double the initial diversity of the search.

Analyzing the results it is straightforward that even
though the number of expansions do not have a ma-
jor influence on terms of time it has an influence in
terms of memory and with the increase of the scenario
complexity this could be a problem. In order to sur-
pass this fact it could be applied a model prediction
method before any expansion and use that information
to decide whether to expand or not.

Motion primitives were created in a way that they
could be used in other planners. Some of the methods
created were not tested. For example, which one is a
faster test: an ellipsoid, OBBtree or an arc section.
Concerning the vehicle model, it would be important
to use the full power of the vehicle by following the
traction circle, which would be possible by changing
the vehicle model.
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