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In this summary we analyze general properties of equatorial d dimensional orbits in General
Relativity and deduce some specific results with focus on the classical tests of the theory. We study,
for massless and massive particles, the conditions to have circular orbits and which ones are stable
or unstable. We prove that stability is only impossible for massive particles in d > 4. Henceforth
perihelion precession is impossible in d > 4. For open orbits we analyze the conditions to have bound
orbits, and, if unbound which kind of orbit geometry they will possess. For massive particles, we find
out that the differences between dimensions are linked to the different scaling of the gravitational
and centrifugal term in the effective potential for different dimensions. We also study specific orbit
results. We calculate the angular deviation for the gravitational bending of light in weak-field and
the Shapiro time delay effect in weak-field in the large d limit. For both results, we note that in
the large d limit both effects are negligible outside the sphere of influence. We also compute the
resulting redshift for an electromagnetic pulse climbing a gravitational well. Finally, we analyze the
radial motion of both massless and massive particles in a trajectory towards a black hole. Although
both particles could reach r = 0, and for massive particles we calculate the interval, we can not
follow them through the gravitational radius using coordinate time, since an event horizon appears
in that region.

PACS numbers: 04.50.-h, 04.80.Cc

I. INTRODUCTION

A. General relativity

The fascination power of General Relativity (GR)
stems largely from the wealth of physical phenomena that
are encoded in equations as simple as

Rµν = 0. (1)

Einstein’s field equations in vacuum, Eq. (1), describe
gravity as a geometric property of space-time, where the
distribution of matter modifies that space-time[1].

Karl Schwarzschild was the first to present the first
non-trivial exact solution for the gravitational field, in
vacuum, outside a spherically symmetric uncharged mass
without angular momentum[2]. Together with the lin-
earized set of Einstein field equations, the predictions of
GR were put to the test right here in our solar system by
four tests known as the four classical tests of GR. They
were the perihelion precession[3], the gravitational bend-
ing of light[4], the gravitational redshift[5] and the grav-
itational time delay[6] (also known as the Shapiro time
delay effect); which were all experimentally confirmed[5].
Although these tests fall in the weak field regime, the
theory is widely accepted.

Additionally, GR also has some relevant astrophysical
implications, such as the existence of black holes (see Sec.
I B), gravitational waves, and is used as a basis of nowa-
days most prominent cosmological models. Moreover, in
recent years the study of general relativity in higher di-
mensions has attracted significant interest in theoretical
physics.

1. General relativity in higher dimensions

Early on, an inconsistency between merging GR and
particle physics was evident and physicists struggled to
find a self-consistent set of equations which could de-
scribe both fundamental forces. String theory contained
GR as a low energy limit and appeared likely to be
renormalizable[7], but the main oddity was that it was
only well defined in a ten dimensional space-time. A
study of higher dimensional GR was, then, essential.

Besides string theory, the effort to develop a higher di-
mensional description of GR has independently brought
some new important insights. Recent progress in quan-
tum field theory has been made by considering higher di-
mensions, and fields different from those of the Standard
Model[8]. In the same spirit, perhaps we will arrive at a
better understanding of GR by allowing the parameter d
to take values other than 4.

Besides the previously mentioned reason, higher-
dimensional GR is also interesting from a purely mathe-
matical point of view. It is fascinating that many familiar
results from four-dimensional general relativity turn out
to be very specific to four dimensions.

B. Black holes

Black holes presented themselves as exotic solutions to
the Schwarzschild line element[2]. A black hole, in this
sense, is a compact object where all of its mass is concen-
trated at an intrinsic singularity, namely r = 0, creating
such strong gravitational effects that nothing, even light,
could escape from it. The boundary from which no es-
cape is possible is called the event horizon, and for a
Schwarzschild black hole it is located at r = 2m. In the
line element, this singularity at r = 2m is removable,
i.e., it is a coordinate singularity and an appropriate co-
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ordinate transformation, would leads us to an analytic
extension of the Schwarzschild solution.

1. Black holes in higher dimensions

Black holes are of deep interest in the higher dimen-
sional study of GR. Some of the motivations are [9]:
The AdS-CFT[31] correspondence[10], relates the prop-
erties of black holes in d dimensions to certain gauge
theories in d − 1 dimensions. This provides a way of
calculating certain field theory quantities which cannot
be determined by any other method; the first statistical
counting of black hole entropy was done for a five dimen-
sional black hole and was later extended to four dimen-
sional black holes. Hence the study of higher-dimensional
black holes is a worthwhile contribution to developing a
theory of quantum gravity; the possibility of producing
tiny higher-dimensional black holes at colliders in cer-
tain brane-world scenarios; higher dimensional black hole
space-times might have useful mathematical properties.
For example, analytically continued versions of black hole
solutions have been used to obtain explicit metrics on
compact Sasaki-Einstein spaces; in more than four di-
mensions there is a far richer set of space-times contain-
ing black holes[8].

Additionally, it is interesting to see that GR simplifies
dramatically in the large d limit[11]. For black holes, the
gravitational field becomes strongly localized close to the
horizon in the region

r − r0 .
r0
d
, (2)

enabling to develop a theory where the region outside
this sphere of influence is flat space-time[12]. In our cal-
culations this region will appear evident.

C. Particle orbits

In GR, particles move along geodesics. Geodesics can
be calculated for any metric and for massless particles
these geodesics will be null (ds2 = 0), and for massive
particles the geodesics will be time-like (ds2 > 0) in a
metric with signature −2 (which is the convention used
in this discussion).

Geodesics display a rich structure and they convey
important information on the background geometry[13]:
For instance, the binding energy of the last stable circu-
lar time-like geodesic in the Kerr geometry is related to
the gravitational binding energy that can be radiated to
infinity, and it can be used to estimate the spin of as-
trophysical black holes through observations of accretion
disks. Additionally, the optical appearance of a star un-
dergoing gravitational collapse depends crucially on the
circular unstable null geodesic, which also explains an
exponential fade-out of the collapsing star’s luminosity.
Thus it is essential to study particle orbits from a obser-
vational perspective.

1. Particle orbits in higher dimensions

It is generally accepted that Einstein’s theory will get
some as-yet-unknown corrections, possibly many in the

strong field regime. Some of that modifications may pass
by the appearance of extra dimensions and since geodesic
motion convey information about the space-time, study-
ing geodesic in higher dimensions is mainly targeted to
somehow tests the geodesic motion theoretical predic-
tions with observations on exotic galaxies. Because of
that, a strong focus of this discussion is to generalize, for
d dimensions, the four classical tests of GR.

Although in more than 4 space-time dimensions,
geodesic motion can occur in more than one plane (d− 3
planes), in this discussion we will study only geodesic mo-
tion in the equatorial plane. As suggested in Sec. I B 1,
orbits will only be significantly altered in the sphere of
influence.

D. Outline

This summary is organized in two major parts. Part
I will treat general particle orbits behavior and Part II
will focus on specific results. For Part I, we will begin in
Chapter II by deducing all important orbit equations for
both massless and massive particles. We will then divide
our analysis for closed and open orbits. In Chapter III we
will begin by analyzing the effective potential of the mas-
ter orbit equation, for both particles, and extract the con-
ditions for circular orbits; in terms of impact parameter
for massless particles and in terms of energy and angular
momentum for massive particles. We will then study the
stability vs. instability of such orbits. Chapter IV will
be dedicated to study how incoming particles can be ab-
sorbed or not by the massive object, and if not which kind
of orbit geometry they will possess. For Part II, Chapter
V and Chapter VI will present an expression for the grav-
itational angular bending of light and the Shapiro time
delay effect in d dimensions, respectively. In Chapter
VII we will analyze purely radial orbits in d dimensions
and deduce the d dimensional gravitational redshift of an
electromagnetic pulse and compute the time intervals for
both massless and massive particles in a radial motion
towards a black hole.

For Part I, a general d dimensional treatment will be
done, with a first focus on d = 4 followed by a general-
ization to d > 4. For Part II, a general d dimensional
treatment will also be done, but always concluded with
a large d approximation for each result whenever its pos-
sible.

Part I

II. MASTER ORBIT EQUATIONS IN d
DIMENSIONS

A. The Schwarzschild-Tangherlini metric

Our starting point will be the Schwarzschild-
Tangherlini metric[14]. The Schwarzschild-Tangherlini
metric is the d dimensional generalization of the
Schwarzschild metric. It is a static, stationary, spheri-
cally symmetric line element in d dimensions given by
(c = 1 here and hereafter)

ds2 = f(r, d)dt2 − f(r, d)−1dr2 − r2dΩ2
d−2, (3)
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where

f(r, d) = 1−
(r0
r

)d−3
, (4)

r0 is the generalized Schwarzschild radius and d is the
spacetime dimension. For its turn, dΩ2

d−2 correspond to
the line element of a d− 2 sphere, given inductively by

dΩ2
i+1 = dθ2i + sin2θidΩ2

i (i ≥ 1), (5)

where dΩ2
1 = dφ2.

The generalized Schwarzschild radius, which we will
call the gravitational radius, is given by

r0 =

(
16πGd m

(d− 2)Sd−2

) 1
d−3

, (6)

where Gd is Newton’s constant in d dimensions and Sd−2
is the area of a unit d− 2 sphere given by

Sd−2 =
2π

d−1
2

Γ
(
d−1
2

) . (7)

The Schwarzschild-Tangherlini coordinates (t, r, φ)
provide a global reference frame that enable us to eval-
uate quantities in terms of the distance and time mea-
surements of an observer at infinity. Besides these co-
ordinates, Eq. (3) varies greatly with the space-time
dimension d. We see that the gravitational attraction
becomes weaker as the space-time dimension increases
and in fact, when d → ∞, Eq. (3) reduces to the flat
space-time, outside r0. Consequently, the gravitational
field becomes compacted as d grows. As suggested in Sec.
I B 1, this region can be considered a sphere of influence
and analyzing the gradient of f we compute a radius of
r0 + r0

d for this region in the large d limit.

B. Master orbit equations

In this discussion we will analyze particle orbits in
a 3-dimensional space plane (including time). The 3-
dimensional Schwarzschild-Tangherlini line element is ob-
tained by setting all Ωi with i ≥ 2 in Eq. (5) to zero,
yielding

ds2 =

(
1−

(r0
r

)d−3)
dt2 − 1

1−
(
r0
r

)d−3 dr2 − r2dφ2.
(8)

Using a variational method [5] with an affine parameter
λ, we find two constants of motion for massive particles(

1−
(r0
r

)d−3)( dt
dλ

)
= Ẽ, (9)

and

r2
(
dφ

dλ

)
= L̃ , (10)

where Ẽ and L̃[32] can be seen as the particle energy
and angular momentum per unit of rest mass[33]; and
two constants of motion for massless particles(

1−
(r0
r

)d−3)( dt
dλ

)
= 1, (11)

and

r2
(
dφ

dλ

)
= b . (12)

where b is the massless particle’s impact parameter[5].
Furthermore, and in conjunction with the already cal-

culated constants of motion, the variational method en-
ables us to calculate one additional equation for each par-
ticle. For massless particles we can write that equation
with an effective potential V ′ in the form(

dr

dλ

)2

+ V ′(r) =
1

b2
, (13)

where

V ′(r) =
1

r2
− 1

r2

(r0
r

)d−3
. (14)

As for massive particles we can write the equation with
an effective potential V and an effective energy Ē in the
form

1

2

(
dr

dλ

)2

+ V (r) = Ē, (15)

where

V (r) =
1

2
− 1

2

(r0
r

)d−3
+
L2

2r2
− L2

2r2

(r0
r

)d−3
, (16)

and

Ē =
E2

2
. (17)

We consider Eq. (11), Eq. (12) and Eq. (13) our mas-
ter orbit equations for massless particles and Eq. (9), Eq.
(10) and Eq. (15) our master orbit equations for massive
particles. From them we can deduce all important results
related to particle orbits in d dimensions.

III. CLOSED ORBITS IN d DIMENSIONS

The first class of orbits we will consider are closed or-
bits in the equatorial plane. In order to study closed
orbits we will begin by studying circular orbits, since all
closed non-circular orbits are just perturbations from cir-
cular orbits. For a circular orbit to exist at some radius
rcircular, the two conditions

dr

dλ

∣∣∣∣
rcircular

= 0 and
d2r

dλ2

∣∣∣∣
rcircular

= 0 (18)

must be satisfied[5].

A. Massless particles

For massless particles, the second condition on Eq.
(18) is sufficient to obtain the circular orbit radius for
massless particles rph (for simplicity, we use the subscript
ph since it stands for photon, but all these results are also
valid for other massless particles), which is

rph = r0

(
d− 1

2

) 1
d−3

. (19)



4

Since circular orbits will be stable if they correspond
to a minimum of the effective potential and unstable if
they correspond to a maximum, we evaluate the second
derivative of V ′ at rph which yields

d2V ′

dr2

∣∣∣∣
rph

=
3− d
2 r4ph

, (20)

which is negative for d ≥ 4 and thus all massless par-
ticles’ circular orbits are unstable. Since circular orbits
for massless particles lie on a peak of V ′ we conclude
that massless particles can orbit forever in a circle at
this radius, but any perturbation will lead the particle
to plunge either to r = 0 (inward perturbation) or fly
away to r = ∞ (outward perturbation). Henceforth, for
non-circular orbits that cross this radius from the inside
escape to infinity, whereas orbits that cross it from the
exterior are absorbed by the massive body.

B. Massive particles

For massive particles, both conditions on Eq. (18) can
be solved simultaneously for E2 and L2 to give[15]

E2 =

2

(
1−

(
r0
rc

)d−3)2

2− (d− 1)
(
r0
rc

)d−3 , (21)

and

L2 =
(d− 3) r2c

(
r0
rc

)d−3
2− (d− 1)

(
r0
rc

)d−3 . (22)

Evidently, circular orbits do not exist for all values of
r since the denominator of both Eq. (21) and Eq. (22)
must be positive and non-zero. Solving for this require-
ments yields

rc > r0

(
d− 1

2

) 1
d−3

, (23)

or

rc > rph, (24)

This result proves that the massless particles’ circular or-
bit is the innermost boundary of circular orbits for mas-
sive particles for d ≥ 4.

As already extensively studied in literature[5], we have
circular orbits for d = 4 at

rc =
L2 ±

√
L4 − 3L2r20
r0

, (25)

which has no solutions for L2 < 3 r20, exactly one solution
for L2 = 3 r20 and two solutions for L2 > 3 r20. The effec-
tive potential can be analyzed for d = 4 to find out that
in the presence of two solutions, the inner solution is un-
stable and the outer solution is stable. Around the stable
circular orbits we can have elliptic orbits. In GR, these
elliptic orbits differ from Newtonian gravity since they

have a perihelion precession, which can be calculated to
give[5]

∆φ =
2π(

1− 3r0
rc

)1/2 . (26)

It is evident that in order to have perihelion precession
in elliptic orbits we must have stable circular orbits. To
investigate the circular orbit stability for d > 4 we need
first to compute the circular orbit radii. For d = 5

rc =

√
2L2

L2 − r20
r0, (27)

which has just one solution for L2 > r20 and none for
L2 ≤ r20. For d > 5 we set ourselves to find how many
positive solutions there are for rc. We begin by expanding
Eq. (22) to give

2L2rd−3c − rd−30 (d− 3) r2c − (d− 1)L2 = 0. (28)

Although we could try to solve Eq. (28) analytically
to check for positive roots, we could only do that until a
certain point, since for d > 8, the Abel-Ruffini Theorem
[16] tells us that there is no analytic solution for rc in
Eq. (28). Luckily, the Descartes’ Rule of Signs [17] tells
us that Eq. (28) has a maximum of one positive root for
d > 5 (and it exists for L > 0[18])This is interesting at
least since for d = 4 we can have two solutions for rc,
one stable and one unstable. Since a maximum of one
circular orbit is possible for d > 4, we need to discover if
they are all stable, all unstable or if it depends somehow
on the spacetime dimension.

Analyzing the sign of the second derivative of V in Eq.
(16) as we have done in Sec. (III A), yields

d2V

dr2

∣∣∣∣
rc

=

(3− d)E2
(
r0
rc

)d−3 [
d− 5 + (d− 1)

(
r0
rc

)d−3]
2r2c

(
1−

(
r0
rc

)d−3)2 .

(29)
For d > 4 we can immediately confirm that Eq. (29) is
always negative and with that we come to an interesting
result: circular orbits for massive particles in more than
4 space-time dimensions are always unstable and thus
perihelion precession is impossible for d > 4.

It is odd that for d = 5 we need to satisfy L2 > r20 in
order to have a circular orbit and for d > 5, L > 0 is a
necessary condition. Looking at the effective potential in

Eq. (16), we see that the centrifugal term L2

2r2 scales with

1/r2 whereas the gravitational term
(
r0
r

)d−3
scales with

1/rd−3. So, for d = 5 we expect a different behavior than
for d > 5, since for d = 5 there is a direct competition
between the two terms. For large r, for d > 5, the cen-
trifugal term clearly dominates, whereas for d = 5 further
investigation is needed (and it will be done in Chapter
IV).

IV. OPEN ORBITS IN d DIMENSIONS

In this chapter we will study open orbits for both mass-
less and massive particles in a motion towards the mas-
sive body/black hole.
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A. Massless particles

Analyzing the massless particle effective potential in
Eq. (14) we see that if the Right-Hand-Side(RHS) of Eq.
(13) is bigger than the effective potential at its maximum
(given by V ′(rph)), the particle can overcome the effective
potential and access radii smaller than rph; consequently
a particle coming from r = ∞ in these conditions will
plunge to r = 0. In this case

1

b2
> V ′ (rph) , (30)

we have

1

b2
>

1

r2ph

(
1−

(
r0
rph

)d−3)
, (31)

which gives

b < bmax =

√
d− 1

d− 3

(
d− 1

2

) 1
d−3

r0. (32)

Where bmax is then defined as the larger value of b that
a massless particle can have in order to be absorbed by
the massive body. On the other hand, massless particles
with b > bmax which fall in from r =∞ are reflected by
the effective potential barrier (V ′ = 1

b2 and dr
dλ = 0) and

return to infinity. It is evident now, that for massless
particles, a bound orbit will require b < bmax whereas
unbound orbits will have b > bmax. Furthermore, it is
easy to see that a massless particle launched from a radius
near r0 must have b < bmax in order to escape the massive
body’s attraction.

Anticipating the studies in Chapter V and VI we will
study some parameters for massless particles next.

1. Impact parameter for large d

We know that bmax is defined as the larger impact
parameter that a massless particle can have in order to
be absorbed by the black hole. So, the impact parameter
gives us a measure of the black hole spacial sphere of
influence in the particle orbit, since for particles with b >
bmax, the deviation from the straight line motion suffered
is negligible for large d (it will be shown in Chapter V).
So, in the large d limit, bmax becomes

bmax = r0

(
1 +

1 + log
(
d
2

)
d

)
(33)

up to the order 1
d . So, as seen in Sec. I B 1 we encounter

a sphere of influence with radius of the order r0/d.

2. Distance of closest approach in d dimensions

To conclude, we now introduce the distance of closest
approach D, since in astronomical observations and cal-
culations related to them, this parameter plays an impor-
tant role. Because of that, it will be essential to calculate
the gravitational deflection of light and the Shapiro delay
effect in Chapter V and VI, respectively. The distance

of closest approach, is defined as the minimum radius
attained by the particle in its orbit around a massive
object, therefore

dr

dλ

∣∣∣∣
D

= 0 ⇒ D2 = b2
(

1−
(r0
D

)d−3)
. (34)

B. Massive particles

For massive particles we will recall the Eq. (21) and
Eq. (22) that give us constraints on rc and use the ef-
fective potential in Eq. (16) to analyze open orbits. We
will proceed as follows. Begin by analyzing the effective
potential for different L′s to discover if the orbit is bound
or unbound. For unbound orbits we will classify them as
parabolic for E = 1 and hyperbolic E > 1.

A massive particle can have any value of energy in an
open orbit around a massive body. Imagine releasing a
particle with initial zero velocity dr

dλ = 0 at a generic
radius r. We can see in Eq. (15) that the particle will
have a constant orbit effective energy of

Ē = V (r). (35)

Since the effective potential always reaches zero, we can
have very small energies, is just a question of choosing a
releasing point near r0. On the contrary, we can release
a particle from infinity with any energy we would like.
The energy at infinity is the free particle energy so, it
can never be smaller than the rest mass energy, so a
particle sent from infinity always satisfy E2 ≥ 1. Finally,
as suggested in Sec. III B, since the condition for circular
orbits differs for the d = 4 case, the d = 5 case and the
d > 5 case so we will treat all these cases separately in
following three sections.

1. For d = 4

Following the treatment suggest above we conclude for
d = 4

• For 0 ≤ L < 2r0:
bound orbits for every Ē;

• For L ≥ 2r0:
bound - circular, elliptic and capture orbits, for
Ē < 1/2;
unbound - parabolic orbits, for Ē = 1/2 and parti-
cles coming from infinity;
bound - capture orbits, for Ē = 1/2 and release
radius r < rmax(4);

unbound - hyperbolic orbits, for 1/2 < Ē ≤ Vmax(4)
and particles coming from infinity;
bound - capture orbits, for 1/2 < Ē ≤ Vmax(4) and
release radius r < rmax(4);

bound - capture orbits, for Ē > Vmax(4).

Above, rmax(d) represents the radius for which the po-
tential has a local maximum and Vmax(d) is the value of
V at that point, both in d dimensions.
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2. For d = 5

Following the treatment suggested above we conclude
for d = 5

• For 0 ≤ L ≤ r0:
bound orbits for every Ē;

• For L > r0:
bound - capture orbits, for Ē < 1/2;
unbound - no orbit, for Ē = 1/2 for particles at
infinity;
bound - capture orbits, for Ē = 1/2 and release
radius r < rmax(5);

unbound - hyperbolic orbits, for 1/2 < Ē ≤ Vmax(5)
and particles coming from infinity;
bound - capture orbits, for 1/2 < Ē ≤ Vmax(5) and
release radius r < rmax(5);

bound - capture orbits, for Ē > Vmax(5).

3. For d > 5

Following the treatment suggested above we conclude
for d > 5

• For L = 0:
bound orbits for every Ē;

• For L > 0:
bound - capture orbits, for Ē < 1/2;
unbound - no orbit, for Ē = 1/2 from particles at
infinity;
bound - capture orbits, for Ē = 1/2 and release
radius r < rmax(d);

unbound - hyperbolic orbits, for 1/2 < Ē ≤ Vmax(d)
and particles coming from infinity;
bound - capture orbits, for 1/2 < Ē ≤ Vmax(d) and
release radius r < rmax(d);

bound - capture orbits, for Ē > Vmax(d).

V. DEFLECTION OF LIGHT IN d DIMENSIONS

Deflection of light is the second classical test of GR.
The phenomenon consists on a photon (although the re-
sult is valid for every other massless particles) which is
approaching a massive body from infinity in a straight
line motion, thus suffering a deviation from that straight
line motion due to the gravitational attraction of the
body. This bending can be put to the test right in on
our solar system. It was first observed and measured in
the famous Eddington expedition[19] (for modern results
see[5]). In more than four space-time dimensions a gen-
eralization is in order. In a recent work[20], an integral
to compute this deviation was calculated, but here we
present the fully reduced expression.

To compute an angular deviation, following the sugges-
tion in [21], we use an orbit equation in terms of dudφ where

u = 1
r . We do this by performing the u = 1

r substitu-
tion in Eq. (15) and plugging Eq. (10) into the resulting
equation. As suggested in Sec. IV A 2, we also introduce
the distance of closest approach into our calculations, so

we plug Eq. (34) in our du
dφ equation to finally give(

du

dφ

)2

= D−2 − rd−30 D1−d − u2
(
1− rd−30 ud−3

)
. (36)

The deflection angle is the angle between the incoming
and outgoing directions of a photon coming from infinity
and returning to infinity after the close encounter with
the lensing object, so to compute the angular difference
we have to integrate this expression from u = 0 (r =∞)
and u = 1/D (r = D), and multiply it by two to give
the total contribution of a photon coming from infinity
and going to infinity after. The expression for the total
angular difference is then given by

∆φ = 2

∫ 1/D

0

du√
D−2 − rd−30 D1−d − u2

(
1− rd−30 ud−3

) .
(37)

The angular difference without the presence of the
mass is just ∆φ no mass = π so the angular difference
due to the presence of the mass, is δφ = ∆φ− π.

As done classically in 4 space-time dimensions, we as-
sume in our calculations that the distance of closest ap-
proach exceeds by many orders of magnitude the gravi-
tational radius r0 ( r0D � 1), which means we are in the
weak field regime. In this limit we have

δφ =
(r0
D

)d−3
Dd−3

∫ 1/D

0

D1−d − ud−1

(D−2 − u2)
3/2

du, (38)

until the order O
((

r0
D

)d−3)
, which is the first non-zero

order for each d. Using hyper-geometric functions to
solve the integral in Eq. (38) we get

δφ =
2
√
π Γ

(
d+2
2

)
d Γ

(
d−1
2

) (r0
D

)d−3
. (39)

This expression is only valid for D > rph, since at this
radius no orbits are possible. At this radius the angular
deviation is maximum. As expected, Eq. (39) for d = 4
gives

δφ = 2
r0
D
. (40)

which is the already known result for light bending[22].
In the large d limit, Eq. (39) becomes

δφ =
√
d

√
π

2

(r0
D

)d
. (41)

up to the leading order in d. Outside the sphere of influ-
ence, i.e. r > r0 + r0/d, it is clear that the gravitational
attraction is negligible (since the angular deviation is also
negligible). As expected, when d→∞, δφ becomes zero
which is the result without the mass presence, supporting
the claim that spacetime is flat in infinite dimensions.

VI. SHAPIRO TIME DELAY EFFECT IN d
DIMENSIONS

The Shapiro delay effect is the fourth classical test of
GR. Electromagnetic signals passing near a massive ob-
ject take slightly longer to travel to a target than they
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would if the mass of the object were not present. Orig-
inally, the idea of the test was to bounce radar beams
off the surface of Venus and Mercury, and measure the
round trip travel time. When the Earth, Sun, and Venus
or Mercury are most favorably aligned, the expected time
delay, due to the presence of the Sun, can be measured.
The experiment was first proposed by Irwin Shapiro in
1964[6] and the first tests were successfully performed in
1966 and 1967 (both results published in [23]) matching
the predicted time delay within 2 × 10−4 s. A d dimen-
sional generalization of the Shapiro time delay effect is
now in order.

This experiment consists on measuring the time inter-
val, as seen by an exterior observer, spent by a photon
traveling from the distance of closest approach D and a
generic radius R. We assume that the distance of closest
approach D exceeds by many orders of magnitude the
gravitational radius r0[21], i.e. we are doing our calcula-
tions in the weak-field limit.

Logically, we want an orbit equation in terms of dr
dt ,

so we begin by substituting Eq. (9) in Eq. (15) and
then plug Eq. (34) to introduce the distance of closest
approach as done in Sec. V to finally give(

dr

dt

)2

=

(
1−

(r0
r

)d−3)2
(

1− D2

r2
1−

(
r0
r

)d−3
1−

(
r0
D

)d−3
)
.

(42)
Isolating dt and integrating from r = D (x = 1) to

r = R (x = R/D), in the weak-field limit, we get

t =
√
R2 −D2+D

(r0
D

)d−3 ∫ R
D

1

(
2x6−d − 3x4−d + x

2(x2 − 1)3/2

)
dx,

(43)

until the order O
((

r0
D

)d−3)
, which is the first non-zero

order for each d. We considered t = 0 when r = D. This
is our master equation for the Shapiro time delay effect
in d dimensions.

For d = 4, Eq. (43) reduces to the already known
Shapiro delay effect equation[6]

t =
√
R2 −D2+

r0
2

√
R
D − 1
R
D + 1

+log

(
R+
√
R2 −D2

D

)
r0.

(44)
The difficulty to solve this problem for every other di-

mension lies in solving the integral in Eq. (43). For some
low dimensions, in this case d ≤ 7, we can compute the in-
tegral in Eq. (43) analytically. For d ≥ 8 the integration
becomes trickier and some approximations are necessary
in order to have a general result. We begin by analyzing
the integral in the large d limit. We perform the substi-
tutions x = sec(u) and s = sin(u) on the integral of Eq.
(43) and use the generalized Binomial Theorem[24] to do
the integral IR

D
. The result yields

IR
D

=
1

2

√
1−

(
D
R

)
1 +

(
D
R

) +
p+ 4

2

√
1−

(
D

R

)2

−

∞∑
k=0

(
p

k

)
(−1)k

Ω(k, p)

2k + 3

(
1−

(
D

R

)2
)k+3/2

. (45)

where

Ω(k, p) =
3

2
+ 2

p− k
k + 1

+
1

2

p− k − 1

k + 2

p− k
k + 1

. (46)

where p = d−8
2 and the limits of integration were already

taken. This expansion is defined for d ≥ 8. In order
to progress we assume R >> D. This is reasonable in
the case where the light ray is sent from a planet, in a
d-dimensional world, far way from the distance of closest
approach. We have then

IR
D

=
5 + p

2
− 1

2

(
D

R

)
− 3 + p

4

(
D

R

)2

− 1

4

(
D

R

)3

−

∞∑
k=0

(
p

k

)
(−1)k

Ω(k, p)

2k + 3

(
1− (3/2 + k)

(
D

R

)2
)
, (47)

up to the order
(
D
R

)4
. To compute the sum in Eq. (47),

we used Norlund-Rice integrals[25] and perform a series
expansion for large d, i.e. assuming p� 1, which yields

IR
D

=

√
π

2

√
p− 1

2

(
D

R

)
− 1

4

(
D

R

)3

, (48)

up to the leading order in p. Since for p � 1, we have
p = d/2, we can now substitute Eq. (48) on Eq. (43)
which finally gives

t =
√
R2 −D2+D

(r0
D

)d−3 [√π

8

√
d− 1

2

(
D

R

)
− 1

4

(
D

R

)3
]

(49)

up to the order O
((

D
R

)4)
and the leading order in d.

This is the expression for the Shapiro time delay in the
large d limit. As seen in Chapter V, this expression is
also only valid for D > rph and the maximum time delay
occurs then at D = rph. Outside the sphere of influence,
i.e. r > r0 + r0/d, it is also clear that the gravitational
attraction is negligible.

VII. RADIAL ORBITS IN d DIMENSIONS

Radial orbits correspond to a special case of open or-
bits, describing purely radial motion. Since for massless
particles this motion consists on b = 0 and for massive
particles L = 0, radial orbits are always capture orbits.
In this chapter we begin by studying the gravitational
redshift of electromagnetic waves in radial motion es-
caping massive objects. We will then analyze how dif-
ferent initial release conditions will affect both massless
and massive particles’ motion towards the massive body.
Furthermore, we will study the motion of both mass-
less and massive particles towards the gravitational ra-
dius of a black hole. We will discover an anomaly in the
Schwarzschild-Tangherlini coordinate time t and analyze
it appropriately.

Since a full analysis of radial orbits goes beyond the
scope of this summary, we will only present the d > 4
case. The d = 4 case and the large d limit are done in
[18].

Massless particles

A. Gravitational redshift in d dimensions

The gravitational redshift is the third classical test of
GR. Photons that are emitted near a massive object and
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received at a larger altitude experience a redshift in their
frequencies. With the discovery of the Mössbauer effect
in 1958, Pound and Rebka used it in their experiment
in 1960[26] to result in a measured shift of 0.997± 0.009
times the predicted GR shift, supporting the theory.

The generalization for d dimensions follows a similar
calculation than the one for d = 4[5]. An increment of
proper time kept by a stationary clock at a radius r, is
related to the increment of coordinate time by

dτ =

(
1−

(r0
r

)d−3)1/2

dt, (50)

for which we have set dr = dφ = 0 and substituted ds
for dτ in Eq. (8). Now, suppose that we use a clock
in r = r1 to measure the time separation between two
consecutive crests of an electromagnetic signal in terms
of proper time dτ1, and now that electromagnetic signal
is emitted to r = r2 (with r2 > r1) and there we make
the same measure. The assumption that the space-time
is static leads to

dτ1
dτ2

=

1−
(
r0
r1

)d−3
1−

(
r0
r2

)d−3


1/2

. (51)

For electromagnetic signals, we have c = λν,, where
λ is the signal wavelength and ν is the signal frequency,
defined as the inverse of the time interval between suc-
cessive signal crests, i.e., ν = 1/dτ . So, for c = 1, we can
use this relation in Eq. (51) to give

λ1
λ2

=

1−
(
r0
r1

)d−3
1−

(
r0
r2

)d−3


1/2

. (52)

If we take r2 →∞ on Eq. (52) we get

λ∞ =
λ1(

1−
(
r0
r1

)d−3)1/2
, (53)

where λ∞ is the signal wavelength at infinity. When
r1 → r0, i.e., a signal is sent from r0, we see that the
signal that arrives at infinity has an infinite wavelength.
So, even if a particle reaching r0 could send a powerful
electromagnetic signal to warn an observer at infinity, the
signal would never be received since the signal is always
infinitely dispersed. Since the large d approximation does
not simplify the final result nor bring any additional in-
sight, the approximation is not done for this result.

B. Radial infall for massless particles in d
dimensions with respect to the

Schwarzschild-Tangherlini coordinate time

The radial infall problem for massless particles consists
on calculating the Schwarzschild-Tangherlini coordinate
time t lapse for a massless particle falling towards the
black hole between two points, from a initial radius ri to
a final radius rf . The equation of motion in terms of dr

dt

can be found by plugging Eq. (11) in Eq. (13). In a
motion towards the black hole that equation becomes

dt = − dr

1−
(
r0
r

)d−3 , (54)

where we set b = 0.
For d > 4, Eq. (54) can be integrated to give

t = −2F1

[
1,

1

3− d
;

4− d
3− d

;
(r0
r

)d−3]
r, (55)

where 2F1 is the hyper-geometric function[24]. Since this
is the indefinite integral, to obtain the time lapse result
the limits of integration, ri to rf , need to be evaluated
(which we do not do). This equation is only defined in R
for d > 4.

Massive Particles

For massive particles, the initial energy of the parti-
cle E will be an important parameter and it will lead
to significant differences in the following calculations. A
particle can be released with any energy, but when re-
leased with initial zero velocity its energy must be

E2
zero initial velocity = 1−

(
r0
ri

)d−3
, (56)

where this relation was taken from Eq. (15) and ri is the
initial release radius. In the following calculations we
introduce the energy increment ∆2 from this zero initial
velocity release as

E2 = 1−
(
r0
ri

)d−3
+ ∆2. (57)

This substitution will avoid us some mathematical in-
consistencies but we still need to divide our analysis for
E2 = 1, E2 > 1 and E2 < 1, since the mathematical
treatment differs for each case.

C. Radial infall for massive particles in d
dimensions with respect to the proper time

The radial infall problem for massive particles consists
on calculating the proper time τ spent in a falling orbit
from a initial radius ri towards the black hole singularity.
As we saw in Sec. IV B, a massive particle with L = 0
and in an orbit towards the black hole, independently
of its energy E, will always reach r = 0. In a motion
towards the black hole, Eq. (15) becomes

dτ = − dr√
E2 − 1 +

(
r0
r

)d−3 , (58)

where we set L = 0.

1. For E2 = 1

For E2 = 1, i.e. ∆2 −
(
r0
ri

)d−3
= 0, Eq. (58) can be

integrated from ri to r = 0 to give

τ =
2 r0
d− 1

(
ri
r0

) d−1
2

, (59)



9

where we assumed that τ(ri) = 0.

2. For E2 > 1

For E2 > 1, i.e. ∆2 −
(
r0
ri

)d−3
> 0, Eq. (58) can be

integrated from ri to r = 0 to give

τ =
ri
∆

2F1

[
1

2
, 1;

4− d
3− d

;
1

∆2

(
r0
ri

)d−3]
−

r0√
π

Γ

(
1− d

2 (3− d)

)
Γ

(
4− d
3− d

)(
∆2 −

(
r0
ri

)d−3) d−1
2(3−d)

.

(60)

3. For E2 < 1

For E2 < 1, i.e. ∆2 −
(
r0
ri

)d−3
< 0, Eq. (58) can be

integrated from ri to r = 0 to give

τ =
2 r0
d− 1

(
ri
r0

) d−1
2

2F1

[
1

2
,

1− d
2 (3− d)

;
7− 3d

2 (3− d)
; 1−∆2

(
ri
r0

)d−3]
, (61)

which is defined in R for ∆2 −
(
r0
ri

)d−3
< 0.

The zero velocity release case, can be computed by
taking ∆→ 0+ in Eq. (61).

Summarizing, we have the proper time interval τ in
d > 4 that takes for a massive particle to reach the black
hole singularity in a radial infall released at r = ri with
E2 = 1 in Eq. (59); with E2 > 1 in Eq. (60) and with
E2 < 1 in Eq. (61).

D. Radial infall for massive particles in d
dimensions with respect to the

Schwarzschild-Tangherlini coordinate time

In this section we will calculate the Schwarzschild-
Tangherlini coordinate time t lapse for a massive particle
falling towards the black hole between two points, from
a initial radius ri to a final radius rf . We do not choose
rf = 0 as in Sec. VII C because there will be a problem
following the particle beyond r0 in coordinate time t due
to an anomaly in the Schwarzschild-Tangherlini metric as
seen in Sec. VII B. Anticipating this setback, we choose
for our calculations a generic radius rf .

We begin by taking the square root and isolate t, on
the orbit equation in terms of dr

dt . This equation can be
obtained by substituting Eq. (9) in Eq. (15). Setting
also L = 0 yields

dt = − dr(
1−

(
r0
r

)d−3)√
1− 1

E2

(
1−

(
r0
r

)d−3) . (62)

As done in Sec. VII C we will divide our analysis in
three different cases: E2 = 1, E2 > 1 and E2 < 1.

1. For E2 = 1

For E2 = 1, Eq. (62) can be integrated to give

t =
2 r0
1− d

x
d−1
2 2F1

(
1,

1− d
2(d− 3)

;
d− 5

2(d− 3)
;

(
1

x

)d−3)
,

(63)
where we assumed that t(ri) = 0. To obtain the time
lapse between ri and rf , we need to substitute r = x r0
back and take the limits of integration ri and rf .

As a peculiarity, the argument c of the hyper-geometric
function 2F1 [a, b; c; z], must be different than zero, so Eq.
(63) does not hold for d = 5. For d = 5, and E2 = 1, Eq.
(62) integrates to

t =
r0
2

(
1− x2 − log

(
x2 − 1

))
, (64)

and again, to obtain the final result, we need to substitute
r = x r0 back and take the limits of integration ri and
rf .

2. For E2 > 1

For E2 > 1, Eq. (62) can be integrated to give

t =
x r0

E
√
E2 − 1

[(
1− E2

)
F1

(
1

3− d
;−1

2
, 1;

d− 4

d− 3
;

1

1− E2

(
1

x

)d−3
,

(
1

x

)d−3)

−2F1

(
1

2
,

1

3− d
;
d− 4

d− 3
;

1

1− E2

(
1

x

)d−3)]
,

(65)

where F1 is the Appell hyper-geometric function[27].
Again, to obtain the final result, we need to substitute
r = x r0 back and take the limits of integration ri and
rf .

3. For E2 < 1

For E2 > 1, Eq. (62) can be integrated to give

t =
2 r0

(
1− E2

) d−2
3−d

d− 3

√
1−

1−
(
1
x

)d−3
E2

F1

(
1

2
;
d− 2

d− 3
, 1;

3

2
;

1− E2 −
(
1
x

)d−3
1− E2

, 1−
1−

(
1
x

)d−3
E2

)
.

(66)

and, to obtain the final result, we need to substitute r =
x r0 back and take the limits of integration ri and rf .

The zero velocity release case, can be computed by
taking ∆→ 0+ in Eq. (66).

Summarizing, we have the proper time interval τ in
d > 4 that takes for a massive particle to reach the black
hole singularity in a radial infall released atr = ri with
E2 = 1 in Eq. (63); with E2 > 1 in Eq. (65) and with
E2 < 1 in Eq. (66).
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E. Schwarzschild-Tangherlini metric anomaly at r0

As is evident in Sec. VII D we have t → ∞ when
r → r0. It seems strange that we can not follow a particle
falling into a black hole, since we confirmed in Sec. VII C,
that a particle released in a purely straight motion will
always reach the black hole singularity. This anomaly
arises from the fact that the Schwarzschild-Tangherlini
metric has a metric singularity at r = r0. For a generic
dimension, it is possible to compute the Kretschmann
scalar[28] and conclude that even for a generic dimen-
sion the only real singularity exists for r = 0. This prob-
lem can be solved by making a coordinate substitution as
done for the Schwarzschild metric[21] and there are many
ways of doing it. A d dimensional analytically extension
is straightforward for the Schwarzschild-Tangherlini met-
ric.

VIII. CONCLUSION

In this summary we sought to study the general prop-
erties of d dimensional orbits in GR and deduce some
specific results. For both massless and massive we have
analyzed how the effective potential and constants of mo-
tion could alter the general features of their orbits, like
the stability vs. instability of circular orbits, the orbit
bound or unbound behavior and if unbound which or-
bit geometry they possessed. We discovered that sta-

bility was only possible for massive particles in d = 4
and concluded that perihelion precession is impossible in
d > 4. Furthermore, for massive particles, we observed
how the competition between the gravitational and cen-
trifugal term for different dimensions markedly alter the
orbit behavior.

We also studied specific results. We calculated the
angular deviation for the gravitational bending of light in
weak-field and the Shapiro time delay effect in weak-field
and in the large d limit. For both results, we noted that
in the large d limit both effects were negligible outside the
sphere of influence as expected. We also computed the
resulting redshift for an electromagnetic pulse climbing
a gravitational wellanalyzed and studied the motion of
both massless and massive particles in a motion towards
a black hole. We saw that although both particles could
reach r = 0, and for massive particles we calculated that
time, we could not follow them using the coordinate time
through r0. We concluded that it was due to a metric
anomaly and suggested some resolutions.
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