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Abstract: Wrinkling of thin membranes has become a concern in the engineering context 
due to theirs large use in aerospace applications. The wrinkling of these lightweight structures is 
often observed, degrading the surface accuracy, which is a fundamental requirement in the 
manipulation and design of the membranes. In this work it is developed the study of the wrinkling 
phenomenon in thin rectangular sheets subjected to uniaxial tension. In a first approach, 

experimental tests are performed to a set of Kapton HN® specimens with different thicknesses 
and plane dimensions using a tri-dimensional digital image correlation technique (VIC-3D). A 
numerical study recurring to the commercial finite element package ABAQUS is made based on 
the physical model of the membrane in the aim to assess the growth, the profile and the 
characteristics of the wrinkles. For that, a geometrically non-linear analysis to the structures is 
simulated, using thin-shell elements. Finally, the numerical validation of the results is made 
through the comparison of the numerical solutions available in published literature as well as the 
comparison with the experimental data obtained. 
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1. Introduction 
 

The use of thin membrane structures for space 

applications is spreading and becoming a very attractive 

solution due to their light weight, low mass and low 

volume enabling the capability to be easily deployable 

(alternative propulsion systems). These applications 

include solar sails (Sleight et al., 2005), solar arrays, 

sunshields (Johnston, 2002), inflatable antennas 

(Streekantamurthy et al., 2007), mirrors for space 

telescopes (Stamper et al., 2001) and others. However, 

the wrinkling of these membranes is a crucial problem 

as it reduces the structural stability, affects negatively 

theirs longevity and degrades the required high-

accuracy of the surfaces becoming a mode of failure. 

For example, in a solar sail affected by the formation of 

wrinkles a non-uniform sail loading may occur as well 

as a loss of momentum transferred to the sail and as a 

consequence undesirable torques. This phenomenon 

occurs if a thin membrane deforms by being subjected 

to compressive stresses as a consequence of the 

inherent negligible flexural stiffness which buckles out-

of-plane (causing wrinkles). The wrinkling criterion 

dictates that three states are possible in a membrane: 

taut, wrinkled and slack. The first one is achieved if the 

minor principal strain is positive; the second one 

whenever the major principal strain is positive and the 

minor principal stress is non-positive and the last one if 

both major principal stress and strain are non-positive. 

There are two distinct approaches regarding the study 

of the wrinkling condition under several load and 

boundary conditions: the tension field theory and the 

bifurcation theory. The first one introduced by Wagner 

(1929), developed by Reissner (1938) and formulated 

by Mansfield (1969) defends that the membrane has 

zero bending stiffness, providing a satisfactory 

prediction of the stress distribution and wrinkling areas 

but the calculation of the wrinkle details such as the 

amplitude and the wavelength is not achieved. An 

extent of this theory is made by Stein and Hedgepeth 

(1961) which assumes a wrinkling region whenever an 

in-plane principal stress is negative. The bifurcation 

theory takes into account the bending stiffness of the 

membrane, treated as a thin-shell. Several authors 

explored this approach (Rimrott and Cvercko, 1986), 

(Epstein, 2002), (Cerda and Mahadevan, 2003) and 

(Wong and Pellegrino, 2006), which returns 
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considerable accurate results for the wrinkling state and 

details (buckling and post-buckling solutions).  

The problem discussed in this work is a well-known 

problem in the scientific community and consists in a 

rectangular sheet clamped at the two short edges and 

subjected to uniaxial stretching along the longitudinal 

direction, leaving the longer edges free from constraints 

as schematized in Figure 1. 

 

 

Figure 1 – Scheme of a rectangular sheet clamped at the two 
shorter edges and subjected to uniaxial stretching 

For the problem described, the theory considering the 

bending stiffness of the membrane is chosen. 

Considering the described model problem, the influence 

of the tensile load on the appearance of the 

compressive stresses along the perpendicular direction 

was evaluated by Friedl et al. (2000). Some scaling laws 

regarding the wrinkles wavelengths and amplitudes 

were deduced by Cerda and Mahadevan (2003) and 

confirmed by Puntel et al. (2011) and Kim et al. (2012), 

evidencing that the wrinkling occurs only under a critical 

strain dependent on the aspect ratio of the sheet. A 

deep analytical analysis was performed by Jacques et 

al. (2005) which showed good agreement with three 

elastic numerical models. According to the numerical 

and physical data reported by (Zheng, 2009) the 

wrinkles amplitudes first increase and then decrease 

with the increasing of the stretching applied, which is not 

entirely predicted by some scaling results, while the 

wrinkles wavelengths monotonically decrease. Adding 

to these conclusions, a hyper elastic material is 

considered and a transverse compressive stress is 

drawn for an in-plane aspect ratio greater than one 

(Nayyar et al., 2011).  

 

2. Experimental Studies 

2.1  Experimental Procedure 
 

In order to evaluate the material properties of the 

𝐾𝑎𝑝𝑡𝑜𝑛 𝐻𝑁® sheet considered in this work, the ASTM 

D 882-91 A (ASTM, 2002) which is the standard test 

method for tensile properties of thin plastic sheeting was 

followed. The material presents a similar behavior as 

the one registered in the catalogue, so the nominal 

material curve given by the supplier (DuPont, 2011) 

illustrated in Figure 2 for a temperature of 23 ºC 

characterizes the specimens. 

 

Figure 2 – Stress vs. Strain material curve (DuPont, 2011) 

 

 
The elastic regime of the nominal material curve is 

translated by the properties summarized in Table 1 for 

both thicknesses of 0.025 and 0.05 mm. 

 
Table 1 – Elastic Properties of the material (DuPont, 2011) 

Parameter Value 

Tensile Modulus (MPa) 2500 

Poisson’s Ratio 0.34 

 

 

The specimens for the experimental tests were cut into 

rectangular shapes with the dimensions listed in Table 

2. A speckle pattern was introduced in the foils by black 

and white paints and the mounting system followed the 

assembly in Figure 3.  

 
Table 2 – Sheet dimensions options 

Dimension Width 
(mm) 

Length 
(mm) 

Thickness 
(mm) 

Sheet 1 50 100 0.025 

Sheet 2 50 100 0.05 

Sheet 3 50 200 0.025 

Sheet 4 50 200 0.05 

  

An INSTRON machine equipped with a Blue Hill 3 

software is used for the uniaxial tension test with a load 

cell of 10 kilo Newton and a grip velocity of 25 mm/min. 

In the test procedure, three steps are performed related 

to the VIC-3D system: 

 Preparing the cameras by adjusting the optimal 

focus and distance 

 Calibrating the camera system 

 Acquiring the images 

For the first stage, the two 5 megapixel cameras with 75 

mm lens each are left with a lens aperture of f/8 within 

a range between f/2.8 and f/32 which regulates the 

quantity of light passing through the sensor based on 

the fact that a higher number could induce blurry 

images. The exposure time (assumed to be typically 

less than 1/f, being f the focal length) is established to 

be 10 milliseconds. Besides that, for a lens of 75 mm, it 

is chosen an angle between the two cameras higher 

than 15º as recommended. 
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The second step is achieved by subsequently vary the 

position of a grid representing the field of view (in this 

case with 4 mm pitch). So, the orientation of the 

calibration panel is changed according to the several 

translations and rotations about the Cartesian axis. A 

set of these images is taken and an acceptable 

calibration score is reached before the acquisition of the 

images during the tension test. 

The third step is directly managed from the software 

VIC-SNAP, in which is selected a frequency of 2 Hertz 

(2 images per second) for the capturing of the images.  

The synchronization between the two internal clocks is 

the key to make the correspondence between the edge 

displacement applied to the membrane (controlled by 

the INSTRON machine) and the wrinkle profile 

(reported by the VIC-3D software). This is accomplished 

by the direct relation between the total number of 

images (at a constant frequency) taken and the total 

time of the uniaxial tension test. In conclusion, to each 

picture is a correspondent time of the tension test and a 

respective force (in the form of edge load). 

 

 

Figure 3 – Uniaxial tension test apparatus 

 

2.1  Experimental Results 
 

The wrinkle profile is presented for a thickness of 0.05 

mm for an aspect ratio of 4 (50 x 200 mm) in Figure 6 

and for an aspect ratio of 2 (50 x 100 mm) in Figure 7. 

Firstly in Figure 7a for a low value of the edge 

displacement, it is verified the formation of 3 crests 

along the application of the load in a symmetric profile. 

The number of crests and valleys increases (up to 5 

distinguished crests) with the increasing of the load and 

the largest amplitude is located in the middle of the 

width. This tendency is well recognized for intermediate 

values of edge displacement as shown in Figure 7b. It 

is possible to notice, in Figure 7c that for an increasing 

deformation the obvious fluctuations registered indicate 

the tendency of new wrinkles deriving from the old ones 

(Wang et al., 2009). 

The large values of deformation at the free edges are 

expected in real test assemblies as the tension along 

the longitudinal direction of the membrane is not 

uniformly distributed generating a slack condition 

(instead of the taut one predicted by the theory) and 

imposing the curly effect (Wong and Pellegrino, 2006).  

During the experimental tests it was possible to observe 

that firstly the wrinkle amplitude starts to decrease due 

to initial wrinkles but it rapidly increases (the critical 

strain is achieved), reaching a peak at approximately 

10% to 15% of the strain. A decrease of the amplitude 

is verified as the load increases but it is not vanished. 

The strains obtained with the thicker material are larger 

than the ones reported by the thinnest one however the 

maximum wrinkle amplitude is generally lower for the 

material with a higher value of thickness. This behavior 

is also valid regarding the aspect ratio, which means 

that for a larger rectangular length, the maximum 

wrinkle amplitude is reduced. From the observation of 

the figures it can be deduced that the wrinkles 

wavelengths decreases monotonically with the 

increasing of the edge displacement (already predicted 

by the theoretical formulation). 

From the figures presented below it is possible to 

denote a common feature which confirms that for 

square shapes (aspect ratio 1) the formation of wrinkles 

is not observed, being this characteristic already 

predicted by the theory. Generally, the amplitude of the 

wrinkles for the thicker material is smaller indicating that 

for some aspect ratios these creases become vanished. 

 

Figure 4 – Observation of wrinkles as a function of the 
aspect ratio for a thickness of 0.025 mm 

 

Figure 5 – Observation of wrinkles as a function of the 
aspect ratio for a thickness of 0.05 mm
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Figure 6 – Variation of the out-of-plane displacement along the transverse direction of a membrane with L/W=4 and t=0.05 mm for 
several edge displacements 

 

(a) 

 

 

 
 

(b) 

 

 

  

(c) 

 

 

  
 

Figure 7 – Out-of-plane displacement along the transverse middle direction of a 50 x 100 mm membrane for an edge displacement 
of (a) 8.8mm; (b) 17.6 mm and (c) 26.4 mm obtained with VIC-3D 
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3. Numerical Studies 

3.1  Numerical Procedure 
 

The first step of the numerical scheme consists on pre-

tensioning the rectangular membrane followed by a 

static, geometrically nonlinear equilibrium check. The 

value of the pre-load (as a form of edge displacement) 

is dependent on the aspect ratio of the sheet as well as 

on the thickness of the material, being investigated 

which is the minimum pre-load for each case (“dead 

load”). In the second step, an eigenvalue buckling 

analysis is carried out in order to extract the buckling 

loads and the buckling modes (the first three positive 

eigenvalues and respective eigenmodes are 

considered). For the eigenvalue buckling stage, an 

edge displacement of 1 mm is imposed to the structure 

(“live load”). The chosen modes are introduced as 

imperfections into the initially flat surface and a 

geometrically nonlinear equilibrium is again performed 

followed by a static analysis with a stabilizing factor 

controlling the convergence of the solution. This 

methodology is summarized in Figure 8. For the 

formulation of the numerical model, some options are 

firstly explored in order to better simulate the physical 

details using the commercial finite element package 

ABAQUS: 

 Material Model 

 Element choice 

 Mesh Density 

 Imperfection Sensitivity 

 Stabilizing Factor 

The material properties employed in the FEM analysis 

follow the behavior of the physical model. This means 

that regarding the elastic component of the material the 

parameters introduced were the Young’s Modulus 

(2500 MPa) and the Poisson’s Ratio (0.34). The plastic 

component is defined by a set of coordinates composed 

by the plastic stress and strain values of the points 

integrating the supplier curve which is represented in 

Figure 9 by a continuous blue curve. This curve has to 

be adjusted in order to fulfil the requirements from the 

program: finite value of stress for a zero value of strain 

and a crescent value of strain resulting into the dotted 

black line in Figure 9. 

The element chosen for the modeling of the membrane 

is a conventional stress-displacement thin-shell element 

in the three-dimensional field. This element has finite-

strain properties, which accounts for large rotations and 

large-strain analysis. The S4R is a 4-node, quadrilateral 

with reduced integration shell element and was adopted 

to the numerical procedure due to the ability to well 

describe the wrinkling phenomenon together with a 

considerable computational efficiency.  

The mesh density is constructed imposing that each 

element of the mesh as an aspect ratio of 1 (1 mm2 of 

area), being selected a global size of 1, so the number 

of elements depends on the aspect ratio of the foil. 

To introduce a geometric imperfection into the initial 

smooth surface it is required to specify the eigenmode 

chosen and the magnitude of the scaling factor. The 

response of these structures is highly dependent on the 

imperfections applied to the original non-perturbed area 

(also observed in the experiments). As a compromise 

between the solution obtained and the computational 

time consumed, it is established an intermediate and 

reasonable value of 10% of the material thickness 

regarding the imperfection that perturbs the mesh. 

Nonlinear static problems can be unstable, which in this 

case, is due to a geometric nature consequent of 

buckling. ABAQUS has an automatic mechanism for 

stabilizing unstable quasi-static problems through the 

automatic addition of volume-proportional damping to 

the model. This fraction is denominated dissipated 

energy fraction and for thin shell problems the damping 

factor could have to be increased in order to achieve 

convergence or decreased if the solution presents 

distortion (ABAQUS, 2012). The optimal stabilizing 

factor value is reached at 2x10-8. 

 

Figure 8 – Scheme of the procedure adopted in ABAQUS 
(ABAQUS, 2012)
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Figure 9 – Material Model Evolution 

 

3.2 Numerical Results 
 

Regarding the eigenvalue buckling analysis, it was 

observed that the first two wrinkling modes for all the 

aspect ratios appear in pairs: one symmetric and other 

antisymmetric, both corresponding to the lowest 

eigenvalue which indicates that the membrane has 

equal chance to deform into each mode beyond the 

critical load. For an aspect ratio of 2, and for both 

thicknesses (0.025 and 0.05 mm), the overall wrinkling 

behavior reveals that the number of creases remains 

constant (typically five major wrinkles). It is also visible 

that the location where wrinkling first occurs depends on 

the aspect ratio: for smaller values the maximum 

amplitude is verified at the center of the sheet while for 

larger values these locations are equally separated from 

the center (becoming closer to the edges). 

Comparing Figure 10 referred to a thickness of 0.025 

mm and Figure 11 related to a value of 0.05 mm, it is 

possible to observe that the wrinkle profile chosen is 

symmetric about both the longitudinal and transverse 

middle planes and also that the maximum wrinkle 

amplitude is always located along the first one as the 

wrinkles grow in the direction of the load (in form of edge 

displacement). The maximum wrinkle amplitude 

increases with the increasing of the strain imposed to 

the membrane until a certain value of strain is reached 

in which a decrease of its value is registered as the 

strain raises. This value for which the highest amplitude 

of the wrinkle is maximum depends on the thickness of 

the material, being largest for the thickness of 0.05 mm. 

As already demonstrated in the experimental results, 

the maximum wrinkles amplitude reaches a higher 

value for the lowest thickness. Another tendency is 

produced in the numerical results that is the ability of the 

thicker membrane to reach higher values of strain, and 

consequently a more efficient wrinkle amplitude 

reduction. 

The major principal stress, the blue lines in Figure 12, 

presents a considerable large positive value at the 

wrinkled area while near the constrained edges a 

smaller value is registered. Globally, this stress 

component is positive throughout the sheet, being the 

highest value reported at the four corners of the 

membrane due to the nature of the geometry and 

character of the boundary conditions and also it 

increases with the increasing of the load. A simple 

feature can be pointed out which is the symmetric 

contour of the major principal stress about both the 

transverse and the longitudinal middle planes.   

The minor principal stress, the black lines in Figure 12, 

is characterized by a small negative value in the 

wrinkling region, which means that along the transverse 

middle plane the minor stress value remains negative 

(wrinkling criteria), fluctuating around zero in that line. 

As the major principal stress always assumes a positive 

value, there are no slack regions in the membrane and 

the taut and wrinkled conditions are distinguished by the 

contour of the minor principal stress equal to zero. 

Similar to the major principal stress, the maximum minor 

stress is located at the constrained edges due to the 

boundary conditions and its value increases with the 

increasing of the displacement imposed. 

The relationship between the principal stresses and the 

out-of-plane displacement is easily deducted by the 

figures, establishing that the crests and troughs fit in the 

regions where the compressive stress and tensile stress 

are localized respectively. The same conclusions were 

taken by several authors (Zheng, 2009) and (Wong and 

Pellegrino, 2006).
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Figure 10 – Wrinkle profile of a 50 x 100 mm membrane with 0.025 mm in thickness along the transverse middle plane by imposing 
crescent edge displacements 

 

 

Figure 11 – Wrinkle profile of a 50 x 100 mm membrane with 0.05 mm in thickness along the transverse middle plane by imposing 
crescent edge displacements 

 

Figure 12 – Principal stresses of a 50 x 100 mm sheet with 0.05 mm in thickness subjected to an edge displacement of 8.8 mm 
along (a) the transverse middle plane and (b) the longitudinal middle plane 
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4. Validation 

4.1  Numerical Validation 
 

The numerical model validation is based on the 

reproduction of the results present in published 

literature by (Zheng, 2009) according to the 

methodology discussed in this article. The membrane 

used has 101.6 mm in width and 254 mm in length with 

a thickness of 0.1 mm and the material is a silicone 

rubber (little compressibility compared to the shear 

flexibility as most elastomers). The Young’s Modulus is 

1 MPa and the Poisson’s Ratio is 0.5, with an expansion 

coefficient of 1x10-6. The model problem is the same, so 

the boundary conditions remain inalterable but the 

minimum pre-load was verified before both eigenvalue 

and nonlinear analysis. 

The buckling modes are qualitatively the same, 

meaning that for the first eigenvalue two eigenmodes 

are present, one symmetric and the other antisymmetric 

and the mode of interest (symmetric) presents the same 

number of wrinkles (three). The results arising from the 

comparison between the wrinkles profiles along the 

transverse middle plane show good agreement for all 

the range of tensile strains inflicted by the membrane 

(5%, 10%, 20% and 30%). The state of stress exhibited 

by the membrane is very similar, regarding both major 

and minor principal stresses, being the largest 

difference between to equivalent values less than 2%.  

These results allow the validation of the numerical 

methodology adopted and enable the comparison with 

the experimental results. 

 

4.2 Experimental Validation 
 

Regarding a membrane with aspect ratio 2 and a 

thickness of 0.05 mm and comparing the wrinkle profile 

produced in the uniaxial tension experimental test with 

the numerical results, Figure 13 is drawn. The first 

conclusion taken is that the overall wrinkling behaviors 

are well described in both curves, including the number 

of wrinkles, the wrinkle amplitude and wavelength. 

Secondly, the wrinkle amplitude (difference between the 

out-of-plane displacement of the crest and the 

subsequent valley) in the central crease is correctly 

predicted however for higher values of strain the 

difference is more significant (the numerical curve tends 

to decrease the wrinkle amplitude to values near zero 

while the experimental value does not vanish). 

Typically, the numerical solution is always under-

estimated. There is a common phenomenon which is 

the inability to correctly predict the displacements of the 

edges of the membrane. This trend might be justified by 

the manual cutting of the specimen and the respectively 

fixing in the grips, inducing residual deformations in the 

free edges (an initial imperfection at those locations). 

This translates the discrepancy between a taut state in 

the numerical model and a slack state during the 

experimental tests. 

  

(a) 

 

(b) 

 

(c) 

 

 

 

 

Figure 13 – Experimental and numerical wrinkle profiles of a 50 x 100 mm sheet with thickness 0.05 mm for an edge displacement 
of (a) 8.8 mm; (b) 17.6 mm and (c) 26.4 mm 
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By the superposition of the eigenmodes chosen according to the better combination of the eigenvalues and scale factors 

introduced as geometric imperfection, it is possible to improve the numerical solution in order to better reproduce the 

experimental results as exemplified in Figure 14. 

 

(a) 

 

(b) 

 
 

Figure 14 – Optimized numerical solution (blue curve), first numerical solution (grey curve) and experimental solution (black curve) 
for an edge displacement of (a) 8.8 mm and (b) 11.7 mm 

 

5. Conclusions  
 

This dissertation proposes a methodology to evaluate 

the wrinkling condition in small scale membranes, which 

can constitute an alternative for expensive and time 

consuming experimental real scale tests. As the 

numerical options are endless, a fully understanding of 

the phenomenon is needed to enable a good agreement 

between numerical and experimental results. 

The principal conclusions related to the experimental 

tests were that the external parameters (load applied 

and boundary conditions) directly influence the wrinkles 

details (wavelength and amplitude), while the internal 

parameters (thickness, length, width, material) have a 

higher effect on the overall wrinkling profile and pattern. 

It was also shown that the manual mounting system is 

the major factor to induce an imperfection into the 

membrane, propagating its shape during the tension 

test. As a consequence, the expected initial flat 

configuration of the foil is not achieved, becoming 

impractical to identify the strain at which wrinkles first 

occur. Some common features were identified: the 

longitudinal growth of the wrinkles in a rectangular 

membrane; the symmetry of the wrinkling patterns 

about both the longitudinal and transverse middle 

planes due to the boundary conditions character; the 

monotonically decrease of the wavelength in the central 

crest and valleys and the unexpected increase and 

decrease of the wrinkles amplitude as the load is 

incremented. 

The results produced by the numerical simulations 

enabled the calculation of the critical buckling strain, 

meaning that the load at which wrinkles first occur could 

be accurately measured on the contrary of the 

experimental tests. Other major conclusions are related 

to the stress distribution, being confirmed the existence 

of a non-positive minor principle stress in the center 

area of the sheet together with positive major principal 

stress and strain, typical of a wrinkled state. 

The validation of the results is made numerically and 

experimentally. In the first approach, the properties of 

the benchmark cases were adopted and a good 

agreement regarding the wrinkling profile, stress field 

and overall wrinkling state is achieved, allowing the 

assumption of the correct implementation of both 

methods. In the second approach the numerical 

solutions can well predict the experimental results, 

focusing the similarities on the out-of-plane 

displacement which has typically registered a parity 

between both curves, however slightly under-estimated 

by the FE software. It was also possible to identify 

during the experiments a slack zone at the free edges 

due to the mounting system and boundary conditions 

assembly that was not visible in the numerical 

information, which admitted a taut state in those sides. 

This tendency could be avoided by a slightly manual cut 

in the form of a concave curve at the free edges. An 

overall indicator underlying wrinkling is the reduction of 

the width, especially centered at mid span of the length 

which was exhibited in both numerical and experimental 

analysis. 

The influence of the geometric imperfections introduced 

in the initial flat and smooth surface is the crucial 

parameter affecting the final configuration of the 

membrane. With a superposition of the eigenmodes it is 

possible to better reproduce the experimental deformed 

sheet, indicating that if the real displacements of the 

membrane were introduced into the numerical model 

the exact deformed shape would be accomplished. 
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