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In this work new optical diagnostics for long laser generated plasmas are proposed, based in
shadowgraphy. A model of the refraction of a probe beam through the plasma is presented and
related to shadowgraphy artefacts, which contain information on the plasma electronic density
profile. The models are compared to ray tracing simulations and to experimental measurements
of the electronic density for plasma columns and waveguides. I conclude this work will allow the
exploration of new ways of using shadowgraphy as diagnostics for long plasma structures.

I.

INTRODUCTION

The interactions between high intensity lasers and
plasmas have a wide range of applications, such as XUV
laser development[1], fast ignition for inertial confinement fusion[2], and laser-driven particle acceleration[3].
These applications require long interaction lengths between lasers and plasmas.
Long plasma structures can be generated when a focused laser is intense enough to ionize a gas along its
propagation path. It is, however, very demanding to
characterize these structures, not only due to their small
lifetime and size, making material probes impractical,
but also due to their wide range from low to high density
plasmas (1010 -1019 cm−3 )[4, 5]. The preferred diagnostics
fall mainly into optical domain using part of the laser
as a probe beam like interferometry and shadowgraphy.
In order to obtain quantitative characterization, interferometry is normally used[6] but it is not without its
own drawbacks, as it is very noise sensitive, and requires
complex setups and complicated data analysis. On the
other hand, shadowgraphy requires very simple setups,
but it is mainly used for qualitative evaluations. However, shadowgrams may contain several artefacts such
as focal points and caustics, which contain information
about the plasma properties.
In this work it is described how to use shadowgraphy
techniques to characterize a plasma structure, requiring
simpler analysis than interferometry. Models of the refraction through the plasma will be presented and related
to the plasma properties. The models are compared to
ray tracing simulations and experimental results. The
results obtained in this work allow the exploration of
new ways of using shadowgraphy as diagnostics for long
plasma structures.

II.

QUANTITATIVE SHADOWGRAPHY FOR
PLASMA COLUMNS THROUGH THE
MEASUREMENT OF FOCAL POINTS
A.

Theoretical model

A plasma column generated by a gaussian beam, as
a first approximation, has an electronic density distribution ne (x, y, z) described by a gaussian column with

azimuth in the x direction:
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ne (x, y, z) = ne (y, z) = ne0 exp −
,
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where x, y, and z are cartesian coordinates with origin
at the center of the column, ne0 is the peak electronic
density, and σ the column radius. The refractive index n
is given by the dispersion relation:
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The validity of the approximation in equation (2) is guaranteed if the plasma is underdense, which translates into
ne0 [cm−3 ](λ[µm])2  1021 . The wavefront h(ξ) of a
probe beam that traverses transversally the plasma column (in the z direction), can be approximated by (3)


Z +∞
ξ2
h(ξ) ≈
1−n(ξ, z)dz = Aλ2 ne0 σ exp − 2 , (3)
2σ
−∞
where ξ represents the same direction as y (both perpendicular to the beam propagation and the column’s
azimuth), only it is in the wavefront referential, λ is
the central wavelength of the probe beam, and A ≈
1.12 × 10−15 m is a constant.
The curvature of the wavefront will create a virtual
focal point, as exemplified in figure 1.

FIG. 1. Creation of a wavefront h(ξ) from a planar one. h(ξ)
causes the appearance of a virtual focal point f . The three
planes a, b, and c, correspond to the three different zones for
shadowgrams, explained further ahead (see figure 3).

This effect is similar to that of a negative lens, and the
focal distance is given by the curvature of the wavefront
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This negative focal distance (virtual focal point) depends
on the size and peak electronic density of the plasma,
which means that by using shadowgraphy techniques to
measure it, we have access to information of the plasma
profile.

B.

Experimental Setup and Results

This experiment was performed at Laboratory for Intense Lasers - L2 I, Lisbon. A laser beam was produced
by a chirped pulse amplification laser system with an energy of 70mJ (on target), duration of 400fs, central wavelength of 1.053µm and a beam diameter of 2cm. Figure 2
shows a schematic of the experimental arrangement and
the optical diagnostics used in the experiment[7].

There are mainly three distinct shadowgraphy zones:
the shadow (figure 3a.) which corresponds to object
space positions after the plasma (see figure 1, plane a.)
and it is characterized by the dark zone at the position of
the plasma; the plasma (figure 3b.) which corresponds to
positions on the object space near the plasma (see figure
1, plane b.) and it is characterized by its low contrast;
and the focus (figure 3c.) which corresponds to positions
on the object space before the plasma (see figure 1, plane
c.) and it is characterized by the bright line at the position of the plasma given by the virtual focal point. The
CCD camera was swept between all these three zones,
acquiring two shots for each position for shot validation.

FIG. 3. Examples of shadowgrams.

FIG. 2. Experimental Setup.

The laser beam is split in two - the probe and the main
beam. The main beam contains 95% of the energy, and
it is focused with a 550mm lens after a gas jet in order
to create a plasma column. The gas jet is produced by
an 8mm Mach 6 Laval nozzle[8] inside a 1 m3 vacuum
chamber kept at a base pressure of 10−2 mbar. A fast
solenoid valve opens long enough to create a gas jet of
constant flow, which was determined to be optimal 50ms
after the valve opening. The backing pressure was varied
from 10bar to 70bar in steps of 20bar, in order to increase
the range of experimental data.
The probe beam, which contains the remaining 5% of
the total energy, goes through a time delay line adjusted
to probe the column right after it is formed. The beam
transversely probes the plasma and goes through an
interferometer that can generate both interferometry
- used to test our measurements - and shadowgraphy.
The beam is then relayed by a 0.6 magnification optical
system (f/5.8) to a CCD camera (14bit), leading to a
resolution of 7.75µm per pixel. The camera’s position
can also be adjusted in order to image several object

In order to compare with interferometry, which was
taken in a small window on the center of the plasma,
data analysis of the shadowgrams occurs in a same window. For all available shots, a third degree polynomial
interpolation is applied after a normalization, adding 20
points between pixels and smoothing any intensity transactions to compensate the lack of resolution of the CCD.
As equation (4) represents a focal distance, it is necessary to know both the position of the plasma and the
position of the focus: the plasma image is on the plane
with smallest contrast, or in other words, with the smallest variations. This can be measured by the standard deviation (std) of each image, where the lowest one should
be closest to the plasma plane (position z = 0). The rms
values are plotted as function of their position, then fitted
to a second order polynomial, which gives the minimum
and an uncertainty estimate for the zero position.
A focal point should be bright and thin. In ray optics,
this would mean that all the light would be concentrated
in a single point, but for beam optics, the width of the
beam is never null. The brighter a focal point is, the
more energy it contains, and dividing the this energy by
the beam width for each shot, we obtain the ratio(z)
(equation (5)). The highest ratio has the highest energy
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on the smallest width, and corresponds to the focal point:
h
i
b·c2
1 − exp − c2 +(z−f
)2
+ d.
(5)
ratio(z) = a p
c2 + (z − f )2
2ρ20
W02

b=
, c = z0 , d an offset, and f the focal point position. The width for each position can be measured
through the FWHM of the intensity profile of the column shadowgram, and the power by the area below the
peak (see figure 4). Dividing the area by the FWHM
we obtain something proportional to ratio(z), which is
given by equation (5). The boundaries of the peak (the
points at the basis) are the lowest points of the valleys
next to it, and the top of the peak is the point with the
highest value of the profile. The area is considered only
between the boundaries of the peak. The points midway
the basis and the top represent the half maximum, and
the horizontal distance between them is the FWHM.
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FIG. 5. Fit to equation (5). Gas pressure is 70bar, f =
2.40 ± 0.12mm, focal distance of 6.67 ± 0.33 (magnification of
0.6) and an electronic density of (7.24 ± 0.36) × 1018 cm−3 .

where ef = za0 is the uncertainty of the focal distance,
and a is a resolution factor (for example, a = 100 means
that the uncertainty of the focal length is 100 smaller
than the Rayleigh length). Thus for a resolution factor
a ≈ 108, a wavelength λ = 1.053µm and σ = 60µm (values obtained for the 10bar shots), the uncertainty of the
density is ene ≈ 1017 cm−3 . This limit can, however be
decreased with higher wavelengths, bigger plasmas and
better techniques to measure the focal distance.
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,
Aλ2 f 2
Aπλe−1 σ a

(6)
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The focus position was determined by fitting the obtained values of the ratio with the function given by equation (5). An example of the fit is in figure 5, which leads
to a focal distance of 6.67 ± 0.33mm (conceding a longitudinal magnification of 0.62 ) and an electronic density
of (7.24 ± 0.36) × 1018 cm−3 .
There is also a limitation to how low a density can be
measured, and it is related to how well can one measure
the focal distance: the uncertainty of measuring a focal
point is inherently linked to the Rayleigh length of the
beam, z0 , which, for this case should roughly be z0 ≈
1
σ
A2 λ3 e−1 πn2e . As ne0 = Aλ2 f , its uncertainty ene should
0
be given by:

1e+19
ne (cm−3)

FIG. 4. Profile of the column at the focal point (50bar shot).
The arrows point to the half maximum, and the distance between then represent the FWHM. The shadowed area represents the power.
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FIG. 6. Comparison between interferometry and shadowgraphy for several pressures.

The experiment was repeated for pressures of 10bar,
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30bar, 50bar and 70bar. The peak densities were computed from the focal distances using equation (4), for a
value of σ = 60µm, and then compared with the interferometry results for the same shots. The results are in
figure 6. Both techniques give compatible results, seen
that the uncertainty of interferometry measures covers
the results from shadowgraphy. However shadowgraphy
shows a smaller uncertainty, which leads us to believe
that this model may lead to valid and preciser diagnostics.
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C.

Simulations

2

A raytracing simulation was performed in order to corroborate our model. The refractive behaviour of the
plasma column, given by equation (2), was modelled in
ZEMAX R through a grin file, and an optical system like
the one used in our experimental setup was assembled in
the NSM (non-sequential mode). A volume detector was
placed at the end of the optical system in order to acquire
several image planes, which included shadow, plasma and
focus regions.
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FIG. 8. Comparison between simulations and the theoretical
model.

advantage of this diagnostics resides on the possibility of
obtaining these electronic densities through simple setups
and for a wide range of densities (1017 to 1021 cm−3 for
λ ≈ 1µm), and that, unlike interferometry, it does not
relly on Abel inversions which are a fount of noise. This
method also has the potential to be adapted to more
complex structures, such as plasma waveguides.
III.

FIG. 7. Comparison of through-focus irradiance profile at
detector between experiment (a.) and simulation (b.). The
axis are in the image space, which, due to an amplification
factor, is 0.6 times the object dimensions in the y direction,
and 0.36 times in the z direction.

Figure 7 shows a comparison of through-focus irradiance profile at detector between experiment (Figure 7a.)
and simulation (Figure 7b.), for the same electronic density (≈ 8.8 × 1018 cm−3 for the 70bar shots). We can
see that the simulation was able to correctly predict the
shadow, the plasma and the focus zones.
The simulation was repeated for several densities, and
the focal distance was measured the same way as with
experimental data. Figure 8 shows that the focal distances given by simulation (points) accompany very well
the curve predicted by equation (4), conferring confidence
to the measurements of other densities.
In conclusion I have proved the principle behind the
model and shown that some shadowgraphy artefacts such
as focal points can contain information of the plasma
properties. Focal points can be accurately measured with
simple setups, and lead to reliable electronic densities
measurements for gaussian shaped plasma columns. The

RAY AND WAVE OPTICS THEORETICAL
MODELS
A.

Ray tracing simulations and caustics

Figure 8 shows that a ray tracing simulation portrays
very well the experimental results. This took me to consider a larger simulation, far beyond the focal point: Figure 9 shows two new focal points in the shadow zone, and
some new bright lines. These bright lines are caustics,
and they can be approximately described [9] by the following equations (these approximations are valid as long
as ne0  nc ):
y ≈ξ−z
1≈z

dh
,
dξ

d2 h
.
dξ 2

(7)
(8)

Furthermore, focal points are extrema of the caustics
position in z, and so their positions can be given by equations (7) and (8) evaluated at ξ given by h000 (ξ) = 0. For
a wavefront given by equation (3), the position of the two
real focal points is given by:
 

z = −f 12 √
exp 32
,
(9)
y = ±σ 23 3
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we can use two CCD cameras watching different planes
at the shadow.

B.

Full-wave simulations and interference fringes

Figure 7a. shows interference fringes in the experimental data. In order to explore how do these affect
caustics, it is necessary to resort to full-wave techniques,
such as the Yee algorithm. The Yee algorithm is a FiniteDifference-Time-Domain (FDTD) method. It is a powerful but generally computationally expensive. A way
of dealing with this is by paralleling the needed computations, distributing a heavy problem into many lighter
ones. In this work I produced a 2D Yee solver using MPI
for parallel computing, in order to solve the propagation
of a probe beam in a plasma column.
FIG. 9. Bigger ray tracing simulation. It is now possible to
see two new focal points in the shadow zone, and some new
bright lines (caustics).

where f is given by equation (4). This means that by
determining
√ the distance between these two focal points
(2|y| = 3 3σ ≈ 5.20σ), we have a reliable estimative
of the width of the plasma column. Furthermore, by
evaluating the horizontal
 distance between the three focal
points (f 1 + 12 exp 23
≈ 3.24f ) we do not need to
measure the plasma position.
We can also see in Figure 9 that caustics seem to get
the shape of straight lines as we move away from the
plasma (z −→ ∞). In order to keep equation (8) valid,
d2 h
dξ 2 must decrease. This means that one of the far field
solutions for the caustics must have
then compute:


1
2
y = ±zAλ exp − ne0 ± σ.
2

d2 h
dξ

= 0. We can

(10)

Equation (10) represents a straight line (y = mz + b)
with slope m = ±Aλ2 exp[− 12 ]ne0 , which is directly proportional to the peak electronic density ne0 . The signal +
or − says that the slope can be either positive or negative
respectively. Both solutions are valid, and they represent
the two vertically mirrored caustic lines (see the caustics
in Figure 9). However equation (10) is more accurate for
large values of z (away from the plasma), but because
caustics rapidly tend to a straight line, even for smaller
distances the calculated density should have a small deviation.
We now have two methods to measure the electronic
density on plasma columns: by measuring the focal distances and by measuring the slope of the caustics. Measuring a focal distance requires several shots. This is
because we need several longitudinal (along z) shots to
determine correctly where is the focal point. However, in
order to measure the slope of a caustic, we need only one
shot. A slope only needs two points to be measured, so

FIG. 10. Intensity profile of a planar probe beam traversing
a plasma column. The green lines represent the predicted
caustics.

Figure 10 shows the result of the simulation (ne0 =
2 × 1020 cm−3 and σ = 20µm - simulating lower densities
requires longer distances, and so it is very demanding to
the computer). We can see clearly that the two predicted
focal points are in the correct position, but we can’t see
the caustics where they should be. Even so, the simulation shows that the interference fringes appear at a rate
close to the caustics’ slope, and that the internal caustics
envelope the shadow (the shadow is created because the
plasma column deviates the probe rays from the center.
The shadow is thus a region with few rays, sided by regions where the deviated and non-deviated rays interact.
Caustics are envelopes to these regions, and so they end
up enveloping the shadow). Although caustics are not
seen in the simulations, the principles behind them can
still be applied into the development of new diagnostics:
caustics are envelopes of families of rays, which means
that rays only interact inside caustics. This also means
that there should be no interactions outside of them, and
that the interference fringes should appear at the same
rate as the caustics. However, as seen in Figure 10, there
are interference fringes outside the caustics, but they still
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λ
∆=
.
sin θ

(11)

If we take the interference fringes to be created by a wave
with angle sin θ ≈ θ to be the caustics slope, then:
∆=

1
1

Aλne0 e− 2

,

(12)

which depends on the plasma electronic density. This relation, however, is only valid for the outer fringes, which
should correspond to wavefronts with the given angle.
The density calculated from the spacing of the last fringes
is 1.87 × 1020 cm−3

C.

Experimental data analysis

Now we can use the previously developed techniques
to analyse the experimental data in Figure 11. In this
experiment, however, no interferometry diagnostic was
performed, and we do not have enough longitudinal resolution to be able to determine correctly the focal lengths.
Nevertheless we can have an educated guess of the density
through the ideal gas law (ne0 ∼ 2 × 1019 cm−3 , assuming
that the first 5 levels of the gas were ionized), and of the
plasma size through the apparent position of the shadow
zone focal points (σ ∼ 40µm).
The intensity profile of the shadowgrams was taken at
30cm and 52cm from the plasma (or 103cm and 178cm
considering the longitudinal magnification of 1.852 ×),
with the minima and maxima of the fringes. The distance between the last fringes, was calculated from the
distance between consecutive maxima, last consecutive
minima, and last maximum and minimum, and the average value was 48.2 ± 5.2µm. Applying equation (12) to
this distance, we obtain ne0 = 3.58 ± 0.39 × 1019 cm−3 ,
which is more than the 2 × 1019 cm−3 expected from
the ideal gas law. However, by using the last fringes
to compute the rate of appearance (slope) (the positions of the last maxima are 758.2µm and 1181µm for

−0.2
−0.15
−0.1
y position [cm]

appear with a rate similar to their slope. This happens
because beam optics behaves a differently than ray optics, and the waves spread angularly. But by measuring
the rate of appearance of the interference fringes, we can
still have an approximated relation to the plasma density.
We get the positions of the last of two minima in two
different planes in order to calculate the rate of appearance of the fringes m = ∆y
∆z . We
 can then solve the
caustics slope (m = Aλ2 exp − 21 ne0 ) in order to the
electronic density, obtaining ne0 = 2.45 × 1020 cm−3 .
As expected, the computed value is higher than the
real one, due to the deviation of the beam, but can still
give us a good guess.
Another possible diagnostic is through the vertical
spacing of the interference fringes ∆, which is related
to the wavelength and the angle between the interfering
wavefronts by
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FIG. 11. Caustics overlapped to experimental shadowgrams.
The caustics were numerically calculated withh a Gaussian
i
r2
electronic density distribution - ne (r) = ne0 exp − 2σ
2 , with
ne0 = 1.33 × 1019 cm−3 , and σ = 40µm. The magnification
of 1.85× was considered in the numerical calculation. These
shadowgrams are courtesy of Nuno Lemos, Department of
Electrical Engineering, University of California Los Angeles,
Los Angeles, USA. The dark strip are two bad shadowgram
shots.

z = 103cm and z = 178cm respectively), we get ne0 =
(1.33 ± 0.15) × 1019 cm−3 , which is much closer to the
expected value. This indicates that the distance between
fringes is not given by the model here presented, but
instead they are caused by another physical principle.
However, without a more reliable reference for the expected value, these results are inconclusive.
The caustics were numerically calculated for a Gaussian density profile using the values obtained by the rate
of appearance of the fringes (ne0 = 1.33 × 1019 cm−3 ),
and by the apparent position of the focal points (σ =
40µm).Figure 11 shows an overlap of these caustics with a
birdview of the experimental shadowgrams. It also shows
a good agreement between the caustics and the shadowgrams. The internal caustics envelope well the shadow
and the focal points seem to be correctly placed. This
leads me to believe it can be used as a reliable method,
but once again, without a more reliable reference for the
plasma, the results are still inconclusive. Nevertheless
it is worth noticing that, while in the simulation (Figure
10) a part of the interference fringes were out of the caustics, in Figure 11 this is not so noticeable. I previously
theorized that interference fringes were out of the caustics due to angular spreading. This spreading is higher
for smaller focal lengths (higher densities), and less noticeable for higher focal distances (lower densities). This
indicates that the rate of appearance of the fringes may
be a reliable diagnostic for lower densities.
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IV.

QUANTITATIVE SHADOWGRAPHY FOR
PLASMA WAVEGUIDES
A.

y=

Theoretical model

Plasma channels, or plasma waveguides, are plasma
structures with a higher refractive index in the center.
This means that the electronic density must have a deepening in its center, as seen in Figure 12 - solid blue line
3.

ξf5
.
ξf4 − ξf2 (σ12 + σ22 ) + 3σ12 σ22

(17)

The idea behind these equations is to solve first equation (15) to find ξf , and then use it in equations (16) and
(17) to obtain a relation between these measurable quantities (focal distance and vertical position of a focal point
respectively) and the plasma properties. Unfortunately,
the only known solution of equation (15) is ξf = 0, which
leads to:
(
f0 = 2  n12 n1 
Aλ σ − σ
(18)
2
1
y0 = 0
which is a central focal point that can be either real or
virtual. Other than that, equation (15) has two more
pairs of solutions (the solutions are symmetrical), which
can’t be solved analytically with the mathematical methods available. Figure 13 shows a ray tracing simulation
of a plasma channel. We can see the central focal point
and the two other pairs.
−250

−200

FIG. 12. A channel (blue solid line - 3) is described by a
difference of Gaussians 1 and 2 (orange dotted line and green
dashed line respectively).
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Applying this density profile leads to a wavefront with
given by





r2
r2
2
h(ξ) = Aλ ne1 σ1 exp − 2 − ne2 σ2 exp − 2
,
2σ1
2σ2
(14)
which is mathematically the difference of two of the previously studied wavefront (equation (3)). By solving again
equations (7) and (8) in order to determine the focal
points, we get the following equations:
"
#
!
ξf2
ξf2
n1
3− 2 =
ξf 3 exp − 2
σ1
2σ1
σ1
"
#
!
ξf2
ξf2
n2
= ξf 3 exp − 2
3− 2 ,
(15)
σ2
2σ2
σ
"
"
#2
!
ξf2
ξf2
1
n2
= Aλ2
exp − 2
1− 2 −
f
σ2
2σ2
σ2
"
#
!#
ξf2
ξf2
n1
−
exp − 2
1− 2
,
(16)
σ1
2σ1
σ1

−50
y position [µm]

In our mathematical description of a plasma channel
the electronic density is given by the difference of two
Gaussians of intensity n1 and n2 and radius σ1 and σ2
respectively (see Figure 12):




r2
r2
ne (r) = n1 exp − 2 − n2 exp − 2 ,
(13)
2σ1
2σ2
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FIG. 13. Ray tracing simulation for a plasma waveguide. We
see 5 focal points, one central and two other pairs.

B.

The analytical method

If you go back to the channel density profile of Figure
12, you’ll see that Gaussian 1 (the positive Gaussian) describes very well the external curvature of the channel.
So maybe it could also describe well the channel’s external focal points, which are given by the solutions of
h000 (ξf ) = 0. Figure 14 shows the third derivative of the
wavefront computed both for the channel (blue solid line)
and for just the external Gaussian (orange dashed line).
We can see that the external roots for the whole plasma
channel and for just the external Gaussian are very close.
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density in a column and in a channel must be the same:


Z ∞
r2
4π
ne0 exp − 2 r dr =
2σ
0


Z ∞
r2
= 4π
n1 exp − 2 r dr −
2σ1
0


Z ∞
r2
(21)
−4π
n2 exp − 2 r dr,
2σ2
0
FIG. 14. The third derivative of the wavefront for a plasma
channel (blue solid line) has the same external roots as the the
third derivative of the wavefront for just the external Gaussian
(orange dotted line and green dashed line). This is the same
exemplificative case as the one in Figure 12.

This means we can approximate the external solution of
equation (15) to an already known solution (see equation
(9)) ξf21 = 3σ12 . This can be easily input in equation (17)
for the tranversal position of the focal points to obtain:
√
3 3σ1
y1 =
.
2

(19)

Because the third derivative of the wavefront near ξf 1
has approximately the same behaviour for the channel
and for only the external Gaussian, it is fair to assume
that the same is true for the second derivative h00 . Thus,
the focal distance f1 , being related to that second derivative (see equation (8)) should only depend on terms given
by the external Gaussian. This becomes, with the solution ξf21 = 3σ12 :
f1 ≈

σ1
 .
2Aλ2 n1 exp − 32

(20)

Together, equations (19) and (20) can characterize σ1
and n1 from the positions of the real focal points, but we
still need σ2 and n2 to characterize the whole channel.
Unfortunately we can’t use the same reasoning, because
Gaussian 2 (the negative Gaussian in Figure 12 - green
dashed line) is not a good characterization of the peaks of
the channel (although it’s the peaks of the wavefront that
are directly related to the focal points, and not the density peaks, these last are close enough to the wavefront
peaks to conclude that Gaussian 2 will not characterize
them). We also have the central focal distance, given by
equation (18), which is related to all four variables n1 , n2 ,
σ1 and σ2 , but we’re still one equation short. This can
be resolved with the introduction of a new constraint to
this model, which is translated as the conservation of the
total number of free electrons. A plasma column evolves
into a plasma channel in some nanoseconds, and I assume
that in that time the rebounding of electrons and ions is
negligible. This means that the volume integral of the

where ne0 and σ are the column’s electronic density and
radius respectively. Now we solve the integrals from
equation (21) directly, eliminate the 4π terms, and define K 2 ≡ ne0 σ 2 :
n1 σ12 − n2 σ22 = K 2 .

(22)

K 2 = ne0 σ 2 can be experimentally measured using the
previously described diagnostics on the plasma column
before it evolves into the plasma channel. We now have
the four equations we need to characterize our model
(equations (18), (19), (20) and (22)).

C.

The numerical method

There is another way of defining a plasma channel density distribution:

ne (r) = ned

n





(r − d)2
(r + d)2
exp −
+ exp −
,
2σ 2
2σ 2
(23)

where ned = 2e0 is approximated to the peak density of
a channel (half the peak of the column), and d to its position off center. However we can’t calculate a wavefront
from this density distribution analytically, so we can use
this model only for numerical calculations. The value of
d can be estimated from the time delay between pump
and probe beams, and the column expansion.
The column’s electrons rapidly expand outwards due to
their high temperature. This sets up a large space charge
force which also propels the ions outward the axis, at the
local sonic speed. The ion-ion and ion-neutral collisions
will then create shockwaves between the plasma and its
boundaries (colder ions and neutrals), which will deaccelerate and make the ions conglomerate. Due to their low
masses electrons will rapidly achieve a quasineutral equilibrium with them[7]. The expansion of the shockwaves
can be approximated as a self-similar
solution of a Sedov
√
cylindrical blast wave, so d = α t, where α is a constant
dependent on the gas and the initial energy driving the
shock [7], which can be previously studied and tabled.
ned and σ can also be estimated from the properties of
the plasma column, which can be measured as described
in the previous chapters.
Once we have an estimate for the plasma density distribution, we can find the parameters of (13) that best fit
this distribution. Then we can use the fitted parameters
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ξsol1
σ1f

and b =

ξsol2
σ2f

. We can then expand h000 (ξ)

near aσ1 and bσ2 to a second order polynomial by Taylor
series, obtaining f un1 (ξ) and f un2 (ξ) respectively.
And now we can solve f un1 = 0 and f un2 = 0 for ξ
as a function of n1 , n2 , σ1 and σ2 , using the resolving
formula for second order polynomials, and obtain Sol1
and Sol2 . These solutions are valid near the estimated
values. The better that estimative is, the better these
solutions can describe the real ones. Then we define an
“Energy” as the sum of the squared differences between
the measured focus positions and the ones computed at
ξ = 0, ξ = Sol1 and ξ = Sol2 where the focus positions
f (ξ) and y(ξ) are given by equations (16) and (17)
respectively. Then we minimize this Energy to find
the best n1 , n2 , σ1 and σ2 to fit the experimental data
(minimum squares method).
This numerical method requires a very good initial approximation, may not have a much better data treatment
than interferometry, so we should rely on it only if the
approximations of the analytical method are not viable.
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I now present some experimental data, and compare
the models’ predictions to it. However, the experimental
data lack enough resolution to correctly characterize the
present focal points, so I’ll use the density profile taken
by interferometry of shots at 40bar with delays of 8 and
10ns to describe the focal points.
The caustics are numerically calculated from the density profile from interferometry. The densities from Figure 16 are smoothed (using matlab’s smooth function)
in order to eliminate noise for the numerical computation. The caustics are then overlaped to the birdviews in
Figure 15:
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We see that both the analytical and numerical methods give compatible results with interferometry, meaning
that they can give accurate descriptions of the plasma
electronic density if the focal points are correctly measured.

CONCLUSIONS AND FUTURE WORK
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FIG. 16. Density profile from interferometry (black solid line),
from the analytical model (red doted line) and from the numerical model (green dashed line). The shadowed area represents the uncertainty from the interferometry. The working
pressure was 40bar, the gas was Argon, and the delay was 8ns
(left) and 10ns (right).
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remaining noise in the density profile, which created some
artefacts on the numerical solutions of the caustics equations. Nevertheless we can see the expected five focal
points (extrema of the caustics) in left side of Figure 15,
but for the 10ns delay in the right side, we see only four,
as the central focal point is outside the window. The
position of the calculated focal points, however, are in
agreement with the experimental shadowgrams, meaning that we may obtain a good characterization of the
channel when using the methods described in this chapter.
I will now use the calculated focal points to calculate
the electronic density profile using both analytical and
numerical models. As I did not do a previous study for
the plasma column of Argon at 40bar to get K 2 , nor do I
know the value of α for the numerical model, I will have
to rely on the results of interferometry to get them (K 2 is
1
the integral of the density times the radius, and αt 2 is the
position of the maximum density). The density profiles
calculated with the analytical and numerical methods are
in Figure 16.

ne (cm −3 )

to look for the two positive (the others are symmetrical)
numerical solutions of h000 (ξ) = 0 (equivalent to equation
(15)), ξsol1 and ξsol2 , and divide them by the fitted values σ1f and σ2f in order to obtain two new parameters,
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FIG. 15. Experimental shadowgrams rearranged to show a
birdview. The caustics are computed from interferometry and
overlaped in red. The working pressure was 40bar, the gas was
Argon, and the delay was 8ns (left) and 10ns (right).

As we can see, there are some lines unrelated to caustics present in Figures ?? and 15. This is due to some

The theoretical relation between the focal length
and plasma density showed a good agreement with
simulations and experiment: the calculated electronic
density was in agreement with the reference density
from the interference diagnostic, and the uncertainty
of the latter contemplated the experimental densities taken by the focal distance diagnostic. We also
studied the limitations of the model and experimental
method: the model is valid for underdense plasmas
(ne0  nc ⇔ ne0 [cm−3 ](λ[µm])2  1021 ), but a
difficulty in measuring the focal distance prevents us
from achieving lower uncertainties for the density values
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(in this work we achieved a resolution of 1/108 of the
Rayleigh length for the focal distance, which leads to
a minimum density of ≈ 1017 cm−3 ). This limitation,
however, can be lowered with greater wavelengths,
plasma sizes or with better techniques to measure the
focal point. We concluded that the focal points have
a good potential of becoming a competitive diagnostic
for long plasma structures, with the advantage of being
easily implemented. However the model was presented
for a Gaussian-shaped plasma column, but can be
expanded to other shapes, following the same principles.
Experimentally, however, we require multiple shots to
obtain the focal distance.
Then I presented caustics, and how do they relate
to focal points. We saw two new focal points for the
plasma column, which could give us both the electronic
peak density and the plasma size. We also saw that
the caustics tended to straight lines, and their slope
was directly related to the electronic peak density. The
focal points were observed in the experimental data,
but caustics weren’t visible (see Figure 11). Full-wave
simulations (see Figure 10) also didn’t show caustics, but
instead there were interference fringes, which were the
result of the interaction of the deviated and non-deviated
rays“rays” that should have created caustics instead.
The interference fringes, however allowed us to develop
two new single-shot methods to measure the column
density, based on the spacing of the fringes and their
rate of appearance. These methods, although imperfect
due to the propagation of beams, were able to give
results close to the simulation parameters, and they can
be easily brought to lower densities than focal measuring
the focal distance. However, the experimental results
indicated that the separation of fringes had another
theoretical principle behind than the one analysed,
and that the rate of appearance of the fringes has the
potential of becoming a good single-shot diagnostic for
lower densities.
Finally, the previous work was extended to plasma
waveguides. The focal points’ positions were obtained,
but due to mathematical difficulties, we had to either
use numerical methods to solve these equations or
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further approximations and assumptions. The developed
analytical method needs to know the properties of
the column which originated the plasma channel (or
the total number of electrons). Then we rely on the
two external (real) and central focal points to give us
the necessary information to reconstruct the plasma
electronic density profile. The numerical method needs
a good initial approximation of the plasma profile, which
can be obtained from other theoretical models. It then
proceeds to calculate the best profile to fit the measured
positions for the focal points. This method is not as
simple as the first, but the approximations taken are
relatively better. Both methods were able to reconstruct
correctly a real plasma channel density profile, and the
predicted focal points’ position were in agreement with
the experimental shadowgrams.
In the future new and better techniques to measure the
focal points’ position should be developed in order to increase the accuracy of the measurements and to diminish
the number of shots needed. It would also be interesting to explore experimental setups with incoherent probe
light sources, and with high-pass Schlieren filters in order
to actually see the caustics. Furthermore, the theoretical
models behind the interference fringes must be reviewed
because they were in disagreement with the experimental results. This should lead to a new diagnostic technique. The models of caustics for plasma channels, or
waveguides, should also be developed, as they can lead
to better diagnostics and depend on fewer and better approximations. Furthermore, experimental shadowgrams
with better resolutions and higher ranges should be obtained for both plasma columns and channels, in order
to better validate the various developed diagnostic techniques in this work.
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