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Abstract
Metamaterials are structures engineered to feature particular electromagnetic (EM) properties.
Recently, it was suggested to combine metamaterials with plasmas as a way of addressing and studying
some of these EM effects in a more general way, taking advantage of the flexibility and high control
capability of a plasma medium, when compared to other media. In particular, these media can be
engineered to produce negative indices of refraction, which support the propagation of unusual light
waves. In addition, the interaction of these unusual light waves with charged particles in the medium
can lead to unusual features like negative radiation pressure. It is well known that two counter
propagating chirped lasers in a positive response medium can lead to energy transfer from the waves to
the particles leading to its acceleration. In this work, we explore the combination of two co-propagating
EM pulses which, under the right conditions, achieve the same results as the previous scheme, but
now in a plasma metamaterial. Depending on the chosen frequency, one of the pulses can experience
a positive response medium (n > 0) and the other a negative one (n < 0), leading to anti-parallel
phase velocities. This setup is capable of creating a beat wave which enables the acceleration of
charged particles via the radiation tension. Our results are supported by numerical simulations using
OSIRIS-meta, which combines a solver to deal with dielectric and magnetic materials with arbitrary
EM linear properties with the standard PIC algorithm.
Keywords: Metamaterial, Radiation Tension, Negative index of refraction, Ponderomotive Force,
Beat-wave Acceleration

1. Introduction

ative refraction appears as one immediate consequence of having a negative ε and µ.
The year 2000 marked the first time the word metaEven though the term metamaterial is quite rematerial was used in scientific literature. Metamacent, the idea on which this concept is based started
terial is a structure which can feature the exotic
with Veselago in 1968. Victor Veselago started by
properties first discovered by V. Veselago in 1968
understanding that the idea of having both ε and
[7]. This Russian theorist formulated the model
µ negative would lead to some interesting and unfor these left-handed media, which were media in
usual effects. From two of Maxwell’s Equations in
which light behaves in a completely different way
the reciprocal space
from common materials.
From electromagnetic theory, we know that the
propagation of electromagnetic (EM) waves inside
materials is governed by the dielectric constant ε
and the magnetic permeability µ. These two quantities are responsible for distinguishing all types of
materials, according to the way light behaves inside
them. When Veselago started to study left-handed
media, the subject was of purely academic and theoretical interest, a study that today has made an
impact in electromagnetics, acoustics, material science and other fields of science that goes beyond
what few thought was possible. In linear theory,
some simple optical phenomena can be studied in
this new perspective, where for instance the neg-

ω
k × E = µ H,
c
ω
k × H = −ε E,
c

(1)
(2)

it can be easily seen that the change of the sign of
both ε and µ will determine immediately the orientation of the wave number vector k of a light
wave. In fact, it becomes clear that the three vectors of the electromagnetic wave form a left-handed
triplet instead of a right one, as we usually see when
one EM wave is propagating in natural materials
[7, 8]. From this fact, if we think how the energy
flows in materials and define the Poyting vector
1

S = E × H as usual, we find that in metamaterials S and k are in opposite directions, again contrarily to what happens in ordinary materials. The
meaning of this is that as the wave propagates forward in one particular direction in vacuum, when it
reaches a vacuum-metamaterial interface it reverses
the sign of k, maintaining the direction of S. So,
once it enters the metamaterial the phase velocity
is now opposite to the one it had in vacuum, but
still the group velocity is kept in the original direction. Veselago named these media of negative phase
velocity media.
One other important and not so obvious consequence of this change in sign of both parameters
is the negative index of refraction. The definition
√
n = εµ could lead us to think that the simultaneous change in both signs wouldn’t affect the refractive index of one medium. But one needs to be more
careful in the treatment of such quantities, namely
one should treat them as complex quantities, which
then will yield [5, 1]
n=

√

√
εµ =

eiπ eiπ = eiπ = −1,

Split Ring Resonator (SRR). These are structures
in which currents are induced by a magnetic flux,
hence creating the negative response [4]. Pendry
found out that the magnetic behavior of such rings
can be written as
µ(ω) = 1 −

ω2

2
2
ωep
− ωe0
,
2
− ωe0 + iωΓe

(5)

where ωmp is the magnetic plasma frequency, ωm0
the resonance frequency of the SRRs and Γm is
the loss coefficient in s−1 . These two electromagnetic functions allow a range of frequencies where
both parameters are negative, the desired range for
studying metamaterials. Until now, just a limited
frequency range of the light spectrum is covered,
which is why the construction of these structures
is a huge matter to address, if for instance applications in the visible range are to be designed.
Despite all the advances and exciting results in
the linear regime on metamaterials, their nonlinear properties remain to be explored. Sakai found
an interesting way to study this nonlinear behavior
by using a uniform plasma to give the nonlinear ε
with a grid of Split-Ring resonators (SRR) which
would produce the negative µ. Working with both
together, since the plasma is a very flexible medium,
we, can now easily build in this way what is called
a bulk plasma metamaterial. Actually Sakai proposed several setups, nevertheless the bulk plasma
metamaterial is the one we are considering as our
medium of excellence to conduct the studies included in this work.
Sakai already proved experimentally that negative refraction can be achieved under these conditions, a fact that strengthened the method as
a strong and consistent way of studying nonlinear
phenomena using plasma metamaterials [6].
This work addresses two topics, being the first
related with the study of the ponderomotive force
mechanism is plasma metamaterials and the second
with the application of this mechanism to acceleration of particles in this media using co-propagating
lasers.
We start by recovering the concept of ponderomotive force, a simple 1D model is presented along
with simple simulation results to illustrate the general behavior of this force when acting on single
particles in a vacuum background. As a way of
addressing the first real issue of this work, we derive a model of the ponderomotive force in the new
context of a medium featuring LHM characteristics,
i.e. with negative electric and magnetic responses.
Similarly we also present single electron simulation
results to support the theoretical result.
Finally, we apply the concept of negative ponderomotive force to particle acceleration. Beat wave
acceleration relies on the ponderomotive beat wave

(3)

for which case it was considered ε = µ = −1. So,
it comes from Snell’s Law that unlike what we are
used to, both incident and refracted rays lie in the
same semi-plan of the normal vector to the surface.
Since it was unlikely that this kind of materials
could be found in natural form [7], scientists turned
their attention to the way of producing such materials in an artificial way. The first works showed
that these properties of metamaterials arise from
the internal structure rather than from the properties of the material or chemical components [2]. So,
all efforts were put in finding a structure that would
produce such characteristics. The first idea was to
make an analogy to the Drude-Lorentz model [5],
which describes a lattice of bound electron oscillators with natural frequency ω0 . The way to produce
similar effect is using a lattice of parallel wires, in
which currents can be induced such that the material can produce a negative response. The electric
behavior in such wires is ruled by the expression
ε(ω) = 1 −

2
2
ωmp
− ωm0
2 + iωΓ ,
ω 2 − ωm0
m

(4)

where ωep is the electric plasma frequency, ωe0 is the
resonance frequency of the wires and Γe the loss coefficient measured in s−1 of the medium. From this
expression, we can see that a negative permittivity
can be obtained by tailoring the lattice properties,
in particular its geometry.
On the other hand, the part of producing a structure which would feature a negative permeability is quite recent. In order to built such structured medium, Pendry proposed what he called the
2

to accelerate particles up to high energy values.
Fortunately the concept is well studied in ordinary
plasmas, having been proven to be quite efficient
in accelerating ions and heavier particles using two
counter-propagating lasers. —Then by taking advantage of the electromagnetic features of LHMs
we explore the possibility of achieving similar results using a co-propagating scheme. For that we
present the model for the new proposed setup incorporating the metamaterial features.

As expected, given that the gradient of the intensity is towards the left when considering a laser
propagating from left to right, the force exerted on
the electron is towards the right, causing the electron to move forward, against the gradient. In the
figure 1, it is seen the oscillatory behavior of the
force exerted by the laser pulse on the test particle.
The corresponding momentum exhibits a behavior which is averaged over time is positive, leading
to a motion of the electron from the high intensity
region of the laser to the low intensity region. The
2. Fundamental nonlinear laser-matter in- distance traveled by the electron is, again, directly
teractions
In laser-driven plasma accelerators, the ponderomo- proportional to the strength of the laser pulse.
tive force is responsible for the generation of wake- 3. Radiation tension 1D model
fields. The model, valid only for test particles in the
The next step is to learn how the ponderomotive
absence of collective behavior like in plasmas and
force behaves in a negative response medium. The
in a non-relativistic regime, can be derived using
idea is to explore the particle motion in an EM field
the electron equations of motion given by Lorentz
when considering a background which behaves as a
Force, which in Coulomb-Gauss units (CGS) is writLHM, that is with a both negative ε and µ. The
ten as
ponderomotive force is a second order nonlinearity


which arises from the Lorentz term v × B in the
v
dv
(6) force equation. Hence, we can easily separate this
= −e E + × B ,
me
dt
c
equation in first and second order terms
where me is the mass of the electron, c the speed
of light and d/dt ≡ ∂/∂t + v · ∇ is the convective
dv1
= −eE1 (r0 , t)
(9)
me
derivative. For an one dimensional model and a
dt
laser beam linearly polarized along the y direction,
i.e. AL (x, t) = AL
y (x, t) ey the fields can be writdv2
L
me
= −e [E2 + v1 × B1 (r0 , t)]
(10)
ten as E (x, t) = −∂AL /∂ct = −∂AL
y /∂ct ey and
dt
L
L
L
B (x, t) = ∇ × A = ∂Ay /∂x ez . Considering the
relation between Bz and Ay given before and trans- where in the indexes (1,2) denote the order of evverse momentum conservation, the ponderomotive ery physical quantity; v is the particle velocity, Ej
the electric field of order j and the same with the
force will then be given by
magnetic field Bj . . Integrating equation 9 we get
the
first order trajectory r1 (t) of the particles
dpx
e2
2
FP ond = m
=−
∇h(AL
(7)
y ) i,
2
dt
2me c
e
r1 =
E1 (r0 , t)
(11)
where the brackets h·i average the wave amplitude
me ω 2
in time, since the normalized potential is space and
We can expand the total electric field E in a
time dependent and ∇ ≡ ∂/∂x. It can also be
Taylor series in first and second order terms E ≈
written in terms of the normalized vector potentiasl
E1 (r0 , t) + (r1 · ∇)E1 (r0 , t). Given that the resida = eAy /me c as
ual electric field is E−E1 (r0 , t) ≈ E2 , we get that 10
me
can be written as
FP ond = −
∇ a2 .
(8)
2
The first step was to reproduce the mechanism
dv2
m
= −e [(r1 · ∇)E1 (r0 , t) + v1 × B1 (r0 , t)]
in the most simple scenario possible, where a single
dt
electron is steadily placed in vacuum. Vacuum in
(12)
the present scenario is understood as a medium with Faraday’s equation allows us to write the magnetic
positive electromagnetic response, that is ε0 = µ0 = field as a function of the electric field
1 in normalized units. The simulation was conducted considering a fixed window with absorbing
Z t
boundary conditions for the electromagnetic field
∂B1
∇ × E1 = −
⇔ B1 = −
∇ × E1 dt0 (13)
in the longitudinal direction and a steady electron
∂t
0
at x = 120 [c/ωp ] for a uniform density. The simulation was ran with a simulation domain of size Differentiating equation 11 with respect to time we
500 [c/ωp ], with 24000 grid cells, for a a0 = 0.1, get that v1 = (e/me ω)∂E1 /∂t. Using this, together
with 11 and 13 we get finally
ω0 = 1.5 and a pulse duration of T = 200 [1/ωp ].
3

Figure 1: a) Ponderomotive Force over time; b) Longitudinal momentum acquired by the test electron.
magnetic fields E and H don’t depend on any response of the medium, contrary to the constitutive
fields D = εE and B = µH which depend entirely on the dielectric and magnetic responses of
the medium used.
Theoretically, as shown before, it is not expected
any difference in the behavior of the ponderomotive force mechanism when in the context of a lefthanded like medium.
The implementation of the features of such a
medium are done considering that the code OSIRISmeta evolves the fields considering the EM characteristics of the desired medium. A scenario can be
implemented where both dielectric and magnetic responses are unitary and of negative value for a certain range of frequencies. For that the simulation
was conducted in a simulation box of size 500 [c/ωp ],
with 24000 grid cells and for a a0 = 0.1, ω0 = 1 and
a laser duration of T = 200 [1/ωp ].
The single particle simulation consisted of a lossless medium, with boundaries at x = 126 [c/ω0 ]
and x = 377 [c/ω0 ], that is with Γe = Γm = 0,
with null resonant frequency ωe0(m0) such that, according to equations 4 and 5, by
√ considering a
plasma frequency of ωep = ωmp = 2, the electromagnetic solver would consider ε = µ = −1. In
such conditions, a steady electron was initialized at
approximately x = 150 [c/ω0 ] and a considerably
infinite EM field set to motion from left to right beginning in vacuum until it reaches the left boundary
of the negative response medium with a slowly varying envelope of maximum amplitude of a0 = 0.1,
below the relativistic regime, and frequency equal
to unity.
As seen in fiugre 2 the momentum exerted on the
electron is positive along time, which translates into
a motion by the electron at constant speed towards
the right. This is consistent with the model predictions, showing numerically that the electromagnetic
features do not, indeed, influence the ponderomo-

dv2
e2
[(E1 · ∇)E1 −
me
=−
dt
me ω 2
−

∂E1
×
∂t

t

Z

∇ × E1 dt0 ]

(14)

0

Averaging over time the entire equation, we finally obtain the ponderomotive force formula
FP ond = −

e2
∇ E12
2me ω 2

(15)

where the mathematical identity ∇E12 = (E1 ·
∇)E1 + E1 × ∇ × E1 has been used. The known
result is recovered substituting E1 = −iωAy /c.
It is important to discuss this result and its consequences. It can be noticed that there is no dependence of the result on the the properties of the
medium used. Similarly to the results obtained for
vacuum and plasmas, the radiation tension is responsible for making the particles behave in the
same way even though the properties of the EM
pulse interacting with them are completely different. Analyzing the physical behavior, we expect
the particles to move forward, against the direction
of the phase velocity of the EM wave. The laser
carrying a positive wavenumber vector, in vacuum,
exerts a positive pressure with respect to its direction. In the case of a metamaterial, this direction is
reversed kLHM = −kV acuum , exerting now a negative radiation pressure, or radiation tension. This
tension pushes the particles in the opposite direction of the wavenumber vector.
However, the energy carried by the EM wave is
still oriented in the same direction as in vacuum.
It is easily seen, considering that the Poynting vector, representing the directional energy flux density,
given by S = E × H doesn’t change direction depending on the sign of the responses of the medium.
This is mainly due to the fact that the electric and
4

Figure 2: (Left in red) Electric field; (Left in blue) Longitudinal momentum experienced by the particle;
(Right) Particle trajectory and oscillatory behavior of the motion.
tive force mechanism in the scenario when both ε p
corrected with the Lorentz factor given by γ =
and µ are negative.
1 + p2x /(M 2 c2 ) + q 2 (A1 + A2 )2 /M 2 c4 and M , q
and c being the mass and the charge of the par4. Particle Acceleration in plasma metama- ticle and the speed of light in vacuum, respecterials
tively. The derivative with respect to space contains
The model we are exploring in this section is a rel- the phase of the ponderomotive beat wave. The
ativistic 1D single charged particle framework with term A2 = (A + A )2 can be expanded as A2 =
1
2
two counter-propagating lasers, that can reproduce (A2 + A2 )/2 + A A cos Φ + f (θ)[2A A cos Φ +
1 2
S
1 2
F
1
2
realistic scenarios as long as the laser-plasma inter- (A2 + A2 ) cos Φ cos Φ − (A2 − A2 ) sin Φ sin Φ ),
S
F
S
F
1
2
1
2
action takes place within a region where the laser where the function f (θ) = (sin2 θ − cos2 θ)/2 dedoes not significantly change transversely. Once the pends entirely on the polarization angle of the wave,
superposition of the two lasers is achieved, a beat and Φ = Φ + Φ and Φ = Φ − Φ . As long
F
1
2
S
1
2
wave will be form, leading to the formation of a as the laser intensity is not high enough to drive
ponderomotive potential.
quiver oscillations near relativistic velocities, i.e.
The laser beams considered are two co- Âj ≡ qAj /M c2  1, and the time scales of both
herent EM waves,
characterized by po- beat waves can be separated, it can be approxitential
vectors
of
constant
amplitude, mated by
which in CGS units are given by Aj =
Aj {cos θ sin [Φj (ξj )] ey + sin θ cos [Φj (ξj )] ez },
A21 + A22
2
+ A1 A2 cos ΦS
(17)
A
≈
where θ is the polarization angle, Aj is the
2
amplitude, Φj (ξj ) defines an arbitrary phase which allows the averaging of 16 over the fast time
function of the wave, and the indexes j = 1, 2 scale, yielding
denote the lasers. Since we are working towards a
counter-propagating scheme, we choose ξ1 = x − ct,
dpˆx
Â1 Â2
=
k̂(x̂, t̂) sin(Φ1 − Φ2 )
(18)
corresponding to a laser traveling from left to right
γ
dt̂
and ξ2 = −x − ct which corresponds to a laser
traveling from the right to the left. The superpo- where the hatted quantities are dimensionless as
sition of both EM waves will result in a fast and a k̂ = k/k0 , with k0 = k(0, 0), t̂ = k0 ct, x̂ = k0 x
slow beat wave. The first with wavenumber given and pˆx = px /M c.
Finally, one can also get the energy evolution of
by K(x, t) = (1/2)(Φ01 − Φ02 ) and frequency given
by Ω(x, t) = (c/2)(Φ01 + Φ02 ) and the second with the particle according to the approximations used so
wavenumber k(x, t) = (1/2)(Φ01 +Φ02 ) and frequency far. Averaging over the fast time scale, the energy
ω(x, t) = (c/2)(Φ0 − Φ0 ). The phase velocities are is given by
1

2

given respectively by Vφ (x, t) = Ω(x, t)/K(x, t) and
dγ
Â1 Â2
vφ (x, t) = ω(x, t)/k(x, t).
=
ω̂(x̂, t̂) sin(Φ1 − Φ2 )
(19)
dt
γ
From the momentum equation, we can accurately
derive the ponderomotive force acting on the partiSince the lasers are assumed to be tuned at close
cle
frequencies, it is relevant to work in this setup with
chirped lasers, ensuring that the frequency shift
needed between them to create the beat wave. In
dpx
q2
∂
2
=−
(A1 + A2 )
(16) the absence of a frequency difference the averaging
dt
2γM c2 ∂x
5

phase function Φj if the other is known. Assuming
a wave with non-variable frequency Φ2 = 1 − x − t,
the solution for Φ1 is given by

process would turn out to be zero. Thus, if energy
gain is to be achieved, at least one of the EM pulses
has to have a variable frequency.
Figure 3 shows density plots for the ponderomotive force magnitude in the (x̂, t̂) plane. The
lighter colors represent regions where particles can
be accelerated and the darker correspond to deceleration regions. On the left side, the nonexistence
of chirped lasers leads to a formation of steady beat
wave, which remains in the same position over time.

Φ1 = 1 +

1
log [1 + 2µ0 (1 + β0 )(x + t)]
2µ0

(21)

Â2 + Â22
Â1 Â2
2
sin φ0 , γ0⊥
= 1+ 1
+
2
γ0⊥
2
Â1 Â2 cos φ0 and β0 being the initial velocity of the
particles.
If one considers the particle trajectory x̂φ0 (t̂) defined as the resonant trajectory
 of the phase-lock

condition, and defining ψ = 2 x̂(t̂) − x̂φ0 (t̂) as the
difference between the trajectory of the ponderomotive beat wave and the particle trajectory, one
can rewrite the force equation in this new set of
coordinates
with µ0 =

∂
d2 ψ
=−
U (ψ, τ )
dτ 2
∂ψ

(22)

begin τ the proper time such that dt̂/dτ = γ, and
U (ψ, τ ) the potential which is solution to the difFigure 3: Ponderomotive Force density with linear ferential equation and which can be computed
chirp.
 

ψ
U
(ψ,
τ
)
=
2
Â
Â
cos
Φ
−
ξ
(τ
)
+
1 2
1
1,φ0
On the other hand, when chirped lasers are used,
2
as shown in the right side, the ponderomotive beat


wave is no longer steady, having a phase velocity
ψ
−Φ2 ξ2,φ0 (τ ) −
+ 2αφ0 (τ )ψ
(23)
which will allow for the energy transfer between
2
the wave and the particles. The simulation was
ξ2,φ0 (τ ) =
done with chirp coefficients σ1 = −0.65Â1 Â2 and where ξ1,φ0 (τ ) = x̂φ0 (t̂) − t̂,
2
2
−x̂
(
t̂)
−
t̂
and
α
(τ
)
=
(d
/dτ
)x̂φ0 (t̂) =
−4
φ
φ
0
0


σ2 = 0.35Â1 Â2 , with Â1 Â2 = 5 × 10 . In orγ(d/d
t̂)
γ(d/d
t̂)x̂
(
t̂)
.
From
this,
it
is
expected
φ
0
der for particles to get accelerated, it is convenient
that
trapping
can
be
achieved
if
this
potential
exthat their thermal velocity is enough to get them
hibits
a
local
minimum,
which
can
be
obtained
if
trapped inside the acceleration regions of the beat
we
guarantee
that
the
frequency
variation
is
slow
wave structure, otherwise they will pass through
several accelerating and decelerating regions gain- in time, for which case, the ponderomotive beat has
ing by the end no overall acceleration. Particles maximum value given by αM = Â1 Â2 k̂(x̂φ0 , τ ).
For any configuration, we can define the width
initially at rest, however, could still catch the beat
of
the trapping region which will vary from 0 to
wave and be trapped and accelerated.
∆ψ
= 2π. Recent papers estimate the trapping
A resonant solution to the equation 18 can be
efficiency
to be given according to ηtr ≈ 1 −
found such that
2
arcsin
(α
φ0 /αM ). It can be easily seen that apπ
proaching the limit αφ0 → αM , it will result in a




Φ1 x̂(t̂) − t̂ − Φ2 −x̂(t̂) − t̂ = φ0
(20) trapping efficiency of approximately zero. The opposite is also true, meaning that when αφ0 goes to
is defined as the phase-lock condition with constant zero, particles tend to be all confined in the potenvalue φ0 . It is straightforward from the equation for tial function, which in this case a sinusoidal function
the ponderomotive force, that the argument of the alone. The disadvantage of this is that in this ideal
sinusoidal force in 18 will have then to be constant. trapping case the particles don’t accelerate at all.
The phase functions Φj remain arbitrary, although So it becomes clear that there is trade-off between
the condition has to be achieved and the frequency energy gain and total amount of particles that are
ω̂ has to vary in time in order to achieve acceleration accelerated, as the efficiency goes higher the energy
of the trapped particles. Under these assumptions, particles can acquire reduces drastically and vicea resonant solution for the laser phase functions versa. It this then vital that the appropriate set of
of 20 for a certain φ0 is arbitrary. One can find for a conditions is determined having in mind this factor.
6

q
(q/Mi c2 ) 2λ2j Ij /πc, it is straightforward to get the

Typical techniques for introducing variable frequency into laser beams often lead to linear chirps.
The phase functions can then be written in such
context as Φ1 (ξˆ1 ) = φ01 + (1 + β0 )ξˆ1 + σ1 ξˆ12 and
Φ2 (ξˆ2 ) = φ02 +(1−β0 )ξˆ2 +σ1 ξˆ22 where β0 is the particle initial velocity and σj is the chirp coefficient.
Considering now the phase-locking condition 20,
it is straightforward to verify that it can be written
as Φ1 Φ2 = φ0 + 2(x̂ − β0 −̂σ+ x̂t̂) + σ− (x̂2 + t̂2 )
with σ+ = σ1 + σ2 , σ− = σ1 − σ2 and
φ0 = φ01 − φ02 .
The trajectory for any
φ0 is given then by x̂φ0 (t̂) = (σ+ /σ− )t̂ −
q
2 + σ 2 )t̂2 ,
(1/σ− ) 1 − 1 − 2(σ+ − β0 σ− )t̂ + (σ+
−

value for the energy gain in real units ∆E [M eV ] =

2
2
|σ− |/Â1 Â2 0.8Zi4 A−3
i I1 I2 λ01 λ02 ∆T , where Zi
and Ai are, respectively, the atomic and mass number of the particle used in the scheme. Ij is the intensity in 1020 W/cm2 , λ0j is the initial wavelength
of each laser in µm and ∆T is the pulse duration in
picoseconds.
The predictions for the trapping efficiency and
the energy gain and respective simulation results
are presented in the table 1, where you can also
find the deviation from theoretical predicitions.
The case where the chirp coefficient is bigger than
the quantity Â1 Â2 (last case in the table) is the one
for which no trapping is expected since the change
of frequency is fast enough to disrespect the validity
range of the model previous derived. The model assumes a slow frequency change in time and space,
which is not the case for this particular chirp coefficient. This can be clearly seen in the plot c1),
where the particle trajectories reveal that no particle is trapped in the ponderomotive beat wave.
Concerning both cases for which the model is
valid, it becomes clear the existent trade-off between the total amount of accelerated charge and
the quantity of energy particles gain. For smaller
change in frequency the trapping is considerably
bigger, but the energy reduces accordingly. In general some deviations between the predicted and the
resulting quantities can be explained by two factors:
the first one arising from the condition in which the
model is derived and the second one by analysis of
the code simulations. Theoretically both the trapping efficiency and the energy gain are estimations
under certain assumptions, which then have an error associated with them. Nevertheless, the biggest
source of error between theory and simulation, is
the fact that the particles initialized in the simulation can suffer some effects, namely they can be
expelled from the simulation box (both trapped or
untrapped) or also the degree of ability to differenciate between the trapped and the untrapped particles. It comes then that the measurement of the
trapped particles is not one hundred percent accurate, which may result in some deviations to the
predicted trapping efficiency.

being αφ0 = |d2 x̂φ0 (t̂)/dτ 2 | and considering particles initially steady, i. e. β0 = 0 at t̂ = 0, we end up
by having αφ0 = |σ− |. When this ponderomotive
acceleration limit is verified the maximum energy
gain is achieved for |σ− | = Â1 Â2 , for which the
trapping efficiency tends to zero.
In order to verify the trade-off between the energy and the amount of charge accelerated in the
ponderomotive beat wave, several simulations with
the OSIRIS-meta PIC code were conducted using
the same set of parameters, allowing the comparison between different chirp coefficients and the effects caused by the faster or slower change in frequency. The simulation was tested for a box size of
3299 [c/ω0 ], with 78755 grid cells, with 100 particles
per cell and located at x̂ ∈ [2406; 2798] [c/ω0 .
With respect to the laser pulses, one incoming
laser was initialized from the left side of the slab
of particles with intensity I1 = 1.3 × 1021 W/cm2 ,
λ1 = 800 nm and a chirp coefficient different than
zero. The laser coming from the right, having then
a negative phase velocity was initialized with I2 =
8.5 × 1020 W/cm2 , the same wavelength and a null
chirp coefficient. Both laser pulses have a duration
of approximately 1 ps. In these conditions Â1 Â2 ≈
0.000014 and σ− = σ1 .
In figure 4, the black, thick lines in the left plots
represent particles which get trapped in the ponderomotive potential. On the other hand, the blue
dashed lines represent the untrapped. The trajectories depicted in plots a1), b1) and c1) were selected
from the thousands of macro particles trajectories
just to illustrate the difference in trapping. The
beat wave represented is a part of the whole simulation contained in the simulation domain marked
with a redish vertical stripe in the plots on the right.
Furthermore, in the plots on the right you can see
the particle position with respect to their initial
location marked with a red dark horizontal line.
Knowing that the energy for any given chirp is given
by ∆Ê = (|σ− |/Â1 Â2 )2 ∆ÊM , where ∆ÊM is the
maximum energy gain[3], and considering the normalization used in the formalism namely that Âj =

5. Plasma metamaterial hypothesis
According to the setup, in order to obtain a beat
wave with phase velocity different than zero (i.e. a
moving beat), one wave coming from the left and
other from the right and with different velocities as
simulated in 3 are needed. Physically, this corresponds to having two incoming waves with opposite wavenumber vectors, or opposite phase velocities. In the context of a plasma metamaterial, such
7

Figure 4: Multi-particle simulation: (Left) Ponderomotive Beat wave density plot (Right) Momentumposition phase-space with kinetic energy color scale for (a1 and a2) σ− = −0.00002; (b1 and b2) σ− =
−0.00005 and (c1 and c2) σ− = −0.0002.

Chirp Value
|σ− | = 0.00002
|σ− | = 0.00005
|σ− | = 0.0002

ηtr (Prediction)
91%
77%
0%

ηtr (Result)
≈ 87%
≈ 65%
≈ 0%

∆E (Prediction)
1.07 M eV
6.68 M eV
—

∆E (Result)
≈ 0.845 M eV
≈ 3.943 M eV
—

Table 1: Comparison between the predicted trapping efficiency ηtr and the energy gain ∆E and the
simulation results.
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Âj = qAj /M c2  1 is respected.
With no change on the way the model is derived,
when compared to the model presented before,the
set of equations introduced so far are expected to
hold for the plasma metamaterial case. The proposed setup with a metamaterial only introduces
the possibility of controlling the direction of the
√
phase velocities through εj µj . Hence, it is expected that the results show the same features presented for positive response media.
Having, now two lasers, which are obliged to have
different frequencies, the initial phase velocity of the
beat wave vφ = ω/k is non-zero. This fact has major impact in the setup, since it implies that particles need initial momentum to get trapped in the
ponderomotive potential. The general model imposes that vφ = ω/k = cβ0 . In the previous study,
with a positive response medium, ω1 = ω2 which
would imply directly that β0 = 0, i. e. that the ions
would not need to be moving to get trapped in the
potential. This doesn’t happen when we work with
metamaterials, since ω2 − ω1 6= 0. Another aspect
to be taken into account is that the group velocity
associated with each laser is different, resulting in a
time of interaction when both laser are overlapped
significantly reduced if the difference between group
velocities inside the metamaterial is not negligible.
The potential U (ψ, τ ) is also modified. 23 defines
U as function of the coordinates ξˆj,φ0 which are in
this new paradigm modified to introduce the phase
velocities of each laser as previously done in 24.
The proposed setup shows a lot of potential, being a very good alternative to ordinary plasma as a
host medium for particle acceleration. The model is
quite similar, even though it has some issues which
need to be addressed carefully when simulating or
experimentally trying the setup.
The setup was tested for ions, showing however
that the amount of energy that ions acquire compared to the amount of energy they already possess
at the beginning, in order to fulfill the matching
condition is much smaller. As such, from the pratical point of view, it is not worth to accelerate ions
up an initial momentum considerably big (β0 ≈ 0.7)
just to gain moment of the order of δβ ≈ 0.001. Ions
are ideal particles to accelerate in vacuum since they
are heavier particles compared to electrons and as
such ideal for the experimental method which was
built in order to remove heavy particles from rest
positions [3].
In the case of metamaterials since the beat will,
right from the beginning, move at high velocities,
electrons which are light particles even from rest
can be easily accelerated. We ran the simulation for
the set of parameters: box size of 3000 [c/ωp ], 95499
grid cells, with 100 particles per cell ans located at
x̂ ∈ [2100; 2300] [c/ωp ]. For this simulation we used

properties can be ensured using a co-propagating
scheme.
The flexibility in controlling the response of these
kind of media to the laser pulses allows the possibility of the proposed scheme. Depending on the laser
pulse frequency a plasma metamaterial can behave
in different ways.
A wave with a certain frequency will experience
a medium with certain EM properties. As such,
the dispersion relation for a wave propagating inside a plasma metamaterial is highly dependent
on the its own frequency. The dispersion relation for a EM wave of frequency ω is given by
√
ω = (c/n)k = (c/ εµ)k, where ε and µ are functions of the frequency ω and are given by equations
4 and 5. Depending on the value of the frequency
used we can tuned the lasers, such that one of the
lasers can propagate forward with positive phase velocity and on the other hand, we can have the other
laser propagating with a negative phase velocity.
Assuming that both waves are characterized by
a frequency ωj and a wavenumber vector of magnitude kj related by the previous dispersion relation,
the new normalization conditions for
p arbitrary ε
and µ can be defined using ωj = ckj / ε(ωj )µ(ωj ).
So for both waves we can define their phase functions now given by
 

c
Φj (ξj ) = Φj [kj x − ωj t] = Φj kj x − √
t
εj µj
(24)
where for simplicity the εj , µj = ε, µ (ωj ). For
the frequencies we want to work with, i.e. one
above and other below the plasma frequency, the
√
factor εj µj will automatically give the sign we
want. Thus the phase-locking condition for arbitrary electromagnetic responses is changed to
Φ1 [k1 (x − vφ1 t)] − Φ2 [k2 (x − vφ2 t)] = φ0 , where
vφj is the phase velocity of the wave j. The equation for the ponderomotive force given by 16 can
be derived following the same logic as for the previous sections, assuming that Φ1 − Φ2 corresponds to
the phase function of the slow beat wave, which
wavenumber vector and frequency is mathematically given by k(x, t) = (1/2)(∂Φ1 /∂x + ∂Φ2 /∂x)
and ω(x, t) = (c/2)(∂Φ1 /∂t − ∂Φ2 /∂t), which making the substitutions will yield k(x, t) = (1/2)(k1 +
k2 ) and ω(x, t) = (c/2)(ω2 − ω1 ). It is possible
to show that by imposing certain frequencies such
that laser 1 sees a medium with positive responses
and laser 2 sees a negative one, we can obtain vector
which is the difference of both individuals wavenumber vectors as is supposed to. The same reasoning
is valid for the fast beat wave, but again we are
in conditions to neglect it, knowing that the longitudinal momentum and energy equations are to
be later averaged over the fast time scales when
9

Figure 5: (Left) Momentum phase-space for the multi-electron simulation conducted for σ1 = +0.001;
(Right) Trajectory of sample of electrons.
a1 = 1.30486, a2 = 11.678 and a chirp coefficient
σ1 = +0.001. The simulation results can be seen in
figure 5.
It can be seen that the method seems to work
when electron acceleration is the goal. Nevertheless the simulations are simply preliminary results
which still need to be perfected. Due to electron
own properties, and the fact that they are much
lighter when compared to ions, it is much easier
to accelerate electrons. The figure 5 shows that a
branch of electrons can be removed from the bulk
and accelerated.
6. Conclusions
The work presented is focused on the study of the
ponderomotive force mechanism in the new and unusual context of plasma metamaterials. Metamaterials show a lot of promise regarding the range of
applications they can be used for. As such, it is of
great importance to study their behavior in several
conditions which can allow for physical phenomena
studied in ordinary plasmas can be applied to metamaterials. Curiously enough, these media have such
flexibility that they can behave as normal/natural
materials with positive response or as exotic materials with negative dielectric and magnetic responses.
This possibility shows the potential metamaterials
have and the way they can revolutionize material
science, technology and applications in general. It
was shown that the radiation tension, name given
for the negative ponderomotive force, is a nonlinear
process which accelerates particles in the longitudinal direction. In particular, when EM waves, having
a frequency below the plasma frequency, propagate
in a metamaterial featuring LHM properties, the
charged particles still are moved the same way as in
plasmas. This directly means, that the momentum
particles acquire are positive and co-propagate with
10

the laser pulse. Having this in mind and taking advantage of the LHM properties, namely of the light
dispersion relation in these media, we explored, in a
acceleration mechanism drove by a ponderomotive
beat wave. Our work was conducted towards the
formulation of a similar model which would include
the possibility of using a negative response medium
as host medium for the same scheme of particle acceleration. The model is slightly changed and it is
presented. It is shown that for ions the method is
not very usefull, because it requires ions to be accelerated first to high velocities in order to, then,
be accelerated by the beat wave mechanism. Thus,
we tried lighter particles, electrons, and simulation
results seem to prove that for lighter particles the
mechanism may work. For the future, further simulation work should be done in order to numerically
improve the results and effectiveness of this alternative setup for several kinds of particles.
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