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Fábio Cruz
fabio.cruz@tecnico.ulisboa.pt
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Abstract
Only recently available computational resources allow for an ab initio approach to problems such as
the formation of magnetospheres with sizes on the order of the plasma kinetic scales. Since these systems
are intrinsically kinetic (i.e. macroscopic frameworks such as magnetohydrodynamics break down),
simulating them requires resolving the smallest (shortest) spatial (temporal) scales of the plasma. In
this work, we resort to massively parallel, multidimensional particle-in-cell (PIC) simulations to model
the interaction between a plasma flow and a miniature obstacle, with the objective of determining the
conditions for the formation of collisionless shocks. We start by reviewing some important results of
one dimensional single and multi fluid theories of a plasma and illustrate these results with 1D PIC
simulations. We then use these results to interpret 2D and 3D simulations of a plasma colliding with
a finite, small-scale, magnetic obstacle. Using these simulations, we determine that a shock forms
when the ratio between the effective obstacle size Leff and the ion gyroradius is larger than unity.
Additionally, we identify a strong dependence of Leff on the relative orientation between the magnetic
fields of the obstacle and the plasma. In particular, we show that the observed inflation/deflation is
critical to determine the formation of a shock in miniature obstacles. We present an analytical model
that captures these features and shows good qualitative agreement with 1D/2D simulation results. The
first full 3D PIC simulations of shocks in mini magnetospheres are presented. Finally, we evaluate the
possibility of generating collisionless shocks in the laboratory.
Keywords: mini magnetospheres, PIC simulations, space physics, laboratory astrophysics

1. Introduction

Correctly modelling these systems implies understanding the kinetic-scale phenomena of the plasma.
Particle-in-cell (PIC) simulations play a critical role
in this effort since they can capture the important
microphysical processes underlying the formation
of small-scale magnetospheres, as well as of collisionless shocks. Previous approaches to the problem, particularly focused on the interaction between
the solar wind and lunar magnetic anomalies, used
mostly magnetohydrodynamic (MHD) and hybrid
simulations. Using MHD simulations, Harnett and
Winglee [1, 2] found that mini magnetospheres show
strong variations in size and shape depending on
the interplanetary magnetic field orientation. Although, they identified regions where ion and electron particle dynamics (not resolved in the MHD
approach) might be important, namely regions close
to where the reflection of the solar wind occurs,
usually called magnetopause. Recent hybrid simulations confirmed the importance of kinetic effects
in these systems: for example, Kallio et al. [3] observed the reflection of a fraction of the protons
colliding with a magnetic dipole in hybrid simulations, feature that could not be captured in MHD

The interaction between plasmas and magnetic obstacles is a problem of interest in both space and
laboratory plasmas. In general, this interaction is
purely three dimensional, highly nonlinear and may
be happen over a wide range of parameters describing the plasma (e.g. magnetization, bulk flow velocity, impact angle) and the obstacle. The complexity of the problem thus limits the development and
application of analytical models and requires the
use of computer simulations. In space, this interaction often leads to the formation of magnetospheres,
which shield the surface of the planets from energetic particles. A compressed plasma region generally arises as a result of counter-streaming plasmas in the form of a bow-shock. For the counterstreaming to occur, it is critical that the plasma is
effectively reflected. This may not be the case if the
magnetic obstacle is of the order or smaller than
the plasma kinetic scales (i.e. the ion skin depth
and/or gyroradius). In this case, the obstacle may
be nearly invisible to the plasma, even though some
particles can be deflected and reflected, leading to
the formation of a so called mini magnetosphere.
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simulations. Further work [4] suggests that the electric potentials at lunar magnetic anomalies can be
formed by decoupling of ion and electron motion,
even without charge separation.
Only very recently full particle simulations were
used to model directly a lunar magnetic anomaly
[5, 6]. In these works, Deca et al. showed that electron dynamics dominates the near-surface plasma
environment. In particular, this work showed that
non-Maxwellian particle distributions are generated
from the interaction with the mini magnetosphere.
Additionally, Ashida et al. [7] studied the interaction between an unmagnetized plasma flow and
magnetic obstacles with meso and micro-scale magnetic obstacles, showing that mini magnetospheres
can be formed even for obstacles sizes smaller than
the ion gyroradius. Other recent works [10, 11] with
full PIC simulations show that enhanced proton flux
around lunar magnetic anomalies can be responsible
for the appearance of dark lanes on lunar swirls, regions on the lunar surface commonly found around
mini magnetospheres that receive enhanced ageing
from direct interaction with the solar wind.
In this work, we model the interaction between
a magnetized plasma colliding with a dipolar magnetic field from first principles using multidimensional PIC simulations generally described in section 2. In section 3, we show that magnetosonic
shocks and solitons arise from the reflection of a
magnetized plasma flow on a a dipolar magnetic
field ramp for different flow Alfvènic Mach numbers
using 1D PIC simulations. An analytical model is
presented for the magnetopause microphysics that
predicts an increase/decrease of the obstacle effect size when the plasma internal and the dipolar fields are anti parallel/parallel. In section 4,
we focus on obstacles with sizes comparable to the
plasma kinetic scales. The effective obstacle size
inflation/deflation is studied using 2D simulations
and shown to be critical to determine the formation of shocks. Full 3D simulations are also presented to illustrate the importance of complex phenomena such as magnetic reconnection and particle
trapping. The possibility of generating collisionless
shocks in mini magnetospheres in laboratory and
space scenarios is discussed in section 4.4.

tions, we model the interaction between a magnetic
obstacle and a cold plasma flowing along x at a
speed v0 = 100vthe , where vthe is the electron thermal velocity. A reduced ion-to-electron mass ratio
of mi /me = 100 is used in all simulations. The
plasma has a density n0 and is continuously injected
from the left boundary of the simulation box, colliding against a dipolar magnetic field whose origin
is on the right side (center) of the simulation box
in 1D (2D and 3D) simulations. The dipolar field
is given by


m
µ0 3r0 (m · r0 )
0
− 03 ,
(1)
Bd (r ) =
4π
r05
r
where m is the dipole magnetic moment vector,
r0 = r − rd is the position vector relative to the
dipole origin rd and µ0 is the vacuum permeability. The dipole moment magnitude m is chosen
such that the plasma kinetic pressure equals the
magnetic pressure associated with a magnetic field
BRMP at a distance L0 from the dipole. Assuming that the plasma impacting the obstacle is not
magnetized and that no plasma can penetrate the
obstacle, this pressure balance is given, according
to MHD theory, by
n0 mi v02 =

2
BRMP
,
2µ0

(2)

where BRMP = (µ0 /4π)m/L30 , from equation 1.
The plasma flow can, in general, support an internal magnetic field, BIMF (and corresponding electric field EIMF such that EIMF +v0 ×BIMF = 0). We
model this magnetic field numerically by two different approaches. Whilst the first approach consists
in filling the simulation domain with the plasma internal magnetic and electric fields BIMF and EIMF
by imposing them externally at each time step, in
the second we impose a fixed value for electric and
magnetic fields at the simulation boundary where
the plasma is being injected and self-consistently
calculate the electric and magnetic fields over the
rest of the simulation domain for each time step.
Externally imposing the fields (injection mechanism A) allows the initialization of part of the
plasma inside the simulation box, thus saving some
computational time. Although, this is limited by
the dipolar magnetic field profile, i.e. the plasma
edge has to be far enough from the dipole. In general, a distance between 50 − 100 de is considered.
When the simulation starts, plasma is injected from
the left boundary of the simulation box and flows
with velocity v0 .
Imposing the fields BIMF and EIMF only at the
boundary (injection mechanism B) requires that the
plasma is fully injected from this point. As a consequence of the gradient in density and magnetic field,

2. Numerical framework
Pure theoretical models for the interaction of plasmas with magnetic fields are infeasible due to the
highly nonlinear, complex dynamics of single particle motion and collective effects in such interactions.
Numerical simulations are thus a crucial, powerful
tool to help the development of theoretical models.
The numerical simulations developed in this work
were performed using OSIRIS [13], a fully relativistic, massively parallel PIC code. In these simula2

the particles at the plasma edge diffuse and transport the fields with them. The diffusion occurs due
to a small space-charge electric field existent at the
plasma edge set by expanding electrons. This electric field then accelerates the ions in this region of
the plasma. Hence, during the plasma collision with
the magnetic obstacle, a transient time occurs, as
part of the plasma is not described by the injection
parameters, but rather by a slightly lower density
and higher velocity. The magnitude of BIMF is chosen such that the flow has an Alfvénic Mach number
√
MA = v0 /vA , where vA = BIMF / µ0 n0 mp is the
Alfvén speed of the plasma. It represents an estimate for the information travel speed in magnetized
plasmas.

ity. In this reference frame, the time derivatives of
Maxwell’s and MHD equations can be dropped and
the problem reduces to determining the solution of
a stationary system. Moreover, we can use the fact
that the plasma quantities do not vary along the
discontinuity to perform an integration of this system of equations between regions 1 and 2 along the
x coordinate, yielding
[nvx ] = 0

(3a)


B2
(3b)
mnvx [vx ] = − p +
2µ0
Bx
mnvx [vt ] =
[Bt ]
(3c)
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3. Fluid theory and simulations of plasma
discontinuities
(3d)
Analytically describing the full dynamics of a [(v × B) ]e − [(v × B )]e = 0
(3e)
y z
z
y
plasma discontinuity (e.g. a shock) is not possible,
[Bx ] = 0 ,
(3f)
nevertheless simplified approaches may be considered. In this section, we follow one of these ap- where the square brackets of a quantity X are deproaches. Namely, we consider a plasma described fined as the difference between the values of X meaby macroscopic quantities (e.g. density, bulk ve- sured in regions 1 and 2, X1,2 , i.e. [X] ≡ X2 − X1 .
locity, magnetic field, etc.) with different values In eq. 3c, the subscript t denotes the components
in two regions asymptotically far from each other. tangent to the discontinuity (i.e. vt = vy ey + vz ez ).
Between these regions there is a boundary layer Equations 3a-3f form a set of 8 equations for the 8
over which the macroscopic quantities of the plasma plasma quantities n, p, v and B and are commonly
change. The width of the boundary layer is con- known as the Rankine-Hugoniot (RH) equations.
sidered to be small compared to the scale lengths Even though some strict assumptions are taken in
of the typical plasma parameters. Using the MHD deriving these equations, they are very powerful,
equations, it is possible to derive a set of conditions as they describe any type of plasma discontinuapplied to the variation of such parameters across ity. In this work, we study two types of plasma
the discontinuity described above.
discontinuities: a contact discontinuity, where the
plasma kinetic pressure equals the magnetic pres3.1. Rankine-Hugoniot jump conditions
sure associated with a dipolar magnetic obstacle,
The simplest set of equations that describe the evo- and a shock, resulting from a super-Alfvènic plasma
lution of the macroscopic quantities in a plasma are counter-streaming.
the one-fluid, ideal MHD equations. Maxwell’s and
MHD equations of mass, momentum and energy 3.2. Magnetized perpendicular shocks
conservation form a closed set of equations for all Shocks are examples of plasma discontinuities over
the plasma fluid quantities. Even though this set which the RH conditions may be applied. In
of equations is, in general, impossible to solve an- this work, we study subrelativistic magnetized peralytically, we can take additional assumptions and pendicular shocks formed upon the reflection of
look for solutions valid in simplified scenarios. In a plasma flow on a magnetic obstacle. When
this case, we assume that two plasma regions of dif- the plasma particles are reflected on the obstaferent properties are separated by a discontinuity, cle, they counter-stream with the incoming, unperwhere the plasma properties change abruptly. We turbed plasma. This excites perturbations in the
define these as regions 1 and 2 and consider that the plasma that can grow in time. The growth typnormal to the discontinuity is aligned along the x ically goes through a linear phase, which is foldirection. Additionally, we consider the discontinu- lowed by a nonlinear behaviour. If these perturity infinite in both y and z directions. Given that we bations are created at a faster rate than that at
know all the plasma quantities in region 1, we can which they travel, a shocked region can be created
determine them in region 2 by integrating the MHD in the plasma. In this case, the counter-streaming
and Maxwell’s equations over the discontinuity. In is subrelativistic and occurs over a background of
general, the discontinuity can move relative to the perpendicular magnetic field, i.e. the modified twoplasma. However, it is always possible to change stream instability [15] is excited, generating turbuto the reference frame moving with the discontinu- lence over a compressed plasma region. The typical
3

length scale for the formation of this turbulence is
the ion gyroradius, ρi . This corresponds to the distance that particles reflected on the shock front can
travel upstream. The ion gyroradius of reflected
particles can be roughly estimated considering that
they are specularly reflected, i.e. ρi = mi v0 /eBIMF .
While travelling upstream, these particles excite additional turbulence and the shock front propagates
forward. Notepalso that the ion gyroradius and skin
mi /me de are related via the flow
depth di =
Mach number by ρi = MA di , therefore flows of
higher MA allow particles to propagate farther in
the upstream region.

3b and 3c (the RH conditions) for the considered
upstream plasma conditions in the simulation reference frame. These values are in good agreement
with the obtained downstream quantities. Moreover, both injection mechanisms show similar results, indicating that the shock dynamics can be
studied using both mechanisms equally. It should
be noted that, since the shock front propagates, the
flow MA does not match the shock Mach number
MA shock . In fact, MA shock can be expressed as
MA shock = MA (v0 − vs )/v0 > MA . For the case
presented above, MA shock ' 2.55.

v

0

c

36

x [c/ωpe]

.0

=0

-0

.05

c

=
vs

A compilation of the quantitative comparison between the solutions obtained via the RH condi300
tions and the described simulations is shown in Fig.
a)
3. The downstream quantities ρ2 and Bz2 are in
good agreement with the values predicted using the
200
RH jump conditions for both injection mechanisms.
The simulation points correspond to MA = 1, 1.5
and 2.5 flows. The solid and dashed lines correspond to numerical solutions of the RH conditions
100
using the average and extreme shock speeds obtained for the three flows. Even though this representation does not allow direct comparison with
0
300
the exact theoretical curve for each of the flows (this
b)
14
would increase the information in the plot and a
12
global analysis would become more difficult), it is
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200
sufficient to confirm the agreement between the simulation results and the RH conditions. Moreover,
8
we can observe that the region between the extreme
6
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conditions (i.e. where the exact theoretical curves
4
for all the flows would lie) is very narrow for Bz2 and
2
nearly invisible for ρ2 . The average downstream values (and respective errors) were calculated for the
0
0
0
3000
6000
9000
space-time region where the shock is fully formed
t [ω ]
in diagrams similar to those shown in Fig. 1. In all
Figure 1: Density x − t diagram representing the full
these simulations, the spatial domain has a length
plasma-magnetic obstacle interaction. Panels a and b
of Lx = 300de discretized with a resolution of 10
correspond to the injection mechanisms A and B, respectively. The dashed lines indicate the initial plasma cells/de . We use 100 particles/cell/species and run
velocity and the best fit to the shock front. The flow the simulations for a total time of T ωpe = 9000.
has initially MA = 1.5 and it is stopped at a distance The dipole moment is oriented along −z.
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L0 ' 2.5di by the macroscopic pressure balance.

3.3. Solitary wave solutions
The full time evolution of a 1D PIC simulation
with a MA = 1.5 flow is presented in Fig. 1 for
both injection mechanisms. The expected diffusion
and consequent transient in the plasma reflection
for the mechanism B are visible in panel b. Nevertheless, a shock is formed in both cases with the
same velocity vs = −0.036c. The periodic structures slightly before the shock front correspond to
the reflected particle bunches and form the usually
called shock foot. Taking a vertical lineout of the
plot in Fig. 1, we can evaluate the validity of RH
conditions. In Fig. 2, we show the spatial profile
of several fluid quantities for tωpe ' 8000 together
with the numerical solution of eqs. 3a, 3d, 3e, 3f,

The previously analysed asymptotic solutions of the
MHD and Maxwell’s equations serve as conditions
on the plasma quantities for sudden changes across
a discontinuity. Over this discontinuity, nonlinear processes are responsible for generating turbulence as a consequence of steepening and breaking of plasma waves. In a shock, this process
is much faster than the dispersion of the created
plasma waves. Interestingly, however, solutions of
the plasma fluid equations also exist if the wave
steepening is balanced by dispersion. Such conditions are obtained at lower MA flows and may
be valid in the interaction between space and laboratory plasmas and miniature obstacles. To con4
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Figure 2: Spatial profile of plasma quantities in 1D PIC simulations. Panels a1-4 (b1-4) correspond to the injection
mechanism A (B). Panels a3-4 and b3-4 show the fluid bulk and thermal velocities multiplied by the flow Lorentz
factor γ = (1 − v 2 /c2 )−1/2 ' 1. The dashed lines correspond to the downstream values predicted by the RH
conditions measured in the simulation reference frame.

magnetic pressure profile close to the magnetopause
and thus inflate or deflate the density cavity. We
find that the plasma is stopped farther from the
dipole for anti parallel Bd and BIMF when compared to the opposite relative orientation. This inflation in cavity size can be explained using a simple
1D model based on the physical picture presented
in Fig. 5.
We assume that the magnetopause is stationary
(i.e. all time derivatives vanish) and only variations aligned with the flow (i.e. in the x direction)
are allowed. Both Bd and BIMF are in the z direction. Since the plasma is highly conductive, it
compresses the dipolar magnetic field such that its
internal magnetic field remains constant. The compression occurs until the magnetopause, where the
gradient in the total magnetic field is supported by
a current jy that can be estimated using the y component of Ampère’s law

firm the existence of this nonlinear wave modes,
we have performed a 1D PIC simulation similar
to the ones described in subsection 3.2 of a flow
with MA = 0.75. Reflecting boundary conditions
were used on the right side boundary of the simulation domain. The full time evolution of the
plasma density can be analysed in the x − t diagram presented in Fig. 4. Indeed a train of solitary waves is generated after the plasma reaches
the right boundary of the simulation. A transient
−1
is needed for the stationary solitime of ∼ 1000ωpe
ton to fully develop. This time corresponds to a
−1
−1
few ion cyclotron periods tci = 2πωci
∼ 500 ωpe
,
where ωci = eB1 /mi is the ion cyclotron frequency
measured in the upstream plasma conditions. After
the transient time, the soliton travels at a constant
velocity vsol = −0.0724c (best fit). Hence, we find
a value of MA sol ' 1.84 for the soliton Alfvènic
Mach number, which is below the theoretical limit
of 2 [14]. Above this theoretical limit, the particles start being reflected and the soliton solution
no longer exists. In mini magnetospheres, we may
find situations where the plasma counter streaming
is on the transition between shocks and solitons or
even fully on the nonlinear wave regime. This is
discussed in section 4.

jy = −

1 ∂Bz
.
µ0 ∂x

(4)

Assuming quasineutrality, the current is given by
jy = en0 (viy − vey ) ≈ −en0 vey , where vsy is the velocity along y of species s (s = e, i corresponds to
electrons and ions, respectively). The approxima3.4. Magnetopause microphysics
tion used above (viy  vey ) can be justified by conWe now focus on the plasma dynamics at the mag- sidering the y component of the momentum equanetopause, where the plasma ram and magnetic tion of the plasmas electrons and ions, from which
pressures are balanced. In particular, we show that we can write viy = −vey me /mi  vey . Hence,
opposite orientations of BIMF can change the total the current jy is driven mainly by an electron drift
5

Simulation results
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Figure 4: Density x − t diagram representing the full
time evolution of the train of solitary waves generated
on the counter-streaming of a MA = 0.75 plasma flow.
The dashed line indicates the best fit to the first soliton
position.
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Figure 3: Verification of the RH conditions. Panel a (b)
corresponds to the injection mechanism A (B). The circles correspond to simulations results with MA = 1, 1.5
and 2.5 flows and the solid and dashed lines correspond
to numerical solutions of the RH jump conditions using
the average and extreme shock speeds obtained for the
three flows (see details in the text).
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Figure 5: Physical picture of the two-fluid model used
to describe the obstacle inflation/deflation. The magnetopause is represented between dashed lines. The total magnetic field (diamagnetic current) profile is illustrated in red (blue).

along y. This drift can then be estimated as

jy
1 Bd − BIMF
1 ∂Bz
∼
,
=
en0
µ0 en0 ∂x
µ0 en0
∆
(5)
where ∆ is the typical width of the magnetic field
jump (see Fig. 5). Considering now that the elec- this analytical model with simulation results of a
trons are in equilibrium along the x direction, we cold plasma flow with constant velocity v0 = 0.05c
and varying MA (i.e. varying BIMF ). We comcan write the electric field along x as
pare the results obtained using both the injection
Ex = −vey Bz ∼ −vey Bd .
(6) mechanisms discussed in section 2. The theoretical estimate for the magnetic obstacle effective size
Combining eqs. 5 and 6, we can write the electro- Leff is computed from the magnetic field profile
static potential associated with the electric field Ex Bd = (µ0 /4π) m/L3 .
eff
as
These results confirm that, for a constant MA ,
Z
Bd
the
cavity always inflates when Bd and BIMF are
φ = − Ex dx ∼ −Ex ∆ ∼
(Bd − BIMF ) .
µ0 en0
anti parallel and show that this inflation is more
(7) pronounced for low M . For asymptotically high
A
This shows that, if we take two flows with the same M , the cavity size does not depend on the relA
velocity and magnetization and opposite orienta- ative orientation between B and B
d
IMF , as this
tions of BIMF , the electrostatic potential sufficient corresponds to B
IMF → 0. The simulation results
to reflect the plasma occurs for lower Bd if BIMF is show good qualitative agreement with the analytinegative (i.e. if Bd and BIMF are anti parallel), as cal model for both magnetic field injection mechadepicted in Fig. 5. This results in a larger cavity nisms. However, externally imposing the plasma insize, as depicted in Fig. 5. The plasma reflection ternal magnetic field forces the cavity to be smaller
occurs when the potential energy density equals the (panel a of Fig. 6) due to an unphysical density pileenergy density of the incoming flow, i.e. when
up near the magnetopause. This effect can be understood from the fact that the compression of the
2
B
(8) magnetic field obstacle results in a peaked compon0 eφ = n0 mp v02 + IMF .
2µ0
nent of the self-consistent plasma internal field (adIn Fig. 6, we compare the effective size of a vanced using Maxwell’s equations). This, in turn,
magnetic obstacle with L0 ' 2.5di estimated with results in particle trapping in this region.
vey = −

6

3.0

MHD pressure equilibrium in eq. 2 is satisfied at
(a) L0 = 0.5di , (b) 1.5di and (c) 5di .
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Figure 7: Critical obstacle size to form a shock for fixed
ion gyroradius. A plasma flow with v0 = 0.2c and
MA = 2 interacts with magnetic dipoles that standoff the plasma at a distance (a) L0 = 0.25ρi , (b) 0.75ρi
and (c) 2.5ρi . The black lines represent ion trajectories
and illustrate the typical Larmor radius scale after the
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Figure 6: Comparison between the analytical model derived for the effective obstacle size and 1D PIC simulations. A plasma flow with v0 = 0.05c is collided with a
dipolar magnetic field that holds the plasma ram pressure at a distance L0 ' 2.5di according to the macroscopic pressure balance. The estimates for parallel and
anti parallel orientations between Bd and BIMF are represented in long-dashed and solid lines. The error bars
account for oscillations in the magnetopause position.
Panels a and b correspond to the injection mechanisms
A and B, respectively.

The plasma flows against and around the dipolar structure and is eventually stopped when the
magnetic pressure equals the plasma ram pressure.
In this process, an approximately circular density
cavity is created with size (a) L0 < di , ρi , (b)
di < L0 < ρi and (c) di , ρi < L0 (see Fig. 7). For
L0 < di , ρi (panel a of Fig. 7), the dipolar structure can only perturb the plasma creating a faint
wake behind it. After the particles are deflected,
they are rotated by the internal plasma magnetic
field with a gyroradius ρi > L0 , i.e. the plasma is
not able to pile up in front of the cavity size and
create a compressed (shocked) region of magnetic
field. A similar result is observed for di < L0 < ρi
(panel b of Fig. 7), even though compressed plasma
regions show an oscillatory dynamics ahead of the
magnetic obstacle. The plasma ions that are specularly reflected off the magnetic obstacle form a
structure similar to a shock foot (panel c of Fig.
7), but they flow around the cavity as their gyroradius is also larger than the obstacle size. In the case
where L0 > di , ρi , the plasma ions can be reflected
in front of the magnetic obstacle and thus counterstream with the unperturbed flow, leading to the
generation of turbulence via a similar process to
that described in section 3.2. A curved shock front,
clearly identified by the sharp transition between
the compressed and unperturbed plasma regions, is
formed ahead of the density cavity. These results
suggest that the critical kinetic-scale requirement
that determines the shock formation in mini magnetospheres is L0 /ρi > 1. The same result can be
obtained by considering plasma flows of increasing
MA (i.e. increasing ρi ) colliding agains the same
magnetic obstacle.

4. Conditions for shock formation in plasmaminiature obstacle intaraction
4.1. Shock formation in mini magnetospheres
In order to accurately model the interaction between a plasma flow and a small-scale obstacle,
full PIC simulations are critical due to the intrinsically kinetic nature of the system. In the 2D and
3D simulations presented here, the plasma internal magnetic and electric fields BIMF and EIMF
are modelled using injection scheme A described
in section 2. As before, the plasma is continuously injected from the left boundary of the simulation box and periodic/open boundary conditions
are used in the direction perpendicular/parallel to
the plasma flow. The simulation domain has size
Lx × Ly = (150 × 300)de (or similar, such that the
system transverse size is compatible with the use
of periodic boundary conditions) and the grid resolution is 10 cells/de , with 25 particles/cell/species.
The dipole is placed at (x, y) = (100, 0)de so part of
the flow for x > 100de is also modelled. The dipolar
and the internal plasma magnetic fields are parallel
and point out of the simulation plane (i.e. in the
positive z direction).
We consider the interaction between a plasma
of v0 = 0.2c and MA = ρi /di = 2 and a dipolar magnetic field of increasing magnitude. The
dipole magnetic moment was chosen such that the
7
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4.2. Dependance of the effective obstacle size on
IMF orientation
In section 3.4, we showed that opposite orientations
of BIMF can change the total magnetic pressure
profile close to the magnetopause and consequently
increase/decrease the distance from the dipole origin to the point where the plasma is reflected. In
that section, we showed that this inflation/deflation
is of the order of di . Hence, these changes may
not be relevant in large-scale (e.g. planetary) systems. However, in mini magnetospheres such inflation/deflation can be on the order of 100% the
cavity size for low MA flows (see Fig. 8). This, in
turn, can critically determine the formation of collisionless shocks according to the criterion discussed
in section 4.1.
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small cavity sizes. However, the simulations with
MA = 1.5 (shown in Fig. 3.4) lie on this region
(or very close to it) and these indeed show the formation of a shocked region in front of the cavity.
Higher MA flows are far from this region and do
not produce a shock. A lower limiting effective size
for the formation of shocks in mini magnetospheres
can be estimated as Leff ' 1/2ρi , corresponding to
a transverse obstacle size of 1 ρi .
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Figure 9: Comparison between the analytical model derived for the effective obstacle size and 2D PIC simulations. The plasma flow (v0 = 0.1c) is stopped at a
standoff distance of L0 ' 2di . The estimates for parallel and anti parallel orientations between Bd and BIMF
are represented in long-dashed and solid lines.
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4.3. Importance of 3D interplay in magnetopause
and shock dynamics
The one and two-dimensional analysis developed so
far is critical to understand the full plasma/obstacle
interaction, yet it is oversimplified and does not contain important three-dimensional effects. In this
section, we present 3D simulation results and qualitatively compare them with the corresponding 2D
simulations. We consider a plasma flow with v0 =
0.2c and MA = 1.5 that collides with a dipolar magnetic field that stops the plasma at a distance L0 =
2di . In the 3D simulations, the plasma injection
scheme A is used and the boundary conditions are
the same as described in section 4.1. The simulation
domain has size Lx Ly Lz = 150×300×400c/ωpe and
the grid resolution is 5 cells/de . Only 1 simulation
particle/cell/species is considered, due to the computational power required to perform these simulations. Simulations with higher number of particles
per cell and convergence studies are left as future
work. Nevertheless, care was taken to ensure that
the results obtained are not dominated by numerical artifacts and are thus physical to a good degree
of certainty. To qualitatively evaluate the importance of the full three dimensional interplay in the
magnetopause and shock dynamics, we performed
2D simulations of the two main interaction planes
with the same flow parameters and grid resolution.
These planes are the central (y = 0 and z = 0)
slices perpendicular and parallel to the dipole mag-

Figure 8: Effective obstacle size sensitivity to BIMF
orientation in 2D PIC simulations. The plasma flow
(v0 = 0.1c and MA = 1.5) is collided with a dipolar
magnetic parallel Bd (a)/anti parallel (b) to BIMF and
stopped at a standoff distance of L0 ' 2di .

In Fig. 9, we compare the effective obstacle size
computed using the 1D model derived in section
3.4 with the results of 2D PIC simulations of a
cold plasma flow of v0 = 0.1c and varying MA
(i.e. varying BIMF ) colliding against a dipolar field
that hold the plasma ram pressure at a distance
L0 ' 2di according to the macroscopic pressure
balance. In these simulations, the plasma internal
magnetic field was imposed externally (mechanism
A).
The 2D simulations confirm the cavity inflation
for anti parallel Bd and BIMF when considering
a constant flow MA . The simulation results are
in good qualitative agreement with the analytical model. The oscillations in the magnetopause
position associated with the instabilities identified
above, as well as the fact that the cavity size is not
perfectly circular are accounted for in the vertical
error bars. In Fig. 9, we can also observe that the
region where shock formation is possible according
to the criterion established in section 4.1 (identified
in darker grey) is very restrictive on the flow MA for
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netic moment, which is oriented in the positive z
(y) direction for the 3D (2D) simulations.
The plasma flow has an internal magnetic field
BIMF anti parallel to Bd on the magnetosphere dayside (see Fig. 10). The 2D and 3D simulations are
qualitatively similar. A current layer of width on
the order of de is present in all the planes (see panels b1,2 and d1,2 in Fig. 10). A solitary-like perturbation is excited in front of the magnetic obstacle,
which propagates faster in 2D when the magnetic
fields point out of the simulation plane (panels a2
and b2 in Fig. 10), due to the cavity inflation. For
this reason, the time frames shown here correspond
to earlier interaction times than those in the 3D
simulations (t2D ωpe = 1100, t3D ωpe = 1600).
In general, a better qualitative agreement is
found between the 3D and 2D simulations with inplane magnetic fields. We find that the shock front
is, in general elliptical. This effect is more pronounced when BIMF is anti parallel to Bd due to
the presence of higher density regions above and
below the magnetic field poles (see panels c1,2 in
Fig. 10). The higher density of these regions is enhanced due to the continuous formation and outflow
of plasmoids [16] in the magnetopause.

102
10-2

Figure 11: Dipolar moment required to observe the formation of a collisionless shock in space and laboratory
scenarios with a MA = 10 flow.

observed, although no shocks were registered. The
magnets used in these experiments had a magnetic
moment of about 60 Am2 , i.e below (or very close
to) the limit m ' 102 − 103 Am2 estimated in Fig.
11 for MA = 10 (typical for the reported experimental parameters). However, we can see that, by
reducing the plasma velocity by a factor of 10−100,
shocks could be observed by using the same magnet (m = 60 Am2 ). It should be noted that, using
such parameters (n ' 1013 cm−3 and MA = 10),
the experiment is already quite large (di ' 7 cm,
ρi ' 70 cm) and happens on quite small timescales (ωpi ' 0.1 ns), which implicates long plasma
streams and large controlled environments.

4.4. Laboratory parameters
Considering now a realistic ion-to-electron mass ratio of mi /me = 1836, we evaluate the possibility
of generating shocks in laboratory and space scenarios. This is only possible due to the system description in terms of the invariants Leff /ρi and MA .
Taking the macroscopic pressure balance of eq. 2
and imposing a minimum cavity size of Leff = ρi ,
we can find the required dipole magnetic moment
m to form a shock using a plasma flow with a velocity v, density n and Mach number MA (see Fig.
11). These results show that, for a constant density, higher flow velocities require higher dipolar
moments to observe a shock, as we expect from the
MHD pressure balance. Interestingly, however, we
can see that for a constant plasma velocity, an increase of the plasma density results in a decrease
of m. This is a consequence of the fact that, by
increasing n, we are not only increasing the plasma
ram pressure, but we are also decreasing the plasma
spatial scales, namely di . The competition between
these two effects thus determines that higher plasma
densities (for a constant flow velocity) are more inclined to observe shocks in the laboratory. The consequent problem is that, for the plasma to have such
low MA , it has to support very high magnetic fields
(of the order of 0.1 − 1 T ).
In the plots presented in Fig. 11, we also show
the typical parameters of laboratory plasmas produced in recent experiments [8, 17, 18]. In these
experiments, the formation of a density cavity was

5. Conclusions
In this work, we have studied the interaction between magnetized plasma flows and small magnetic
obstacles using theoretical models and multidimensional PIC simulations, with the objective of determining under which conditions a collisionless shock
can be formed.
We have verified the validity of the RH jump conditions across a perpendicular, low Mach number
shock using 1D simulations, in which we have tested
two different mechanisms to inject the magnetized
plasma flow in the simulation domain. For lower
MA flows, we have found magnetosonic solitons as a
result of the plasma-obstacle interaction. The magnetopause dynamics was studied and shown to be
dependant of the plasma internal magnetic field orientation relative to the dipolar field. When these
fields are anti parallel relative, an inflation in the
density cavity of ∼ 1di is observed for low MA
flows. We model this inflation resorting to a twofluid model that accounts for the presence of a diamagnetic current supported by the electrons at the
magnetopause. This current is created farther from
the obstacle when the fields are anti parallel, resulting in larger cavity density. This result has been
confirmed using 2D PIC simulations. We have also
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Figure 10: Qualitative comparison between 2D and 3D simulations for anti parallel BIMF and Bd . The plasma
flow (v0 = 0.2c and MA = 1.5) is stopped at a standoff distance of L0 = 2di . Panels a-d1 show results of 3D
simulations, whereas panels a-d2 show the corresponding 2D runs. Panels a and b (c and d) correspond to the
central plane perpendicular (parallel) to the dipole magnetic moment. Note that d = 3 (2) for panels a-d1 (a-d2).

used these simulations to determine that a shock
can be formed if the effective obstacle size is larger
than the ion gyroradius. Consequently, we find that
a cavity inflation/deflation of ∼ 1 di can be critical
to determine the formation of shocks in the plasma
interaction with miniature obstacles. Full 3D simulations showed that the shock dynamics can be
investigated in 2D simulations. However, full 3D
simulations are necessary to correctly model the
magnetopause dynamics due to the pure three dimensionality of the problem. Other features such as
the reconnection of field lines and the formation of
plasmoids at the magnetopause have also been captured in 3D simulations for anti parallel fields on
the magnetosphere dayside. These plasmoids then
flow to the poles of the magnetic field and give rise
to an elongated compressed region in front of the
object. Finally, we have shown that the required
magnetic dipole moment to observe a shock in recent experiments is about one order of magnitude
above the one considered. These results are important to design future experiments.
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