Wrinkling of thin sheets under tension

Rita Valente de Carvalho

Thesis to obtain the Master of Science Degree in

Aerospace Engineering

Supervisor: Prof. Nuno Miguel Rosa Pereira Silvestre

Examination Committee
Chairperson: Prof. Filipe Szolnoky Ramos Pinto Cunha
Supervisor: Prof. Nuno Miguel Rosa Pereira Silvestre
Member of the Committee: Prof. Miguel António Lopes de Matos Neves

November 2015

Abstract
Wrinkling of thin membranes has become a huge concern in aerospace engineering due to the
widespread of membrane structures in aerospace applications. The wrinkling of these lightweight
structures is often observed and deteriorates their surface accuracy. Being thought that surface
accuracy is a fundamental requirement in the manipulation and design of the membranes, it is necessary
to evaluate the wrinkling of these materials in order to control and mitigate the wrinkling phenomenon.
In this work, a study of the wrinkling phenomenon in thin rectangular sheets subjected to uniaxial
tension is presented, including the wrinkle profile, the stress field and several parameters that influence
this phenomenon.
First, experimental tests on specimens with different thicknesses and plane dimensions are
performed. Using a tri-dimensional digital image correlation technique (VIC-3D), the images of a
rectangular 𝐾𝑎𝑝𝑡𝑜𝑛 𝐻𝑁 ® sheet in tension are captured to investigate the evolution of the wrinkles, in
terms of amplitude and wavelength.
Then, a numerical study using the commercial finite element package ABAQUS is made based on
the physical model of the membrane, with the aim to assess the growth, the evolution and the
characteristics of the wrinkles. For that, a buckling and geometrically nonlinear analyses of the
membranes are performed, using thin-shell elements.
After that, the numerical validation of the results is made through the comparison with the numerical
solutions available in published literature as well as the comparison with the experimental data obtained
in this dissertation. Finally, some concluding remarks and future developments are described.
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Resumo
O enrugamento de membranas finas tem-se tornado uma preocupação em engenharia
aeroespacial dada a vasta utilização destas estruturas em aplicações aeroespaciais. O enrugamento
da membrana é frequentemente observado, degradando a precisão da superfície do material, a qual
constitui um requisito fundamental na utilização e dimensionamento destas estruturas. Neste contexto
é necessário avaliar o enrugamento nestes materiais para controlo e mitigação desse fenómeno.
Neste trabalho, o estudo do fenómeno de enrugamento em folhas finas retangulares sujeitas a
forças de tensão uniaxial é apresentado, incluindo o perfil das rugas presentes na membrana, bem
como, o campo de tensões envolvido e diversos parâmetros que afetam este fenómeno.
Primeiramente, são feitos testes experimentais a provetes de diferentes espessuras e dimensões.
Usando uma técnica tridimensional digital de correlação de imagem (VIC-3D), são captadas as imagens
da membrana de 𝐾𝑎𝑝𝑡𝑜𝑛 𝐻𝑁 ® em tensão de forma a averiguar a evolução das rugas, no que concerne
à amplitude e comprimento de onda das mesmas.
Posteriormente, um estudo numérico usando o programa comercial de elementos finitos ABAQUS
é feito baseado no modelo físico da membrana de forma a obter o crescimento, a evolução e as
características das rugas. Para tal, uma análise de instabilidade linearizada (ou Euler) e outra estática
geometricamente não-linear são simuladas, usando elementos de casca fina.
Em seguida, a verificação numérica dos resultados é feita através de resultados disponíveis em
literatura referentes ao mesmo modelo e, ainda, pela comparação com os resultados experimentais
obtidos na presente dissertação. Finalmente, algumas conclusões e desenvolvimentos futuros são
descritos.

Palavras-chave: Enrugamento, membrana, análise de instabilidade linearizada (ou Euler), método de
elementos finitos, análise não linear.
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1. Introduction
1.1 Scope
The use of ultra-lightweight and ultra-large membrane structures for space applications is
spreading and becoming a very attractive solution for a variety of space missions. These applications
include solar sails (Sleight et al., 2005) and solar arrays, sunshields for the Next Generation Space
Telescope (NGST), inflatable antennas (Sreekantmurthy et al, 2007) and mirrors as well as Space
Based Radar (SBR) satellites and structures for Synthetic Aperture Radars (SAR).
The choice of using thin membranes in space exploration missions is due to their light weight and
low volume enabling the capability to be easily deployable with minimum driving forces and the
possibility to adopt alternative propulsion systems. However, under some load and boundary conditions,
the appearance of undesirable wrinkles (out-of-plane deformations) can compromise the design and
use of these materials in space mission applications.
Wrinkling is a crucial problem, especially in the aerospace industry, in these pre-stressed
membrane structures as it reduces the structural stability, having a negative effect on their performance
and longevity. For high-accuracy surfaces, the amplitude of the wrinkles may affect the membrane
reflectivity, causing diffusion of projected images and scattering of light. So this unwelcome
phenomenon, represented in Figure 1.1, is a mode of failure for required high precision smooth areas.
It is important to predict the behaviour of these structures when wrinkles occur, such as wavelength
and amplitude, in order to guarantee the requirements for each application by creating a methodology
capable of characterizing wrinkling.

Figure 1.1- Wrinkling phenomena

1.2 Wrinkling phenomena

The buckling of structures subjected to compressive loads is a typical and well-known problem but
the instability of these structures under tensile loads is not so obvious. In fact, a structure can buckle
when tensile loads are applied due to the induced compressive stresses, usually along the direction
perpendicular to the main loading one.
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Wrinkling occurs if a thin membrane surface deforms by being subjected to compressive stresses.
This is due to the inherently negligible flexural stiffness of membrane structures which buckle out-ofplane (causing wrinkles) under the action of even small in-plane compressive stresses.
Generally there are two types of wrinkles: the structural wrinkles and the material wrinkles. The first
ones are elastic wrinkles appearing due to the inability of the membrane to support compressive
stresses so this type of wrinkles is an out-of-plane displacement caused by the instability of these
structures. The amplitude, wavelength and size of the structural wrinkles are a function of the sheet
geometry, the magnitude of the forces applied and the constraints of the problem. The material/plastic
wrinkles are permanent and irreversible out-of-plane displacements that are a consequence of the
imperfections sometimes present in these membranes.
It is possible to avoid the development of wrinkles by applying cables, arches or pillars, which will
allow a uniform tension applied to the membrane. However, these mechanisms can add weight to the
structure increasing the risk of material creep, crack growth and failure.
There is a large variety of situations where it is possible to verify the existence of wrinkles as shown
in Figure 1.2. Stein and Hedgepth (1961) studied the wrinkling effect on a pressurized Mylar cylinder
subjected to an axial force and a bending moment and it was verified that wrinkles appear due to the
longitudinal compressive stresses induced on the upper half of the cylinder as it can be observed in
Figure 1.2a. The wavelength, amplitude and number of wrinkles are a function of the radius, thickness
and internal pressure applied to the cylinder. The rotation of a hub in a stretched infinite membrane in
Figure 1.2b produces an in-plane torsion which will cause compressive stresses and consequently the
development of wrinkles. Figure 1.2c illustrates a 𝐾𝑎𝑝𝑡𝑜𝑛 square thin film membrane subjected to
symmetric mechanical corner loads where wrinkles occur, as the theory predicts, along straight lines in
the direction of the major principal stresses (Blandino et al., 2002). In Figure 1.2d is showed that in a
rectangular polyethylene sheet clamped at two opposite ends and stretched in the longitudinal direction
are introduced compressive stresses in the transverse direction responsible for the development of outof-plane wrinkles (Cerda and Mahadevan, 2003). Using also a rectangular thin membrane and
subjecting this 𝐾𝑎𝑝𝑡𝑜𝑛 sheet to shear it is possible to verify the same wrinkling behavior due to
compressive stresses in an inclined direction as it can be seen in Figure 1.2e which was studied by
Wong and Pellegrino (2006). A combination of flexible shell with a stiff strip allows the study of the
wrinkling produced by bilayer membrane subjected to a reduction in the value of the tension (Concha et
al., 2007). Entering the medicine field, experimental tests as presented in Figure 1.2g were made in
order to simulate a procedure of reconstructive surgery that leads to dog ears caused by the wrinkling
of the skin (Massabò and Gambarotta, 2007). Similarly to the problem showed in Figure 1.2d, Wang et
al. (2009) implemented a new method to evaluate the wrinkling effect of a thin sheet under tension called
the Modified Displacement Component (MDC) and it is introduced the concept of secondary wrinkling
which is a consequence of the wrinkling expansion and evolution in a post-wrinkling phase as present
in Figure 1.2h. Another case in which wrinkles appear is when a concentrated force is applied in an
internally pressurized elastic shell as shown in Figure 1.2i by Vella et al. (2011). Regarding the
manufacturing industry and taking into account the importance of the reduction of the defects in the
production of components, Reddy et al. (2012) studied the influence of several parameters that affect
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the wrinkling in deep drawing cylindrical cups as in Figure 1.2j. In order to demonstrate that the formation
and growth of wrinkles is a consequence of the compressive stresses induced in the material, the
experiment illustrated in Figure 1.2k consists in a flexible annulus floating on a bath of water in which a
certain amount of surfactant molecules are added to create a difference in surface tension between the
inner and outer edges (Piñeirua et al., 2013).

(a)

(b)

(d)

(c)

(e)

(f)

(g)

(i)

(h)

(j)

(k)

Figure 1.2 – (a) Wrinkling of a pressurized cylinder in bending (Stein and Hedgepeth, 1961) (b) wrinkles due to
rotation of a hub in a stretched circular sheet (Stein and Hedgepeth, 1961) (c) corner wrinkling of a square
membrane due to mechanical loads (Blandino et al., 2002) (d) Wrinkling of a thin sheet under tension (Cerda and
Mahadevan, 2003) (e) Wrinkling of a membrane under shear conditions (Wong and Pellegrino, 2006a) (f)
Wrinkles in a bilayer membrane (Concha et al, 2007) (g) Wrinkles in biological membranes (Massabò and
Gambarotta, 2007) (h) Wrinkling in a square Kapton sheet clamped at the corners and tensioned along one of its
diagonals (Wang et al., 2009) (i) Wrinkles formed by a point loading in an internally pressurized elastic shell (j)
Wrinkling in deep drawing cylindrical cups (Reddy et al., 2012) (k) Buckling of a floating annulus (Piñueirua et al.,
2013)
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All of these cases have a common feature which is the formation of wrinkles when compressive
stresses are present. In fact the wrinkling phenomenon is a concern in various distinguished industries
(medicine, chemistry, manufacturing and others) and reaching an enormous variety of materials. So it
is important to evaluate the need of these structures in aerospace applications and to understand the
objectives and requirements for their use.

1.3 Membrane structures in Aerospace and other Applications
The implementation of thin membrane structures in space applications is spreading due to their
ultra-lightweight and low space (volume) attributes.
These thin membrane structures are used as solar sails, inflatable space antennas, sunshields,
solar arrays, mirrors in space telescopes and solar energy systems, as well as membrane optics and
flexible electronics.
The common requirement in all these applications is a high-accurate surface, which means a precise
control of the wrinkling phenomenon allowing a flatness area along all the extension of the material.

1.3.1 Solar Sails
Solar sails are gossamer structures characterized by their ultra-low mass and these elements are
being widely consider for space exploration missions due to their cost effective source of propellantless
propulsion. The solar sail has the ability for self-locomotion, which is possible because these panels
have large areas to capture and reflect photons coming from the sun, transferring momentum from the
photons to the solar sail that enables propulsion through space. This is an admirable advantage
compared with traditional propulsion mechanisms as the power source of a solar sail is unlimited. The
pressure of the photons is too small, so for the movement of the solar sail it is necessary a vast plane
flat area, in which wrinkling is prejudicial and undesirable. The study of the behaviour of solar sails is
critical for NASA’s future space propulsion needs and many authors have been dedicated much
attention to this subject (Sleight et al., 2005); (Murphy et al., 2005). This solar sail is showed in Figure
1.3.

Figure 1.3 – Test of a 10 meter inflation deployed solar sail (Sleight et al., 2005)
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A smooth surface in these structures is the key issue for an accurate reflectivity of the photons
responsible for the propulsion of the solar sail. Wrinkling is an unwelcome effect because the angle of
reflection of incident photons changes (becomes oblique) and the efficient of the solar sail is lost (Tessler
et al., 2003). With the formation of wrinkles it is also possible to verify a concentration of energy in the
membrane causing the degradation of the sail and affecting its longevity and anticipating the material
creep.

1.3.2 Membrane Mirrors in Space Telescopes
The use of membrane mirrors for space telescopes is increasing due to their lightweight, low cost
and commercial availability. These structures are very competitive when compared with glass, beryllium
and other heavy materials that exceed the maximum payload size and mass limits to be put into orbit,
and they are easy to be stored and launched (Stamper et al., 2001). Besides the ultra-lightweight
characteristic of these materials, thin membrane mirrors enable a considerable wider aperture size,
allowing a sharp capturing of data as the resolution of distant objects is proportional to the diameter of
the mirror. In fact the James Webb Space Telescope (JWST), that is predicted to be launched in 2018
with 6.5 meters in diameter, is the scientific successor of the Hubble Space Telescope (HST), which
has the largest mirror on orbit with 2.4 meters in diameter. The surface accuracy of these structures in
order to maximize their durability has been a matter of concern to many authors (Palisoc, 2000) and
(Bonin, 2011). As a consequence the project of membrane mirrors must optimize the area of reflectance,
mitigating the appearance of wrinkles.

1.3.3 Sunshields
Sunshields are space mechanisms used to create a warm environment by protecting the
telescopes, mirrors and other components from the sunlight. This property is due to the ability of
sunshields to reflect the solar energy coming from the sun in each layer of the thin membrane material.
The NASA (National Aeronautics and Space Administration) Next Generation Space Telescope (NGST)
sunshield is an example of these often called sunshades with five successive pre-tensioned membrane
layers supported by deployable booms, each blocking the sunlight as illustrated in Figure 1.4 and
creating a two sided temperature scheme (due to the properties of passive cooling and stray light
control). The efficiency of these structures is dependent on the distance between the membranes, the
accuracy of the film surfaces and their angles. In this perspective, the wrinkling phenomenon could
affect the heat deflection and the distance between the membranes, becoming a critical parameter for
engineers in the project and construction of sunshields (Johnston, 2002).
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Figure 1.4 – James Webb schematic sunshield function [http://jwst.nasa.gov/sunshield.html]

1.3.4 Inflatable Reflector Antennas
Inflatable structures including inflatable reflector antennas are characterized by low weight, low
stored volume and low cost when compared to conventional rigid mechanisms used in space missions.
Nevertheless, the antenna reflector area must consist in an accurate surface in order to improve the
electromagnetic performance of the antennas. This means that the deployment of these thin and flexible
membranes in a space environment should follow a stringent surface shape control in order to eliminate
distortions.
The Inflatable Antenna Experiment (IAE) was a NASA pioneering project consisting on a 14 meter
diameter antenna which kept its shape due to 3 inflatable struts with 30 meters each, linked to the
Spartan 207 satellite, as showed in Figure 1.5. The main objective of the experiment was to demonstrate
the level of maturity that gossamer structures is being able to achieve by evidencing the accessible cost
of these materials (aluminized mylar), the easy packaging capability, the reliable deployment system,
the efficient manufacturing of the antenna and the possibility to measure the precision of the reflector
area on orbit.
It is crucial to predict the functional mechanism of these structures including the type and size of
the antenna, the surface curvature, the support system and the loads applied as these parameters
directly affect the reflector surface precision. Some authors are dedicated to create a methodology for
the study of inflatable reflector antennas regarding static and dynamic responses, evaluating the
wrinkling patterns under the influence of a set of structural loads (inflation pressure, gravity, pretension
and tension loads) and simulating ground and space conditions (Sreekantamurthy et al., 2007).
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Figure 1.5 – Inflatable Antenna Experiment [https://directory.eoportal.org/web/eoportal/satellite-missions/i/iae]

1.3.5 Other applications
Leaving aside aerospace applications, there are many cases where it is possible to observe the
wrinkling phenomenon. It is common to observe this effect in processing lines, in which metal sheets
travel through rolls under global tension, causing wrinkles in the plastic regime as illustrated in Figure
1.6a. The formation of plastic wrinkles is due to the stretch and rolling buckling of the metal sheets and,
regarding the manufacturing and automotive industries, it may have an economic impact as a
consequence of the production interruption (Jacques et al., 2007).
In the architectural and construction fields, some tensile membrane roof structures are starting to
be recognized by their strength, durability, non-combustibility and energy efficiency (Barden, 2006) as
the Denver International Airport roof. An obvious advantage of these structures is the easy and fast
installation with fewer resources, which assures sustainability. The mentioned roof consists on a double
layered Teflon PTFE-coated fiberglass (polytetrafluoroethylene-coated fiberglass) fabric roof divided
into 17 modules and supported by steel masts as seen in Figure 1.6b. This reality is mostly due to the
wrinkling effect that can be avoided by applying a biaxial stress state by means of cables or compressive
rings. In fact, larger structures are more deteriorated by the wrinkling phenomenon, so the evident
procedure is to guarantee smaller structures and optimal geometric shapes with stretching manoeuvres
to avoid the formation of wrinkles.
Technologies including consumer electronics, such as smartphones, tablets and TV screens, as
well as space applications regarding telescope mirrors and lens blanks are dependent on the capability
to produce high performance glass, including ultrathin and lightweight glass as exemplified in Figure
1.6c. The manufacturing of these raw materials starts with the melting process, followed by a forming
step, which is often called a fusion-forming process. This process has been developed for several years
due to the inherent risk of the formation of wrinkles while the molten glass assumes a thin thickness
format in a semi-solid state in the forming step.
The emerging wrinkles (along the length of the thin sheets) are impracticable for the industry but
the thinness, strength and flexibility of the glass are very competitive advantages in the emerging plastic
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electronics industries. So the production of these materials is becoming more and more accurate in
order to decrease the thickness and consequently increase flexibility while minimizing the probability of
the growth of wrinkles.
Concerning thin membrane applications, recent studies have been dedicated to flexible electronics
which implies stretchable, twistable, deformable and reversible designs. This revolution will allow less
expensive, more flexible and more organic technologies than the hard and rigid electronics of nowadays.
Several fields, namely biomedical, optoelectronic, textile, nonotechnological and other innovative ones,
are

interested

in

these

curvilinear,

ergonomic

and

stretchable

devices.

Stretchable

microelectromechanical systems (MEMS) meet the above requirements as they have a large capacity
to be deformed and a good adaptability. However it is necessary to carefully design and fabricate these
models as well as to perform a complete analysis of the limits and boundary conditions inherent to them
(Hocheng and Chen, 2014). An example of a stretchable MEMS is an embedded electrical routing,
which due to constant bending and stretching has a shorter lifetime when compared to solid or even
flexible substrates. In the optical field, the wrinkle patterns are responsible for the variation of the optical
transmittance and for the diffraction of images. A study regarding oxygen plasma-treated PDMS
(polydimethysiloxane) sheets was made by continuously varying the state of bi-axial stress, which
allowed the definition of a range of bi-axial stresses near the critical buckling stress that could dictate
the relation between the strain and the wrinkle patterns (Kim et al., 2013). These controllably wrinkled
PDMS sheets with known optical macroscopic optical properties are useful in applications like
instantaneous switchable privacy screens or encryption of messages and graphics as the simple
stretching or non-stretching of the membrane makes the message disappear or appear.

(a)

(b)

(c)

Figure 1.6 – (a) formation and propagation of plastic creases (wrinkles) on a sheet metal during strip conveying in
processing lines, (b) Denver Airport roof and (c) Ultrathin Corning Willow Glass
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1.4 Objectives
Due to the large application of thin membranes in engineering, especially for space missions in
which the accuracy regarding the behaviour of these materials is a crucial factor, the objective of the
present work is developing a methodology to study the wrinkling phenomenon. In fact, the structural
wrinkles can be avoided and mitigated with a detailed analysis and parametric design of the structures
choosing the right applied forces, material and boundary conditions.
An extensive research and elaboration of the state-of-art is the first aim for this work as it is an
initial step to fully understand the wrinkling phenomenon, as in terms of the theoretical field as in terms
of previous experimental and numerical models studied and implemented.
For the purpose described, a set of experimental and numerical tests is performed in this work in
order to correctly measure the wrinkling profile for a commercial and most used material in engineering
regarding space applications. The results arriving from the experimental procedure (using VIC-3D) are
able to be compared to the ones achieved with the numerical software ABAQUS®, establishing a method
to evaluate the wrinkling status experimentally and numerically. For the design and project of these
structures it is essential to determine the effect of each parameter (force, width, length, thickness,
numerical details) in the final model so a complete parametric study is also a target for this dissertation.
Besides this comparison, and as the principal goal is also to produce precise and exact solutions, the
numerical procedure is applied to a model already studied in (Zheng, 2009) for validating the method
followed in this thesis. Finally, a set of conclusions and future recommendations are discussed in order
to extent the work made in this dissertation and establish further developments that can be
accomplished in the areas of this study.
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1.5 Organization of contents
The outline of this dissertation is organized as follows.
In the present chapter, the objectives of this thesis are delineated and a research motivation is
described accounting for the main applications regarding light weight membranes.
In chapter 2, a literature review is presented in terms of the theoretical approach and also in terms
of previous work made in the numerical, experimental and analytical fields.
In chapter 3, the experimental results using 𝐾𝑎𝑝𝑡𝑜𝑛 𝐻𝑁 ® regarding a uniaxial tension test of
rectangular thin sheets are exhibited. The material characterization, specimen and test preparation are
specified as well as a detailed analysis of the software, VIC-3D, used for processing and assessing the
data. This chapter also includes the major observations and results obtained from the laboratory tests
which are able to be compared with the numerical simulations in the following chapters.
In chapter 4, a finite element analysis is carried out adopting the physical model from the
experimental procedure and for this purpose a commercial package, ABAQUS, is used. This chapter
contains the information regarding the material formulation, the model construction, the boundary
conditions chosen and the methodology implemented (eigenvalue buckling and nonlinear analysis).
Besides, a set of parametric studies is introduced in this chapter as well as the major results achieved
by the numerical formulation (buckling modes, wrinkle profile and stress distribution).
In chapter 5, the comparison between experimental results and numerical solutions is made in
detail, focusing on the out-of-plane displacement (wrinkle profile). It is also assessed the agreement
between both numerical results obtained in this dissertation and the ones produced by benchmark
cases.
In chapter 6, some recommendations and future work suggestions are presented as well as the
conclusions from the present project.
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2 Literature review
2.1 Wrinkling Criterion
Membranes are characterized by having zero or nearly zero stiffness, which implies that these
structures can only be subjected to tension. When compressive stress appear, the membranes becomes
unstable causing the growth of wrinkles (out-of-plane displacements). The width L’ of the sheet turns
smaller than L due to the effect of the compressive stresses, which leads to the generation of wrinkles.
It is also possible to see in Figure 2.1 the redistribution of the stress state from (a) to (b).
A membrane subjected to in-plane loading will generally exhibit one of the three structural states:
taut, wrinkled and slack. In a taut state, as shown in Figure 2.1a, the in-plane principal stresses are
tensile, which means that both major and minor principal stress directions are positive. In a wrinkled
state, one of the in-plane stresses vanishes (𝜎2 = 0) and the crests and troughs of the wrinkles (the lines
with the maximum out-of-plane deformation) grow along the major principal direction (tensile stress) as
illustrated in Figure 2.1b. The slack state is characterized by both minor and major principal stresses
equal to zero.

Figure 2.1 – Scheme of a membrane in (a) taut state and (b) wrinkled state (Zheng, 2009)

There are three different approaches to evaluate the wrinkling phenomenon. Besides the criterion
explored above regarding the sign of the principal stresses present in a membrane, there are also (i)
the principal strain criterion and (ii) the combined criterion. For the wrinkling criterion based on the
principal strains in the membrane, the taut state is identified by a tensile major principal strain, while the
minor principal strain is higher in value than the strain predicted by the Poisson’s effect in the case
where the membrane is only carrying out a uniaxial stress as explored by (Miller and Hedgepeth, 1982).
The wrinkled state is very similar to the taut one, considering only that the minor principal strain is equal
or less than the one due to the Poisson’s effect. The slack state is easily defined by both principal strains
non-positive.
Considering the combined criterion, the membrane is in taut condition if the minor principal stress
is positive. On the contrary, if this stress is non-positive, while the major principal stress is positive it is
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reached the wrinkled condition. The slack state is characterize by non-positive major principal stress
and strain. The criterions explained above can be gathered and presented below (Zheng, 2009).


Principal stress criterion

𝜎2 > 0 𝑇𝑎𝑢𝑡
𝜎2 ≤ 0 𝑎𝑛𝑑 𝜎1 > 0 𝑊𝑟𝑖𝑛𝑘𝑙𝑒𝑑
𝜎2 ≤ 0 𝑎𝑛𝑑 𝜎1 ≤ 0 𝑆𝑙𝑎𝑐𝑘



Principal strain criterion

𝜀2 > −𝜈𝜀1 𝑎𝑛𝑑 𝜀1 > 0 𝑇𝑎𝑢𝑡
𝜀2 ≤ −𝜈𝜀1 𝑎𝑛𝑑 𝜀1 > 0 𝑊𝑟𝑖𝑛𝑘𝑙𝑒𝑑
𝜀2 ≤ 0



𝑎𝑛𝑑 𝜀1 ≤ 0 𝑆𝑙𝑎𝑐𝑘

Combined criterion

𝜎2 > 0 𝑇𝑎𝑢𝑡
𝜎2 ≤ 0 𝑎𝑛𝑑 𝜀1 > 0 𝑊𝑟𝑖𝑛𝑘𝑙𝑒𝑑
𝜎1 ≤ 0 𝑎𝑛𝑑 𝜀1 ≤ 0 𝑆𝑙𝑎𝑐𝑘

In the conditions expressed above, 𝜎1 and 𝜎2 represent the major and minor principal stresses, 𝜀1
and 𝜀2 denote the major and minor principal strains, respectively and 𝜈 is the Poisson’s ratio.
The combined condition is a more robust and accurate description of the wrinkling state as it takes
into account both stress and strain parameters of the membrane. In the principal stress condition, it is
possible to find positive strains regarding the slack state, so an incomplete analysis is made. Besides,
in the taut state prescribed by the principal strain condition a negative strain can occur together with a
positive minor principal stress which is only contemplated by the combined condition.
As previously mentioned wrinkles are a result of the instability caused by the inability of these
structures to support compressive stresses due to the negligible flexural stiffness. There are two types
of wrinkles: temporary and permanent. The structural wrinkles, which are temporary in a membrane
structure, are a consequence of the elastic buckling of thin sheets and are reversible as they are
generated by loading or boundary conditions. The wrinkles which promote the yield of the material are
irreversible, and often called plastic or material wrinkles. This kind of wrinkles are permanent due to the
plastic deformation suffered by the membrane.
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2.2

Analytical studies

2.2.1 Tension field theory
The tension field theory assumes that the membrane has zero bending stiffness, and this
assumption is relevant to simplify the calculations of the thin film behavior. In fact, the tension field theory
gives an accurate prediction of the stress distribution and wrinkling region but it is not possible to validate
the results regarding the wrinkles amplitude and wavelength.
This theory was firstly introduced by Wagner (1929) in the study of the maximum shear load
tolerated by a thin metal web in a box girder. It was demonstrated that the structure could carry loads
several times higher than the initial buckling load that originated the wrinkles. This conclusion leads to
consider wrinkles as a load transmission mechanism which was investigated by Reissner (1938),
evaluating how the stress field, the magnitude and direction of wrinkles could dictate the response of
the deformed structure. Furthermore, Mansfield (1969) found a relation between the distribution of the
tension rays (defined as the lines of major principal stress) and the principle of strain energy, concluding
that the ray direction maximizes the membrane strain energy.
The tension field theory has been continuously developed by many authors and for many
applications. The concept of this approach is described hereafter. It is important to refer that the notation
used to formulate the tension field theory is based on the bibliography mentioned, so it may not
correspond to the notation adopted in the present work.
The main objective of the tension field theory is to determine the direction or orientation of the
tension rays when the membrane is in a wrinkled state. For the formulation of this notion it is considered
a flat linear-elastic, isotropic membrane of any shape with uniform thickness which is subjected to certain
planar displacements at its boundaries.
According to the principle of maximum strain energy, the true distribution of tension rays maximizes
the tensile strain energy, so this energy is only due to tensile stresses along the tension rays as there
are no direct or shear stresses across adjacent rays. To understand this principle, it is considered a thin
membrane with thickness 𝑡 with reference x-axis as shown in Figure 2.2. For the formulation of this
theory, two adjacent rays denoted by 𝐿𝐾 and 𝐿′𝐾′ are considered as well as their angles 𝛼 and 𝛼 + 𝛿𝛼
with the x-axis, respectively, which intersect each other at the point 𝐻. A general and arbitrary point in
the membrane, characterized by the angle 𝛼 and the distance of the tension ray 𝜂, is a function of 𝛼
and 𝑥. It is possible to establish an equilibrium equation of an infinitesimal element of the membrane
assuming that there is a continuity of the tensile load along the tension ray and between adjacent rays
as well as a no stress condition across successive rays as illustrated in Figure 2.3, described by:

𝜂𝜎𝜂 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
where 𝜎𝜂 denominates the normal stress along each ray.
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(2.1)

Figure 2.2 – A scheme of the membrane with two adjacent tensile rays (Mansfield, 1969)

Figure 2.3 – An infinitesimal element of a thin membrane between two rays (Mansfield, 1969)

The variation of the length of 𝐿𝐾 (𝛥𝛼 ) can be obtained by the integration of the strain 𝜀𝜂 along this
line and it is a function of the displacements applied at the boundaries of the membrane. Considering
the infinitesimal model adopted in (2.1), it is possible to infer the value of the constant:

𝜀𝜂 =

𝛥𝛼
𝜂
𝜂 (ln 𝜂2 )
1

(2.2)

where 𝜂1 and 𝜂2 represent the extreme values of 𝜂, as shown in Figure 2.2. Giving this result, it is
possible to obtain the strain energy in the membrane by integrating the same element comprehended
between two adjacent rays
𝜂2
1
1
1
𝑈 = 𝐸𝑡 ∫ ∫ 𝜀𝜂2 𝑑𝑆 = ∫ ∫ 𝜀𝜂2 𝑑𝜂𝑑𝛼 = ∫ 𝐹𝑑𝛼
2
2
2
𝜂1

and
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(2.3)

𝐹=

𝛥2𝛼
𝜂2 1
∫𝜂1 𝜂𝐸𝑡 𝑑𝜂

(2.4)

by simple geometrical correlations, the value of 𝜂 on the x-axis is given by:

𝜂𝑥 = ± (

𝑑𝑥
) sin 𝛼
𝑑𝛼

(2.5)

where the sign of the equation written depends on the position of the point 𝐻 relative to the x-axis. It is
possible to find the relation between the two variables 𝑥 and 𝛼 by maximizing the strain energy:

𝑥 ′′ 𝐹𝑥′ 𝑥 ′ + 𝑥 ′ 𝐹𝑥𝑥 ′ + 𝐹𝛼𝑥 ′ − 𝐹𝑥 = 0

(2.6)

where 𝑥 ′ = 𝑑𝑥/𝑑𝛼, 𝑥 ′′ = 𝑑 2 𝑥/𝑑𝛼 2 and 𝐹𝑥 = 𝜕𝐹/𝜕𝑥. It can be easily conclude that 𝐹 is a function of the
parameters 𝛼, 𝑥 and 𝑥′. Considering the equation above, it is possible to deduce that if 𝐹 does not
include the variable 𝑥 explicitly, it can be integrated once to obtain:

𝐹𝑥 ′ = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

(2.7)

Taking into account the formulation of this theory, it is possible to conclude that the distribution of
tension rays depends on the displacement components along these rays and with this information the
stress state and distribution are determined.
This theory has validation conditions given by:

𝛥𝛼 > 0
{𝜀 + 𝜈𝜀 ≤ 0
𝛼
𝜂

(2.8)

The Mansfield tension field theory is based on the assumption that membrane structures are unable
to support compressive stresses. From equilibrium conditions, the author developed wrinkle lines
equations for membranes with different shapes (cosine, parallelogram, triangular, pennant-shaped and
wedge-shaped), several distinct materials and various geometries.
A geometrically nonlinear theory is presented by Roddeman et al (1987), which is adequate for
large deformation wrinkling problems. This method consists on choosing a relevant tensor to be included
in the constitutive equations (modified deformation tensor), enabling the correct determination of the
stress state of a membrane. The analytical and numerical results show good agreement between
experimental tests, both for isotropic and anisotropic materials.
Later, Steigmann (1990) explored the application of the tension field theory in the analysis of
wrinkling in isotropic elastic membranes with finite deformations that are subjected to in-plane and
pressure loads. The main contribution of this work consisted on the derivation of a partial differential
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equation which characterizes a geometrical property of tension trajectories, enabling the study of the
stress distribution without taking into account the deformation.

2.2.2 Variable Poisson’s Ratio theory
This theory, also known as Wrinkling Theory (Stein and Hedgepeth, 1961) is an extent of the
tension field theory as it assumes the membrane, as a two-dimension continuum, is unable to support
any compressive stresses and it has negligible flexural stiffness. This model is able to determine the
stress state and the average displacements of partly or total wrinkled membranes.
The first assumption adopted in the formulation of this theory is that wrinkles allow the vanishing of
the compressive stresses through the membrane, enabling the minor principal stress to be non-negative
everywhere in the membrane. The material is assumed to have only wrinkled and taut regions in partly
wrinkled membranes, and the load in the wrinkled areas is supported by the wrinkles in the direction of
troughs and crests. It is easy to conclude that along the two principal directions the stresses are zero
(minor principal stresses) and nonzero, and the wrinkles tend to develop along the nonzero principal
stress (local major principal axis).
According to the assumptions mentioned above, it can be seen that in taut regions the membrane
behaves according to the linear-elastic plane stress theory. In wrinkled areas some constitutive relations
are deduced recurring to the variable Poisson’s ratio that should match the material Poisson’s ratio at
the boundaries between the wrinkled and taut regions. This analytical strategy is implemented in order
to include the additional contraction in the transverse direction, returning average displacements instead
of detailed deformations of the membrane.
The implementation of this theory was applied to three illustrative problems: (i) in-plane bending of
a stretched rectangular membrane, (ii) the bending of a pressurized membrane cylinder and (iii) the
rotation of a hub in a stretched infinite membrane. The principal conclusion made by the authors, that
also meets the predictions made by Mansfield (1969), is that the stiffness of the membrane structure is
not substantially affected at loads considerable above the load at which the wrinkling first occurs.

2.2.3 Theories with finite bending stiffness
Both tension field theory and wrinkling theory assume a membrane to have negligible bending
stiffness, which implies that the material could not carry any compressive stresses. However, the
bending stiffness of membranes was firstly taken into account in the gravity-induced “hanging blanket”
experience conducted by Rimrott and Cvercko (1986), and an analytical solution was achieved including
the compressive stresses component.
The experimental set consisted on a blanket hung between two supports and subjected to its weight
as illustrated in Figure 2.4. It was possible to observe the formation of wrinkles due the effect of gravity.
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Figure 2.4 – Wrinkles formed by a hanged blanket due to gravity (Rimrott and Cvercko, 1986)

In Figure 2.5a it is possible to find that the wrinkles formed in the blanket can be approximated by
a cosine shape function and the regions comprehended between two of these wrinkle lines are called
tension strips.
In order to reach equilibrium of the membrane in its out-of-plane configuration under the actuation
of the gravity, Rimrott and Cvercko (1986) concluded that each one of the wrinkles has to support a
uniform horizontal force component which is the same in every wrinkle. This fact implies that the
horizontal stress component, 𝜎𝑥 , is largest at the center of the wrinkle line and it increases as the
wrinkles start to get closer to each other (from bottom to top the distance between wrinkles is decreasing)
as shown in Figure 2.5b. Because the number of wrinkles in this problem is finite, and the amplitude of
each line is denoted 𝐴0 , … , 𝐴𝑛 , it is possible to create a geometric progression:

𝐴𝑖
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
𝐴𝑖+1

(2.9)

That would help to explain the argument followed by the authors. Besides the horizontal stress
component there is also a compressive component that reaches a maximum along the center line of
each wrinkle and vanishes at the edges of it. A relevant remark made by the authors is that the critical
compressive stress, 𝜎𝑐𝑟 , is unique and characteristic for each material subjected to the “hanging blanket”
experience. Additionally, a certain critical compressive stress is associated to a number of finite-sized
tension strips.
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Figure 2.5 – (a) Scheme of the wrinkle lines and tension strips formed on the hanging blanket and (b) stress
distribution along the centre line of the third tension strip (Rimrott and Cvercko, 1986).

In summary, it is assumed in this theory that the membrane as a nonzero bending stiffness and
therefore a finite number of wrinkles are formed in the material. This also means that there is a small
compressive stress actuating in the membrane and it is limited by a critical value. Unlike the other two
previous theories, in this case the strain energy in tension is zero (the material is considered inextensible
in tension) and negligible in compression, as the tensile strength in a wrinkle is infinite. However the
bending strain energy in a wrinkled membrane is not negligible.
This first experience can be perceived as an intuitive explanation to understand how a small
bending stiffness of the material is able to cause a finite number of wrinkles in a membrane, which is
subjected to compressive body forces mostly due to gravity. Besides, it also gives an estimate of the
amplitude of these wrinkles.
According to the work of the authors mentioned above, in order to characterize the wrinkling
phenomenon in a membrane it is important to know the number of wrinkles, their wavelength and their
amplitude. Epstein (2002) developed an ordinary differential equation to return that information. The
major assumptions made in this formulation are: (i) the membrane is unidirectionally wrinkled, (ii) the
curvature of the membrane is negleted, (iii) the wrinkles run parallel to each other and (iv) the wrinkles
assume a sinusoidal shape. For a certain longitudinal strain 𝜀1 and a transverse strain 𝜀2 , and taking
into account that the geometric strain is a function of (i) the membrane bending stiffness, (ii) the wrinkle
wavelength and (iii) the curvature of the wrinkle, it is possible to present the wrinkle amplitude given by:

𝐴 = √2𝑘𝐿(𝜉 − 𝜉 2 )

(2.10)

with 𝜉 = 𝑥/𝐿, being 𝑥 the coordinate along the direction of the wrinkles within the domain and 𝐿 the
length of the wrinkle. The parameter 𝑘 in the equation is:
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3𝜖22 𝑡 2
√
𝑘=
2𝜖1 (1 − 𝜈 2 )

(2.11)

A relevant work, made by Cerda and Mahadevan (2003), regarding the determination of the
wavelength and the amplitude of the wrinkles developed in a thin sheet under tension is mandatory to
fully complement the tension field theory. The formulation of this concept is presented below.
The problem consists on a rectangular elastic sheet with thickness 𝑡, width 𝑊, length 𝐿, Young’s
modulus 𝐸 and Poisson’s ratio 𝜈, subjected to a longitudinal stretching strain 𝜀. When this reaches a
critical value 𝜀𝑐𝑟 the membrane buckles and originates the wrinkling of the material. The authors begin
this formulation by defining the total energy that can be written as:

𝑈 = 𝑈𝐵 + 𝑈𝑆 − ℒ

(2.12)

where 𝑈 is the total energy, 𝑈𝐵 is referred to the bending energy, 𝑈𝑆 is stretching energy parcel and ℒ is
the term to account for the geometrical constraint that satisfies the inextensibility of the membrane.
The bending energy is due to the deformations suffered by the membrane, which are essentially
present along the transverse direction. It is given by:

2

1
𝜕 2 𝑢𝑧
𝑈𝐵 = ∫ 𝐵 ( 2 ) 𝑑𝑆
2 𝑆
𝜕𝑦

(2.13)

considering that 𝑢𝑧 is the out-of-plane displacement and 𝐵 = 𝐸𝑡 3 /[12(1 − 𝜈 2 )] is the bending stiffness
of the membrane. The stretching energy is a result of the tension 𝑇(𝑥) applied on the membrane in the
longitudinal direction:
2

1
𝜕 2 𝑢𝑧
𝑈𝑆 = ∫ 𝑇(𝑥) ( 2 ) 𝑑𝑆
2 𝑆
𝜕𝑥

(2.14)

The last component of the energy equation is a geometrical constraint to satisfy the inextensibility
condition of the sheet in the transverse direction.

2

1 𝜕 2 𝑢𝑧
𝛥
ℒ = ∫ ( ( 2 ) − ) 𝑏(𝑥)𝑑𝑆
𝑊
𝑆 2 𝜕𝑦

(2.15)

where 𝑏(𝑥) is the unknown Lagrange multiplier and 𝛥(𝑥) is the imposed compressive transverse
displacement. Therefore the inextensibility condition is:
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1 𝜕 2 𝑢𝑧
𝛥
∫ ( ( 2 ) − ) 𝑑𝑦 = 0
2 𝜕𝑦
𝑊

(2.16)

By vanishing the first variation of 𝑈 (𝜕𝑈/𝜕𝑢𝑧 = 0), is achieved the equilibrium equation:

𝐵

𝜕 4 𝑢𝑧
𝜕 2 𝑢𝑧
𝜕 2 𝑢𝑧
−
𝑇(𝑥)
+
𝑏(𝑥)
=0
𝜕𝑦 4
𝜕𝑥 2
𝜕𝑦 2

(2.17)

In order to be solved, the equation (2.17), there were some simplifications employed by the authors:
(i) the tension is defined as 𝑇(𝑥) ≈ 𝐸𝑡𝜀; (ii) the compressive displacement in the transverse direction is
also constant and given by 𝛥 ≈ 𝜈𝜀𝑊 (as a consequence, the Lagrange multiplier is constant too). Finally,
the out-of-plane displacement can be approximated using the series expansion:

𝑢𝑧 (𝑥, 𝑦) = ∑ 𝐴𝑛 sin(𝜔𝑛 𝑥)exp(𝑖𝑘𝑛 𝑦)

(2.18)

𝑛

where 𝜔𝑛2 = (𝑏𝑘𝑛2 − 𝐵𝑘𝑛4 )/𝑇. Considering that the out-of-plane displacement must be zero (𝑢𝑧 = 0) at
both ends of the sheet (𝑥 = 0 and 𝑥 = 𝐿), it can be deduced that 𝜔𝑛 = 𝜋/𝐿 (the first buckling mode only).
Therefore the Lagrange multiplier is 𝑏 = 𝜋 2 𝑇/(𝑘𝑛2 𝐿2 ) + 𝐵𝑘𝑛2 for each mode with wrinkle wavelength 𝜔𝑛 =
2𝜋/𝑘𝑛 . To find the amplitude of the wrinkle as a function of its wavelength, the equation (2.18) must be
included in equation (2.16), which is the governing equation for the inextensibility of the membrane.
Taking 𝑥 = 𝐿/2, one concludes that 𝐴𝑛 = 2(𝛥/𝑊)1/2 𝜆𝑛 /𝜋. The total energy can be re-written as:

𝑈 = 𝐵𝑘𝑛2 𝛥𝐿 + 𝜋 2 𝑇𝛥/𝑘𝑛2 𝐿

(2.19)

It is important to note that the Lagrange multiplier is a constant, so the last term of equation (2.12)
is vanished. With all the variables of the formulation known, it is possible to present the wrinkle amplitude
and wavelength, which are the two key parameters that characterize a wrinkling problem and the main
objective of the work made by these authors. The intermediate step in order to obtain the results written
below is to minimize the energy in equation (2.19), which gives:

1/4

𝜆=(

4𝜋 2
)
3(1 − 𝜈 2 )

(𝐿𝑡)1/2 𝜀 −1/4

(2.20)

1/4

42
𝐴=( 2
)
3𝜋 (1 − 𝜈 2 )

(𝜈𝐿𝑡)1/2 𝜀1/4

(2.21)

The experimental tests of polyethylene sheets carried out by the Cerda and Mahadevan (2003)
showed that the prediction of the wavelength is accurate but the solution related to the amplitude of the
wrinkles is not in good agreement with those.
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As stated before, for the characterization of the wrinkling phenomenon it is crucial to have
information about the stress state and distribution but the details about the wrinkles are also a relevant
reference. Wong and Pellegrino (2006b) studied the wrinkles wavelength and amplitude in two distinct
cases: a rectangular membrane in shear and a square membrane subjected to corner loads. For these
analyses, three general considerations were made. First, a two-dimensional stress field was consider
with the absence of compressive stresses in the membrane, so the wrinkles grew along the major
principal stress direction because the wrinkles occurred whenever a minor principal stress was zero. A
design stress field that satisfies equilibrium is found and a complementary energy strain associated to
this field allows a more accurate one. Secondly, a small (but not null) bending stiffness of the membrane
is assumed and hence a compressive stress component in the transverse direction is allowed assuming
that the compressive stress varies with half-wavelength (𝜆/2) of the wrinkles and is equivalent to the
critical buckling stress of a thin plane under uniaxial compression. The third assumption evaluated is
related to the amplitude of the wrinkles, which is determined by taking into account two components of
the total transverse strain: (i) a material strain (due to the Poisson’s ratio effect) and (ii) a wrinkling strain
(due to in-plane geometric contraction associated with the out-of-plane displacement). The result of this
sum must equalize the value imposed at the boundary conditions. It is important to refer that the
amplitude associated to the out-of-plane displacement is measured through sinusoidal shape functions
in a coordinate system aligned with the tangent and transverse directions of the wrinkles.
Regarding the analysis of a rectangular sheet in shear, with length 𝐿, width 𝑊 and thickness 𝑡,
where the two transverse edges are clamped while the two longitudinal edges are free, the wavelength
and amplitude of the wrinkles are given by:

𝜋𝑊𝑡
𝜆=√
√3(1 − 𝜈 2 )ϒ

𝐴=√

2𝑊𝑡 (1 − 𝜈)ϒ
√
𝜋
3(1 + 𝜈)

(2.22)

(2.23)

where the shear angle is represented by ϒ (angle between the imposed displacement and the width of
the membrane) and the Poisson’s ratio is 𝜈. It can be observed that both equations are directly
proportional to the width and thickness of the membrane as well as inversely and directly proportional
to the fourth root of the shear angle, respectively.
The second problem, which consists on a square membrane subjected to corner loads, performs
the same methodology from the previous case with some adaptations. As the tension field solution is
not known, four different non-compressive equilibrium stress fields are proposed in order to investigate
which one produces the lowest upper bound for the corner deflection, that would represent the best
approximation to the actual stress field in the membrane.

21

In this formulation, two regimes have been identified. The first one, occurring for 𝑇1 /𝑇2 <
1/(√2 − 1), consists on four separated fans of wrinkles near the corners of the square membrane which
forms a biaxial stressed region at the center as the uniaxial stressed regions do not join at the middle
as shown in Figure 2.6a. The other region, for 𝑇1 /𝑇2 > 1/(√2 − 1), two larger uniaxial stressed regions
join at the center, allowing a uniaxial region to be formed along one of the diagonals of the square and
due to this a small number of wrinkles grow through this line (from one highly loaded corner to the other
on the opposite side) as illustrated in Figure 2.6b.
The total number of half-wrinkles can be determined by performing an out-of-plane equilibrium
positioned at the middle of the wrinkle. At this point, the principal directions of curvature are 𝑟 and 𝜃 as
schematized at Figure 2.6c.

Figure 2.6 – (a) Equilibrium stress field (wedge fields), (b) equilibrium stress field (variable angle wedge field) and
(c) Radially stressed wedge region

So the number of radial wrinkles, considering that 𝑅𝜔 represents the outer radius of the wrinkled
zone, is given by:

4

𝑛=√

3√2𝜋 2 (1 − 𝜈 2 )(𝑅𝜔 + 𝑎)3
𝑇
64𝐸𝑡 3 (𝑅𝜔 − 𝑎)2

(2.24)

The amplitude of the wrinkles is achieved by equating the total hoop strain (from the in-plane
displacement field) to the sum of the material strain and the geometric strain, which is one of the general
assumptions adopted in this deduction. So, the wrinkle amplitude is given by:

𝐴=

1 𝑅𝜔 + 𝑎
2𝑅
√
(ln
− 𝜈) 𝑇
𝑛 2√2𝐸𝑡
𝑅𝜔 + 𝑎

(2.25)

where 𝑅 is the outer radius of the wedge stress field. It is possible to see that the amplitude of the
wrinkles is directly proportional to the square root of this parameter.
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2.3 Numerical studies
Numerical studies are carried out when the wrinkling problem has not a closed-form solution that
can be solved by the theoretical approaches described in the previous section. Therefore, the adoption
of the finite element method (FEM) becomes the only viable option to solve these complex problems.
Firstly, an iterative membrane properties (IMP) method based on the Stein-Hedgepeth theory was
initiated by Miller et al. (1985) where the material properties were recursively modified in order to
iteratively eliminate all the compressive stresses present in the membrane structure. A tension field
model modified by the introduction of a penalty parameter algorithm uses a nonlinear dynamic finite
element formulation with curvilinear cable and membrane elements in order to update the stress state
(Liu et al., 1998). Instead of modifying the material properties, this last method allows the user to select
a penalty tension field parameter in order to provide stiffness along the wrinkles direction, surpassing
the numerical singularities. A nonlinear geometric finite element analysis was used to simulate the
shapes of inflatable air-bags (Contri and Schrefler, 1988). In this analysis a non-compressive material
model, together with large out-of-plane displacements of elements, is employed to simulate a problem
that is a consequence of the lack of flexural stiffness.
The numerical implementation methods mentioned above are related to the tension field and
wrinkling theories, hence 2D membrane elements with no bending stiffness were chosen. The theories
which consider the bending stiffness of the material are modelled with thin shell elements in the
numerical analysis. In fact there are several authors using a geometrically nonlinear finite element
method with non-zero bending stiffness shell elements.
A numerical analysis of a rectangular sheet under uniaxial tension was made by Friedl et al. (2000),
using the shell element S4R5 with reduced integration and hourglass control. In this numerical
investigation, two geometries with a linear-elastic material behaviour were adopted and the eigenvalue
extraction was performed in order to understand and explain the phenomenon of compressive stresses,
which was the main objective of this work. The authors also present some analytical results regarding
the membrane displacements and the critical tensile stresses.
The same approach was used by Tessler et al. (2003), with the implementation of an elastic, quasistatic shell analysis and parametric studies of thin membranes subjected to in plane loads. As well as
in the previous formulation, it was tested a geometrically nonlinear analysis, updated with Lagrangian
characterization of equilibrium concept, using four-node shear deformable shell element (S4R5). Two
situations were taken into account: a flat rectangular membrane loaded in shear and a square
membrane actuated by corner loads. The main conclusion of this work is based on the extensive
parametric analysis performed, which allowed to conclude that the numerical methods regarding thinfilm membranes allow an accurate prediction of the wrinkling state of these membranes and also that it
is possible to simulate well the structure response of such highly flexible and under constrained wrinkled
structures. However, there are some obstacles as robustness, convergence, problem sensitivity, mesh
dependence and shell-element definition that seek for a careful evaluation of these situations. It is
important to note that one of the two materials chosen for the experimental tests (solar sail structure) is
a commercial 𝐾𝑎𝑝𝑡𝑜𝑛 𝐻𝑁 with Young’s module 𝐸 = 2590 𝑀𝑃𝑎 and Poisson’s ratio of 𝜈 = 0.34, which
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has almost the same properties as the one used in the present thesis, and the results provided from the
finite element code (in ABAQUS) showed good agreement with those obtained from the laboratory
experiences.
Adopting commercial 𝐾𝑎𝑝𝑡𝑜𝑛 and 𝑀𝑦𝑙𝑎𝑟 materials is becoming a common feature present in
several works e.g. Su et al. (2003). These authors evaluate a tensioned 𝐾𝑎𝑝𝑡𝑜𝑛 square membrane,
both numerically and experimentally, showing that both results are consistent. Two main conclusions
arising from the finite element simulations were detected: the wrinkles amplitudes decrease with the
increasing of the tensile load and the number of wrinkles as well as theirs distribution remains inalterable
until a limit load value is reached, which motivates the growth of new wrinkles typically splitting from the
existing ones.
For a rectangular sheet subject to shear along the long edges and a square sheet with corner loads,
Tessler et al. (2003) performed a finite element analysis with the aim of knowing the wrinkles details and
the comparison of the numerical data with the experimental one (Wong and Pellegrino, 2006). The
numerical methodology followed by the authors exhibits a robust strategy to compute the wrinkling
phenomenon and it is a good substitute of the physical experimentation, although it presents an
impractically long computer run time for realistic shape and size structures. Several shells elements
were analysed: 3-node triangular and 4-node quadrilateral elements as well as 4-node and 9-node
reduced integration thin-shell elements and an elastic material behaviour was adopted (𝐾𝑎𝑝𝑡𝑜𝑛 sheet).
It is important to refer that the Riks method, consisting on a geometrically nonlinear arc-length solution
method, was unable to provide a converged solution.
An adaptation of the previous model was developed by Diaby et al. (2006), using the total
Lagrangian formulation with the resulting zero bending stiffness membrane subjected to a pre-stressed
hyper elastic constitutive law. So, the bifurcation analysis is performed without the introduction of
imperfections in the material. An important update from the previous theory is the possibility, by
employing some efficient techniques, to vanish the singularities and complex roots when solving the
arc-length method. The concept was developed in the programmed language 𝐹𝑂𝑅𝑇𝐴𝑁 90, and the
critical values as well as the wrinkled regions were well predicted.
For a simpler problem, which consists on a rectangular silicone rubber membrane sheet subjected
to uniform tension along the shorter edges of the geometry, the wrinkling behaviour was characterized,
by experimental and numerical approaches. Zheng (2009) concluded that the wrinkling patterns are
highly dependent on the geometry of the membrane (length, width, thickness and aspect ratio), while
the wrinkles properties, namely the wavelength and amplitude are much more connected with the
external factors (including the boundary conditions and the loads applied). A further analysis was
performed by the author which consisted on dielectric elastomer membranes, enabling the vanishing of
the wrinkle instabilities. By other words, a stress field was applied introducing a compressive Maxwell
stress along the thickness direction. This field is capable of cancelling the membrane contraction due to
the tensile load applied by the expansion through the electrical load (at a calculated voltage).
The analytical models proposed by some authors are a complement of the finite element analysis
introduced by others. In fact, the configuration of Friedl et al. (2000) as well as the numerical results
were compared to an analytical formulation made by Jacques and Potier-Ferry (2005), which includes
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the bending stiffness of the material. The software ABAQUS is the finite element tool, and the 𝑆8𝑅5
shell-elements (quadratic elements with reduced integration and negligible transverse shear flexibility)
are chosen for the comparative review.
To the work stated by Cerda and Mahadevan (2003) and presented in the previous section are
added some considerations made by Puntel et al. (2001). Both formulations are based on equation
(2.12) (a constrained Föppl-von Kármán model) but the most recent one takes into account: (i) the inplane stretching due to the imposed displacement; (ii) the stretching energy with three-dimensional
energetic contributions; (iii) the dependence on the Poisson’s ratio and on the applied load and (iv) the
lack of any priori assumption regarding the shape of the wrinkle along the transverse direction (typically
assumed as a cosine shape). Therefore, the new scaling relations related to the wrinkle wavelength
and amplitude are:

4

𝜆≈√

16𝜋 2 𝑡 2 𝐿21
3(1 − 𝜈 2 )𝜀

4
64𝑡 2 𝐿21 𝜀
𝐴 ≈ √𝑔(𝜈, 𝜀) √ 2
3𝜋 (1 − 𝜈 2 )

(2.26)

(2.27)

where 𝑡 is thickness and 𝐿1 is half of the length of the membrane, 𝜀 is the stretch applied and 𝜈 is the
Poisson’s ratio. It is important to note that the wavelength equation remains valid, while the one
regarding the amplitude calculation accounts for a multiplicative factor, dependent on 𝜈 and 𝜀, due to
more general geometric constraints.

2.4 Scope of Present Study
The problem discussed in this thesis is well-known in the scientific community and has been studied
by several authors. It consists of a rectangular thin sheet clamped at two shorter edges and subjected
to uniaxial stretching along the longitudinal direction, leaving the longer edges free from constraints as
shown in Figure 2.7. For a wide range of aspect ratio values, the influence of the tensile load on the
appearance of compressive stresses along the perpendicular direction was evaluated by Frield et al.
(2000). As already referred, Cerda and Mahadevan (2003) presented some scaling laws in order to
predict the wrinkles wavelength and amplitude for the same rectangular sheet. A deep analytical study
was performed by Jacques and Potier-Ferry (2005), which showed a good agreement with three elastic
numerical models. According to the numerical and physical data reported by Zheng (2009), the wrinkles
amplitudes first increase and then decrease with the increasing of the stretching applied, which is not
entirely predicted by some analytical results, while the wrinkles wavelengths monotonically decrease.
Adding to these conclusions, Nayyar et al. (2011) stated that a transverse compressive stress is
developed in a thin polyethylene sheet for in-plane aspect ratio greater than one and that this
compression is accomplished by the Poisson’s effect at the clamped edges (boundary conditions).
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Besides, these authors noticed that the distribution and magnitude of the compressive stresses are a
function of the aspect ratio and the strain imposed, and also that for rectangular sheets with sufficiently
large aspect ratios the stress magnitude becomes independent of this parameter. The scaling relations
postulated by Cerda and Mahadevan (2003) were confirmed by Puntel et al. (2011) and Kim et al. (2012)
with some other considerations and analytical techniques, but showed that the wrinkling occurs only
under a critical strain, which depends on the aspect ratio of the rectangular sheet. The majority of the
works mentioned resort to the classical Föppl-von Kármán theory of plates, which was modified by
Healey et al. (2013) in order to account for large mid-plane strains.

W

L
Figure 2.7 – Scheme of a rectangular sheet with two clamped-ends subjected to uniaxial tension

In the model studied in the present work, the finite element analysis uses the software ABAQUS®.
It is adopted a large strain element S4R, which is a shell element with 4 nodes and reduced integration.
This large strain element uses a Mindlin-Reissner type of flexural theory that includes transverse shear,
being based on the plate theory (membrane and flexural stiffness). The analysis includes an eigenvalue
problem to calculate the critical strains and a non-linear process using the Newton-Raphson method to
obtain the stresses and displacements suffered by the membrane.
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3 Experimental Studies
This chapter presents an experimental study of the wrinkling patterns in initially flat and isotropic
𝐾𝑎𝑝𝑡𝑜𝑛® thin sheets subjected to in-plane tension loads by stretching the membranes along the
longitudinal direction with the shorter edges clamped through grips. To quantify these wrinkles, a 3D
Digital Image Correlation (DIC) technique is used with the characterization of the material previously
performed. These experimental results will then be compared to the numerical simulations made in
ABAQUS with the aim of creating a methodology to understand the wrinkling phenomenon by correctly
describing it.

3.1 Material characterization
The material used in the experimental studies is a 𝐾𝑎𝑝𝑡𝑜𝑛 𝑇𝑦𝑝𝑒 𝐻𝑁 ® polyimide film whose
properties are described in (DuPont, 2011) and (DuPont, 2014). In order to experimentally obtain the
physical properties of the material, it was adopted the ASTM D 882-91A procedure which is a standard
test method to evaluate the tensile properties of thin plastic sheeting (ASTM, 2002). This standard
procedure is appropriate to the determination of tensile properties of thin sheet plastics with a thickness
inferior to 1 mm, so that both of the thickness values considered in this work (0.025 mm and 0.05 mm)
are included in this range. An INSTRON machine with a fixed member and a movable member was
used in order to obtain the stress-strain curve for each specimen tested, regulating the load and
extension indicators. Regarding the test specimens, the ASTM method specifies that: (i) the strips of the
material should have a uniform width between 5 and 25.4 mm; (ii) the width to thickness ratio should be
greater than 8 and (iii) a typical length of 250 mm should be chosen. Taking these rules into account,
the specimens tested for both thicknesses had 25 mm of width and 250 mm of length. In order to have
reliable results, 5 specimens for each thickness were tested. Another parameter needed for the material
evaluation is the speed of testing, which in accordance to the method is calculated by:

𝐺 = 𝐷𝐶

(3.1)

being G the rate of grip separation in mm/min; D the initial distance between grips in millimetres and C
the initial strain rate (mm/(mm.min)). Consulting the table present in the standard procedure it was found
that the strain rate (or rate of grip separation) of the experimental tests should be 25 mm/min.
For a thickness of 25 μmm, the stress-strain curve of five specimens respecting the conditions
imposed by the standard method described above were registered and are presented in Figure 3.1. It
is possible to observe a superposition of the five specimens curves, which the premature break in
different cases might be justified by the misalignment of the grips and the slippage conditions at the
clamped-edges. To prevent slipping, a compressor actuating at the claws was activated imposing a
pressure of 6 bar, which improved the test conditions considerably.
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Figure 3.1 – Uniaxial tensile test results for 25 𝜇𝑚 𝐾𝑎𝑝𝑡𝑜𝑛®

Regarding the specimens with 0.05 mm (50 μmm) thickness, the stress-strain curves obtained are
presented in Figure 3.2.
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Figure 3.2 – Uniaxial tensile test results for 50 𝜇𝑚 𝐾𝑎𝑝𝑡𝑜𝑛®

Considering the best representative curve for each thickness, it is possible to compare it with the
curve provided by the supplier, exhibited in the catalogue (DuPont, 2011). For the smaller thickness
value, the curves are overlapped until the break of the specimen of the experimental curve, but it is not
possible to predict the behaviour of the material from that point as more than half of the theoretical curve
is not represented by the experimental points as shown in Figure 3.3.
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Figure 3.3 – Comparison of the material experimental and manufacturer stress-strain curves for 25 𝜇𝑚 𝐾𝑎𝑝𝑡𝑜𝑛®

For the bigger value of the thickness it is possible to notice a concordance between the points from
both experimental and theoretical curves during the elastic regime (until a strain of 3% according to the
supplier) and an increase of the stress for the same strain applied regarding the experimental curve
after the elastic regime as seen in Figure 3.4.
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Figure 3.4 – Comparison of the material experimental and manufacturer stress-strain curves for 50 𝜇𝑚 𝐾𝑎𝑝𝑡𝑜𝑛®

For both thicknesses (25 μmm and 50 μmm), it was possible to describe well the elastic region
according to the elastic properties listed in Table 3.1, which are based in the manufacturer data in
(DuPont, 2014).

Table 3.1 – Elastic properties of the material

Parameter
Young Modulus E (MPa)
Poisson’s Ratio ν
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Value
2500
0.34

In summary, the material stress-strain curve considered in the next chapters is the one given by
the manufacturer, which is consistent with that obtained from the experimental tests. This means that
both experimental and manufacturer curves are very similar in the linear regime as well as in the nonlinear area (elastic-plastic).

3.2 Set-up
3.2.1 Specimen Preparation
The material used in the experimental tests is a commercial 𝐾𝑎𝑝𝑡𝑜𝑛 𝐻𝑁 ® with a range of two film
thicknesses (0.025 mm and 0.05 mm), presenting a Young Modulus of 2500 N/mm 2 and a Poisson’s
ratio of 0.34. Membranes were cut into rectangular shapes by keeping the width of the specimens
considered in the experimental procedures with a constant value of 50 mm, while the length assumes
two values: 100 and 200 mm as suggested in Table 3.2.

Table 3.2 – Reference sheet dimensions

Dimension

Sheet 1

Sheet 2

Sheet 3

Sheet 4

Width W (mm)

50

50

50

50

Length L (mm)

100

100

200

200

Thickness t (mm)

0.025

0.05

0.025

0.05

These dimensions are the core set for the experimental and numerical analysis. However some
other arrangements are made towards the investigation of the wrinkling behaviour in several sheets
regarding both thicknesses (0.025 and 0.05 mm). This study is presented in the present section and
Table 3.3 below has a compilation of the geometry of the membranes tested.
Table 3.3 – Dimensions of additional sheets

Dimension

Width W (mm)

Length L (mm)

Aspect Ratio (L/W)

Sheet 5

35

35

1

Sheet 6

50

50

1

Sheet 7

50

75

1.5

Sheet 8

35

70

2

Sheet 9

50

125

2.5

Sheet 10

35

105

3

Sheet 11

50

150

3

Sheet 12

35

140

4
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The strips were tailored to be a little bit longer than the membrane length, because an over
measured rectangle with the size of the grips (50 mm x 60 mm) is left in each of the short edges in order
to favour the mounting system as shown in Figure 3.5. To avoid slipping between the specimen and the
grips, an additional pressure is imposed in the claws by using a compressed air system.
A speckle pattern is made on each specimen using white and black paints as a requirement for the
3D digital image correlation software. This pattern is typically obtained by defining a central area of 40
mm along the length and covering the whole width with the same distance from the edges as seen in
Figure 3.6a.
The specimen is clamped in the vertical plane and stretched upright to optimize the measurement
of the wrinkles as the sag due to gravity is minimized. The process of preparing and mounting the strips
should take into account the possible misalignment of the membrane as well as the tendency to induce
initial imperfections by the clamping action.

Figure 3.5 – The uniaxial tension test: photograph of the experimental procedure set-up

3.2.2 Test Procedure
After the specimen preparation it is necessary to assemble the experimental conditions, which
include three generic steps: (i) preparing the cameras by adjusting the optimal focus and distance, (ii)
calibrating the camera system and (iii) acquiring the images. A commercial 3D Digital Image Correlation
package, named VIC-3D (Correlated Solutions, 2010), is used for the purpose of this work.
The two cameras adopted have 5 megapixel definition with a 75 millimetres lens each. Regarding
the aperture of the lens, which regulates the quantity of light passing through the sensor, it can be
specified within a range between f/2.8 and f/32, being f the focal length of the lens (in mm). It was chosen
a lens aperture of f/8 for every test performed in the laboratory as it is indicated by the software’s guide
that an exposure time greater than f/16 could induce blurry images. Another parameter regarding the
camera’s calibration is the exposure time, which is typically assumed to be proportionally less than 1/f,
so it was chosen a value near 10 milliseconds. It is recommended by the supplier that the angle between
the two cameras and the specimen should be at least 15° for lens of 75 mm. This requirement was
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fulfilled by positioning the cameras 0.5 m from each other and with a distance of 1 m from the specimen.
The last factor affecting the calibration of the cameras is related to the light, so a lamp is put behind the
cameras (approximately at a distance of 1.5 m from the membrane) parallel to the vertical plane in order
to have a uniform distribution of the light in the area of interest of the specimen. It is also important to
guarantee that the speckle pattern remains in the field of view of the cameras, so they are adjusted both
horizontally and vertically counting with the stretching of the sheet.
The second step is the calibration of the images captured by the cameras, which is accomplished
by taking 15 to 20 images to a grid with the size of the field of view (in this case with 4 mm pitch), varying
the orientation of the calibration panel (rotation about all the 3 axes and different translations) but it
should be verified that the image is visible in both cameras as seen in Figure 3.6b. The result from this
calibration is presented in the form of score (that translates the standard deviation of residuals for all
views), which should appear in green colour in order to represent a good calibration. For each specimen
tested in the laboratory, a new calibration process was started with the aim to minimize the parameters
(as light, movement of the cameras, positioning of the membranes and others) that could affect the
results.
The third step is the acquisition of the images and, for this stage, the specimen is installed in the
INSTRON machine, being applied a minimum pre-stretch (< 0.1%) to avoid initial slack in the sheet. The
INSTRON machine is controlled by the Blue Hill 3 software (Blue Hill 3, 2010) where a velocity (moving
of the upper grid) of 15 mm/min is imposed. The criteria for the choice of the velocity mentioned is based
on the relation between the number of images (computer memory) needed and the quality of the results
(that depends on the capacity of the VIC-3D to follow the behaviour from image to image). The load cell
associated to the INSTRON machine has a capacity of 10 kN. Through the VIC-SNAP command, it is
selected the time captured function adopting a frequency of 2 Hertz (2 images per second).
Taking all the conditions presented before into account, the experimental test can be performed with
the objective to export data involving the displacements and the stresses in the membrane.

(a)

(b)
Figure 3.6 – Test (a) apparatus and assembly (b) calibration

With the experimental procedure, it is possible the occurrence of some systematic errors. Even
very small misalignment of the grips in the uniaxial tension test system can affect the results as well as
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the parallelism between the cameras and the specimen around the three axis of freedom (horizontal,
vertical and depth directions). The lightning system can also influence the results as a consequence of
the incidence of light in the specimen which can introduce better or worse quality and definition into the
images captured by the cameras. Because the painting of the specimen is a manual operation, it can
lead to some minor errors (the only way to assess the accuracy of the painting is visually i.e. by “naked
eye”).

3.3 Results
3.3.1 Wrinkle Profile
The specimens considered in the experimental tests have different aspect ratios (L/W) and their
thicknesses vary between t=0.025 mm and t=0.05 mm. In this section, the out-of-plane displacement of
membranes with L/W= 2 and L/W=4 and a thickness of 0.05 mm are presented. The wrinkle profile
along the width of the rectangular specimen is presented for a set of incremental edge displacements:
(i) in Figure 3.7 for a low to moderate displacements, (ii) in Figure 3.8 for moderate to high displacements
and (iii) in Figure 3.9 for high to very high displacements. For each edge displacement shown, it is
presented (i) the real painted membrane image on the left, (ii) the processed image regarding the
painted area returned from the VIC-3D software on the top, (iii) the wrinkle profile obtained from that
image along the transverse middle plane on the bottom and (iv) the scale reported by the programme
during the analysis for the correspondent image on the right side.
It was possible to observe during the experiments that the expected initial configuration of a flat
plane membrane before stretching was replaced by a partly taut or slack surface with some undulations
due to the imperfections induced by the preparing and mounting of the uniaxial tension test. This
phenomenon starts to vanish with the longitudinal stretching of the membrane, which concurs with the
formation of the wrinkling profile at the centre of the strip that is independent from the initial undulations.
From the observation of Figure 3.7a, it is possible to notice the formation of three crests along the
direction of the application of the edge displacement in a symmetric profile. The number of crests and
valleys increases (up to 5 distinguished crests) with the increasing of the load applied and the largest
crest is located in the middle of the width, being symmetric about the y-axis. This tendency is well
recognized for intermediate values of edge displacement in Figure 3.8, in which the different amplitude
between crests and valleys becomes more evident. So, the wrinkles are not of uniform amplitude,
adjusting themselves to damped sinusoidal functions as already admitted in the theoretical formulation
in (2.18).
Still observing the figure exhibited below, it is possible to notice that for an increasing deformation
(translated by the increasing of the edge displacement) the obvious fluctuations registered indicate the
tendency of new wrinkles deriving from the old ones (Wang et al., 2007) as it is well illustrated in Figure
3.9.

33

(a)
0,2
0
-30

-20

-10

0

10

20

30

0

10

20

30

0

10

20

30

-0,2
-0,4

(b)
0,2
0
-30

-20

-10
-0,2

-0,4

(c)

0,2
0
-30

-20

-10
-0,2
-0,4

Figure 3.7 – Out-of-plane displacement along the transverse direction of a membrane with L/W=2 and t=0.05 mm
(Sheet 2) obtained by 3D image correlation for low to moderate values of edge displacement (a) 8.8 mm; (b) 11.7
mm; (c) 14.7 mm
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Figure 3.8 - Out-of-plane displacement along the transverse direction of a membrane with L/W=2 and t=0.05 mm
(Sheet 2) obtained by 3D image correlation for moderate to high values of edge displacement (a) 17.6 mm; (b)
20.5 mm

It is important to point out that the free edges of the membrane exhibit large values of deformation,
which is not expected due to the clamped short edges capable of inducing a taut condition into these
sides. However, as the real test assembly cannot produce the ideal constraints, the tension along the
longitudinal direction of the membrane is not perfectly and uniformly distributed, generating a slack
condition at the free edges instead of a taut one. This produces the curly behaviour illustrated in the
figures mentioned for all the edge displacements. With the increasing of the load, the tension imposed
to the sheet increases, diminishing the curly effect registered at those sides. The evolution of this effect
can be verified in Figure 3.9, in which the free edge out-of-plane displacement approaches zero.
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Figure 3.9 - Out-of-plane displacement along the transverse direction of a membrane with L/W=2 and t=0.05 mm
(Sheet 2) obtained by 3D image correlation for high to very high values of edge displacement (a) 23.5 mm and (b)
26.4 mm

As referred in the previous section, the experimental uniaxial tension test is performed by an
INSTRON machine (using the Blue Hill 3 software) with an imposed velocity and controlling the edge
displacement and the load applied to the membrane (returning the stress and strain curve). However,
the measurement of the wrinkle profile (out-of-plane displacement) is achieved by using the VIC-3D
software. So, it is necessary to do the synchronization of the two programmes, which is possible
recurring to a direct relation between the total number of photographs (from the VIC-SNAP command)
and the total time associated to the INSTRON machine as the number of images per second is fixed (2
Hz). In conclusion, to each picture taken there is a correspondent time of the tension test and a
respective force (in form of edge displacement) associated, which allows the comparison between the
strain suffered by the membrane and the wrinkle profile incorporated. This procedure is well described
in Table 3.4 for the both aspect ratios L/W=2 and L/W=4 and a thickness of 0.05 mm for the experimental
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analysis presented in this chapter. Recurring to this table it is also possible to know the total number of
images captured by the 3D software (at a frequency of 2 Hz) and the total time of the uniaxial tension
test guided by the INSTRON machine, calculating the correspondent edge displacement for each
photograph.
Table 3.4 – Synchronization between the INSTRON machine and the VIC-3D software

L/W=2 and t=0.05 mm
Photo

Time (s)

Number

L/W=4 and t=0.05 mm

Edge displacement

Photo

(mm)

Number

Time (s)

Edge displacement
(mm)

60

35.19

8.8

60

29.17

7.29

80

46.92

11.73

80

38.89

9.75

100

58.65

14.66

104

50.56

12.64

120

70.39

17.60

120

58.34

14.59

140

82.12

20.53

145

70.49

17.63

160

93.85

23.46

160

77.79

19.45

180

105.59

26.4

190

92.37

23.09

200

117.32

29.32

220

106.96

26.74

290

170.11

42.52

240

116.68

29.18

394

231.12

Total

260

126.41

31.59

300

145.85

36.46

360

175.03

43.75

400

194.47

48.63

610

296.58

Total

For processing the images using the VIC-3D software, it is required the specification of two
parameters (subset and step) that control the mesh size and running time. The step value is related to
the time of the analysis and the default value is always assumed, while the subset parameter is
associated to the size of the mesh that depends on the manual paint pattern (typically chosen a value
of 100). Regarding other analysis parameters, all the default conditions (interpolation with optimized 6tap, normalized square differences and Gaussian weights for subset) are assumed as it was verified
that they translate the most appropriate choices for this particular problem.
The out-of-plane displacement for a specimen with L/W=4 is also drawn in Figure 3.10. Similar to
the previous results, for this case the number of crests and valleys increases as the membrane is
stretched. It can also be observed that the wrinkling profile is similar to the one presented for L/W=2,
however the overall amplitude of the wrinkles is lower. It is visible in this figure that due to the fact that
the initial unstressed configuration is not perfectly flat, some waves in the transverse direction appear
initially and spontaneously after the load is applied. For L/W=4, the amplitude between crests and valleys
increases up to a strain of approximately 15% and then it decreases as the edge displacement
increases.
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Figure 3.10 – Variation of the out-of-plane displacement along the transverse direction of a membrane with L/W=4
and t=0.05 mm for several edge displacements

3.3.2 Discussion
For the same membrane plane dimensions, 50 x 100 mm, and for both thicknesses t=0.025 and
t=0.05 mm it is plotted in Figure 3.11 the relation between the maximum wrinkle amplitude registered
and the edge displacement suffered by the membrane at a strain rate of 15 mm/min.
From the graphic, it is verified that the maximum wrinkle amplitude first decreases due to initial
wrinkles but it starts to increase at approximately 3 to 5% of strain, which can be assumed as the critical
strain (the moment when wrinkle amplitude starts to increase). Similar predictions were found in the
works Nayaar et al. (2011) and Zheng (2009). After reaching the peak approximately at strains between
10% and 15%, the maximum wrinkle amplitude starts to decrease gradually, but do not vanish (the zero
value cannot be reached for large strains in the experiments because the membrane fails suddenly). It
was also verified through all the experimental tests performed that the strains achieved by the thicker
material t=0.05 mm were largest than the ones obtained by the lowest thickness t=0.025 mm, which is
a tendency visible in the Figure 3.11.
It can also be observed as expected, comparing both curves in Figure 3.11, that the thicker sheet
displays a maximum amplitude lower than the membrane with lower thickness, which is also a behavior
confirmed by other experimental tests (Nayaar et al., 2011).
In conclusion, the thickness of the material influences the maximum wrinkle amplitude and
consequently it is a critical variable in the overall wrinkling phenomenon. Another parameter that has an
effect on the wrinkling profile is the aspect ratio, L/W, of the membrane, which is studied in Figure 3.12.
For both aspect ratios (L/W=2;4), the membrane thickness is fixed t=0.05 mm in order to eliminate the
effect of this variable on the parametric study presented.
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Figure 3.11 – Variation of the maximum wrinkle amplitude with the edge displacement for membranes with L/W=2
and thicknesses of t=0.025 mm and t=0.05 mm

From the graphic below it is seen that for a larger value of the aspect ratio, the maximum wrinkle
amplitude peak achieves a lower value. However, for strains up to 10%, the proximity of the two curves
is visible for the same strain rate of 15 mm/min in the uniaxial tensile test. Similar evidence was obtained
by Nayaar et al. (2011). Although the edge displacement suffered by the membrane for two different
aspect ratios is approximately equal, the strains associated to the sheet with inferior dimensions are
higher, as it can be easily find in the Figure 3.12. It can also be referred that for an aspect ratio of L/W=4,
the maximum wrinkle amplitude is significantly lower than the one accomplished by the sheet with aspect
ratio 2 (L/W= 2).
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Figure 3.12 – Variation of the maximum wrinkle amplitude with the strain for membranes with L/W=2 and L/W=4
for a thickness of t=0.05 mm
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In Figure 3.13, it is observed that the wavelength of the central wrinkle decreases monotonically
with the tensile strain applied. This has been already predicted by the theoretical formulation expressed
in equation (2.20). According to the information drawn in the graphic, the wavelength of the central
wrinkle is considerably dependent on the aspect ratio of the membrane up to strains of 15%, in which
this variable tends to present more similar paths and values.
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Figure 3.13 – Variation of the wrinkle wavelength for a membrane with t=0.05 mm

Figure 3.14 shows the experimental results performed using specimens with aspect ratios of 1, 1.5,
2, 2.5, 3 and 4 for both thicknesses (0.025 and 0.05 mm). It is possible to observe wrinkles in a larger
range of length-to-width relations for the smaller thickness, especially regarding the lower value (35 mm)
of the membrane width. As a common feature it is possible to confirm that for square shapes (aspect
ratio 1), the formation of wrinkles is not observed which is a behaviour already predicted by the theory
and supported by the principal strain criterion. Generally, the amplitude of the wrinkles for the thicker
material is smaller indicating that for some aspect ratios these wrinkles become vanished.
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Figure 3.14 – Observation of wrinkles as a function of the sheet length and width for a thickness: (a) t=0.025 mm
and (b) t=0.05 mm
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4 Numerical Studies
The present chapter aims to develop finite element models to study wrinkling phenomena. They
are based on the numerical analysis of a rectangular membrane geometry subjected to uniaxial tension
using the commercial finite element software ABAQUS (ABAQUS, 2012). The objective of this study is
to investigate the wrinkling behaviour, by evaluating the stress/strain state and distribution of wrinkles
as loading progresses. For this simulation, it is implemented a three-step model with shell elements,
which allows the inclusion of a small (but still crucial) bending stiffness component. Some parametric
studies are also shown in this section, regarding the mesh refinement, imperfection sensitivity and
stabilizing factor in order to know the contribution of each parameter in the obtained solution.

4.1 Finite Element Method for Wrinkling Analysis
The finite element analysis is a numerical procedure used to solve complex structural problems,
which are impossible to solve in closed form. The commercial software ABAQUS (ABAQUS, 2012) is
employed along this document and it fits the purpose as it is capable of solving geometric nonlinear
problems, giving an accurate solution efficiently. There are three types of nonlinearity: geometric,
material and boundary. The geometric nonlinearity, which is considered in the present study, is due the
large deformations suffered by the structure from the application of loads and boundary conditions. This
kind of condition is typically included for a large deformation and moderate strain case, which is in
agreement with the membrane under uniaxial tension load case.
For solving nonlinear problems, ABAQUS applies an iterative approach by dividing the simulation
into several linear increments. After each increment, a new structural configuration is presented and a
new structural behaviour (tangent stiffness matrix) is calculated in order to solve the structural problem
for displacement increments, which are added to the previous deformations. So, the tangent stiffness
matrix is only a function of the internal forces and deformation at the beginning of each increment.
The nonlinearity can be solved by two numerical techniques: the Newton-Raphson method and the
RIKS method. In the Newton-Raphson scheme, the effective stiffness matrix is reformed for each
equilibrium iteration within all the time/load steps. The solution is obtained by solving a sequence of
nonlinear equilibrium equations with increasing load or displacement. The advantage inherent to this
method is the quadratic convergence rate with respect to the number of iterations, so it is appropriate
for strongly nonlinear problems. However, the accurate convergence obtained by the factorization of the
effective stiffness matrix is time consuming, making the resolution of some problems impracticable. The
modified RIKS (arc-length method) method, also denominated by the arc length method, assumes that
the solution arises from a single equilibrium path in a space defined by the loading parameter and the
nodal displacement parameter. Both parameters are used in order to solve a sequence of equilibrium
equations, which are controlled in each increment instead of controlling just one like in the NewtonRaphson method. This implies less effective stiffness matrix calculations, and as a consequence the
convergence is affected (divergence can possibly occur), but the computational cost is improved. In fact,
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some previous studies performed by Wong and Pellegrino (2006) and Zheng (2009) showed that the
arc length method could not reach convergence due to highly localized instability, so the NewtonRaphson method is used throughout this dissertation.

4.2 Analysis Procedure
The three-step analysis performed in the commercial software ABAQUS (ABAQUS, 2012) is presented
in Figure 4.1.

FE model:
Geometry
Element type
Material Properties
Boundary Conditions
Mesh Size

Initial Conditions
*STATIC, NLGEOM ON

Buckling analysis
*BUCKLE, LANCZOS
𝐾0 + λ𝑖 𝐾Δ ν𝑖 = 0

Read buckling load
𝑃𝑐𝑟𝑖𝑡 = 𝑃0 + λ𝑖 𝑃Δ
Read buckling modes
ν𝑖

Introduction of geometric
imperfection
*IMPERFECTION
New boundary conditions

Nonlinear analysis
*STATIC, NLGEOM ON
*STATIC, STABILIZE

Figure 4.1- Scheme of the procedure adopted in ABAQUS (ABAQUS, 2012)

The first step of the numerical scheme consists in pre-tensioning the rectangular membrane
followed by a static, geometrically nonlinear equilibrium check. In the second step, an eigenvalue
buckling analysis is carried out in order to extract the bifurcation or Euler buckling loads and the buckling
modes. The shape of the mode is introduced, in a new input file, as imperfections of the initially flat
surface. Then, a nonlinear analysis is performed (after the application of the pre-load) followed by a
static analysis with a stabilize factor controlling the convergence of the solution.

42

4.2.1 Initial Conditions
First, it is necessary to build the finite element model, defining the geometry and the simulation
details as the element type, the material properties and the mesh size as well as the boundary
conditions. The first step regarding the analysis procedure consists in applying an edge displacement
in order to have a pre-strain to ensure a stabilized membrane. It is important to guarantee that the pretension considered is large enough to produce positive eigenvalues, without affecting the results. This
first step is concluded after a static, geometrically nonlinear equilibrium check (∗ 𝑆𝑇𝐴𝑇𝐼𝐶, 𝑁𝐿𝐺𝐸𝑂𝑀) is
done to re-distribute the pre-stress state, together with small in-plane displacements.

4.2.2 Buckling analysis
The second step carried out in this analysis is the eigenvalue extraction of the pre-stressed
membrane, which allows the determination of the critical buckling loads as well as the buckling modes.
The eigenvalue prediction is made by selecting the ∗ 𝐵𝑈𝐶𝐾𝐿𝐸 option in the ∗ 𝑆𝑇𝐸𝑃 menu. The boundary
conditions associated to this stage that would be included in the calculation of the stiffness matrix are a
new edge displacement and also the initial stress and displacements from the previous step of the
analysis.
The typical buckling problem searches for the buckling/bifurcation loads for which the model
stiffness matrix becomes singular as written in (4.1).

𝐾 𝑀𝑁 𝜐 𝑀 = 0

(4.1)

where 𝐾 𝑀𝑁 refers to the tangent stiffness matrix when the loads are applied; 𝜐 𝑀 are the nontrivial
displacement solutions and 𝑀 and 𝑁 are the degrees of freedom of the entire model. For the eigenvalue
buckling analysis there are two models available in the software ABAQUS: the subspace iteration and
the Lanczos method.
The equation (4.1) would be adequate if the first step in an analysis is the eigenvalue buckling
analysis. However, the base state in the present buckling analysis is the model state at the end of the
initial step induced by the application of preloads (“dead” loads) 𝑃𝑁 , which in this case is in the form of
edge displacement. So, it is implicit that the buckling loads are calculated relative to the base state of
the structure. Besides that, an incremental load (“live” load) 𝑄𝑁 is considered in this step. The magnitude
of this loading is not relevant as it will be scaled by the load multipliers 𝜆𝑖 . The formulation follows the
equation (4.2).

(𝐾0𝑀𝑁 + 𝜆𝑖 𝐾𝛥𝑀𝑁 )𝜐𝑖𝑀 = 0

(4.2)

The term 𝐾0𝑀𝑁 represents the stiffness matrix corresponding to the base state, which includes
the effects of the preloads and the term 𝐾𝛥𝑀𝑁 is the differential initial stress and load stiffness matrix due
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to the incremental load pattern 𝑄𝑁 , both symmetric matrices. The parameters 𝜆𝑖 and 𝜐𝑖 correspond to
the eigenvalues and the eigenvectors (buckling mode shapes), respectively, in which 𝑖 is the 𝑖 𝑡ℎ buckling
mode. It is easily concluded that the buckling load can be expressed as:

𝑃 = 𝑃 𝑁 + 𝜆𝑖 𝑄 𝑁

(4.3)

The value of the 𝜆𝑖 must be the lowest possible, while the preload pattern and the perturbation load
pattern could be different, and in this case they are both assumed as edge displacements. This logic
can be better translated by considering a pre-strain 𝜀𝑝𝑟𝑒 and an incremental strain 𝜀0 , both obtained from
the edge displacements, in an eigenvalue buckling analysis:

𝜀𝑐𝑟𝑖𝑡 = 𝜀𝑝𝑟𝑒 + 𝜆𝑖 𝜀0

(4.4)

where the critical buckling strain is calculated from the value of the eigenvalue 𝜆𝑖 and the buckling modes
are used as imperfections in the nonlinear analysis. The mode shapes 𝜐𝑖 delivered by the eigenvalue
buckling analysis are normalized vectors, meaning that they do not represent the actual magnitudes of
deformation at critical loads. The objective of the normalisation is to impose the maximum displacement
component to have a magnitude of 1. These buckling mode shapes are often the most useful outcome
of the eigenvalue analysis, since they are a valid indicator of the failure mode of the structure (a
qualitative prediction).

4.2.3 Nonlinear Analysis
The buckling modes extracted in the previous step are included into the nonlinear analysis as a set
of geometric imperfection in the initial flat rectangular surface of the membrane, using a linear
combination of some of those buckling modes. The first buckling modes are usually the best estimate
for the failure modes of the structure and assumed to provide the most critical imperfections, so these
are scaled and added to the “perfect” geometry based on a linear superposition of buckling modes in
order to create the perturbed mesh. However, the selection of the imperfection modes should follow the
predicted wrinkling pattern, which means that the eigenvectors considered for the nonlinear analysis
must adopt and approximate the wrinkling behaviour of the structure.
To introduce these imperfections in the form of out-of-plane displacements into the initially perfect
geometry it is necessary to activate the ∗ 𝐼𝑀𝑃𝐸𝑅𝐹𝐸𝐶𝑇𝐼𝑂𝑁 option in ABAQUS®, prescribing the
formulation in equation (4.5).

𝛿𝑧 = ∑ 𝜙𝑖 𝜐𝑖
𝑖
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(4.5)

where 𝜐𝑖 is the 𝑖 𝑡ℎ mode shape and 𝜙𝑖 is the correspondent shape factor. It is important to note that the
scale factor is determined as a function of the shell thickness of the membrane and it is proportional to
the mode shape, so the largest scale factor should be used for the lowest mode shape because this
one translates the most critical imperfection. However, for imperfection sensitive structures, a study
regarding the influence of the eigenvectors chosen as well as the scale factor applied should be
performed.
The nonlinear analysis is complete after a geometrically nonlinear (∗ 𝑁𝐿𝐺𝐸𝑂𝑀) incremental step is
carried out, with an edge displacement boundary condition, using the Newton-Raphson method. It is
possible that during this step some numerical instabilities occur, and to overcome this, a stabilizing factor
should be adopted and applied through the function ∗ 𝑆𝑇𝐴𝐵𝐼𝐿𝐼𝑍𝐸. The default fictitious forces are
calculated according to the model’s response in the first increment of this stage, with the assumption
that the fictitious energy is only a part of the strain energy. This part is called the stabilizing factor, which
has the default value of 2 × 10−4 . It is recommended to have the lowest possible value for this stabilizing
factor in the aim to achieve accurate results without compromising the convergence.

4.3 Finite Element Model – Reference Case
The problem simulated using the commercial package ABAQUS consists on a rectangular sheet
of 𝐾𝑎𝑝𝑡𝑜𝑛 𝐻𝑁 ® subjected to a tension load along the longitudinal direction, based on the physical model
described in section 3 as exemplified in Figure 2.7
The mesh typically used in the reference model uses S4R elements (shell element with 4-node,
reduced integration, finite member strains, hourglass control and doubly curved). The global size chosen
is 1 which means that each element of the mesh has an aspect ratio of approximately one. For the case
specified in Figure 4.2, the membrane has an aspect ratio of 2 (100 x 200 mm) which means that 20000
elements are present.

Figure 4.2 – Typical mesh used in the numerical simulation
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In this same figure it is possible to observe that the direction along the length (larger dimension) is
coincident with the x-axis and the perpendicular direction, to this one is the y-direction. The direction
perpendicular to these two, which is along the thickness of the sheet is denominated by the z-axis.
Regarding the boundary conditions imposed to the model they can be demonstrated in Figure 4.3
and theirs morphology remains inalterable for all the steps. The left short edge in the image is fully
constrained (all the translational and rotational degrees of freedom are blocked) with the command ∗
𝐵𝑂𝑈𝑁𝐷𝐴𝑅𝑌, 𝐸𝑁𝐶𝐴𝑆𝑇𝑅𝐸 in ABAQUS. On the right edge, it is only allowed the translation along the
longitudinal direction (x-axis) due to the edge displacement imposed on that side. The long edges of the
rectangular sheet are left free (in all degrees of freedom).

Figure 4.3 – Boundary conditions of the numerical formulation

According to the numerical formulation in 4.2, the first step consists on pre-tensioning the
membrane by imposing the minimum preload (in the form of edge displacement on the right edge of the
membrane) possible along the x-direction and that can be consulted in A. As already explained in 4.2.1,
a geometrically nonlinear equilibrium check is performed in order to account for the large deformations
that significantly change the way load is resisted by the structural system. This step is crucial as this
preload simulates the dead load capable of imposing initial geometric stiffness, being part of the
formulation for the buckling analysis and allowing the detection of positive eigenvalues. To complete the
eigenvalue buckling analysis, a live load is activated by applying an edge displacement of 1 millimetre
to the right edge on the x-direction and performing a linear perturbation step. For this stage, the Lanczos
solver is chosen in order to guarantee that only the first three positive eigenvalues are calculated.
As described in 4.2.3, the eigenvalues obtained from the buckling analysis are introduced as
geometric imperfections, through the option ∗ 𝐼𝑀𝑃𝐸𝑅𝐹𝐸𝐶𝑇𝐼𝑂𝑁, into the initial flat membrane taking into
account the desirable scale factors and the adequate modes to consider (if needed a linear combination
between the first modes). This step is performed by creating a new input file, importing the same
geometry, material model, mesh and boundary conditions. With this first approach it is possible to
proceed to the last step mentioned in 4.2. The same minimum preload investigated (depending on each
aspect ratio and each thickness) is applied to the right edge of the membrane before a geometrically
nonlinear equilibrium is made followed by a static analysis from translating the same edge by a
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prescribed value of strain. It is important to guarantee in the first substep that the preload could not
significantly affect the final result, which was verified in the present work.
The material properties employed in the finite element analysis follow the behaviour already
described in 3.1. This means that regarding the elastic component of the material the parameters
introduced into the commercial software ABAQUS were the Young’s Modulus (2500 MPa) and the
Poisson’s Ratio (0.34). The plastic component is defined by a set of coordinates composed by the stress
and strain values of the points integrating the curve given by the supplier which is represented in Figure
4.4 by a continuously blue curve. This curve has to be adjusted in order to fulfil the requirements from
the programme which demands a finite value of stress for a zero value of strain and also a crescent
value of strain, resulting into the dotted black line in Figure 4.4.

Nominal Material Curve

Nominal Material Curve - Numerical Model
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60,00

70,00

80,00

STRAIN (%)
Figure 4.4 – Stress-strain curve adopted

As the material is isotropic and the nominal stress-strain data is known, a simple conversion to true
stress and logarithmic plastic strain is possible through the equations expressed below:

𝜎𝑡𝑟𝑢𝑒 = 𝜎𝑛𝑜𝑚 (1 + 𝜀𝑛𝑜𝑚 )
ln(𝜀𝑝𝑙 ) = ln(1 + 𝜀𝑛𝑜𝑚 ) −
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𝜎𝑡𝑟𝑢𝑒
𝐸

(4.6)
(4.7)

4.4 Sensitivity of FE Model
Being specified the formulation followed in the numerical study, it is imperative to perform a set of
parametric studies for a foremost evaluation of the influence of each numerical parameter in the final
FE solution. For this purpose, the effect of: (i) the type of finite element, (ii) the refinement, (iii) the
imperfection sensitivity and (iv) the stabilizing factor is investigated.

4.4.1 Type of FE
The first variable taking into account in the parametric studies is the element type used to discretize
the structure. As the thicknesses (0.025 mm and 0.05 mm) of the membrane have considerable small
values and it is required the transversal displacement response, the potential candidates to model the
structure are thin shell elements. According to the ABAQUS user’s manual the thin shell elements are
usually applied if the thickness is less than 1/15 of the characteristic length, which is consistent with the
model in study.
In the category of thin shell elements there are two types of elements: the conventional and the
continuum stress-displacement ones, both in three-dimensional field. The first type discretize a body by
defining a reference surface while continuum shell elements discretize an entire three-dimensional body.
Regarding the conventional shell elements, ABAQUS has both finite-strain and small-strain
elements. The first class includes S4 and S4R elements, exhibiting finite strains and large rotations that
are suitable for large-strain analysis. The small-strain elements also account for large rotations but are
only applicable for small strains as S4R5 and S8R5 elements. The results presented in Table 4.1 are
referent to an eigenvalue buckling analysis of a membrane with 200 mm of length, 100 mm of thickness
(L/W= 2) and t=0.025 mm in thickness. The eigenvalue critical strain presented in the table below is
calculated using the relation expressed in (4.2). In order to correctly compare the solution from the four
options, the number of variables needs to be equal in all the cases, which implies that 4-noded elements
(S4R5, S4R and S4) form 20000 elements while the 8-noded S8R5 only has 5000. The analysis
recurring to the small-strain elements can be considerably much computationally efficient when
compared to the finite-strain elements but the accuracy of the solution can be compromised as the
material strains increase. This effect can be observed in Table 4.1 as the computational time associated
to S4R5 and S8R5 elements is much more inferior when compared to the other two options.
The three dimensional elements chosen to the parametric studies represent both finite-strain and
small strain categories and are inserted into the conventional thin shell elements. Both S4R5 and S8R5
are small-strain conventional stress-displacement shells with reduced integration and use five degrees
of freedom (three displacement components and two in-surface rotation components) but S4R5 has 4
nodes while S8R5 has 8 nodes. The S4 and S4R are thin finite-strain conventional shell elements with
4 nodes each, quadrilateral but only the second one considers reduced integration.
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Table 4.1 – Effect of the element type on the results of the buckling analysis regarding a membrane with L/W=2
and t=0.025 mm (Sheet 1)

Element type
Number of elements
Critical Strain (%)
Number of nodes
Number of variables
Computational time (s)

S4R5
20000
0.253025
20301
121806
36.9

S4R
20000
0.25309
20301
121806
46.5

S4
20000
0.256885
20301
121806
52.9

S8R5
5000
0.25224
20301
121806
29.3

From the table above, it can be verified that the critical buckling strain computed by the S8R5 and
S4R5 is smaller than the strain calculated with the S4 and S4R elements, which can be justified by the
fact that the first two cases are small-strain shell elements so they could be underestimating the
membrane strain. The finite-strain elements can accurately model the structure, but the critical strain
obtained with S4 element has the largest difference relative to the average value achieved by all four
analysis. For this reason and taking also into account the computational efficiency, the S4R is the
element chosen for all the analysis made in the subsequent sections.

4.4.2 Refinement of FE Mesh
The present parametric study is accomplished by varying the number of elements of the mesh in
which the membrane is divided, while the thin shell element S4R is adopted. The dimensions of the
sheet considered are 200 mm in width and 100 mm in length, being the thickness 0.025 mm. The results
from buckling analysis are presented in Table 4.2, related to the computational efficiency, the number
of elements and the critical strain for each case.
From the information presented in the table, it can be obviously concluded that there is a
proportional relation between the number of elements and the computational effort demanded to the
software, which means that for a larger number of elements the time needed to run the analysis is also
increasing. Another tendency visible from the data is that for a certain level of refinement of the mesh,
the critical strain tends to stabilize which indicates a less dependency on the mesh. On the contrary, for
a roughly level of refinement the solution tends to deviate.

Table 4.2 – Effect of the mesh density on the results of the buckling analysis regarding a membrane with L/W=2
and t=0.025 mm (Sheet 1)

Mesh Global Size
Number of elements
Critical Strain (%)
Number of nodes
Number of variables
Computational time (s)

0.9
24642
0.252875
24976
149856
72.3

1
20000
0.25309
20301
121806
43.5

1.5
8911
0.254475
9112
54672
14

2
5000
0.256525
5151
30906
7.7

In order to achieve a compromise between the computational efficiency and the accuracy of the
critical strain obtained, the mesh with a global size of 1 (in this case of 20000 elements) is used in all of
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the simulations performed in this work. The global size represents the area of one element integrating
the mesh, so a global size of 1 means that each element is a square with an area of 1 mm 2.

4.4.3 Sensitivity to the perturbation
Regarding the nonlinear problem, it often cannot be analysed directly due to the discontinuous
response (bifurcation) at the point of buckling. For this reason, the nonlinear analysis has to be
performed as a continuous response instead of bifurcation, which can be accomplished by introducing
a geometric imperfection pattern into the original and non-perturbed geometry in order to obtain a
response in the buckling mode before reaching the critical load.
Imperfections are introduced by perturbations in the “perfect” geometry and there are three possible
ways to define an imperfection using ABAQUS: as a linear superposition of the buckling eigenmodes,
from the displacements of a static analysis or by specifying the node number and imperfection values
directly. Then ABAQUS calculates the normal using the usual algorithm based on the perturbed
coordinates.
The response of some structures is highly dependent on the imperfections applied to the original
geometry (also observed in the experimental procedure), particularly if the buckling modes interact after
buckling occurs. The imperfection is introduced into the original geometry according to (4.5) and by
adjusting the magnitude of the imperfection amplitude, the imperfection sensitivity of the structure is
verified. Typically, the lowest buckling modes are assumed to provide the most critical imperfections
and if the structure is not imperfection sensitive the lowest buckling mode should have the largest
imperfection amplitude, in which structures with many closely spaced eigenmodes tend to be
imperfection sensitive. Usually the magnitudes of the perturbations correspond to a small percentage of
the shell thickness.
The results from the buckling analysis show that the eigenmodes always came in pairs: the first
one is symmetric (about the longitudinal middle plane) and the second antisymmetric, both with the
same eigenvalue (same eigenvector) but the eigenvalues for adjacent pair of eigenmodes are not
closely spaced. For the parametric study present in this section, the symmetric eigenmode
corresponding to the lowest eigenvalue (typically the second eigenmode) is chosen as an imperfection.
The membrane considered to the numerical analysis has 200 mm in length and 100 mm in width with a
thickness of 0.025 mm. According to the previous conclusions, the global size is 1 (20000 elements
integrating the mesh) and the element applied is S4R. The edge displacement imposed to the right edge
of the membrane has a value of 20 mm and the stabilizing factor is 1x10-8 (this parameter will be
discussed in the following section). A wide range of imperfection amplitude is adopted, from 1% to 50%
of the shell thickness in order to evaluate the sensitivity of the model to geometric imperfections. For
each magnitude of the imperfection amplitude, a complete wrinkling simulation is performed, which
regarding the numerical implementation involves the creation of a new input file recurring to the ∗
𝐼𝑀𝑃𝐸𝑅𝐹𝐸𝐶𝑇𝐼𝑂𝑁 command in order to inflict the geometric imperfections to the structure.
From Table 4.3 it is possible to observe that the maximum wrinkle amplitude registered in the
numerical analysis is not sensitive to the variation of the imperfection amplitude, so it can be concluded

50

that the wrinkle amplitude is independent from the magnitude of the geometric imperfection. Hence, an
intermediate and reasonable value of 10% for the imperfection was seeded to perturb the mesh in the
analysis as the computational efficiency is also not a decisive factor regarding the amplitude of the
geometric imperfection. For small imperfection, the deformation is quite small and below the critical load
as the response grows quickly near the critical load imposing a rapid change in behaviour. For a higher
imperfection the response of the structure to wrinkling grows steadily before the critical load as a
tendency to trigger the structural instability at an earlier stage is accomplished. Hence, in this last case,
a smooth transition path to post-wrinkled behaviour is obtained and the analysing process becomes
easier.

Table 4.3 – Effect of the imperfection amplitude on the results of the nonlinear analysis regarding a membrane
with L/W=2 and t=0.025 mm (Sheet 1)

Percentage (%)
1t
5t
10t
20t
50t

Imperfection amplitude
0.00025
0.00125
0.0025
0.005
0.0125

𝒖𝒛𝒎𝒂𝒙 (mm)
0.3373
0.3365
0.3352
0.3329
0.3260

Computational time (s)
744.8
744.5
741
740
735

Another parametric study was performed in the aim to analyse the influence of the eigenmode
chosen as a geometric imperfection in the nonlinear simulations, considering a constant scale factor of
10% of the shell thickness. The same geometry mentioned in the previous studies has been considered
and the results presented in the table below use the true material curve. As Table 4.4 shows, the
difference regarding the minimum and maximum wrinkle amplitudes is not significant for each edge
displacement applied to the membrane. This means that for the same eigenvalue, two possible
eigenmodes present similar results, except for the number of wrinkles which is directly dependent on
the mode, so the choice falls on the experimental solution obtained.

Table 4.4 – Effect of the eigenmode on the results of the nonlinear analysis regarding a membrane with L/W=2
(100 x 200 mm) and t=0.025 mm

Edge displacement
(mm)
10

20

40

60

Eigenmode

𝒖𝒛𝒎𝒊𝒏 (mm)

𝒖𝒛𝒎𝒂𝒙 (mm)

1st
2nd
Difference (%)
1st
2nd
Difference (%)
1st
2nd
Difference (%)
1st
2nd
Difference (%)

-2.621x10-1
-2.534x10-1
3.43
-3.03 x10-1
-2.971x10-1
1.99
-2.68x10-1
-2.628x10-1
1.98
-1.656x10-1
-1.623x10-1
2

2.621x10-1
2.649x10-1
4.5
3.03x10-1
3.048x10-1
0.59
2.68x10-1
2.695x10-1
0.56
1.656x10-1
1.665x10-1
0.54
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4.4.4 Stabilizing Factor
On the contrary of a linear analysis, which solves a single system of linear equations, for each
iteration in a nonlinear analysis the software forms the model’s stiffness matrix and solves a set of
equations, translating in a computational effort significantly demanding. Nonlinear static problems can
be unstable, which in this case, is due to a geometric nature consequent of buckling. ABAQUS has an
automatic mechanism for stabilizing unstable quasi-static problems through the automatic addition of
volume-proportional damping to the model, which is called stabilizing factor.
For thin shell problems, the stabilizing factor could have to be increased in order to achieve
convergence or decreased if the solution presents excessive distortion. This means that an optimal
value for the stabilizing factor is a manual and iterative process until a converged solution is
accomplished.
A membrane with aspect ratio (L/W) of 2 (100 x 200 mm) with 0.025 mm in thickness is modelled
in the finite element commercial package ABAQUS with the S4R element and a mesh of 20000
elements, applying an edge displacement of 20 mm and considering the second eigenmode from the
eigenvalue buckling analysis as a geometric imperfection with an associated imperfection amplitude of
10% of the thickness. The results presented in Table 4.5 are achieved by varying the stabilizing factor,
taking into account that it is generally advisable to prescribe this parameter with the lowest value
possible for which the convergence is still achieved.
Taking the mentioned conditions into consideration and knowing that a lowest stabilizing factor
implies, typically, a larger computation time this parameter is set as 2x10-8 for all the numerical analysis
present in the next sections, in the aim to have a compromise between these two variables. This
dissipated energy fraction has a default value of 2x10-4.

Table 4.5 – Effect of the stabilizing factor on the results of the nonlinear analysis regarding a membrane with
L/W=2 and t=0.025 mm (Sheet 1)

Stabilizing factor
2 x 10-4 (default)
2 x 10-8
1 x 10-8
1 x 10-6

𝒖𝒛𝒎𝒂𝒙 (mm)
0.3347
0.3353
0.3352
0.3353

Computational time (s)
792.8
791
818
799.10

4.5 Results
4.5.1 Buckling Modes and critical strains
Gathering the information expressed above, a rectangular thin sheet with several values of widthto-length (L/W) relation and 0.05 mm in thickness is subjected to an eigenvalue buckling analysis by
imposing the conditions expressed in 4.4.2, in terms of material characterization and implementation of
the numerical model. Regarding the numerical details, the element S4R is used with a mesh of global
size 1 (number of elements depending on the dimensions of each sheet).

52

The first two wrinkling modes for all the analysis appear in pairs: one symmetric and other
antisymmetric, both corresponding to the lowest eigenvalue which indicates that the membrane has
equal chance to deform into each mode beyond the critical buckling load. These modes are a qualitative
indicator of the potential deformation suffered by the structure, figuring wrinkles parallel to the load
direction along the length of the membrane. The first three positive eigenvalues are extracted for each
aspect ratio and the first symmetric mode corresponding to the lowest eigenvalue is presented in Figure
4.5, in order to accurately compare the numerical and experimental solutions. The mentioned modes
are exhibited in the Figure 4.5 in the three principle planes comprehended by the pair of axis: 𝑥𝑦, 𝑥𝑧 and
𝑦𝑧, in order to be fully perceived the wrinkle profile and potential deformation contour.
For the achievement of the buckling modes presented in Figure 4.5, it is implicit the calculation of
the minimum preload associated to each aspect ratio and thickness. By fixing the membrane width (50
mm) and varying the length and the thickness of the membrane it is possible to iteratively reach the
minimum preload, which is presented in Table 4.6 for t=0.025 mm and in Table 4.7 for t=0.05 mm. It is
possible to observe that the value of the minimum pre-load (as a form of edge displacement) increases
as the length increases (higher L/W) and for the same L/W, the minimum pre-load is higher for the
thicker material. It is important to refer that the critical strain exhibited in both tables is calculated using
equation (4.4). It can also be observed that the first and second eigenvalues for each of the buckling
analysis in Table 4.6 and Table 4.7 are equivalent, which confirms the equal tendency of the membrane
to deform according to both of the eigenmode (symmetric or anti-symmetric).

Table 4.6 - Eigenvalue buckling analysis of a rectangular sheet with constant width of 50 mm and a thickness of
0.025 mm. The mesh has global size 1 and the element is S4R. The incremental load is in the form of edge
displacement with a value of 1 mm.

Preload (mm)
0.2
0.1
0.05
0.5
0.3
0.2

1st λ
0.85936
0.94263
0.98358
5.2893
5.3867
5.4346

2nd λ
0.85936
0.94263
0.94263
5.2893
5.3867
5.4346

3rd λ
1.2901
1.3656
1.3656
6.6232
6.6991
6.7364

Length (mm)
200

400

Critical Strain (%)
0.52968
0.521315
0.51679
1.44733
1.42168
1.40865

Table 4.7 - Eigenvalue buckling analysis of a rectangular sheet with constant width of 50 mm and a thickness of
0.05 mm. The mesh has global size 1 and the element is S4R. The incremental load is in the form of edge
displacement with a value of 1 mm.

Preload (mm)
0.3
0.2
0.15
0.3
0.5
0.7
0.65

1 λ
4.0253
4.0488
4.0604
22.451
38.082
51.3
51.229
st

2nd λ
4.0253
4.0488
4.0604
22.451
38.082
51.3
51.229

3rd λ
5.7768
5.769
5.7652
27.69
38.742
51.424
51.352
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Length (mm)
200
400
600
800

Critical Strain (%)
2.16265
2.1244
2.1052
5.68775
6.43033
6.5
6.48488

(a)

(b)

(c)

(d)

Figure 4.5 – First symmetric buckling mode of a membrane with thickness t= 0.05 mm and an aspect ratio (L/W)
(a) 2; (b) 4; (c) 6 and (d) 8 along the three principle planes
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Applying the minimum preload for each aspect ratio, which can also be consulted in the A (for
different dimensions), it is possible to observe from the figure above that the number of wrinkles remains
constant (typically five major wrinkles). This indicates that the number of wrinkles is directly related to
the material properties and geometry (thickness and aspect ratio) instead of associated with the external
factors such as loads and boundary conditions. It is also visible that the location where wrinkling first
occurs depends on the aspect ratio, which means that for smaller values of the aspect ratio the maximum
amplitude of the eigenvectors is verified at the centre of the membrane while for larger values these
locations are equally separated apart from the centre. With the increasing of the aspect ratio, there is a
tendency for the maximum eigenvectors amplitude (peaks) to become near to the shorter edges while
the centre area becomes more flat.
It is relevant to denote that the extracted modes related to both thicknesses (0.025 mm and 0.05
mm) showed a similar behaviour, presenting the same number of wrinkles and the same locations for
the maximum amplitude of the eigenvectors. However, for the thicker membrane it is observed an
increase in the minimum pre-load needed to obtain positive eigenvalues.

4.5.2 Wrinkling Profile
Being identified the buckling modes, a geometric imperfection (the second eigenmode which
corresponds to the symmetric contour and it is referred to the lowest eigenvalue) is introduced into the
flat and non-perturbed geometry with a scale factor of 10% of the shell thickness. The element S4R is
adopted recurring to a global size of 1 and for this case the stabilizing factor is 2x10-8. A nonlinear
analysis is performed following the procedure described in 4.2.3, and applying incremental edge
displacements to the right side to obtain the out-of-plane displacement illustrated in Figure 4.6. The
membrane simulated is a rectangular sheet (50 mm x 200 mm in width and length, respectively) with
0.05 mm in thickness.
It is possible to observe that the wrinkle profile is symmetric about both the longitudinal and
transverse middle planes and also that the maximum wrinkle amplitude is always present along the
longitudinal middle plane. The wrinkles grow in the direction of the load (in form of edge displacement)
and the number of wrinkles remains constant for all the load cases considered.
Figure 4.7 exhibits the wrinkle profile along the transverse middle plane for a membrane with aspect
ratio 2 and thickness 0.025 millimetres, while Figure 4.8 is referred to a thickness of 0.05 millimetres.
Both figures confirm that the number of wrinkles is five for the two thickness and for a wide range of
strains applied to the membrane. It can also be noticed that the maximum wrinkle amplitude increases
with the increasing of the strain imposed to the membrane until a certain value of strain in which the
maximum amplitude registered starts to decrease as the strain also increases. This value of edge
displacement for which the highest amplitude of the wrinkle is maximum depends on the thickness of
the material, being largest for the thickness of 0.05 mm.
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(a)

(b)

(c)

(d)

Figure 4.6 – Out-of-plane displacement of a 50 x 100 mm membrane model with t=0.05 mm subjected to an edge
displacement of (a) 8.8 mm; (b) 14.7 mm; (c) 20.5 mm and (d) 26.4 mm
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From both figures, it can also be find that the maximum wrinkle amplitude reaches a highest value
for the lowest thickness, achieving a module of 0.21 mm while for the thickness of 0.05 mm it is only
0.125 mm. Another tendency produced by these curves is the ability of the thicker membrane to reach
largest values of strain (allowing edges displacements with increasing values), which is also confirmed
by the results arising from the experimental tests. This behaviour implies a more efficient wrinkle
amplitude reduction regarding the thicker membrane as the strain increases. These conclusions are in
good agreement with some work developed by other authors (Nayaar et al., 2011), even considering a
different material.
The edge displacements constraining the rectangular sheet with 0.025 mm in the figure below
correspond to strains of approximately 6.6%, 9.2%, 13.3%, 17.4% and 20.2% as the reference length
of the membrane is 100 mm. For the thicker material, the strains presented vary from 8.8% to 26.4%
but corroborated by the experimental tests this membrane can achieve strains up to 50% in reference
to the length.
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Figure 4.7- Wrinkle profile of a 50 x 100 mm membrane with 0.025 mm in thickness along the transverse middle
plane by imposing crescent edge displacements
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Figure 4.8 – Wrinkle profile of a 50 x 100 mm membrane with 0.05 mm in thickness along the transverse middle
plane by imposing crescent edge displacements
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Figure 4.9 shows the variation of the maximum amplitude of the wrinkles along the transverse
middle plane with the applied tensile strain. Wrinkles initiate at a strain of nearly 3% and start to sharply
increase until a peak is reached in the range between 8% and 15%, depending on the thickness of the
material. The maximum for the thicker material is inferior to the one registered for the lowest value of
thickness.
The final stage of the curve is a gradually decrease of the wrinkle amplitude with the increasing of
the edge displacement, being able to return to values close to zero amplitude for even larger strains. In
terms of the maximum strain suffered by the membrane, the same value is registered in both cases as
the material curve is equal and the aspect ratio considered too.
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Figure 4.9 – The wrinkle maximum amplitude as a function of the thickness of a 50 x 100 mm sheet

It is important to denote that the described behaviour of the curve related to the maximum wrinkle
amplitude is not in good agreement with the theoretical curve in (2.21) as this last one presents a
monotonically growth with the increasing of the tensile strain. However, the tendency of the wavelength
curve in (2.20) is followed, presenting a continuously decrease with the increase of the strain. These
conclusions are also taken in published literature (Nayaar et al., 2011) and (Zheng, 2009). The same
effect registered in 3.3.2 regarding the reduction of the wrinkle amplitude as the aspect ratio passes
from 2 to 4 is achieved in the numerical simulations, however this decrease is significantly much more
drastic than the one arising from the experimental results.
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4.5.3 Stress Distribution
Besides the out-of-plane displacement, the tension field can also characterize the wrinkling
behaviour occurring in a rectangular membrane subjected to a uniaxial tension model. The instability in
compression caused by the Poisson’s effect in the transverse direction can be translated by the state of
stress.
The major principal is presented in Figure 4.10, given by σ1, and it is possible to observe that along
the transverse middle plane the minimum positive stress value is near the free edges while the maximum
positive peaks in this plane are coincident with the maximum negative out-of-plane displacement and
vice-versa. It is also visible that the major principal stress increases with the increasing of the edge
displacement imposed to the sheet. Another phenomenon introduced is the reduction of the width
especially in the centreline consequent of the formation of wrinkles (contraction by Poisson’s effect). As
a conclusion, the region in which wrinkles occur presents a significant level of major principal stress.
The highest value registered is at the four corners due to the nature of the geometry and character of
the boundary conditions applied. A simple feature can be pointed out which is the symmetric contour of
the major principal stress state about both the transverse and the longitudinal middle planes.
The minor principal stress is shown in Figure 4.11, σ2, and it is characterized by a small negative
value in the wrinkling region, which means that along the transverse middle plane the minor stress value
remains negative (wrinkling criteria), fluctuating around zero in that line. As the major principal stress
always assumes a positive value, there are no slack regions in the membrane and the taut and wrinkled
conditions are distinguished by the contour σ2=0 as the theoretical formulation specifies in section 2.1.
Similar to the major principal stress, the maximum minor stress is localized at constrained edges due to
the boundary condition and its value increases with the increasing of the displacement considered.
The relationship between the principal stresses and the out-of-plane displacement is easily
deducted by the figures, establishing that the crests and troughs fit in the regions where the compressive
stress and tensile stress are localized respectively. The same conclusions were taken by several authors
(Zheng, 2009), (Wong and Pellegrino, 2006).
For an applied strain of 8.8%, the curves of the out-of-plane displacement and the minor principal
stress are drawn in Figure 4.12 along the transverse middle plane of the membrane. It is possible to
confirm that the crests of the wrinkle amplitude correspond to the compressive stress values, while both
become zero as the distance to the free edges approaches zero. So, the minor principal stress presents
a mirrored profile of the out-of-plane displacement, being symmetric around the vertical plane direction.
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(a)

(b)

(c)

(d)

Figure 4.10 – The major principal stress of a 50 x 100 mm membrane model with t=0.05 mm subjected to an edge
displacement of (a) 8.8 mm; (b) 14.7 mm; (c) 20.5 mm and (d) 26.4 mm
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(a)

(b)

(c)

(d)

Figure 4.11 – Minor principal stress of a 50 x 100 mm membrane model with t=0.05 mm subjected to an edge
displacement of (a) 8.8 mm; (b) 14.7 mm; (c) 20.5 mm and (d) 26.4 mm
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Figure 4.12 – Wrinkle profile and the minor principal stress along the transverse middle plane on a 50 x 100 mm
sheet with t=0.05 mm subjected to an edge displacement of 8.8 mm

According to the principal stress criterion exposed in 2.1, the wrinkled region is achieved whenever
the minor principal stress is non-positive and the major principal stress is positive. By the observation
of the Figure 4.13, it can be concluded that the wrinkling occurs as the conditions enumerated above
are gathered. The major principal stress is positive, and its value fluctuates around a constant value of
95 MPa while the minor principal stress floats around zero. The stress profile is similar, confirming that
the crests and valleys of the out-of-plane displacement are coincident with the compressive and tensile
stress values, respectively. Another observation taken by the graphic below is the inability of the
membrane to suffer a slack state as the major principal stress is always positive as well as the major
principal strain. This conclusion is based in each of the three principles explored in 2.1.
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Figure 4.13 – Principal stresses along the transverse middle plane of a 50 x 100 mm sheet with t=0.05 mm
subjected to an edge displacement of 8.8 mm
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Admitting that there are no slack regions in the membrane, it is possible to differentiate the taut and
wrinkled areas based on Figure 4.14. According to the principal stress and combined criterions, the
tense condition is induced by positive minor principal stresses, which are present near the clamped ends
as the curves are pictured along the longitudinal middle plane. This means that, at the centre area the
minor principal stress is negative and so the wrinkled condition is met reinforced by the fact that the
major principal strain (edge displacement) and stress are positive. The boundary condition is defined by
the equation 𝜎2 = 0, as already mentioned. The major principal stress profile along the longitudinal
middle plane is presented by a lower value at the centre area of the clamped edges justified by the
distribution of the tension applied in the direction of the length of the sheet, which implies a higher
concentration of its value at the four corners of the rectangle. A slightly increase of its value appears
near the fixed tips due to stretching of the foil and a consequently reduction of the value of the major
principal stress with the appearance of the wrinkles.
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Figure 4.14 – Principal stresses along the longitudinal middle plane of a 50 x 100 mm sheet with t=0.05 subjected
to an edge displacement of 8.8 mm

It is important refer that the qualitatively behaviour of the major and minor principle stresses remains
inalterable for the subsequent strains imposed to the membrane as it can be observed in Figure 4.10
and Figure 4.11.
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5 Model Validation
This chapter focuses on the validation of the results (wrinkling profile and state) included in the
program developed in this thesis. Therefore, at first the results are compared to a similar model problem
discussed in published literature (5.1) and secondly the validation is made recurring to the results arising
from experimental tests (5.2).

5.1 Numerical Model from the literature
The numerical model validation is made based on the results present in published literature by
Zheng (2009). The membrane used for this purpose has 101.6 mm in width and 254 mm in length
(aspect ratio of 2.5) with a thickness of 0.1 mm, as the one studied in depth by the author. The material
is a silicone rubber (little compressibility compared to their shear flexibility as most elastomers) with a
linear elastic behaviour with an expansion coefficient of 1x10-6.

Table 5.1 - Material Properties of the validation model

Parameter
Young’s modulus (MPa)
Poisson’s ratio

Value
1
0.5

The same methodology applied in this dissertation is followed, which means that the minimum
preload is calculated for the referred membrane before the eigenvalue buckling analysis and the
nonlinear analysis are simulated, recurring to the commercial finite element package ABAQUS. As the
model problem is the same, a rectangular sheet is subjected to a uniaxial tensile load by constraining
all the degrees of freedom at the left edge and applying a longitudinal edge displacement at the right
side with all the other degrees of freedom constrained, while the long edges are left free. For the
eigenvalue buckling analysis, the first step consists on applying the preload followed by a static nonlinear
equilibrium check and then the extraction of the first three positive eigenmodes. The minimum preload
verified for the mentioned membrane is 0.3 mm and the edge displacement for the buckling analysis is
considered 1 mm.
Some parametric studies were made in order to verify the accuracy of the results obtained in this
dissertation, being presented in Table 5.2 the effect of the element choice on the buckling analysis and
in Table 5.3 the influence of the mesh size on the same analysis. It is possible to observe that the
computational time is lower for the small-strain element S4R5 and S8R5, as in 4.4.1. Also, the critical
strain produced by this methodology follows the same behaviour as the one from the literature according
to the element chosen for the analysis. The discrepancies in the values of the critical strain are due to
method applied in both works, especially regarding the value of the preload imposed to the model for
each case. This means that as the pre-loads adopted in the present methodology are considerably
smaller than the ones used in Zheng (2009), the critical strain calculated according to (4.4) is different.
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However, the buckling modes are qualitatively the same which means that for the first eigenvalue two
eigenmodes are present, one symmetric and the other antisymmetric and the mode of interest
(symmetric) presents the same number of wrinkles (three).

Table 5.2 - Comparison of the results concerning the effect of the element type on the buckling analysis for a
101.6 x 254 mm sheet with t=0.1 mm

Element type
Number of elements
Critical Strain (%) obtained
Critical Strain (%) a literal
Computational time (s)
aThis

S4R5
6477
2.56
3.27
9.1

S4R
6477
2.60
3.82
11.7

S4
6477
2.67
3.9
15.1

S8R5
1600
2.53
3.22
8.4

critical strain is the one achieved in (Zheng, 2009)

According to the results in Table 5.2, the author has chosen the element S4R for all the analysis,
so it is also adopted for comparison purposes in this section. The choice of this element relays on the
average value of critical strain reported and also on the feasible computational time.

Table 5.3 – Comparison of the results concerning the effect of the mesh density on the buckling analysis for a
101.6 x 254 mm sheet with t=0.1 mm

Number of elements
Critical Strain (%)
Critical Strain (%) a
Computational time (s)
aThis

1600
2.72
3.85
2.4

2890
2.64
3.72
4.9

6477
2.60
3.82
11.7

11492
2.58
3.61
21.4

25908
2.57
3.59
56.9

critical strain is the one achieved in (Zheng, 2009)

From Table 5.3, the critical strain in both works becomes independent on the number of elements
in the mesh after a certain level of refinement achieved. As the computational effort increases sharply
with the refinement used to describe the model, the author chooses a mesh of 6477 elements (global
size 2 for the aspect ratio of the sheet) for the subsequent analysis.
Taking these conditions into account, the nonlinear analysis is performed by introducing the first
symmetric buckling mode corresponding to the first positive eigenvalue as a geometrical imperfection
with a scale factor of 10% of the shell thickness (0.01). For the nonlinear analysis, a stabilizing factor of
1x10-8 is introduced. The main objective is to quantify and correctly asses the wrinkling profile (out-ofplane displacement) and wrinkling state (stress field) of the membrane. So, the comparison of the results
regarding the out-of-plane displacement can be consulted in Figure 5.1.
The results arising from the comparison between the wrinkles profiles along the transverse middle
plane show good agreement for all the range of tensile strains inflicted by the membrane (5%, 10%,
20% and 30%). The preload used to the nonlinear analysis in the methodology followed by this
dissertation is the same as the one used in the eigenvalue buckling simulation, while the author reduces
its value to only 10% of the original modulus, which might justify the very small differences registered in
the out-of-plane displacement curves in Figure 5.1. The state of stress exhibited by the membrane is
very similar in both cases (present and (Zheng, 2009)), being the maximum and minimum values of the
major principal stress and the respect differences presented in Table 5.4. The minor principal stress has

66

also the same profile and the same order of magnitude. It was observed that the stress field behaves
exactly as described in 4.5.3.
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Figure 5.1 – Comparison of the wrinkles profiles of a 254 x 101.6 mm membrane with t=0.1 mm along the
transverse middle plane for an edge displacement of (a) 12.7 mm; (b) 25.4 mm; (c) 50.8 mm and (d) 76.2 mm
(horizontal axis – coordinate along sheet width; vertical axis – amplitude)

The wrinkle profile along the longitudinal middle plane is also represented along the longitudinal
middle plane in Figure 5.2, in which a central wrinkle symmetric along the middle of the membrane is
drawn. It is visible that the out-of-plane returns to zero near the edges of the foil due to the boundary
conditions employed (all translation degrees of freedom constrained at the left edge and the same for
the right edge with the exception of the load application axis). Besides, the maximum wrinkle amplitude
is registered for a strain of 10%, starting to decrease as the strain increases.

67

Present

(Zheng, 2009)

0,4
0,2

(a)

0
-150

-50

50

150

50

150

50

150

50

150

0,4
0,2

(b)

0
-150

-50
0,4
0,2

(c)

0
-150

-50
0,4
0,2

(d)

0
-150

-50

Figure 5.2 - Comparison of the wrinkles profiles of a 254 x 101.6 mm membrane with t=0.1 mm along the
longitudinal middle plane for an edge displacement of (a) 12.7 mm; (b) 25.4 mm; (c) 50.8 mm and (d) 76.2 mm
(horizontal axis – coordinate along sheet length; vertical axis – amplitude)

Table 5.4 – Major Principal stress values (maximum and minimum) for a 101.6 x 254 mm (width and length
respectively) with 0.1 mm in thickness

Displacement
(mm)
12.7
25.4
50.8
76.2
aThese

Maximum
σ1 (MPa)
0.09373
0.18080
0.3372
0.4735

Maximum
σ1 (MPa) a
0.09371
0.18240
0.3348
0.4674

Difference
(%)
0.02
0.88
0.72
1.31

Minimum
σ1 (MPa)
0.04428
0.08695
0.1671
0.2403

Minimum
σ1 (MPa) a
0.04462
0.08861
0.1681
0.2403

Difference
(%)
0.76
1.87
0.59
0

values of stress are available in (Zheng, 2009)

The wrinkle profile, wrinkle behaviour and stress distribution are in good agreement with the
predictions and calculations made by Zheng (2009). So, the numerical methodology applied in this work
can well describe the wrinkling phenomenon of a rectangular sheet in uniaxial tension regarding any
material conditions.
These results allow the validation of the numerical methodology employed in the present
dissertation and are a base step for the experimental validation discussed in the next section.
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5.2 Experimental Validation
The wrinkle profile produced by the specimen in a uniaxial tension experimental test is illustrated
from Figure 3.7 to Figure 3.9, regarding a membrane with 0.05 millimetres in thickness and an aspect
ratio of 2. For that same geometry, the numerical results are reported in Figure 4.8. The overlap of the
two maps is shown in Figure 5.3. The axes from both analysis are similar, and the profiles are drawn
along the transverse middle plane. The overall wrinkling behaviours are well described in both curves,
including the number of wrinkles, the wrinkle amplitude and the wavelength.
At strains up to 10%, the wrinkle amplitude defined by the equation below regarding the central
crest and valleys is correctly described by the numerical solution, however for higher values of edge
displacement the experimental wrinkle profile tends to have a larger value of this parameter. This has
already been observed in Zheng (2009), being identified that the numerical curve tends to decrease the
wrinkle amplitude to values near zero while the experimental value does not vanish as the strain
increases.
Generally the ABAQUS amplitude of the central wrinkles is under-estimated when compared to the
experimental curve. There is a phenomenon common to all the experimental curves which is the inability
to correctly predict the displacements of the edges of the membrane. This trend might be justified by the
manual cutting of the specimen and respectively fixing in the grips, which can induce residual
deformations in the free edges causing an initial imperfection at those locations that starts to be
corrected as the membrane is stretched. The initial curling of the free edges of the foil (due to residual
stresses arising from manufacturing) together with the fact that these edges are practically unstressed
(and consequently slack) can be minimized through a manual cut in the form of a slightly concave curve
instead of straight free edges. This aptitude has already been seen in Wong and Pellegrino (2006).
The same curves as the ones exhibited in Figure 5.3 were obtained for a thickness of 0.025
millimetres and a membrane with an aspect ratio of 2, which can be consulted in B.
In this section, the comparison between the experimental and numerical results is made regarding
the maximum wrinkle amplitude as a function of the tensile strain or edge displacement. So, in Figure
5.4 this comparison is performed for a thickness of 0.025 mm, while in Figure 5.5 it is assumed a
thickness of t=0.05 mm. The experimental data agrees qualitatively with the numerical simulations in
the overall approach but some differences must be carefully analysed in detail. Firstly, the maximum
wrinkle amplitude for the thicker material is inferior to the thinner membrane as already discussed.
Secondly, due to the initial undulations in the specimen the critical strain of wrinkling could not be clearly
identified as in the numerical simulations. Thirdly, the numerical solution for the maximum wrinkle
amplitude underestimates the peak of this variable, being this tendency more visible for a thickness of
0.05 mm. This dictates the influence of the thickness on the wrinkling behaviour. Finally, the
experimental wrinkle amplitude could not go down to zero at large strains as verified in the numerical
simulations.
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Figure 5.3 – Experimental and numerical wrinkle profile of a 50 x 100 mm sheet with t=0.05 mm (Sheet 2) for an
edge displacement of (a) 8.8 mm; (b) 11.7 mm; (c) 14.7 mm; (d) 17.6 mm; (e) 20.5 mm; (f) 23.5 mm and (g) 26.4
mm (horizontal axis – coordinate along sheet width; vertical axis – amplitude)
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From the observation of both curves, the interval in which the maximum wrinkle amplitude reaches
a peak is from 8% to 18% of the tensile stain. Besides the experimental strains accomplished by the
thicker membrane are superior to the thinner one, while the numerical strain drawn is approximately the
same.
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Figure 5.4 – Maximum wrinkle amplitude (mm) as a function of the edge displacement (mm) for a membrane with
L/W= 2 and t=0.025 mm (Sheet 1), experimentally and numerically
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Figure 5.5 - Maximum wrinkle amplitude (mm) as a function of the edge displacement (mm) for a membrane with
L/W= 2 and t= 0.05 mm (Sheet 2), experimentally and numerically

The overall behaviour of the figures presented above shows that the experimental and numerical
results for a thickness of t=0.025 mm have a significantly better agreement (difference between the
maximum wrinkle amplitude for the same edge displacement is smaller) than the ones referred to the
thicker sheet.
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Regarding a membrane with 50 mm of width and 200 mm of length (aspect ratio of 4) with a
thickness of 0.05 mm, it can be concluded that the wrinkle amplitude cannot be well predicted by the
numerical simulations. It has already been discussed that the wrinkle profile reveals the same behaviour
(number of wrinkles and wavelength) but the maximum amplitude is under-estimated for a sheet with

Maximum wrinkle amplitude
(mm)

these dimensions. This argument is illustrated in Figure 5.6, presented below.
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Figure 5.6 - Maximum wrinkle amplitude (mm) as a function of the edge displacement (mm) for a membrane with
L/W= 4 and t= 0.05 mm (Sheet 4), experimentally and numerically

Figure 5.7 confirms the tendency to monotonically decreasing of the central wrinkle wavelength
and the solution obtained by the numerical simulation and the one reported experimentally have a similar
overall path. It is interesting to observe that for higher strain, where the out-of-plane displacement
decreases faster for the numerical analysis, the difference in the wavelength values is larger. Another
tendency is related to the accentuated slope in the wavelength between 12% and 17% of the strain for
both curves. As well as the wrinkle amplitude, the wavelength arising from the numerical simulations is

Wavelength (mm)

generally under-estimated.
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Figure 5.7 – Central wrinkle wavelength (mm) as a function of the strain (%) for a membrane with L/W= 2 and
t=0.05 mm (Sheet 2), experimentally and numerically
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The geometric imperfections can be introduced into the numerical model in one of the three
procedures: choosing the eigenmode and correspondent scale factor, as a superposition of several
eigenmodes with the respective scale factors and by directly imposing the nodal displacements. The
first method is adopted along this dissertation, however if an optimized superposition of the eigenvalues
and associated scale factors is made it is possible to better reproduce the deformed profile of the
rectangular sheet under uniaxial tension. This logic is applied by selection the eingenmodes that can
significantly improve (more than 40 combination possibilities were explored) the numerical solution, as
represented in Figure 5.8. This indicates that if the experimental wrinkle profile is introduced as nodal
displacements into the numerical problem, the real deformed shape could be obtained.
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Figure 5.8 – Optimized numerical solution (blue curve), first numerical solution (grey curve) and experimental
solution (black curve) of a 50 x 100 mm sheet with thickness of 0.05 mm for an edge displacement of (a) 8.8 mm;
(b) 11.7 mm; (c) 14.7 mm; (d) 17.6 mm; (e) 20.5 mm and (f) 23.5 mm (horizontal axis – coordinate along sheet
width; vertical axis – amplitude)
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6 Conclusions and future work
6.1 Conclusions
The use of thin membranes is spreading among the aerospace field with the inclusion of these
materials in space missions. The implicit wrinkling phenomenon associated to this widely used
structures is unwelcomed and unpredictably appears in foils subjected to tensile loads as a
consequence of the compressive forces arising from restrained Poisson’s effect. In this context, the
objectives of this dissertation consist on the study of the wrinkling behaviour in thin 𝐾𝑎𝑝𝑡𝑜𝑛® sheets
subjected to uniaxial tension.
This dissertation proposed a methodology to evaluate the wrinkling condition in small scale
membranes, which can constitute an alternative for expensive and time consuming experimental real
scale tests. As the numerical options are endless, a fully understanding of the phenomenon is needed
to enable a good agreement between numerical and experimental results. So, in this work, experimental
tests were performed to a set of specimens with several dimensions and numerical simulations were
made using a finite element mode. Some parameters common to both approaches were identified as
variables which influence the wrinkling behaviour of a membrane structure.
Firstly, a series of uniaxial tensile tests were carried out on several membrane dimensions (different
length-width and thickness-width relations) using an INSTRON testing machine and a three-dimensional
digital image correlation (DIC) software, denominated VIC-3D, to process the images. With associate
internal clocks, the synchronization between the INSTRON machine and the VIC-3D software played a
key role as it allowed the association of the edge displacement and the deformed configuration of the
membrane. The principal conclusions related to the experimental tests were that the external
parameters (load applied and boundary conditions) directly influence the wrinkles details (wavelength
and amplitude), while the internal parameters (thickness, length, width, material) have a higher effect
on the overall wrinkling profile and pattern. It was also understood that the manual mounting system
was the major factor to induce an imperfection into the membrane, propagating its shape during the
tension test. As a consequence, the expected initial flat configuration of the foil was not achieved,
becoming impractical to identify the strain at which wrinkles first occur. Some common features were
identified: (i) the longitudinal growth of the wrinkles in a rectangular membrane, (ii) the symmetry of the
wrinkling patterns about both longitudinal and transverse middle planes due to the boundary conditions
character; (iii) the monotonically decrease of the wavelength (predicted by the theory) in the central crest
and valleys and (iv) the increase and decrease of the wrinkles amplitude as the load was incremented.
Then, a numerical study was performed using the finite element commercial package ABAQUS,
considering a three-step procedure. In the first step, a pre-strain is conferred to the geometry inducing
a small stiffness to the membrane (and avoid highly localised buckling modes) as an equilibrium check
is run. The second stage and third stages consisted on an eigenvalue buckling analysis followed by a
static non-linear procedure achieved by the introduction of the first positive eigenvalues (and respective
eigenmodes) as geometric imperfections into the initial flat surface of the structure. In order to reproduce
the physical model, the rectangular sheet modelled in the numerical formulation was considered to have
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one short edge with all the six degrees of freedom (translational and rotational ones) constrained and
the other short edge with only the translation along the longitudinal axis left free. The results produced
by the simulations enabled the calculation of the critical buckling strain, meaning that the load at which
wrinkles first occur could be accurately measured, on the contrary of the experimental tests. The major
conclusions arising from the numerical component of this work were related to the stress distribution,
being confirmed the existence of a non-positive minor principle stress in the centre area of the sheet
together with a positive major principle stress and strain, which is typical of a wrinkled state. In fact, the
presence of a compressive mid-surface stress is a requirement for the development of wrinkles in the
transverse direction of the load applied. Besides a positive minor stress and major strain indicate a taut
state near the clamped ends.
Finally, the validation of the FE model was achieved using two approaches: (i) a validation using
available data in published literature for a similar model problem and (ii) a validation using the
experimental tests carried out. In the first approach, the properties of benchmark cases were adopted
and a good agreement regarding the wrinkling profile, stress field and overall wrinkling state was
achieved, allowing the assumption of the correct implementation of both methods. In the second
approach, the numerical solutions predicted qualitatively well the experimental results, focusing the
similarities on the out-of-plane displacements. During the laboratory experiments, it was also possible
to identify a slack zone at the free edges due to the mounting system and boundary conditions assembly
that was not visible in the numerical information, which admitted a taut state in those zones. This
tendency could be avoided by the slightly manual cut in the form of a concave curve at the free edges.
An overall indicator underlying wrinkling is the reduction of the width, especially centred at mid span of
the length which was exhibited in both numerical and experimental analysis. The influence of the
geometrical imperfections introduced in the initial flat and smooth surface is the crucial parameter
affecting the final configuration of the membrane. For this reason, a deeper review of the behaviour of
the structure according to the imperfection map chosen is made. It was seen that an optimal
superposition of the eigenmodes and associated imperfection amplitudes can improve the numerical
solution in order to better reproduce the real/experimental wrinkle profile. This is indicative of the
capability of the finite element software to report accurate predictions of the wrinkling behaviour if the
correct nodal displacements are considered.
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6.2 Future Developments
Several improvement paths were identified during the elaboration of this dissertation in the
experimental and numerical fields. Therefore, some suggestions and future recommendations are made
at this point.
In the experimental field, the width and length of the membrane were conditioned by the size of the
grips and the mounting system. For a better understanding of the formation and growth conditions of
wrinkles, a larger sample of specimens would be advisable, allowing the focus to be transfer from the
aspect ratio (indicator of the wrinkling overall state) to the dimensions themselves (detailed description
of the wrinkles). The material used for the experimental tests is a commercial 𝐾𝑎𝑝𝑡𝑜𝑛 𝐻𝑁 ® with the
material curve for an ambient temperature given by the supplier. However, taking into account the
applications of this material (essentially for space mission purposes) it would be interesting to study the
behaviour of the sheets under a wider range of temperatures in order to better simulate the
environmental conditions verified at theirs use.
Regarding the measurement techniques, the position of the cameras could be re-adjusted in order
to capture the full membrane. This alteration might improve some errors described in this dissertation
(synchronization between the two clocks) as the strain suffered by the membrane could be read in the
VIC-3D system instead of being deduced by the INSTRON machine (Blue Hill 3 software) through a
direct relation. The conditions to procedure to this re-arrangement should be carefully optimized, namely
the focal distance, the exposure time, the angle and distance between the two cameras. The digital
image correlation system (DIC) has a large variety of options, ones explored in this work but others were
left by default. As a future work, these commands could be explored, especially regarding the
convergence of the mesh according to the aspect ratio and the possibility of finding an optimal running
time. And also, the correlation options such as the interpolation, the criterion and the subset weights,
are able to be changed and adopted to the model problem.
The more relevant systematic errors are connected to the mounting and fixing system that
introduces the geometric imperfections in which the membrane would tend to deform. Ideally, the selfalignment of the grips and the automatic fixing of the material would improve and standardize the overall
wrinkling behaviour. This would allow a reduced sample for each sheet case and the creation of
probabilistic data about the tendency of each material mode (symmetric or anti-symmetric) and wrinkle
details (number, amplitude and wavelength).
Comparing the experimental and the numerical approaches, it is possible to approximate both
results if an improvement of the simulation details in ABAQUS is performed. This is intrinsically
connected with the geometrical imperfection imposed to the model, which is the most significant variable
affecting the wrinkling profile. As a future work, it is suggested to directly prescribe the nodal
displacements obtained in the physical model into the numerical analysis. The expected outcome is the
fully superposition of the experimental and numerical wrinkling shape.
This dissertation is a step forward the understanding of the wrinkling behaviour in thin 𝐾𝑎𝑝𝑡𝑜𝑛
sheets under tension. However, the crucial question remains unanswered which has to do with the
possibility to avoid wrinkles through effective and lightweight processes. Maybe the use of reinforced
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fibres in the transverse direction (orthotropic membranes) would be a plausible solution towards avoiding
wrinkles. This is a challenge underlying the wrinkling phenomenon.
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A. Eigenvalue buckling analysis
The tables exhibited below present the first three positive eigenvalues obtained in a buckling
analysis (numerical approach), associated to each of the preloads applied to a rectangular Kapton HN®
sheet. It can be observed that the critical strain remains approximately the same for each length
simulated in the FE software, but the eigenvalue changes significantly with the increasing of the preload,
which can be justified by the weight of the preload in the buckling analysis. For this reason, the minimum
preload for each geometry is adopted in the numerical studies.

Table A.1 – Eigenvalue buckling analysis of a rectangular sheet with constant width of 100 mm and a thickness of
0.025 mm. The mesh has global size 1 and the element is S4R. The incremental load is in the form of edge
displacement with a value of 1 mm.

Preload (mm)
0.51
0.5
0.1
0.05
0.03
0.02
0.019
2.9
2.8
2.5
1.9
1.7
1.6
1.5
1
0.2
0.15
0.13
2.5
0.2
0.27
0.35

1st λ
0.005596
0.0156692
0.40949
0.4575
0.47663
0.48618
0.48713
0.004355
0.10654
0.40944
0.99941
1.1915
1.2868
1.3815
1.8471
2.5653
2.6091
2.6266
2.3887
4.4542
5.9878
7.4863

2nd λ
0.005596
0.0156693
0.40949
0.4575
0.47663
0.48618
0.48713
0.004356
0.10654
0.40945
0.99941
1.1915
1.2868
1.3815
1.8471
2.5653
2.6091
2.6266
2.3887
4.4542
5.9878
7.4863

3rd λ
0.18664
0.19653
0.58389
0.63117
0.65001
0.65941
0.66035
0.69201
0.79084
1.0839
1.6555
1.8419
1.9343
2.0262
2.4782
3.1763
3.2189
3.2359
2.4614
4.5232
5.9997
7.489
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Length (mm)

200

400

600
800
1000

Critical Strain (%)
0.257798
0.257835
0.254745
0.25375
0.253315
0.25309
0.253065
0.726089
0.726635
0.72736
0.724853
0.722875
0.7217
0.720375
0.711775
0.691325
0.689775
0.68915
0.814783
0.7757
0.782225
0.78363

Table A.2 - Eigenvalue buckling analysis of a rectangular sheet with constant width of 100 mm and a thickness of
0.05 mm. The mesh has global size 1 and the element is S4R. The incremental load is in the form of edge
displacement with a value of 1 mm.

Preload (mm)
0.1
0.08
1
0.8
0.6
0.58
1
0.9
0.87
1.2
1.15
1.7
1.6
1.55

1st λ
1.9394
1.9557
10.473
10.572
10.67
10.68
18.075
18.118
18.131
24.367
24.388
30.422
30.465
30.487

2nd λ
1.9394
1.9557
10.473
10.572
10.67
10.68
18.075
18.118
18.131
24.367
24.388
30.422
30.465
30.487

3rd λ
2.6366
2.6518
12.993
13.073
13.151
13.159
18.355
18.398
18.41
24.415
24.436
30.433
30.476
30.498
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Length (mm)
200

400

600
800
1000

Critical Strain (%)
1.0197
1.01785
2.86825
2.843
2.8175
2.815
3.17917
3.16967
3.16683
3.19588
3.19225
3.2122
3.2065
3.2037

B. Experimental results

The comparison between experimental and numerical results is made for several thickness values,
geometries and edge displacements. In the experimental field, the wrinkling profile is obtained from the
software VIC-3D, while the numerical solution is achieved through the FE analysis using ABAQUS.
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Figure B.1 - Out-of-plane displacement along the transverse middle plane of a rectangular sheet with 50 mm in
width and 100 mm in length and with a thickness of 0.025 mm, experimentally (in blue) and numerically (in black).
The results are presented for an edge displacement of (a) 6.6 mm; (b) 9.2 mm; (c) 13.3 mm; (d) 17.4 mm and (e)
20.2 mm

85

