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ABSTRACT

Pharmacokinetic (PK) is a branch of pharmacology dedicated to the study of the evolu-
tion of substances administered externally to a living organism that comprises the process
from absorption to extraction. PK dynamic models are based on homogenous multi-com-
partment assumptions leading to a parametrical description of the drug concentration in
function of time. The main goal consists in finding clusters (that is, classes of parameters)
of pharmacokinetics drug responses from a population subjected to a given therapeutic,
in order to personalize the therapy for new patients. In this work we present an unsu-
pervised learning algorithm for clustering patients based on their pharmacokinetics drug
responses. To estimate the clusters we adapt an expectation-maximization algorithm pro-
posed by Azzimonti et al, that collapses clusters that are closer than a given threshold,
while estimating its parameters iteratively. Nonetheless, our approach is quite novel, as
we considered the PK as a dynamics process. It can be described by a nonlinear mixed–
effects model without population parameters where all parameters have random effects.
In consequence, we have to rely on numerical methods to maximize the likelihood, since
solving the non-linear equations analytically would be overwhelming. The developed
method runs in linear time of number of individuals, number of clusters and number of
observations.

1. Introduction

This project is multidisciplinary therefore it uses
statistical methods to estimate the parameters, like
Expectation-Maximization algorithm, analysis of dif-
ferential equations in compartment model and numeri-
cal methods, like Newton’s method, to help create the
desired algorithm.

In this project we developed an efficient algorithm
to estimate the parameters and to find clusters of the
pharmacokinetic drug responses of a population sub-
jected to a given drug, in order to personalize the ther-
apy for new patients. For this, we adapted an unsuper-
vised learning algorithm with sugestions of Azzimonti
et al. for pharmacokinetic drug responses.

The Monolix is the free programm to estimate the
pharmackinetics drug responses and parameters. It
uses the other method based in a stochastic approxi-

mation of the standard expectation maximization algo-
rithm for nonlinear mixed-effects models without ap-
proximations. This method only estimates the param-
eters of the one clusters, not separating individuals by
clusters, forcing a prior analysis.

Azzimonti et al. in 2012 proposed a novel Expec-
tation Maximization algorithm for the estimation of
nonlinear nonparametric mixed-effects models, aimed
at unsupervised classification. Nonlinear mixed-effects
models are increasingly used in several biomedical ap-
plications. This algorithm was created for different
equations that represents differents biomedical models,
but for pharmacokinetics drugs responses represented
by compartment model was not created or analysed.
This equation is more complex and requires a more de-
tailed study.

Pharmacokinetics (PK is a branch of pharmacology
dedicated to study of the evolution of the substances
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administered externally to a living organism, until the
point at which it is completely eliminated from the
body. Those substances can be pharmaceutical agents
(drugs), hormones, nutrients, or toxins. Pharmacoki-
netics describes the behaviour of the body against a
specific drug, after administration, in four phases: Ab-
sorption, Distribution, Metabolization and Excretion.
The phases of metabolization and excretion can also be
grouped together under the title Elimination.

The form of drug administration of the problem is
orally. The oral administration allows a more gradual
absorption, reaching maximum concentrations later, in
comparison with intravenous administration. So, there
is an absorption rate constant (ka).

Bioavailability is a subcategory of absorption ac-
counting for the fraction of unchanged drug of an ad-
ministered dose that reaches the systemic circulation.
It is denoted by F.

The volume of distribution (V) also known as ap-
parent volume of distribution is a theoretical volume
accounting for the total amount an administered drug
would have to occupy, if it were uniformly distributed,
to provide the same concentration as it currently is in
the blood plasma. Therefore, if the volume of distri-
bution is greater, then the drug is more diluted than it
should be in the blood plasma, meaning that it is mainly
distributed in tissue, and not in plasma. It is defined as
the distribution of a medication between plasma and
the rest of the body after administration.

The elimination rate constant (ke) is a value used in
pharmacokinetics to describe the rate at which a drug
is removed from the system.

One Compartment Model with Oral Administration

Compartmental methods estimate the concentration-
time graph using kinetic models. These models are
based on a consideration of an organism as a number of
related compartments. Each compartment is assumed
to be a homogeneous entity. The simplest idea is to
think of an organism as only one homogenous compart-
ment. This mono compartimental model presupposes
that blood plasma concentrations of the drug are a true
reflection of the drug’s concentration in other fluids or
tissues and that the elimination of the drug is directly
proportional to the drug’s concentration in the organ-
ism.

The drug enters the compartment gradually, and it
is described by the function I(t), the drug’s absorption
in the compartment in function of time. Therefore, the
equations that explain drug’s concentration in the com-

partment are given by:
Q′(t) = −keQ(t) + kaI(t)
C(t) =

Q(t)
V

I′(t) = −kaI(t)
C(0) = 0
I(0) = Dose × F

. (1)

From Eq. (1), we get the drug’s concentration in the
compartment in function of time as:

C(t) =
kaDose × F
V(ka − ke)

(e−ket − e−kat). (2)

2. Unsupervised Learning of Pharmacokinetic Re-
sponses

In this section, we will describe the proposed un-
supervised learning algorithm to pharmacokinetic re-
sponses. We applied an adaptation of the EM algorithm
to estimate the parameters and to find clusters of the PK
drug responses. We choose to use the EM algorithm
because we need to cluster the data and to estimate the
parameters of these clusters, and this is a good method
to efficiently solve these problems.

The goal of the algorithm is to estimate the pa-
rameters of the PK drug responses described by the
one compartment model with oral administration, ex-
pressed by:

f (α, β1, β2, t) = α(e−β1t − e−β2t), (3)

with 
α = kaDose×F

V(ka−ke)
β1 = ke

β2 = ka

. (4)

That is, we want to estimate α, β1 and β2, clustering the
most similar results.

Let i = 1, ...,N be the index of the individuals, j =

1, ..., n be the index of observations and l = 1, ...,M be
the index of the cluster described by Eq. (3):

f (k)
l (t) = f (α(k)

l , β(k)
1l , β

(k)
2l , t). (5)

Let yi j be the value of the observed concentration in
instance t j for subject i. It can be described as follows:

yi j = fl(t j) + εil j, i = 1, ...,N and j = 1, ..., n, (6)

with l the cluster that describes the individual i, and
εil j ∼ N(0, vl) the measurement error that we assume
to be Normal (Gaussian Distribution) with mean 0 and
variance vl = σ2

l .
Given that εil j ∼ N(0, vl) and εil j = yi j − fl(t j), its
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probability density function is

pl(yi j) =
1

(2πvl)
1
2

e
−1
2vl

(yi j− fl(t j))2

. (7)

As for each individual are made n measurements of
the drug’s concentration in their system, and assuming
that they are independents, the error of the individual i
for cluster l is εil =

∏n
j=1 εil j and its probability density

function is

pl(yi) =
1

(2πvl)
n
2

e
−1
2vl

∑n
j=1(yi j− fl(t j))2

. (8)

2.0.1. Input and Output
The input of the algorithm is: Y – matrix N × n of

concentrations observed, with N the number of indi-
viduals and n the number of measured samples in each
individual, and T – vector of dimension n indicating
the time at which the measurement was made, and the
initial time t = 0 is the time when the drug is ingested.

The algorithm outputs the number of clusters, M,
the parameters of each individual as well as to which
cluster the individual belongs, and the variance of each
cluster.

To run the algorithm is necessary to give initial pa-
rameters. As such, we generate random data to the pa-
rameters such that it will not differ much from the data
values.

To assess this, we compared the integral of the gen-
erated values with the area of the observed values. With
random parameters we run the algorithm and then we
choose the best. The result that showed a higher value
of the objective function is the chosen one.

Note that the more clusters we have, higher is the
value of the objective function, but if these clusters are
similar, then they will stay together. If the initial value
for the number of clusters, M, are not provided then
we use M = N

3 , in order not to make the algorithm too
heavy, but having different clusters.

2.1. EM algorithm

To estimate the parameters, we use the EM algo-
rithm, trying to minimize the error εil. Let θ be the
vector of all parameters and weights, and pθ(Y) be the
probability of having Y given parameters θ:

pθ(Y) =

M∑
l=1

ωl pl(Y). (9)

Let W be the same family of hidden variables that
explains to which class the individual belongs. So

pθ(yi|Wi = l) = pl(yi) and (10)
pθ(Wi = l) = ωl. (11)

In order to minimize the error, we will maximize the
log-likelihood of Eq. (9). maximizing l(θ) is the same
as maximizing:

Q(θ, θ(k)) = E[log(pθ(Y,W = w))]

=

N∑
i=1

M∑
l=1

X(k)
il log(ωl pl(yi)), (12)

with

X(k)
il =

ω(k)
l p(k)

l (yi)∑M
m=1 ω

(k)
m p(k)

m (yi)
, (13)

and the objective function is maximize Eq. (12).

2.2. Updating the Parameters

In each iteration, we need to find αl, β1l, β2l, vl andωl

for l = 1, ...,M that maximizes the function Eq. (12).

Update ωl:.

ω(k+1)
l =

1
N

N∑
i=1

X(k)
il ∀l=1,...,M . (14)

Update vl:.

v(k+1)
l =

∑N
i=1

∑n
j=1 X(k)

il (yi j − f (k+1)
l (t j))2∑N

i=1 nX(k)
il

. (15)

We use the the update parameters of mean,
(α(k+1)

l , β(k+1)
1l , β(k+1)

2l ), in this expression in order
to make the algorithm faster.

update αl.

∂Q(θ, θ(k))
∂αl

= 0
∣∣∣∣
αl=α

(k+1)
l

⇔

α(k+1)
l =

∑N
i=1

∑n
j=1 X(k)

il yi j(e−β1lt j − e−β2lt j )∑N
i=1

∑n
j=1 X(k)

il (e−β1lt j − e−β2lt j )2
. (16)

As we will see below, the update αl is easier and
more efficient than β1l and β2l, therefore, to make the
algorithm more efficient, we use β(k)

1l and β(k)
2l instead of

β1l and β2l, that is, first we will update αl:

α(k+1)
l =

∑N
i=1

∑n
j=1 X(k)

il yi j(e−β
(k)
1l t j − e−β

(k)
2l t j )∑N

i=1
∑n

j=1 X(k)
il (e−β

(k)
1l t j − e−β

(k)
2l t j )2

. (17)

Update β1l.
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. To find the value that maximizes the function, we
have to find the zero of its derivative function:
∂Q(θ, θ(k))

∂β1l
= 0

∣∣∣∣
β1l=β

(k+1)
1l

⇔

N∑
i=1

n∑
j=1

(
−
αl

vl
X(k)

il t je−β
(k+1)
1l t j × (yi j − αl(e−β

(k+1)
1l t j − e−β2l t j ))

)
= 0.

(18)

But this equation has no linear solution. To make the algorithm
converge faster, we use α(k+1)

l in β1l update. Let h(k)
1l be the derivative

function of Q relative to β1l, and dh(k)
1l the derivative function of h(k)

1l
relative to β1l.

The maximization problem becomes the problem of finding the
roots of function h(k)

1l . To solve it, it is necessary to use a numerical
method. Since h(k)

1l function is continuous and differentiable for β1l >
0, we can apply Newton’s method, and then:

β(k+1)
1l = Newton(β(k)

1l , h
(k)
1l , dh(k)

1l ). (19)

Update β2l.

. To find the value that maximizes the function, we have to find the
zero of its derivative function:

∂Q(θ, θ(k))
∂β2l

= 0
∣∣∣∣
β2l=β

(k+1)
2l

⇔

N∑
i=1

n∑
j=1

(αl

vl
X(k)

il t je−β
(k+1)
2l t j × (yi j − αl(e−β1l t j − e−β

(k+1)
2l t j ))

)
= 0.

(20)

But, like in β1l, this equation has no linear solution. To make the
algorithm converge faster, we use α(k+1)

l in β2l update. Let h(k)
2l be

the derivative function of Q relative to β2l, and dh(k)
2l the derivative

function of h(k)
2l relative to β2l.

The maximization problem becomes the problem of finding the
roots of function h(k)

2l . To solve it, it is necessary to use a numerical
method. Since h(k)

2l function is continuous and differentiable for β2l >
0, we can apply Newton’s method, and then:

β(k+1)
2l = Newton(β(k)

2l , h
(k)
2l , dh(k)

2l ). (21)

2.2.1. Newton’s Method
In this algorithm we chose the Newton’s method because this

method is quite efficient.
We added a stopping criterion, becoming the algorithm faster and

not losing much on maximizing because when the approximation is
near to the real value of the root, the consecutive values are very
close:

|x(d+1) − x(d) | ≤ 10−10 ⇒ stop. (22)

As we can see, with this criterion, the method in each iteration
stops when it approximates less than a very small constant, in this
case 10−10. Therefore, the gain for each iteration does not compen-
sate its time cost. This method quickly finds the root of the function,
but to avoid cases where the function takes many iterations to find a
good approximation, due to the input data, we limit the number of
iterations at 104. If the number of iteration exceeds the limits, 104,
we use the last value as is better than the initial value. What we have
seen in practice is that it never reached the limit because it is a very
large one.

To avoid duplicate computations, making the algorithm more ef-
ficient, we solve Eqs. (19) and (21) at the same time, using both

values, that is,

Newton(d+1)(β
(k)
1l , β

(k)
2l ) :

β(d+1)
1l = β(d)

1l −
h(k)

1l (β(d)
1l , β

(d)
2l )

dh(k)
1l (β(d)

1l , β
(d)
2l )

;

β(d+1)
2l = β(d)

2l −
h(k)

2l (β(d)
1l , β

(d)
2l )

dh(k)
2l (β(d)

1l , β
(d)
2l )

. (23)

The method stops if one of the following conditions holds: the
number of iterations exceeds 104, or small convergence as explained
in Eq. (22).

The parameters βl must be in the range (0, 5) (in h−1) because
these parameters corresponds to the rate of absorption and elimina-
tion, and these biologically rates belong to this range. Given that the
h(k)

1l function and h(k)
2l function are similar, if the Newton’s method

ends with β1l > β2l then we change β1l and β2l. If β1l < (0, 5) or
β2l < (0, 5), such is not the maximum value at acceptable biological
range, thus it is necessary to choose the value from the knee analysis
for the parameter that violated the condition.

2.2.2. Knee Analysis
Since the algorithm improves with each iteration but the maxi-

mum was not found in the desired range, we seek the equilibrium
value, that is, the value that best maximizes and does not have a high
computational cost. This is called the Knee Analysis.

Since we are considering continuous functions, the equilibrium
value is what is closest to the origin:

β(k+1)
1l ∈ argβ min[β2 + (h(k)

1l (β, β2l))2], (24)

β(k+1)
2l ∈ argβ min[β2 + (h(k)

2l (β1l, β))2]. (25)

Again, this is a problem that is solvable by a numerical approach.
The method chosen is again Newton’s method for the same reasons.

Such as in the initial Newton’s method, if after the Knee analy-
sis we have β1l > β2l then we change β1l and β2l. Remember that
NewtonKnee is only used if the parameter in analysis completes the
initial Newton’s method out of range. If after the Knee analysis we
have β1l < (0, 5) or β2l < (0, 5) then we use the initial parameter as
updating, β(k+1)

1l = β(k)
1l or β(k+1)

2l = β(k)
2l , and the algorithm continues.

2.3. Stop Criterion
In this algorithm, we selected as stop criterion the little change in

the values of the parameters because it is a simple criterion with a
reduced computational cost.

As the parameters α and β are of different orders and slight mod-
ifications in β cause more effect on α than the opposite, we only
checked the criteria for parameters β:

|β
(n+1)
1l −β

(n)
1l |

|β
(n+1)
1l |

≤ 10−6

|β
(n+1)
2l −β

(n)
2l |

|β
(n+1)
2l |

≤ 10−6
∀l = 1, ...,M. (26)

If the condition in Eq.(26) is verified then the algorithm should
stop.

2.3.1. Collapsing Clusters
After the algorithm converges, we analyse if there are clusters

near and similar.
The parameters that best describes the individual i, (α̂, β̂1, β̂2)i for

all i = 1, ...,N, are computed as follows

(α̂, β̂1, β̂2)i = (α, β1, β2)l, if l ∈ argl max X(k)
il . (27)

We collapse clusters if at least one of the following conditions oc-

cur:
∑n

j=1
( fk(t j)− fl(t j))2

n < D ⇒ θmin{l,k} =
θl+θk

2 , θ ∈ {α, β1, β2, v} ∧
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ωmin{l,k} = ωl + ωk ⇒ remove(θmax{l,k}) or ωl < ω̃ ∧ {i = 1, ...,N :
(α̂, β̂1, β̂2)i = (α, β1, β2)l} = ∅ ⇒ remove(θl).

Since N is large, it implies that ω̃ = 0.025 and D = 1 because the
average of the sum of the squares is less than 1 that means the values
must be close.

If at least two cluster were collapsed, then the algorithm restarts
with the new parameters as initial values. The algorithm stops when
it converges and there is not any cluster to be collapsed.

2.4. Time Complexity Analysis

Let N be the number of individuals, M the initial number of clus-
ters and n the number of observations by individual..

Assuming that the EM converges in KEM iterations whenever it
is called and each collapse the algorithm collapses only two clus-
ters. Let KN be the maximum number of iterations of the Newton’s
Method. Assuming that KI initial random parameters are generated.
So the time complexity of the algorithm is O(KI × KEM × KN × N ×
M2 × n).

As will see in the next section the time complexity of the algo-
rithm is linear relative to M and N because we never have the worst
case in collapsing clusters.

3. Experimental Results

In this section we run the algorithm with dataset in order to anal-
yse the efficiency of the algorithm and the separability and homo-
geneity. We also analyse the regions of convergence. To analyse the
algorithm, we generate random synthetic test data, with nine time
observations (n = 9).

Test 1: dataset with 60 individuals (N = 60) without noise and
with 4 clusters (M = 4), in which two of them are close.

Test 2: dataset with 100 individuals (N = 100) with noise and
with 4 different clusters (M = 4). This test has two clusters that may
be mistaken.

For tests, we run the algorithm 100 times with 10 initial clusters,
and chose the best output.

The algorithm gives as output the information of the clusters:
α, β1, β2, v, thereby to make a more simplified representation of the
data and providing information for future classification. The algo-
rithm also gives the indication that the cluster belongs to each indi-
vidual of the sample.

This test has two clusters very similar, the red cluster and the
orange cluster (see Fig. 1). These data were selected for having this
characteristic, and the algorithm could separate these clusters. The
variance of the results given by the algorithm is: 0.005805, 0.006378,
0.159385, 0.023702.

Fig. 1. Graphic of the sample indicated that the cluster belongs
(in left) and graphic of the clusters (right) of Test 1.

In this test, even with noise, the algorithm separates the clusters
well and has higher variances due to noise, but they are still quite
low: 0.356286, 0.390116, 0.402256, 0.295683 (Fig. 2).

Fig. 2. Graphic of the sample indicated that the cluster belongs
(in left) and graphic of the clusters (right) of Test 2.

To facilitate the evaluation of the algorithm, we now present a
Tab. 1 that abstract the necessary information, where N is number of
individuals and M is number of clusters:
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Test Noise N M Var. Time(s) SSW
1 no 60 4 0.1953 2.4125 26.2
2 yes 100 4 1.4443 7.9685 9.5
3 no 20 4 0.1482 0.4048 7.8
4 yes 20 4 1.3421 0.7296 7.7
5 no 60 3 0.2782 3.2308 30.5
6 yes 200 4 1.4131 12.2858 9.8
7 no 100 5 0.5467 2.1050 20.2
8 no 100 5 0.1441 2.9747 19.1
9 no 100 5 0.1724 4.2409 18.8

Table 1. Evaluative information for tests (variance, time and
SSW (%)).

The performance metric used is the variance and SSW. We can
observe that all tests have very low variance. Tests with larger vari-
ance are those having noise, but even so, the variability is 1.3 - 1.5.
The other tests, tests without noise, we can see that the variance is
less than 0.6. These values show that the algorithm finds dense and
homogeneous clusters. We can also see from the graphics, SSW and
SST alues that the algorithm separates the clusters well, obtaining
low value in SSW and high value in SSB. The tests where SSW is
higher are the ones with less dense clusters.

In terms of runtime, we found that samples with noise take longer.
In the case of Test 5, it takes longer because one of the clusters is
less dense, which causes the algorithm to take longer to estimate this
cluster.

3.1. Analysis of Time Complexity

In the previous chapter, we observed that the algorithm runs in
time O(KI × KEM × KN × N × M2 × n). In this section we confirm
these values with practical examples.

3.1.1. Number of Individuals
Let us analyse the time of the algorithm only in terms of the num-

ber of individuals. In order to avoid other parameters influencing
the time, making this the most accurate analysis possible, we use
the sample of the Test 3 by copying the data to get variations in the
number of individuals.

We analysed the algorithm with samples of size 20 to 200, for
each sample we used the same initial number of clusters, M = 10,
and ran 100 times to get different maximum.

In this case we only want the times obtained and verify that the
algorithm runs linear time in terms of the number of individuals by
fixing the initial number of clusters, M, and the number of observa-
tions, n.

The observed times are represented in followig graphic:

Fig. 3. Graphic of the time in function of the number of individ-
uals.

We can confirm with Fig. 3 that the algorithm runs in linear time
in the number of individuals.

3.1.2. Initial Number of Clusters
Let us analyse the time of the algorithm only in terms of the initial

number of clusters. For this, we have set a sample, Test 8, and run
the algorithm by varying the initial number of clusters, M.

We analysed the algorithm with 10 to 60 initial clusters and run
100 times to get different maximum.

In this case we only want the times obtained and ascertain the
time behaviour of the algorithm runs linear time in terms of the initial
number of clusters by fixing the number of individuals, N, and the
number of observations, n.

The observed times are represented in followig graphic:

Fig. 4. Graphic of the time in function of the initial number of
clusters.

We can see in Fig. 4 that the algorithm runs in linear time in
the initial number of clusters. That is because the worst case occurs
rarely in the collapse of clusters, and normally it collapses all, or
substantially all, eliminating the quadratic time complexity factor of
the algorithm.

3.1.3. Conclusion
As we note, in practice, the algorithm runs in linear time of the

number of individuals, N, and the initial number of clusters, M:
O(KI × KEM × KN × N × M × n), what makes the algorithm very
efficient.

3.2. Analysis of Convergence
During the construction and testing of the algorithm, it was found

that there are several local maxima. Therefore, we decided to study
the graphic of the regions of convergence of a simple sample.

This sample does not have noise has only one cluster because we
want to study the convergence of each cluster. Note that these regions
depending on the input sample.

20

40

60

0.0

0.5

1.0

0.00.51.01.52.0

Fig. 5. Graphic of the regions of convergence.

In Fig. 5 we can observe different regions represented by different
colours (gray colour represents various residual regions) and we can
note that these regions are not well defined, for example region black.
That is due to the fact that the regions are defined by three parameters
that have different influences on the result. We can note that there are
more regions when the parameters are smaller, this is de to the fact
that a small change in the parameters affects immensely the curve
shape.
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4. Conclusion and Future Work

As we saw in the previous chapter, the main conclusion is that the
algorithm is very efficient and finds good clusters for the proposed
problem. Besides that, it can be evaluated with real data when they
are available.

If the data has a huge number of individuals, it can become even
more efficient with respect to this parameter. However it is necessary
to separate the sample and that might lead to loss of information. As
so, we suggest as future work to divide the sample into smaller sub-
samples and run the algorithm, reducing the number of clusters. Af-
ter this, gradually join the sub-samples, running the algorithm again.
With this suggestion it is possible that the number of clusters is not
too high, but you still might lose information when dividing the sam-
ple. In this project, this method was not implemented because it was
not necessary for the analysed data.

We have developed this project in the area of unsupervised learn-
ing, creating a good algorithm to estimate the parameters and divide
the sample into clusters for possible future classification.

The classification part, supervised learning, was left as future
work because it is an extensive area and it requires further analy-
sis. For that to be achieved, considering the output parameters of
the algorithm, one possible solution is this method that we present
next (based on Naive Bayes), which consists in classifying the new
individual with the most likely class:

class(y) = argc max Pθ(y,W = c)

= argc maxωc pc(y). (28)

Finally with the work develloped, we hope that this algorithm
helps the physicians to have a more accurate decision in pharma-
ceuthical therapy.
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