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Abstract 

The ELECTRE III method defined as an outranking technique from the ELECTRE family methods, 

constitute one of the most popular approaches for solving multi-criteria decision-making (MCDM) 

problems. However, this method displays undesirable behavior when ranking alternatives in certain 

contexts and under specific circumstances. This phenomenon is widely known as rank reversal. The 

present work aims to be a complement for works developed by other authors regarding this subject, 

presenting further ways to incite the occurrence of this type of ranking irregularities. In that sense, an 

overall description of the algorithm is held, as well as the performance of computational tests to tackle 

the occurrence of rank reversal phenomenon when random problems are generated. 
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1. Introduction 
Although its maturity, Multiple Criteria Decision 

Making/Aiding (MCDM/A) is still a developing 

field that dispose various tools enabling the 

Decision Maker (DM) to solve complex 

decision problems, taking into account several, 

but normally contradictory points of view 

(Vincke, 1992). MCDM methods aim to 

improve the quality of decisions by making the 

decision-making process more explicit, 

efficient and rational (Wang & Triantaphyllou, 

2008). However, some limitations of these 

techniques might emerge under specific 

situations than consequently change the 

indication of the best-ranked alternative(s). 

The purpose of this work relies on the study 

and analysis of one of the most popular 



moethods of the ELECTRE family techniques 

and outranking methods: ELECTRE III. For 

that, implementation of the algorithm was 

made and consequently computational tests 

were performed to study the occurrence of this 

type of ranking irregularities. 

2. ELECTRE III 
ELECTRE III method, as stated before, 

belongs to the family of ELECTRE methods. 

The word ELECTRE stands for “Elimination Et 

Choix Traduisant la REalité – Elimination and 

Choice Expressing the REality”. This technique 

was conceived with the aim to overcome some 

deficiencies and limitations of other multi-

criteria methods. Here it is possible to cope 

with imperfect knowledge due to the 

introduction of new concepts and ideas with 

the use of a pseudo-criterion model (Ulubeyli & 

Kazaz, 2009). 

ELECTRE III comprises two main stages. 

The first one corresponds to an aggregation 

procedure and it is based on pairwise 

comparisons of the alternatives in the set, and 

consequently assigns a unique preference 

situation from the following four possible ones 

(Figueira et al., 2013):  

▪ Indifference: represents a situation of 

equivalence between two alternatives; 

▪ Strict Preference: expresses a situation 

where there is strong reasons favoring on 

of the actions; 

▪ Weak Preference: indicates a situation 

where, although invalidate a strict 

preference relation there are no clear 

reasons to validate an indifference relation 

between the two considered alternatives; 

▪ Incomparability: denotes a situation where 

it is impossible to assign one of the 

previous three relations. 

This procedure is performed as an assessment 

to the credibility of the assertion “alternative a 

is at least as good as alternative b”, commonly 

referred to as “a outranks b” (denoted by aSb), 

and three main aspect are taken into account 

here: the preference and indifference 

thresholds, the weights of each criterion and 

finally the veto threshold (related with the 

existence of possible incomparability between 

alternatives). 

The second phase corresponds to an 

exploitation procedure, where a final partial 

pre-order is constructed resorting to a 

distillation threshold and by combining two 

complete pre-orders.  

Figure 1 gives an overview of the whole 

ELECTRE III algorithm. 
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Figure 1: : ELECTRE III method’s general structure (Dias et al., 2006)  



In the following subsections description of the 

various “components” of ELECTRE III 

algorithm is made. 

2.1. Thresholds 

This is an important concept of this method 

because it permits to consider the uncertainty, 

inaccuracy and ill-determination attached to 

the performances (Dias et al., 2006), i.e., to 

cope with the imperfect knowledge. 

There are three main discriminating thresholds 

in ELECTRE III: 

▪ Indifference Threshold (q); 

▪ Preference Threshold (p); 

▪ Veto Threshold (v). 

It is relevant to highlight the existence of a 

hesitation “region”, which occurs when the 

indifference and preference thresholds are not 

equal (Roy et al., 2014). 

In ELECTRE methods it is possible to consider 

the performances of the alternatives to be 

compared regarding the worst one, and here 

the thresholds are said to be direct, or in terms 

of the best one, and here the thresholds are 

said to be inverse.  

The computation of thresholds can be made 

according to four different cases: 

Case 1: Increasing preference direction and 

direct thresholds; 

Case 2: Decreasing preference direction and 

direct thresholds; 

Case 3: Increasing preference direction and 

inverse thresholds; 

Case 4: Decreasing preference direction and 

inverse thresholds. 

The discriminating thresholds can assume 

constant numerical values, or they can be 

expressed as affine functions of the 

performances of the alternatives considered 

(e.g: 𝑝 𝑔 𝑎 = 𝛼!𝑔 𝑎 + 𝛽! , where 𝛼!  and 𝛽! 

are the direct preference threshold 

coefficients) (Roy et al., 2014).  

 

Case 1 

Consider alternatives 𝑎 and 𝑏, where 𝑔 𝑎  and 

𝑔 𝑏  denote the performances of each one of 

them, and 𝑔 𝑏 ≥ 𝑔 𝑎 . For pseudo-criterion 𝑔 

with direct thresholds and increasing 

preference direction, the following conditions 

hold for such ordered pair of actions 𝑎, 𝑏 ∈ 𝐴: 

	 𝑏𝐼!𝑎⟺ 𝑔! 𝑏 − 𝑔! 𝑎 ≤ 𝑞! 𝑔! 𝑎  (1)	

 

	 𝑏𝑄!𝑎⟺ 𝑞! 𝑔! 𝑎 < 𝑔! 𝑏 − 𝑔! 𝑎 ≤ 𝑝! 𝑔! 𝑎  (2)	

 

	 𝑏𝑃!𝑎⟺ 𝑝! 𝑔! 𝑎 < 𝑔! 𝑏 − 𝑔! 𝑎 ≤ 𝑣! 𝑔! 𝑎  (3)	

 

	 𝑏𝑃𝑉!𝑎⟺ 𝑔! 𝑏 − 𝑔! 𝑎 > 𝑣! 𝑔! 𝑎  (4)	

 

Case 2 

For 𝑔 𝑏 ≤ 𝑔 𝑎  and for a pseudo-criterion 𝑔 

with direct thresholds and decreasing 

preference direction, the following conditions 

hold for such ordered pair of actions 𝑎, 𝑏 ∈ 𝐴: 

	 𝑏𝐼!𝑎⟺ 𝑔! 𝑎 − 𝑔! 𝑏 ≤ 𝑞! 𝑔! 𝑎  (5)	

 

	 𝑏𝑄!𝑎⟺ 𝑞! 𝑔! 𝑎 < 𝑔! 𝑎 − 𝑔! 𝑏 ≤ 𝑝! 𝑔! 𝑎  (6)	

 

	 𝑏𝑃!𝑎⟺ 𝑝! 𝑔! 𝑎 < 𝑔! 𝑎 − 𝑔! 𝑏 ≤ 𝑣! 𝑔! 𝑎  (7)	

 

	 𝑏𝑃𝑉!𝑎⟺ 𝑔! 𝑎 − 𝑔! 𝑏 > 𝑣! 𝑔! 𝑎  (8)	

 

 

 



Case 3 and Case 4 

In both cases the mode of definition of 

thresholds is inverse. However it is possible to 

establish a relation between direct and inverse 

thresholds and simplify the calculations in 

these cases. Thus through the following 

definitions, inverse thresholds can be 

transformed into direct thresholds: 

i. If g is a criterion to be maximized: 

	
𝛼!! =

𝛼!
1 + 𝛼!

  ;   𝛽!! =
𝛽!

1 + 𝛼!
      𝑤𝑖𝑡ℎ 𝛼! > −1 (9)	

 

ii. If g is a criterion to be minimized: 

	
𝛼!! =

𝛼!
1 + 𝛼!

  ;   𝛽!! =
𝛽!

1 + 𝛼!
      𝑤𝑖𝑡ℎ 𝛼! > −1 (10)	

Hence, when in presence of case 3, the 

calculations can be done according to case 1. 

On the other hand, when in presence of case 

4, the calculations can be made according to 

case 2.  

2.2. The Concordance Index 
The concordance index measures to what 

extent “alternative a outranks alternative b”. 

The determination of such index can be done 

according to four different contexts described 

previously. But since it is possible to establish 

a relation between direct and inverse 

thresholds, the calculation of this index in 

cases 3 and 4 can be done made like in cases 

1 and 2 respectively. 

Case 1 

For a fixed 𝑔! 𝑎  and variable 𝑔! 𝑏  the 

following graphic is obtained: 

 

Thus if 𝑔! 𝑏  is comprised in zone: 

(1) 𝑔! 𝑏 ≤ 𝑔! 𝑎 ⟹ 𝐶! 𝑎, 𝑏 = 1	

(2) 𝑔! 𝑎 ≤ 𝑔! 𝑏 ≤ 𝑔! 𝑎 + 𝑞! 𝑔! 𝑎 ⟹

𝐶! 𝑎, 𝑏 = 1 

(3) 𝑔! 𝑎 + 𝑞! 𝑔! 𝑎 ≤ 𝑔! 𝑏 ≤ 𝑔! 𝑎 +

𝑝! 𝑔! 𝑎 ⟹ 0 < 𝐶! 𝑎, 𝑏 < 1, where 

𝐶! 𝑎, 𝑏 =
𝑝! 𝑔! 𝑎 − 𝑔! 𝑏 − 𝑔! 𝑎

𝑝! 𝑔! 𝑎 − 𝑞! 𝑔! 𝑎
 

(4) 𝑔! 𝑏 > 𝑔! 𝑎 + 𝑝! 𝑔! 𝑎 ⟹ 𝐶! 𝑎, 𝑏 = 0 

Case 2 

For a fixed 𝑔! 𝑎  and variable 𝑔! 𝑏  the 

following graphic is obtained: 

 

Thus if 𝑔! 𝑏  is comprised in zone: 

(1) 𝑔! 𝑏 ≤ 𝑔! 𝑎 − 𝑝! 𝑔! 𝑎 ⟹ 𝐶! 𝑎, 𝑏 = 0	

(2) 𝑔! 𝑎 − 𝑝! 𝑔! 𝑎 ≤ 𝑔! 𝑏 ≤ 𝑔! 𝑎 −

𝑞! 𝑔! 𝑎 ⟹ 0 < 𝐶! 𝑎, 𝑏 < 1, where 

𝐶! 𝑎, 𝑏 =
𝑝! 𝑔! 𝑎 − 𝑔! 𝑎 − 𝑔! 𝑏

𝑝! 𝑔! 𝑎 − 𝑞! 𝑔! 𝑎
 

(3) 𝑔! 𝑎 − 𝑞! 𝑔! 𝑎 ≤ 𝑔! 𝑏 ≤ 𝑔! 𝑎 ⟹

𝐶! 𝑎, 𝑏 = 1 

(4) 𝑔! 𝑏 ≥ 𝑔! 𝑎 ⟹ 𝐶! 𝑎, 𝑏 = 1 

2.3. The Comprehensive Concordance 

Index 

The present index is computed as a weighted 

sum and takes into account the performances 

in all criteria to express in what measure 

they’re in concordance with the assertion aSb. 

Figure 3: Partial concordance indices (Increasing Preference 
Direction) – (Dias et al., 2006) 

Figure 2: Partial concordance indices (Decreasing Preference 
Direction) – (Dias et al., 2006) 



	
𝐶 𝑎, 𝑏 =

𝑤!𝐶! 𝑎, 𝑏!
!!!

𝑤!!
!!!

 (11)	

	

2.4. The Discordance Index 

The discordance index expresses in what 

measure the performances of the alternatives 

a and b oppose to the assertion “a is at least 

as good as b”. 

For determining the discordance index it is 

mandatory to consider and define a veto 

threshold. Similarly to the concordance index, 

it can be only computed the discordance index 

within the context of cases 1 and 2. 

Case 1 

For a fixed 𝑔! 𝑎  and variable 𝑔! 𝑏  the 

following graphic is obtained: 

 

Thus if 𝑔! 𝑏  is comprised in zone: 

(1) 𝑔! 𝑏 ≤ 𝑔! 𝑎 + 𝑝! 𝑔! 𝑎 ⟹ 𝐷! 𝑎, 𝑏 = 0	

(2) 𝑔! 𝑎 + 𝑝! 𝑔! 𝑎 < 𝑔! 𝑏 < 𝑔! 𝑎 +

𝑣! 𝑔! 𝑎 ⟹ 0 < 𝐷! 𝑎, 𝑏 < 1, where 

𝐷! 𝑎, 𝑏 =
𝑔! 𝑏 − 𝑔! 𝑎 − 𝑝! 𝑔! 𝑎

𝑣! 𝑔! 𝑎 − 𝑝! 𝑔! 𝑎
 

(3) 𝑔! 𝑏 ≥ 𝑔! 𝑎 + 𝑣! 𝑔! 𝑎 ⟹ 𝐷! 𝑎, 𝑏 = 1 

Case 2 

For a fixed 𝑔! 𝑎  and variable 𝑔! 𝑏  the 

following graphic is obtained: 

 

Thus if 𝑔! 𝑏  is comprised in zone: 

(1) 𝑔! 𝑏 ≤ 𝑔! 𝑎 − 𝑣! 𝑔! 𝑎 ⟹ 𝐷! 𝑎, 𝑏 = 1	

(2) 𝑔! 𝑎 + 𝑣! 𝑔! 𝑎 < 𝑔! 𝑏 < 𝑔! 𝑎 +

𝑝! 𝑔! 𝑎 ⟹ 0 < 𝐷! 𝑎, 𝑏 < 1, where 

𝐷! 𝑎, 𝑏 =
𝑔! 𝑎 − 𝑔! 𝑏 − 𝑝! 𝑔! 𝑎

𝑣! 𝑔! 𝑎 − 𝑝! 𝑔! 𝑎
 

(3) 𝑔! 𝑏 ≥ 𝑔! 𝑎 + 𝑝! 𝑔! 𝑎 ⟹ 𝐷! 𝑎, 𝑏 = 0 

2.5. The Fuzzy Outranking Relation 

The fuzzy outranking relation in ELECTRE III 

is denoted as a credibility index, 𝜎 𝑎, 𝑏 , for 

each pair of alternatives. This expresses in a 

comprehensive manner in what measure 

“alternative a is at least as good as alternative 

b”, using both comprehensive concordance 

index and discordance index.  

The credibility index is computed as follows: 

	
𝜎 𝑎, 𝑏 =

  𝐶 𝑎, 𝑏 ;                                         𝑖𝑓 𝐹 𝑎, 𝑏 = 0 

𝐶 𝑎, 𝑏 ×
1 − 𝐷! 𝑎, 𝑏
1 − 𝐶 𝑎, 𝑏

! !,!

;     𝑖𝑓 𝐹 𝑎, 𝑏 ≠ 0  (12)	

Where 𝐹 𝑎, 𝑏 = 𝑗 ∈ 𝐹: 𝐷! 𝑎, 𝑏 > 𝐶 𝑎, 𝑏 .	

2.6. The Ranking Algorithm 

The ranking algorithm encompasses two main 

stages: the construction of two complete pre-

orders and the construction of a final partial 

pre-order.  

Stage I 
The method establishes the preliminary 

rankings using two different classification 

procedures: Descending Distillation and 

Ascending Distillation. The first one gives a 

descending pre-order, i.e., the process starts 

by the selection of the best-performing 

alternative(s) and ends with the selection of 

the worst one(s); the second procedure gives 

on the other hand gives an ascending pre-

Figure 4: Partial discordance indices (Increasing Preference Direction) 
– (Dias et al., 2006) 

Figure 5: Partial discordance indices (Decreasing Preference 
Direction) – (Dias et al., 2006) 



order, i.e., starts by selecting the worst ranked 

alternative(s) and ends with the selection of 

the best ranked one(s). 

Both procedures are repeated several times 

until all alternatives are ranked. 

Stage II 

The final partial pre-order is obtained by the 

intersection of the two complete pre-orders 

constructed in the first phase. Thus, at the end 

of the algorithm the following comparisons 

between actions are made: 

▪ 𝒂 ≻ 𝒃  (action 𝑎  is strictly or weakly 

preferred over action 𝑏) if  

𝑎 ≻!! 𝑏 ⋀ 𝑎 ≻!! 𝑏  ⋁ 𝑎 𝐼!!𝑏 ⋀ 𝑎 ≻!! 𝑏  ⋁ 𝑎 

≻!! 𝑏 ⋀ 𝑎𝐼!!𝑏  

▪ 𝒂𝑰𝒃	(action	𝑎	is	indifferent	to	action	𝑏)	if 

𝑎𝐼!!𝑏 ⋀ 𝑎𝐼!!𝑏  

▪ 𝒂𝑹𝒃	(action	𝑎	is	incomparable	to	action	𝑏)	if 

𝑎 ≻!! 𝑏 ⋀ 𝑏 ≻!! 𝑎  ⋁ 𝑏 ≻!! 𝑎 ⋀ 𝑎 ≻!! 𝑏  

3. Methodology 
After describing ELECTRE III method and 

presented its different stages, it is important to 

study and analyze the behavior of this 

regarding its stability. In order to do so, 

random problems are generated and 

computational tests are performed to check for 

the occurrence of rank reversal when certain 

conditions are imposed.  

But before proceeding to the analysis itself, 

it is important to define and structure the 

situations under which the algorithm may 

display undesired behavior when in presences 

of multi-criteria decision problems. Here these 

situations are going to be referred as “rank 

reversal types”. In that sense, there are 

different types of rank reversal, however the 

ones that will be covered in this work are the 

following three types: 

▪ Rank reversal type 1: this type suggests 

that the inclusion of duplicates of the non-

optimal alternatives could lead the 

occurrence of rank reversal; 

▪ Rank reversal type 2: this second type of 

rank reversal suggests that the occurrence 

of ranking irregularities due to the removal 

of non-optimal alternatives from the original 

set of alternatives; 

▪ Rank reversal type 3: this type of rank 

reversal implies that a change in indication 

of the optimal alternative(s) is due to the 

fact of replacing a non-optimal alternative 

by a less desired one. 

4. Statistical Study 
This section presents an empirical study 

focused on the analysis of the rate of 

occurrence of rank reversal in decision 

problems. In order to do so, random problems 

were generated to test the performance of 

ELECTRE III algorithm under the three test 

criteria described previously. Different number 

of alternatives was considered. These 

correspond to the following values:  7, 11, 15 

and 19. For each test the following number of 

criteria was considered: 3, 7, 11, 15, 19, 23, 

27, 35, 45 and 55. 

For each one of the criteria considered 30 

random problems were generated. And for 

each problem the influence, whether it is by 

adding, removing or replacing, of each one of 

the non-optimal alternatives on the final 

ranking was tested. 

A total number of 1200 cases were tested 

for each one of the three considered tests. 

Figures 6-8 summarize the results obtained 

under test criterion 1, test criterion 2 and test 

criterion 3 respectively. 
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Figure 6: Rank reversal rates of ELECTRE III under Test Criterion 1 

Figure 7: Rank reversal rates of ELECTRE III under Test Criterion 2 
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Figure 8: Rank reversal rates of ELECTRE III under Test Criterion 3 



5. Comments 
The results generated when the algorithm is 

executed under certain circumstances and 

specific contexts came to confirm the 

occurrence of rank reversal in all three 

situations described in section 3. 

Lets consider each graphic one at a time to 

derive some conclusions. Observing the 

graphic of Figure 6 it can be seen that when 

adding duplicate alternatives, the number of 

pairwise outranking relations that can alter is at 

most n. Thus it is expected that with increasing 

number of alternatives it will be more likely that 

the addition of a single alternative could lead to 

a perceptible impact on the outranking relation, 

leading to a change in indication of the optimal 

alternative(s). Though, this conclusion isn’t that 

obvious to derive by observing the graphic. 

This could be justified the fact that the 

problems are randomly generated, making the 

data in certain cases quite disperse, making it 

easier for the algorithm to distinguish between 

alternative and to assign a clear preference 

relation (strict preference or indifference). 

Figure 7, as it can be seen, illustrates how 

often the indication of the optimal alternative(s) 

changes when a non-optimal alternative is 

removed from the set. It can be seen that the 

rate of occurrence of rank reversal 

phenomenon generally increases with the 

increase of the number of alternatives. This is 

can be explained by same reason as in the 

previous case. When removing an alternative 

from the set, the number of pairwise 

outranking relations that might change is at 

most (n–2). So, with higher number of 

alternatives it is more likely that the removal of 

a single alternative might have a perceptible 

influence on the outranking relation, leading to 

the occurrence of rank reversal. 

Figure 8 shows how often the indication of the 

optimal alternative(s) changes when a non-

optimal alternative is replaced by a less 

desired one. When replacing a non-optimal 

alternative by another worse one, the number 

of pairwise outranking relations that might 

change is at most (𝑛−1). So, with higher 

number of alternatives it is more likely that the 

replacement of a single alternative might have 

a notorious influence on the outranking 

relation, leading to the occurrence of rank 

reversal. However this isn’t very clear to 

conclude while observing the graphic. Again 

the reader might be misled by the information 

displayed in the considered graphic. This could 

be explained by the same reason stated 

before, regarding the first test criterion.  On the 

other hand it is pertinent to refer here that, for 

each one of the alternatives, the number of 

criteria to impact and how much to vary the 

correspondent performances in order to turn 

the alternatives in consideration less desired 

than before are also generated randomly. This 

fact could justify as well the distorted results 

obtained. 

6. Conclusions 
The research developed here constitutes a 

complement to other works conducted by 

several authors worldwide.  

After establishing a clear understanding of 

the mode of operation of the ELECTRE family 

methods, mainly ELECTRE III, it is interesting 

to observe and emphasize the behavior of the 

algorithm in ranking alternatives when in 

presence of insufficient and/or conflicting data. 

This method has the capability to cope with the 

imperfect knowledge, which is attached and 

has undeniable presence in real decision 

problems, by establishing a preference 

situation based on incomparability.  



Besides that, the huge suitability and 

applicability of this technique to MCDA 

problems is due to its ability to deal with any 

type of data and due to the fact that is 

fundamentally a non-compensatory method, 

i.e., a very bad performance of an alternative 

on a certain criterion cannot be compensated 

by small good performances on other/or 

remaining criteria. 

However some limitations of ELECTRE III 

appear in certain contexts and under specific 

circumstances. The method displays some 

kind of ranking irregularities, i.e., a change in 

indication of the optimal alternatives when 

certain situations are imposed. This 

phenomenon is known as rank reversal. This is 

highlighted by the fact that the method, 

likewise the majority of the ELECTRE family 

methods, doesn’t fulfill the property of 

independence with respect to irrelevant actions 

(Figueira et al., 2013). 

The reasons to the occurrence of this 

phenomenon were addressed, and here it is 

important to highlight that the primarily main 

reason that could lead to a change in 

indication of the optimal alternative(s) is 

related with the fact that the exploitation 

procedure is being applied to different 

outranking graphs (Figueira & Roy, 2009).  

Besides that, a statistical analysis was 

conducted aiming to study the rate of 

occurrence of ranking irregularities under the 

three test criteria considered. The main 

conclusion that can be derived from it is 

related with the fact that with the increasing 

number of alternatives, it becomes more 

probable that a change in one alternative could 

influence the outranking relations, and 

consequently lead to a change in indication of 

the optimal alternative(s). 

Finally, it is important to pinpoint an 

important aspect regarding the aforementioned 

that is ELECTRE III wasn’t presented with the 

intent to define and identify a pre-existing order 

where the most preferable alternative(s) are 

independent of the ranking of the less desired 

ones. In that sense the tests conducted in this 

work do not aim to reject or invalidate the 

method in study; they only illustrate the 

limitations attached to it (Figueira & Roy, 

2009). 

Future developments comprise conducting 

statistical tests considering a large range of 

randomly generated problems. This is crucial 

to derive more robust conclusions. 
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