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Resumo 
 

Na aviação, o uso da posição estimada por um receptor de GPS (Global Positioning System) para 

navegação, é necessário garantir que os requisitos definidos pela International Civil Aviation 

Organization são cumpridos. De maneira a assegurar estes requisitos, um algoritmo de RAIM 

(Receiver Autonomous Integrity Monitoring) necessita ser implementado. O algoritmo detecta e exclui 

os satélites que apresentem falhas e calcula os níveis de protecção requeridos para a solução da 

posição obtida por GPS. 

O algoritmo convencional de RAIM (resíduos do método dos mínimos quadrados ponderados), um 

algoritmo baseado no método dos mínimos quadrados totais e um outro proposto são comparados 

em termos de capacidade de detecção e desempenho. O algoritmo proposto considera ambas as 

medições de pseudo-distância e de fase da portadora no método dos mínimos quadrados totais de 

forma a garantir melhores resultados. 

Estas medições foram adquiridas com o uso de um único receptor de apenas uma frequência o que 

gera um problema relacionado com uso das medições de fase da portadora. Um algoritmo foi 

implementado de maneira a resolver este problema do número inteiro desconhecido de ciclos da 

portadora. Este algoritmo apresentou uma solução da posição que melhorou os resultados do RAIM 

proposto em termos de precisão. 

Concluindo, a tese propõe um novo algoritmo de RAIM que melhora as métricas de desempenho 

requeridas para aviação suportada por GPS. Os resultados são apoiados por dados reais adquiridos 

no laboratório do Instituto de Telecomunicações para a frequência L1. 

 

Palavras-chave: método dos mínimos quadrados totais, RAIM, GPS, saltos de fase, ambiguidades 

de fase da portadora.   
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Abstract 
 

The aviation navigation aided by the position estimation supplied by a GPS (Global Positioning 

System) receiver needs to meet the standardized requirements defined by the International Civil 

Aviation Organization. A Receiver Autonomous Integrity Monitoring (RAIM) algorithm needs to be 

implemented to ensure these requirements. The algorithm detects and excludes faulty satellites and 

computes the necessary protection levels for the GPS position solution. 

The conventional RAIM algorithm (weight least squares residuals), a total least squares based 

algorithm and a proposed one are compared in terms of detection capability and performance. The 

proposed algorithm considers both pseudorange and carrier phase measurements in the total least 

squares algorithm in order to guarantee improved results. 

These measurements were acquired with use of a standalone, single frequency receiver which 

creates the problem related to the use of the carrier phase measurements. An algorithm was 

implemented to solve the problem of the unknown integer number of carrier cycles. This algorithm 

showed a more accurate position solution which enhanced the proposed RAIM results. 

In conclusion, the thesis recommends a new RAIM algorithm which improved the performance metrics 

required for aviation guided by GPS. The results were supported by real data acquired on the 

laboratory of the Instituto de Telecomunicações for L1 frequency.  

 

Keywords: total least squares, receiver autonomous integrity monitoring, GPS, cycle slips, carrier 

phase ambiguities. 
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ECEF  Earth-Centered, Earth-Fixed 

ENU  East, North, Up 

GNSS  Global Navigation Satellite System 

GPS  Global Positioning System  

RAIM  Receiver Autonomous Integrity Monitoring 

VPL  Vertical Protection Limit 

UERE  User Equivalent Range Error 
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1. Introduction 

1.1. Motivation 
The Global Navigation Satellite Systems (GNSS) are used worldwide guaranteeing the user position in 

a three coordinates system. Examples of GNSS are the United States Global Positioning System 

(GPS), the Russian GLONASS, the European GALILEO and the Chinese Compass Navigation 

Satellite System (CNSS also known as BeiDou-2) which the last two are not yet fully operational. The 

GNSS consists in a satellite constellation and a ground station network with global coverage assuring 

the necessary information to the position determination to a user receiver through transmitted 

electromagnetic signals. In order to compute a position the minimum of four satellites is needed and 

the GNSS must assure this availability worldwide. 

In order to guarantee the fidelity of the information given by the satellite, an integrity monitoring 

algorithm is required. The Receiver Autonomous Integrity Monitoring (RAIM) algorithms are designed 

to assure the minimum requirements (of accuracy, position alert limits, integrity, continuity and 

availability) and to provide timely warnings to the users in case of these requirements are not 

accomplished. These algorithms are needed in a lot of navigation applications such as in airplanes, 

ships, vehicles and others and to ensure the accuracy, integrity, availability and continuity of the 

service. These performance requirements are set by the International Civil Aviation Organization 

(ICAO) for GNSS in the aviation case [1].  

This thesis includes a study of different RAIM methods for standalone and single frequency GPS 

receivers. A new RAIM algorithm is proposed which enhances the performance of the typical 

algorithms for single frequency receivers. 

1.2. State of the Art 

1.2.1. Positioning Algorithms 

The positioning algorithms have been upgrade over the years and nowadays there are plenty of 

options to solve the user position. The standard approach is the weighted least squares with single 

frequency pseudorange measurements, but since the modernized GPS signals allow having double 

frequency measurements, new algorithms were developed. 

The total least squares approach was developed in order to consider also the presence of errors on 

the ephemeris data and consequently on the satellite positions. This approach minimizes then both 

measurement and satellite position errors which the standard least squares does not. 

The availability of double frequency measurements allows solving the unknown ambiguity number of 

carrier cycles and therefore it is possible to make use of the carrier phase measurements on 

standalone receivers. This approach provides better positioning as the carrier phase measurements 

are more precise. 
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Also, the differential GPS is a constant in aviation providing that the airports have a required station 

with fixed position. The measurements are then compared with the ones coming from the stations that 

maintain a known static position (as a landmark) and most of the errors present on the measurements 

can be corrected improving the position accuracy. 

The geosynchronous satellites which are in a Geostationary Earth Orbit (GEO) have a static and more 

stable position than the ones from GNSS and are used as an augmentation system such examples of 

Satellite-Based Augmentation Systems (SBAS) are the American Wide Area Augmentation System 

(WAAS), the European Geostationary Navigation Overlay Service (EGNOS) and the Japanese Multi-

functional Satellite Augmentation System (MSAS). These satellites have approximately global 

coverage and offer accurate measurements to the user receiver improving as well the position 

accuracy. 

There are extended algorithms that are aided by external sensors such as the barometer. This 

approach provides more measurements to the algorithm and with the proper weighting the position 

estimation can be improved. 

Finally, the available new GNSS constellations can provide an increased availability which means 

more satellites in view. The Position Dilution of Precision (PDOP) has a direct relationship with the 

number of satellites and so the position accuracy is improved with more redundant measurements. 

This multi GNSS approach also increases the RAIM availability. 

1.2.2. RAIM Algorithms 

The RAIM algorithms mostly assume that the broadcasted information is correct and the faults are 

only coming from the pseudorange and carrier phase measurements. This means that the RAIM 

algorithms developed are linked mostly to the measurements used.  

There are different types of RAIM algorithms: the standard RAIM, the relative RAIM, the extended 

RAIM and the advanced RAIM. These algorithms differ not only on the implementation but also on the 

type of aiding measurements. 

The standard RAIM algorithms focus on the pseudorange measurements using the measurements 

and position noises and the false alarm and missed detection probabilities to compute the required 

protection levels for the position solution. The algorithms are usually divided in two phases. The fault 

detection and exclusion phase aims to compute detection thresholds based on noise levels and test 

statistics based on the measurements residuals. The detection is made when the threshold is 

exceeded followed by the exclusion of the faulty satellite. It is important to notice that often the RAIM 

algorithms consider only the single fault situation and neglect the multiple fault one. The position and 

protection limit phase allows safely computing the position and confirming if the necessary protection 

limit is available.  

The carrier phase measurements are included in a Relative RAIM (RRAIM), where the integer 

ambiguity number is still unknown. These measurements are then used to propagate through time the 
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late pseudorange measurements based on the early position estimations. This algorithm uses 

measurements at different epochs as an alternative to the snapshot standard RAIM. 

The extended RAIM considers also the aid of the external sensors providing more measurements 

which can improve the RAIM accuracy, but making the algorithm not a pure RAIM. This RAIM 

algorithm usually makes use of Kalman filtering to incorporate the new sensor measurements.  

The Advanced RAIM (ARAIM) scheme was proposed by the GNSS Evolutionary Architecture Study 

(GEAS) to achieve the LPV-200 (Localizer Performance with Vertical guidance) requirements. This 

algorithm takes advantage of dual frequency capability and multi GNSS constellation as well as an 

integrity support message. It also considers a probability of Hazardous Misleading Information (HMI) 

related to the information broadcasted by the satellites. The algorithm has different considerations to 

the conventional RAIM which improves the performance. 

1.3. Contributions 
This thesis approaches the implementation of different RAIM algorithms in order to guarantee the 

requirements stipulated by the International Civil Aviation Organization for the required navigation 

performance using GNSS. These requirements are used to validated RAIM algorithms or in other 

words to enable a real RAIM implementation in aviation. 

The writer makes use of a single low cost GPS receiver using single L1 frequency which provides two 

types of measurements: code and carrier phase. The combination of these measurements was 

implemented using the phase-adjusted algorithm improving the accuracy of the receiver positioning. A 

cycle slip detection and correction algorithm was also implemented to guarantee robustness and 

availability for the RAIM algorithm. 

Different RAIM algorithms were researched and consequently employed using real data. This 

guarantees the validation of the RAIM algorithms implemented. The use of carrier phase 

measurements on a proposed snapshot RAIM algorithm proved to increase its performance on the 

requirements set by the International Civil Aviation Organization. 

Finally, it is clear that a real implementation for the new RAIM algorithm using carrier phase 

measurements is possible. This RAIM ensured the required navigation performance for a more 

demanding operation mode by making use of low cost GPS receiver. 

1.4. Structure 
The structure of this thesis follows an order from the basic theory to the practical results, explaining 

the mathematical aspects of the thesis during the intermediate chapters. 

The first succeeding chapter 2 includes an introduction to the navigation problem, followed by the 

material/data used for developing this thesis. After, it will be explained better the available 

measurements and the presence of errors as well as the corrections considered. The standard 
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solution to the navigation problem and the one considered for improvement is presented and the 

chapter finishes with the coordinates systems used and its advantages. 

The following chapter 3 introduces the standard RAIM algorithm and the total least squares approach. 

The chapter explains in detail the algorithm steps, the necessary computations and finalizes with the 

proposed RAIM algorithm which combines both pseudoranges and carrier phase measurements to 

improve the performance. 

Before the conclusion, the chapter 4 provides the results achieved with real data. These results 

support the theory presented on this thesis. Also, it is evaluated the different positioning and RAIM 

algorithms. 

At last, the conclusion chapter 5 highlights the details, achievements and future work related to this 

thesis. It is followed by the references, where is presented most of the information that supports the 

research of the thesis, and an appendix containing the published work. 
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2. Position Determination 

2.1. Introduction 
The position determination process is described in this chapter providing the necessary information for 

the following chapters.  

This chapter follows an explanation about the measurements model, the measurements, the data 

used, the measurements corrections and the position estimation problem which are the requirements 

to fully understand the basics of the RAIM algorithms. 

2.2. Measurement Model 
The position determination is achieved by solving the equation containing the measurements and the 

observations which is given by: 

 𝒛 = 𝑯𝒙 + ∆𝒛 (2.1) 

   
where 𝒛 is the column measurements vector, 𝑯 is the observables matrix, 𝒙 is position vector and ∆𝒛 

is the measurements errors vector. In order to improve the position determination, the errors in ∆𝒛 

must be known. 

Measurements 

The measurements used for position determination in this thesis are pseudorange and carrier phase 

measurements computed by the GPS receiver. After the receiver acquires at least four satellite 

signals, the pseudorange measurements for each satellite can be computed by synchronizing and 

demodulating the navigation message followed by the calculation of the time difference between the 

transmission and reception. The minimum number of four is needed to know the offset between the 

GPS time and the receiver clock time and consequently solving the pseudorange ambiguity. The 

carrier phase measurements characterize the number of cycles between each satellite and the user 

receiver. These measurements are more accurate than the pseudorange ones, but the integer 

ambiguity number of cycles cannot be solved easily and therefore the single frequency receivers are 

likely to not make use of these measurements. Both pseudorange and carrier phase measurements 

are subjected to errors which must be corrected in order to achieve a better position estimate. The 

equations for the measurements for each satellite are given by: 

 𝑃𝑖 = 𝜌𝑖 + 𝑐∆𝑡𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟 − 𝑐∆𝑡𝑠𝑣𝑖 + ∆𝑇𝑖 + ∆𝐼𝑖 + 𝜀𝑃𝑖  

𝐹𝑖 = 𝜌𝑖 + 𝑐∆𝑡𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟 − 𝑐∆𝑡𝑠𝑣𝑖 + ∆𝑇𝑖 − ∆𝐼𝑖 + 𝜆𝑁𝑖 + 𝜀𝐹𝑖  
(2.2) 

   
where 𝑃𝑖 and 𝐹𝑖 are the pseudorange and carrier phase measurements for the satellite 𝑖 respectively, 

𝜌𝑖  is the true distance between the receiver and satellite 𝑖, 𝑐 is the speed of light, ∆𝑡𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟  is the 

receiver clock offset from GPS time, ∆𝑡𝑠𝑣𝑖  is the satellite 𝑖  clock offset from GPS time, ∆𝑇𝑖  is the 

troposphere delay for the satellite 𝑖, ∆𝐼𝑖 is the ionosphere delay for the satellite 𝑖, 𝜆 is wavelength of 

the signal received (in this case, L1 frequency), 𝑁𝑖 is the initial unknown integer number of carrier 
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cycles from satellite 𝑖 to the receiver and 𝜀𝑖  are the other errors that were not considered for the 

corrections such as multipath and signal noise. In order to achieve a better position, corrections were 

made to the measurements being described in the following section. 

2.2.1. Measurement Corrections 

There are some sources of errors that can be modelled or estimated in order to apply corrections on 

the satellites measurements. These corrections can reduce significantly the errors and consequently 

improve the position determination accuracy and precision. The estimated errors in this thesis are 

shown next. 

Satellite Clock Error 

The satellite clock error, one of the highest ones, is multiplied by the speed of light (an error of 1 

millisecond turns into an error of 300 kilometres on the measurement). The satellites contain highly 

stable atomic clocks controlling the onboard timing operations, such as the creation of the broadcast 

signal, which can guarantee a time difference between GPS time and satellite time lower than 1 

millisecond. The broadcast ephemerides include the clock correction parameters which can be used to 

estimate the satellite clock error by [2],[3]: 

 ∆𝑡𝑠𝑣 = 𝑎𝑓0 + 𝑎𝑓1(𝑡𝑜𝑤 − 𝑡𝑜𝑐) + 𝑎𝑓2(𝑡𝑜𝑤 − 𝑡𝑜𝑐)2 + ∆𝑡𝑟 − 𝑇𝐺𝐷 (2.3) 

   
where 𝑎𝑓0 is the clock bias (seconds), 𝑎𝑓1 is the clock drift (seconds per seconds), 𝑎𝑓2 is the frequency 

drift (seconds per seconds square), 𝑡𝑜𝑤 is the time of week (seconds), 𝑡𝑜𝑐 is the clock data reference 

time (seconds), ∆𝑡𝑟 is the correction due to relativistic effects (seconds) and 𝑇𝐺𝐷 is to account for the 

effect of satellite group delay differential (seconds) which is only used in single frequency receivers. 

The correction related to relativistic effects can be computed by: 

 ∆𝑡𝑟 = 𝐹𝑒√𝑎𝑠𝑖𝑛(𝐸𝑘) 

𝐹 =
−2√𝜇
𝑐2

= −4.442807633 × 10−10 𝑠 𝑚1 2⁄⁄  
(2.4) 

   
where 𝑒 is the satellite orbital eccentricity, 𝑎 is the semi major axis of the satellite orbit (meters), 𝐸𝑘 is 

the eccentric anomaly of the satellite orbit and 𝜇 is the earth’s universal gravitational parameter and is 

a constant ( 𝜇 = 3.986005 × 1014 𝑚3 𝑠2⁄ ). The unknown values are also broadcasted in the 

ephemerides message except for the 𝑡𝑜𝑤 and 𝐸𝑘 values. 

Troposphere Error 

The troposphere error is a delay induced by the tropospheric refractive index which depends on the 

pressure, humidity and temperature. This error is very small compared to the satellite clock error and 

fluctuates between 2.4 meters and 25 meters depending if the satellite is at the zenith or at sea level 

[2]. The equation that gives the estimated troposphere delay is given by: 

 ∆𝑇 =  𝑚𝑑𝑟𝑦 × 𝑑𝑑𝑟𝑦 + 𝑚𝑤𝑒𝑡 × 𝑑𝑤𝑒𝑡 (2.5) 
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where 𝑚𝑑𝑟𝑦 and 𝑚𝑤𝑒𝑡 are the dry and wet component mapping function and 𝑑𝑑𝑟𝑦 and 𝑑𝑤𝑒𝑡 are the dry 

and wet components of the delay respectively. The mapping function depends on the elevation angle 

and its parameters which can be found by the UNBabc model in [2] where one of the parameters is 

sensible to the height and latitude of the receiver. The mapping function equation for both dry and wet 

components is shown as: 

 

𝑚𝑘(𝐸𝑙) =

1 + 𝑎𝑘
1 + 𝑏𝑘

1 + 𝑐𝑘
1+. . .

𝑠𝑖𝑛(𝐸𝑙) + 𝑎𝑘
𝑠𝑖𝑛(𝐸𝑙) + 𝑏𝑘

𝑠𝑖𝑛(𝐸𝑙) + 𝑐𝑘
𝑠𝑖𝑛(𝐸𝑙)+. . .

 (2.6) 

   
where 𝐸𝑙 is the elevation and the terms 𝑎𝑘, 𝑏𝑘 and 𝑐𝑘 are defined for dry and wet components by: 

 𝑎𝑑𝑟𝑦 = �1.18972 − 0.026855ℎ + 0.10664𝑐𝑜𝑠(∅)� 1000⁄  

𝑏𝑑𝑟𝑦 = 0.0035716, 𝑐𝑑𝑟𝑦 = 0.082456 

𝑎𝑤𝑒𝑡 = �0.61120 − 0.035348ℎ + 0.01526𝑐𝑜𝑠(∅)� 1000⁄  

𝑏𝑑𝑟𝑦 = 0.0018576, 𝑐𝑑𝑟𝑦 = 0.062741 

(2.7) 

   
where ℎ and ∅ are the height and latitude of the receiver position. The wet and dry delays can be 

computed with the knowledge of the temperature, pressure and humidity by taking into account the 

height of the receiver and the day of the year [2]. The delays are computed by the following two 

equations: 

 
𝑑𝑑𝑟𝑦 = �1 −

𝛽𝐻
𝑇
�

𝑔
𝑅𝑑𝛽

∙ �
106𝑘1𝑅𝑑𝑝

𝑔𝑚
� 

𝑑𝑤𝑒𝑡 = �1 −
𝛽𝐻
𝑇
�

(1+𝜆)𝑔
𝑅𝑑𝛽

∙ �
106𝑘2𝑅𝑑𝑝

𝑔𝑚(1 + 𝜆) − 𝛽𝑅𝑑
∙
𝑒
𝑇
� 

(2.8) 

   
where: 

 𝑘1 = 77.604 𝐾 𝑚𝑏𝑎𝑟⁄ , 𝑘2 = 382000𝐾2 𝑚𝑏𝑎𝑟⁄  

𝑅𝑑 = 287.054 𝐽 𝑘𝑔 𝐾⁄ , 𝑔𝑚 = 9.784𝑚 𝑠2⁄⁄ , 𝑔 = 9.80665𝑚 𝑠⁄  
(2.9) 

   
and the rest of the values are computed by: 

 
𝑝 = 𝑝0(∅) − ∆𝑝(∅)𝑐𝑜𝑠 �

2𝜋(𝐷 − 𝐷𝑚𝑖𝑛)
365.25

� 

𝐷𝑚𝑖𝑛 = � 28 𝑖𝑛 𝑛𝑜𝑟𝑡ℎ𝑒𝑟𝑛 𝑙𝑎𝑡𝑖𝑡𝑢𝑑𝑒𝑠
211 𝑖𝑛 𝑠𝑜𝑢𝑡ℎ𝑒𝑟𝑛 𝑙𝑎𝑡𝑖𝑡𝑢𝑑𝑒𝑠 

 

(2.10) 

   
which the average and variation values can be interpolated by using the following two tables. 
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Table 2.2-I- Average Meteorological Parameters for Tropospheric Delay [2] 

Parameter Averages 

Latitude (deg) 𝑝0 (mbar) 𝑇0 (K) 𝑒0 (mbar) 𝛽0 (K/m) 𝜆0 

15 or less 1023.25 299.65 26.31 0.00630 2.77 

30 1017.25 294.15 21.79 0.00605 3.15 

45 1015.75 283.15 11.66 0.00558 2.57 

60 1011.75 272.15 6.78 0.00539 1.81 

75 or greater 1013.00 263.65 4.11 0.00453 1.55 

 

Table 2.2-II- Seasonal Meteorological Parameters for Tropospheric Delay [2] 

Seasonal Variation of Parameters 

Latitude (deg) ∆𝑝 (mbar) ∆𝑇 (K) ∆𝑒 (mbar) ∆𝛽 (K/m) ∆𝜆 

15 or less 0.00 0.00 0.00 0.00000 0.00 

30 -3.75 7.00 8.85 0.00025 0.33 

45 -2.25 11.00 7.24 0.00032 0.46 

60 -1.75 15.00 5.36 0.00081 0.74 

75 or greater -0.50 14.50 3.39 0.00062 0.30 

 

Ionosphere Error 

The ionosphere is a dispersive layer in the atmosphere where sun’s ultraviolet rays ionize a fragment 

of gas molecules releasing free electrons. These electrons influence electromagnetic waves such as 

the GPS signal, delaying it. The ionospheric model used to correct the measurements due to 

ionosphere delay is described in [4] which removes approximately 50% of the root mean square delay. 

This model is based on the Klobuchar values broadcasted by the GPS satellites and only depends on 

the user position and time of week (GPS time). The ionospheric correction model is given by: 

 
∆𝐼 = �𝐹 �5 × 10−9 + 𝐴𝑀𝑃�1 −

𝑥2

2
+
𝑥4

24
�� , |𝑥| < 1.57

𝐹(5 × 10−9), |𝑥| ≥ 1.57
(𝑠𝑒𝑐) 

𝐴𝑀𝑃 = � �𝛼𝑛∅𝑚𝑛
3

𝑛=0

, 𝐴𝑀𝑃 ≥ 0

𝑖𝑓 𝐴𝑀𝑃 < 0, 𝐴𝑀𝑃 = 0

(𝑠𝑒𝑐) 

𝑥 =
2𝜋(𝑡 − 50400)

𝑃𝐸𝑅
(𝑟𝑎𝑑) 

(2.11) 
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𝑃𝐸𝑅 = � �𝛽𝑛∅𝑚𝑛
3

𝑛=0

, 𝐴𝑀𝑃 ≥ 72000

𝑖𝑓 𝑃𝐸𝑅 < 72000, 𝑃𝐸𝑅 = 72000

(𝑠𝑒𝑐) 

𝐹 = 1.0 + 16.0[0.53 − 𝐸𝑙]3 

   
where 𝛼𝑛 and 𝛽𝑛 are the eight Klobuchar values broadcasted (four 𝛼𝑛 and four 𝛽𝑛). The latitude term 

∅𝑚𝑛  and the local time 𝑡 can be found by solving the next equations: 

 ∅𝑚 = ∅𝑖 + 0.064𝑐𝑜𝑠(𝜆𝑖 − 1.617)  (𝑠𝑒𝑚𝑖 − 𝑐𝑖𝑟𝑐𝑙𝑒𝑠) 

𝜆𝑖 = 𝜆𝑢 +
𝜑𝑠𝑖𝑛(𝐴𝑧)
𝑐𝑜𝑠(∅𝑖)

  (𝑠𝑒𝑚𝑖 − 𝑐𝑖𝑟𝑐𝑙𝑒𝑠) 

∅𝑖 = �
∅𝑢 + 𝜑𝑠𝑖𝑛(𝐴), |∅𝑖| ≤ 0.416
𝑖𝑓 ∅𝑖 > +0.416, 𝑡ℎ𝑒𝑛 ∅𝑖 = +0.416
𝑖𝑓 ∅𝑖 < −0.416, 𝑡ℎ𝑒𝑛 ∅𝑖 = −0.416

  (𝑠𝑒𝑚𝑖 − 𝑐𝑖𝑟𝑐𝑙𝑒𝑠) 

𝜑 =
0.0137
𝐸𝑙 + 0.11

− 0.022  (𝑠𝑒𝑚𝑖 − 𝑐𝑖𝑟𝑐𝑙𝑒𝑠) 

𝑡 = 4.32(104)𝜆𝑖 + 𝑡𝑜𝑤 

(2.12) 

   
which 𝑡 should be between 0 and 86400 seconds. If it is higher than 86400 seconds, 86400 seconds 

are subtracted and if it is smaller than 0, 86400 seconds are added to the value.   

The ionosphere error is larger than the troposphere and can be up to 45 meters at low elevation 

angles and 15 meters at high elevation angles, also it is sensitive to the daytime. 

Other Corrections 

Other corrections were made during the estimation recursive cycle that will be explained in section 

2.4. 

2.3. Data Acquisition 
The data supporting this thesis was acquired by a single GPS receiver, u-blox 6, which only works in 

L1 frequency (𝑓𝐿1 = 1575.42𝑀𝐻𝑧) providing three sets of GPS messages: the ephemerides message 

regarding the GPS satellite information such as orbital parameters, clock corrections and range 

accuracy; the raw measurements message concerning the carrier phase and pseudorange 

measurements and the ionosphere parameters message. The ephemerides message is received 

every 30 minutes for each satellite in view containing satellite orbit parameters which can be used to 

compute the satellite positions as well as the parameters used for satellite clock corrections. The raw 

measurements message holds the information needed for position estimation and is received every 

second for each satellite locked. The ionosphere message provides the Klobuchar model parameters 

which are used for corrections concerning the ionosphere delay. This message is received every 10 

minutes. 

The real data used in this thesis, for experimental results and analysis, was obtained in December 14th 

of 2011 on the laboratory of Instituto de Comunicações. The data consists in more than two thousand 
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(approximately 45 minutes) successive epochs of raw data, ephemerides and ionosphere parameters 

for the eight satellites available during this time.  

2.4. Weighted Least Squares Estimation 
The least squares estimation is a method to solve linear equation systems (such as equation (2.1)) 

achieving the solution that minimizes the sum of the squared of the errors. Since there are always 

errors in the measurements, the least squares method estimates again the minimum error solution 

without any knowledge of the measurements, being close to the real one. The weighted least squares 

method, in other hand, can balance the different measurements to achieve a better solution, closer to 

the real one. Though, if the weighting matrix 𝑸 is set to be equal to the inverse of the measurements 

covariance matrix 𝑪𝑛, the best solution will be achieved. The position estimation equation is given by 

[2],[5]: 

 
𝒙� = �

𝑥
𝑦
𝑧
𝑏
� = (𝑯𝑇𝑸𝑯)−1𝑯𝑇𝑸𝒛 

𝑯 = �
−𝑒𝑥1 −𝑒𝑦1

⋮ ⋮
−𝑒𝑥𝑛 −𝑒𝑦𝑛

−𝑒𝑧1 1
⋮ ⋮

−𝑒𝑧𝑛 1
� 

𝑧𝑖 = 𝑃𝑖 + 𝑐∆𝑡𝑠𝑣𝑖 − ∆𝑇𝑖 − ∆𝐼𝑖 − 𝜌�𝑖 

(2.13) 

   
where 𝑯 is the observables matrix, 𝒛 is the column measurements vector, 𝒆 is the unit component 

vector containing the direction cosines and 𝒙� is estimated vector with the three position coordinates (x, 

y, z) and the receiver clock bias (b) in range units. The measurements vector consists in the 

pseudorange measurements corrected minus the estimated pseudo distance (𝜌�𝑖) at the linearization 

point between the satellite and the receiver including the receiver clock bias at the linearization point. 

The estimated pseudo distance at the linearization point can be computed by: 

 𝜌�𝑖 = 𝒆𝑖𝑇 ∙ 𝒔𝑖 (2.14) 

   
where 𝒔𝑖 is the satellite 𝑖 position. The 𝒆𝑖 vector is calculated by the normalized difference between the 

initial position estimate and the satellite position which can be found from the ephemerides broadcast. 

Since the time that the broadcasted message was received is not the time that the message was 

send, a correction was considered when computing the satellites position accounting for the Sagnac 

effect [2].  

2.4.1. Setting the Weighting Matrix 

The 𝑸 matrix is used to weight the importance of the different measurements in the position estimation 

according with its quality. In order to minimize the matrix of the estimation error covariance, the 𝑸 

matrix must be the inverse of the measurements covariance matrix. Since the true measurements 

covariance is unknown, this matrix is set considering the error sources, the accuracy of the 

measurements and the satellites position. The user range accuracy (URA) is a satellite ephemerides 

parameter indicating the accuracy of a specific satellite and was used as the expected standard 
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deviation of that satellite pseudorange. The satellite standard deviation was considered to be sensitive 

to the elevation angle and was computed by [6]: 

 𝜎𝑖 =
𝜎𝑈𝑅𝐴𝑖
𝑠𝑖𝑛(𝐸𝑙𝑖)

 (2.15) 

   
where 𝜎𝑈𝑅𝐴𝑖 is the broadcasted URA of the satellite 𝑖 and 𝐸𝑙𝑖 is the elevation angle. The formula is 

applied only for elevation angles higher than zero. This can be set as the masking angle being the 

minimum elevation angle which a satellite is considered available. Assuming that different satellites 

measurements are uncorrelated, the 𝑸 matrix is diagonal and each diagonal element was set: 

 
𝑄𝑖𝑖 =

1
𝜎𝑖2

=
𝑠𝑖𝑛2(𝐸𝑙𝑖)
𝜎𝑈𝑅𝐴𝑖
2 . (2.16) 

   
Setting the 𝑸 matrix as equation (2.16) was proved to give the better position estimates. For the RAIM 

algorithms, it is important that the weighting matrix is set with a good estimate of the measurements 

covariance so that the proper thresholds and protection limits are defined. Therefore an intensive 

estimation of the satellites User Equivalent Range Error (UERE) was made using 24 hours of sets of 

measurements. In every epoch, each satellite measurement error was computed by the difference 

between its corrected pseudorange measurement and the true distance of the satellite to the receiver 

where it was also subtracted the receiver clock offset. This provided sufficient measurements, for each 

elevation angle between 5 and 90 degrees, to set a standard deviation for UERE based on the 

receiver real position. Since each satellite has a different URA value, the satellite measurement error 

computed was normalized by its broadcasted URA value. For each available satellite, the UERE was 

computed by the following equations: 

 
𝑧𝒓𝒆𝒂𝒍 = 𝒉𝒙𝑟𝑒𝑎𝑙 ,   𝑈𝐸𝑅𝐸 =

|𝑧𝑟𝑒𝑎𝑙 − 𝑧|
𝜎𝑈𝑅𝐴

 (2.17) 

   
where 𝒉 is the line of the observation matrix, 𝒙𝑟𝑒𝑎𝑙 is the real receiver position, and 𝑧𝑟𝑒𝑎𝑙 and 𝑧 are the 

real and estimated measurements respectively. All the UERE values were separated on the respective 

elevation bins and the standard deviation posteriorly computed. Table 2.4-I shows the normalized 

standard deviation values obtained for different intervals of elevation angles where larger angles mean 

smaller values for the satellite 𝜎𝑈𝐸𝑅𝐸 . A specific satellite 𝜎𝑈𝐸𝑅𝐸  was then computed by interpolating the 

values of the table, considering the elevation angle, and multiplying by the satellite 𝜎𝑈𝑅𝐴 value. These 

values were used in the weighting matrix for the RAIM algorithms. 
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Table 2.4-I- Normalized standard devations per elevation angle interval 

Elevation Angle (degrees) Normalized Standard Deviation 𝟏/𝒔𝒊𝒏(𝑬𝒍) 

5-10 4.495 7.661 
10-15 1.621 4.620 
15-20 0.812 3.326 
20-25 0.571 2.613 
25-30 0.530 2.166 
30-35 0.441 1.861 
35-40 0.352 1.643 
40-45 0.342 1.480 
45-50 0.333 1.356 
50-55 0.305 1.260 
55-60 0.299 1.186 
60-65 0.287 1.127 
65-70 0.300 1.082 
70-75 0.259 1.049 
75-80 0.147 1.024 
80-85 0.137 1.009 
85-90 0.162 1.001 

 

2.4.2. Recursive Estimation Cycle 

The receiver position was determined in a recursive cycle where an initial estimate of the position was 

given in order to determine the initial satellite position and measurements corrections in section 2.2.1. 

This initial estimate was considered to be the zero vector in the first epoch and the previous position in 

the following epochs. The cycle stops when the desired precision is achieved (which was set as 1 

millimetre), setting the new initial estimate as the previous position estimation until then. The 

measurement corrections, satellite positions and the matrix needed for position estimation are updated 

in every cycle until the precision is reached. For better understanding, the initial position is set as 

𝑥0 = (0,0,0) which is the linearization point for the determination of 𝑯 such as each row (regarding 

each available satellite) is equal to: 

 
𝑯𝑖 = �−

𝒙0 − 𝒔𝑖

‖𝒙0 − 𝒔𝑖‖
1� = �−𝑒𝑥𝑖 −𝑒𝑦𝑖 −𝑒𝑧𝑖 1�. (2.18) 

   
Since the vector 𝒆 is known for each satellite, the distance from the linearization point to the satellite is 

also known by equation (2.14). Thus, the 𝒛 vector is computed applying the correction based on the 

first estimate 𝒙0. The next position estimate 𝒙1 is then computed by the equation (2.13) and if the norm 

between 𝒙0 and 𝒙1 is higher than 1 millimetre (set as the minimum precision), the next linearization 

point will be 𝒙1 . This cycle iterates until the 1 millimetre precision is achieved while setting the 

linearization point on the following epoch as the last one on the previous epoch and being the final 

position estimate, the linearization point that will satisfy the precision requirement. 
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2.5. Combining Carrier Phase and Pseudorange Measurements 
Since the accuracy of the measurements is mostly related to the phase noise, it can be understood 

that the carrie phase measurements have better accuracy than the code phase measurements 

(related to pseudoranges). This is easily explained by the faster frequency rate of the carrier over the 

code one. The accuracy improvement of the carrier phase measurements is then approximately the 

carrier frequency over the code frequency (chip rate) which gives a factor of 

1575.42 × 106 1.023 × 106 ≈ 1500⁄ . Therefore the carrier phase measurements can be used to 

improve the position determination.  

In order to use the carrier phase measurements, the integer number of carrier cycles in equation (2.2) 

must be known, this value is constant along the epochs while zero cycles slips occur. The phase-

adjusted pseudorange algorithm was used in this thesis and is a method that considers carrier phase 

measurements in a recursive least squares. Other methods of carrier phase usage are described in 

[6],[7],[8] such as the pseudoranges smoothing and the phase connect algorithms, but the phase-

adjusted algorithm provided better accuracy. 

The phase-adjusted algorithm must first be initialized by calculating the position estimation with only 

pseudorange measurements as in section 2.4 and then estimating the ambiguities in range units for 

each satellite by: 

 𝑁𝑖 = 𝑧𝑐𝑖 − 𝑯𝑖𝒙� 

𝑧𝑐𝑖 = 𝐹𝑖 + 𝑐∆𝑡𝑠𝑣𝑖 − ∆𝑇𝑖 + ∆𝐼𝑖 − 𝜌�𝑖 
(2.19) 

   
where 𝑧𝑐𝑖  is the carrier phase measurement and 𝑯𝑖  represents the row vector for satellite 𝑖 . The 

covariance of the ambiguity number can then be estimated by: 

 𝑪𝑁� = 𝑪𝑁 + 𝑯(𝑯𝑇𝑪𝑛−1𝑯)−1𝑯𝑇 (2.20) 

   
where 𝑪𝑵 is the covariance matrix of the carrier phase measurements that was set to be the same as 

the pseudorange measurements (𝑪𝑁 = 𝑪𝑛)  for the first estimation as the ambiguities are directly 

dependable of the pseudorange covariance. Since the ambiguity number does not change between 

epochs, the position determination can be improved by considering now the carrier phase 

measurements. In the next epoch, the covariance of the position can be set as [7],[8]: 

 𝑪𝑥−1 = 𝑯𝑇(𝑪𝑛−1 + (𝑪𝑁 + 𝑪𝑁�)−1)𝑯 (2.21) 

   
and can be used for the new least squares method where the pseudorange and carrier phase 

measurements are combined as shown in the following equation: 

 𝒙� = 𝑪𝑥𝑯𝑇 �𝑪𝑛−1𝒛 + �𝑪𝑁 + 𝑪𝑁�𝑘−1�
−1(𝒛𝑐 − 𝑵𝑘−1)�. (2.22) 

   
This equation substitutes the equation in section 2.4 for the recursive estimation cycle. As can be seen 

the previous epoch’s ambiguities number and its covariance is used on the position estimation 
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equation, this allows using carrier phase measurements. Meanwhile the ambiguities number must be 

updated closing the recursive least squares for position estimation by: 

 𝑵𝑘 =  𝑵𝑘−1 + 𝑪𝑁�𝑘−1�𝑪𝑁 + 𝑪𝑁�𝑘−1�
−1(𝒛𝑐 − 𝑵𝑘−1 − 𝑯𝒙�) 

𝑪𝑁�𝑘 = 𝑪𝑁�𝑘−1 − 𝑪𝑁�𝑘−1�𝑪𝑁 + 𝑪𝑁�𝑘−1�
−1𝑪𝑁�𝑘−1

+ 𝑪𝑁�𝑘−1�𝑪𝑁 + 𝑪𝑁�𝑘−1�
−1𝑯𝑪𝑥−1𝑯𝑇�𝑪𝑁 + 𝑪𝑁�𝑘−1�

−1𝑪𝑁�𝑘−1 

(2.23) 

   
The phase-adjusted pseudorange algorithm can only be used if no cycle slip occurs, thus the carrier 

phase measurements cannot be used as the ambiguity number changed between consecutive epochs 

and its value is now unknown. Therefore, for the algorithm to be used, if a cycle slip happens the 

algorithm must be reinitialized or the ambiguity number corrected to guarantee the algorithm 

continuity. 

2.6. Cycle Slip Detection/Correction 
The carrier phase measurements consist in two relevant parts: the unknown integer cycles count and 

the fractional cycle count. When a receiver fails to count the integer number of cycles, the integer 

count value changes, this is referred as a cycle slip. Cycle slips happen mostly by weak signal to noise 

ratios or signal fading, but can also be caused by radio frequency interference or high receiver 

dynamics. There are three types of cycle slips: integer whole cycle slips, half cycle slip and slow cycle 

slips. Integer whole cycle slips occur when the receiver instantaneously slips one or more cycles of the 

arriving signal. Half cycle slips happen when the receiver slips just half of a whole cycle of the arriving 

signal at any instant. Finally slow cycle slips occur when the receiver slips just a fraction of a whole 

cycle but keeps occurring in successive epochs turning into one or more half cycle slips. The method 

implemented to detect cycle slips can detect all those three types. 

The most used method to detect cycle slips is the triple difference carrier phase in differential GPS. 

The double differences of two sets of carrier phase measurements (two receivers) eliminate some 

sources of errors and the triple difference between successive epochs have only phase noise. If any 

carrier phase cycle slips occur, it would appear in the triple difference measurement as an outlier. The 

cycle slip detection method implemented in this thesis is based on this principle but considering only 

carrier phase measurements of one receiver as described in [9]. 

The cycle slip detection method considers the usage of a reference satellite meaning that the double 

differences are made between the reference satellite and the other satellites in view. The reference 

satellite is chosen as the satellite with the highest elevation angle (seen from the estimated receiver 

position) since it is usually the one with less probability of a cycle slip occurrence. This satellite is also 

less affected by errors, mainly the multipath error. The method also considers three consecutive 

measurement epochs implying that a cycle slip occurs in the last epoch used as the two first epochs 

were previously checked. The first step of the method consists on the single differences as shown in 

the following equations [9]: 
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 ∆𝐹𝑖,𝑡3−𝑡2 = 𝐹𝑖,𝑡3 − 𝐹𝑖,𝑡2 

∆𝐹𝑟𝑒𝑓,𝑡3−𝑡2 = 𝐹𝑟𝑒𝑓,𝑡3 − 𝐹𝑟𝑒𝑓,𝑡2 

∆𝐹𝑖,𝑡2−𝑡1 = 𝐹𝑖,𝑡2 − 𝐹𝑖,𝑡1 

∆𝐹𝑟𝑒𝑓,𝑡2−𝑡1 = 𝐹𝑟𝑒𝑓,𝑡2 − 𝐹𝑟𝑒𝑓,𝑡1 

(2.24) 

   
where 𝐹𝑖,𝑡3 is the carrier phase measurement defined in equation (2.2) for the non-reference satellite 𝑖 

at the third considered epoch and 𝑟𝑒𝑓 denotes the reference satellite. Considering the equation (2.2), 

the first single difference become: 

 ∆𝐹𝑖,𝑡3−𝑡2 = �𝜌𝑖,𝑡3 − 𝜌𝑖,𝑡2� + 𝑐�∆𝑡𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟,𝑡3 − ∆𝑡𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟,𝑡2� − 𝑐�∆𝑡𝑠𝑣,𝑖,𝑡3 − ∆𝑡𝑠𝑣,𝑖,𝑡2�

+ �∆𝑇𝑖,𝑡3 − ∆𝑇𝑖,𝑡2� − �∆𝐼𝑖,𝑡3 − ∆𝐼𝑖,𝑡2� + 𝜆�𝑁𝑖,𝑡3 − 𝑁𝑖,𝑡2� + �𝜀𝑖,𝑡3 − 𝜀𝑖,𝑡2�. 
(2.25) 

   
In the previous equation, the term of the integer ambiguity number difference can be cancelled since 

between epochs this value is constant (assuming absence of cycle slips). The double differences can 

then be computed by: 

 ∇∆𝐹𝑟𝑒𝑓−𝑖,𝑡3−𝑡2 = ∆𝐹𝑟𝑒𝑓,𝑡3−𝑡2 − ∆𝐹𝑖,𝑡3−𝑡2 =

= ��𝜌𝑟𝑒𝑓,𝑡3 − 𝜌𝑟𝑒𝑓,𝑡2� + 𝑐�∆𝑡𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟,𝑡3 − ∆𝑡𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟,𝑡2�

− 𝑐�∆𝑡𝑠𝑣,𝑟𝑒𝑓,𝑡3 − ∆𝑡𝑠𝑣,𝑟𝑒𝑓,𝑡2� + �∆𝑇𝑟𝑒𝑓,𝑡3 − ∆𝑇𝑟𝑒𝑓,𝑡2�

− �∆𝐼𝑟𝑒𝑓,𝑡3 − ∆𝐼𝑟𝑒𝑓,𝑡2� + �𝜀𝑟𝑒𝑓,𝑡3 − 𝜀𝑟𝑒𝑓,𝑡2��

− ��𝜌𝑖,𝑡3 − 𝜌𝑖,𝑡2� + 𝑐�∆𝑡𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟,𝑡3 − ∆𝑡𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟,𝑡2� − 𝑐�∆𝑡𝑠𝑣,𝑖,𝑡3 − ∆𝑡𝑠𝑣,𝑖,𝑡2�

+ �∆𝑇𝑖,𝑡3 − ∆𝑇𝑖,𝑡2� − �∆𝐼𝑖 ,𝑡3 − ∆𝐼𝑖 ,𝑡2� + �𝜀𝑖,𝑡3 − 𝜀𝑖,𝑡2�� =

= ��𝜌𝑟𝑒𝑓,𝑡3 − 𝜌𝑟𝑒𝑓,𝑡2� + −𝑐�∆𝑡𝑠𝑣,𝑟𝑒𝑓,𝑡3 − ∆𝑡𝑠𝑣,𝑟𝑒𝑓,𝑡2� + �𝜀𝑟𝑒𝑓,𝑡3 − 𝜀𝑟𝑒𝑓,𝑡2��

− ��𝜌𝑖,𝑡3 − 𝜌𝑖,𝑡2� − 𝑐�∆𝑡𝑠𝑣,𝑖,𝑡3 − ∆𝑡𝑠𝑣,𝑖,𝑡2� + �𝜀𝑖,𝑡3 − 𝜀𝑖,𝑡2�� 

∇∆𝐹𝑟𝑒𝑓−𝑖,𝑡2−𝑡1 = ∆𝐹𝑟𝑒𝑓,𝑡2−𝑡1 − ∆𝐹𝑖,𝑡2−𝑡1 

(2.26) 

   
which eliminates the receiver clock bias from the carrier phase measurements. The ionosphere and 

troposphere delays can be eliminated assuming that in one epoch the error is maintained. The next 

step is differencing the double differences achieving a residual value known as triple difference by: 

 𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙𝑡3 = ∇∆𝐹𝑟𝑒𝑓−𝑖,𝑡3−𝑡2 − ∇∆𝐹𝑟𝑒𝑓−𝑖,𝑡2−𝑡1. (2.27) 

   
The satellite clock error is estimated during the position determination cycle and thus can be 

eliminated from the equations. The distance between satellites and the receiver is cancelled with the 

estimated position of the receiver and satellite position broadcasted. After cancelling these terms the 

triple difference equation becomes: 
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 𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙𝑡3 = ���𝜌𝑟𝑒𝑓,𝑡3 − 𝜌𝑟𝑒𝑓,𝑡2� + −𝑐�∆𝑡𝑠𝑣,𝑟𝑒𝑓,𝑡3 − ∆𝑡𝑠𝑣,𝑟𝑒𝑓,𝑡2� + �𝜀𝑟𝑒𝑓,𝑡3 − 𝜀𝑟𝑒𝑓,𝑡2��

− ��𝜌𝑖,𝑡3 − 𝜌𝑖,𝑡2� − 𝑐�∆𝑡𝑠𝑣,𝑖,𝑡3 − ∆𝑡𝑠𝑣,𝑖,𝑡2� + �𝜀𝑖,𝑡3 − 𝜀𝑖,𝑡2���

− ���𝜌𝑟𝑒𝑓,𝑡2 − 𝜌𝑟𝑒𝑓,𝑡1� + −𝑐�∆𝑡𝑠𝑣,𝑟𝑒𝑓,𝑡2 − ∆𝑡𝑠𝑣,𝑟𝑒𝑓,𝑡1� + �𝜀𝑟𝑒𝑓,𝑡2 − 𝜀𝑟𝑒𝑓,𝑡1��

− ��𝜌𝑖,𝑡2 − 𝜌𝑖,𝑡1� − 𝑐�∆𝑡𝑠𝑣,𝑖,𝑡2 − ∆𝑡𝑠𝑣,𝑖,𝑡1� + �𝜀𝑖,𝑡2 − 𝜀𝑖,𝑡1��� =

= ��𝜀𝑟𝑒𝑓,𝑡3 − 𝜀𝑟𝑒𝑓,𝑡2� − �𝜀𝑖,𝑡3 − 𝜀𝑖,𝑡2��

− ��𝜀𝑟𝑒𝑓,𝑡2 − 𝜀𝑟𝑒𝑓,𝑡1� − �𝜀𝑖,𝑡2 − 𝜀𝑖,𝑡1�� =

= �𝜀𝑟𝑒𝑓−𝑖,𝑡3 − 𝜀𝑟𝑒𝑓−𝑖,𝑡2� − �𝜀𝑟𝑒𝑓−𝑖,𝑡2 − 𝜀𝑟𝑒𝑓−𝑖,𝑡1� 

𝜀𝑟𝑒𝑓−𝑖,𝑡3 = 𝜀𝑟𝑒𝑓,𝑡3 − 𝜀𝑖,𝑡3 

(2.28) 

   
where can be seen that the residual consists only on the triple difference of the errors not considered. 

The satellite orbit and low frequency multipath errors are mostly accounted by computing the triple 

difference. This residual consist predominantly in phase noise and can be modelled as white noise. 

Figure 2.6-I shows the presence of noise on the residual for a pair of satellites. 

 

Figure 2.6-I- Residuals for the satellite pair 13-17 based on the section 2.3 data 

In order to compute a detection threshold for cycle slip detection, the residuals behaviour must be 

known. It was observed that the residuals are very close to a normal distribution as described in [9] 

and so the detection threshold is given by: 

 𝑇𝐷 = 𝜎𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙√2𝑒𝑟𝑓𝑐−1(𝑃𝐹𝐷) (2.29) 

   
where 𝜎𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 is the residual standard deviation, 𝑒𝑟𝑓𝑐 is the complementary error function and 𝑃𝐹𝐴 is 

the desired probability of false detection. The residual standard deviation was computed considering 

different sets of measurements for the data described in section 2.3 and the probability of false 

detection was set to 1 × 10−7 meeting the continuity requirements for GPS augmentation systems [1]. 
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The final detection threshold is 0.0721 meters which is much lower than a whole cycle slip (≈0.19 

meters). 

2.7. Reference Coordinate Systems 
There are two coordinate systems used in this thesis, the Earth-Centered, Earth-Fixed (ECEF) and the 

local East, North, Up (ENU) Cartesian coordinate systems. The ECEF coordinate system has its origin 

in the center of mass of the Earth and its axes are aligned with International Reference Pole (z axis) 

and International Reference Meridian (x axis). The datum used for the ECEF coordinate system is the 

World Geodetic System 84 (WGS 84). The local ENU coordinate system is based on a plane tangent 

to the Earth surface and fixed in a specific position. The origin of this coordinate system is the desired 

position and its east, north and up axes are x, y and z respectively. 

The ECEF coordinate system was used to determine the receiver position as described in section 2.4 

but in order to evaluate the position error, this coordinate system is not the most appropriate. The 

vertical error is hardly accessible in ECEF coordinates, so the ECEF to ENU coordinates 

transformation was performed. If the point set for origin in ENU coordinates is the true position, the up 

component is exactly the vertical error and the distance of a point to the origin with the east and north 

components as coordinates is the horizontal error. In the following sections, the ENU coordinate 

system was used since it provides the direct relationship with the positioning errors. The point used to 

be the origin was the true position since the receiver is static and the position known. This assumption 

was made considering that on the other side in real time kinematic the true position is not accessible 

and so in the case of a dynamic GPS receiver (receiver in an aircraft) a previous estimation of the 

position is needed to set as the origin point. The previous estimation was not made in this thesis since 

the receiver is fixed but it is easily implemented by means of Kalman filtering.  

Finally considering the equation (2.13) in ENU coordinates, it is possible to address the vertical 

standard deviation of the position by: 

 𝑨 = (𝑯𝑇𝑸𝑯)−1 ≈ (𝑯𝑇𝑪𝑛−1𝑯)−1, 𝜎𝑣 = �𝑨3,3 (2.30) 

   
where 𝑪𝑛 values were chosen based on the study in section 2.4.1.   
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3. RAIM Algorithms 

3.1. Introduction 
This chapter mainly presents the implementation of two algorithms used for RAIM purposes as well as 

an introduction to the RAIM concept. Also it is presented the use of carrier phase measurements in 

RAIM and how it can improve the algorithms. 

In the beginning of this chapter, an introduction on RAIM performance measures is made allowing the 

reader to understand how RAIM algorithms can be evaluated. 

3.2. RAIM Performance 
The RAIM performance can be measured by four terms which are defined to ensure a consistent 

evaluation of different approaches. These terms are well defined for aviation by the International 

Aviation Organization (ICAO). The Required Navigation Performance (RNP) [1] establishes these 

requirements which must be fulfilled in order to allow using the algorithm for navigation in real 

receivers. For aviation each phase of flight has its requirements [1] but since the approach and landing 

have the most restricted ones, it was only considered these operations modes. Four terms for 

performance evaluation are discussed in the following sections. 

3.2.1. Accuracy 

The accuracy is defined as the degree of conformance between the estimated position and its true 

position. It is necessary to express accuracy in the most appropriate way for each specific case. The 

accuracy is then quantified by the horizontal and vertical navigation errors and it is demanded that its 

percentiles do meet the requirements. In Table 3.2-I are presented the accuracy requirements for 

approach with vertical guidance (APV) I and II and precision approach category (CAT) I. 

3.2.2. Integrity 

The integrity is the ability of a system to provide timely warnings in the event of a loss in the accuracy 

requirements. There are two parameters of integrity that must be satisfied: the integrity risk and the 

time to alarm. The time to alarm sets the limit which a warning should be provided if the accuracy 

required is not reached. The probability of both events do not happen must be less than the integrity 

risk. These integrity parameters are provided in Table 3.2-I for the operation modes considered. 

3.2.3. Continuity 

The continuity of a system is its capability to perfectly work during a time interval without interruptions. 

During this interval, the probability of a fault being present should be less than the continuity risk. Thus 

the continuity requirements are specified as a probability and a time period which means that within 

this time period the probability of fault occurrence must be less than that probability. These values are 

also presented in Table 3.2-I. 
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3.2.4. Availability 

Availability is the percentage of time that the system services are within the required performance 

limits. In the RAIM case this means that at least six satellites must be in view in order to perform fault 

detection and exclusion and so the final availability is the hours per day (as percentage) that in a 

certain location there are more than five satellites in view and the requirements are met. The 

availability percentage requirements are presented in Table 3.2-I. 

3.2.5. RAIM Requirements 

The six metrics defined in the previous sections are presented in the Table 3.2-I for the three 

considered operation modes: Approach with vertical guidance I and II (APV-I and APV-II) and 

precision approach category I (CAT I). There are more rigorous operation modes such as precision 

approach category II and III but were not considered since its requirements are not yet defined for 

radio navigation. In the table is only presented the accuracy requirements for the vertical component 

because these requirements are more demanding. 

Table 3.2-I- Required Navigation Performance Specifications [1] 

Operation 
Mode 

Accuracy 
(95%) 

Vertical Alert 
Limit 

Integrity 
Risk 

Time to 
alert 

Continuity Availability 

APV-I 20 m 50 m 

1 − 

2 × 10−7 

10 s 

1 − 8 × 10−6, 

15 s 

0.99 to 

0.99999 

APV-II 8 m 20 m 

6 s 
CAT I 

6 m to 

4 m 
15 m to 10 m 

 

These requirements must be converted to parameters used in the RAIM algorithms in order to express 

the desired performance. Since the accuracy requirements are already related to the position error, it 

is only needed to compute a vertical protection limit fulfilling these requirements. The integrity risk is 

assumed to be the probability of missed detection and so the conservative value of 2 × 10−7 [13] is 

considered as the desired probability of missed detection. The continuity requirement for all operations 

modes is 1 − 8 × 10−6 in any 15 seconds and it can be seen as the probability of false alarm [13]. 

Thus, the probability of false alarm was set as 8 × 10−6. The availability of the RAIM algorithms was 

measured by calculating the percentage of the day that, in a specific position, has more than 5 

satellites acquired/available. Figure 3.2-I and Figure 3.2-II show the maps of availability considering 

different elevation masks for points in the Earth’s surface. The elevation mask is the minimum 

elevation angle for a satellite in view to be available (acceptable) and is defined by the user. An 

elevation mask of zero degrees produces a map where the availability is always 100% which it means 

that the RAIM is always available during the flight phase, since at high altitudes a zero degree 

elevation mask is acceptable. On the other hand, for approach and take off phases the RAIM 

algorithms availability depends on the time, the receiver position and the elevation mask value. It is 

notable that for high latitude angles the RAIM availability is higher, but the average position dilution of 

precision (PDOP) is lower as it can be seen in Figure 3.2-III. 
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Figure 3.2-I- Map of availability for RAIM algorithms with an elevation mask of 15 degrees 

 

Figure 3.2-II- Map of availability for RAIM algorithms with an elevation mask of 30 degrees 
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Figure 3.2-III- Map of mean PDOP with an elevation mask of 10 degrees 

3.3. Weighted Least Squares Residuals Based Algorithm 
The weighted least squares residuals based algorithm is established with the equations that are used 

to solve the position determination problem. The following equation defines the linear system where 

the unknown variables are the position (east, north, up) and clock offset of the receiver in vector 

𝒙 ∈ ℝ4×1. 

 𝒛 + ∆𝒛 = 𝑯𝒙 (3.1) 

   
The measurements vector is 𝒛 ∈ ℝ𝑛×1 , the measurements error vector is ∆𝒛 ∈ ℝ𝑛×1  and the 

observation matrix is 𝑯 ∈ ℝ𝑛×4, where n is the number of measurements. The measurements estimate 

is given by: 

 𝒛� = 𝑯𝒙� = 𝑯(𝑯𝑇𝑸𝑯)−1𝑯𝑇𝑸𝒛 (3.2) 

   
where 𝒙� is the estimated position and clock error that derives from the least squares estimate of 𝒙 and 

𝑸 ∈ ℝ𝑛×𝑛 is the weighting matrix. This 𝒛� estimate can be used for integrity monitoring by computing 

the residues in the pseudorange measurements. The range residue can be calculated from the 

difference between the measured and predicted pseudoranges as shown in the following equation: 

 𝒓 = 𝒛 − 𝒛� = 𝒛 − 𝑯(𝑯𝑇𝑸𝑯)−1𝑯𝑇𝑸𝒛 = 𝒛 − 𝑯𝑲𝒛 = (𝑰 − 𝑷)𝒛 (3.3) 

   
where 𝒓 ∈ ℝ𝑛×1 is the range residual error vector and 𝑰 ∈ ℝ𝑛×𝑛 is the identity matrix. The value to be 

considered for integrity monitoring is the weighted sum of the squared of the 𝒓 vector which can be 

expressed as [11]: 
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 𝑊𝑆𝑆𝐸 =  𝒓𝑇𝑸𝒓 = 𝒛𝑇(𝑰 − 𝑷)𝑻𝑸(𝑰 − 𝑷)𝒛 (3.4) 

   
If it is assumed that all pseudorange measurement errors are Gaussian with the same variance, the 

weighted sum of the squared errors WSSE follows a chi squared distribution with 𝑛 − 4 degrees of 

freedom [11]. The degrees of freedom represent number of available satellites minus the number of 

satellites/equations necessary to estimate a position. Thus the test statistic will be: 

 
�𝑊𝑆𝑆𝐸
𝑛 − 4

 (3.5) 

   
This value represents the residual that is minimized during the position estimation process or weighted 

least squares. Figure 3.3-I shows the relationship between the vertical error and the test statistic under 

normal conditions, using data gathered with a single frequency receiver as described on the section 

2.3. The square root of WSSE represents an observable for this RAIM method, since in the presence 

of a pseudorange bias on a random satellite, it is revealed directly on the test statistic. The relationship 

between the pseudorange bias and the test statistic value takes a linear relationship. Instead of the 

least squares solution error (𝒙� − 𝒙), the square root offers an observable and can therefore be used 

for fault detection. This means that when the test statistic exceeds a certain threshold, a fault will be 

detected and otherwise, the determined position will be considered valid. So the next step is to 

compute the threshold based on the probability of false alarm, probability of missed detection and 

noise standard deviation. 

 

Figure 3.3-I- Distribution of the WSSE test statistic versus vertical error for the gathered data 

The test statistic threshold is selected with the knowledge that WSSE follows a chi squared distribution 

and has to be set so that the percentage of detections is the complement of the probability of false 

alarm. Ergo, the threshold is a function of the number of available satellites (𝑛) and the chosen 
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probability of false alarm (𝑃𝐹𝐴), and can be analytically calculated by inverting the lower incomplete 

gamma function [11]. The lower incomplete gamma function is given by: 

 

1 − 𝑃𝐹𝐴 =  � 𝑒−𝑠𝑒𝑎−1𝑑𝑠
𝑇2

0

𝛤(𝑎)�  

𝑎 =
𝑛 − 4

2
 

(3.6) 

   
where 𝑎 is half the number of degrees of freedom, 𝑇 is the threshold and 𝛤 is the gamma function. 

The threshold can be easily computed by a Matlab function based on Newton’s method and therefore 

maintain the real time requirement of a RAIM algorithm. Figure 3.3-II shows the threshold value 

compared to the test statistic in normal conditions using the probability of false alarm of 8 × 10−6. 

 

Figure 3.3-II- WSSE test statistic values and threshold for normal conditions  

Unfortunately, the test statistic WSSE cannot evaluate the consistency of the position estimate, 

because the n errors in the r vector are mapped into two orthogonal spaces: one corresponding to the 

position estimate error (with 4 dimensions) and one corresponding to the test statistic (and therefore 

the 𝑛 − 4 degrees of freedom in its distribution). However, there is a characteristic that shows, for 

every available satellite, a linear relationship between the amplitude of the vertical error and the test 

statistic value [12]. This characteristic 𝑉𝑠𝑙𝑜𝑝𝑒 is given for each satellite i by: 

 
𝑉𝑠𝑙𝑜𝑝𝑒𝑖 =

|𝐾3𝑖|𝜎𝑖
�1 − 𝑃𝑖𝑖

 (3.7) 

   
where 𝐾3𝑖  and 𝑃𝑖𝑖  were defined in equation (3.3) and 𝜎𝑖  is the standard deviation relative to each 

satellite in r vector. It was assumed that each satellite has the standard deviation 𝜎𝑖  of the 

pseudorange error that corresponds to a value computed on section 2.4.1. This 𝑉𝑠𝑙𝑜𝑝𝑒 value defines 
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which satellite is the most sensitive to errors, since the satellite with the maximum 𝑉𝑠𝑙𝑜𝑝𝑒 will induce a 

larger vertical position error and thereby it is considered the critical satellite. The characteristic in 

normal operation for each considered satellite and its maximum value are displayed in Figure 3.3-III. 

There are two critical satellites at different times showed in red which correspond to the maximum 

value for the characteristic and leading to the highest impact on the vertical position error. 

 

Figure 3.3-III- Vertical slopes for each satellite and his maximum value 

The 𝑉𝑠𝑙𝑜𝑝𝑒 characteristic will be used to estimate the vertical error and a vertical protection limit can be 

implemented, based on the desired probability of missed detection (𝑃𝑀𝐷)   scaled by the vertical 

standard deviation (𝜎𝑉)  defined in section 2.7. The vertical protection limit can be computed by 

[11],[13]: 

 𝑉𝑃𝐿 = 𝑉𝑠𝑙𝑜𝑝𝑒𝑚𝑎𝑥𝑇(𝑃𝐹𝐴 ,𝑛) + 𝑘(𝑃𝑀𝐷)𝜎𝑉 (3.8) 

   
where 𝑉𝑠𝑙𝑜𝑝𝑒𝑚𝑎𝑥  is the 𝑉𝑠𝑙𝑜𝑝𝑒  of the satellite with the highest characteristic value and 𝑘(𝑃𝑀𝐷) is the 

number of standard deviations corresponding to the specified 𝑃𝑀𝐷, assuming normally distributed data. 

The probability of missed detection considered in Figure 3.3-IV was 2 × 10−7 , where the vertical 

protection limit for normal operation is shown. The probabilities can be considered as constant values 

over time, so that the only parameters that change over time are 𝑉𝑠𝑙𝑜𝑝𝑒 characteristic and the vertical 

standard deviation. 

The weighted least squares residuals method generates a conservative estimate for the vertical 

protection limit, which guarantees an increased integrity for RAIM. On the other hand, the method 

assumes that the satellite with the highest probability to fail is the one with the highest characteristic or 

in other words the one inducing a larger vertical error. This assumption results in decreased 

availability as the vertical protection limit value can be overestimated. This method also assumes that 
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the observation matrix is known with certainty and subsequently its errors are not considered in the 

algorithm. 

 

Figure 3.3-IV- Vertical error values and vertical protection limit in normal conditions 

3.4. Weighted Total Least Squares Based Algorithm 

3.4.1. Total Least Squares 

The least squares is mainly used to solve the navigation equation. This method achieves a solution 

that minimizes the error in the measurement vector ∆𝐳 in the following equation as shown on the 

previous section. 

 𝒛 + ∆𝒛 = 𝑯𝒙 (3.9) 

   
In the equation above 𝑯 ∈ ℝ𝑛×4 is the observation matrix, 𝒛 ∈ ℝ𝑛×1 is the measurement vector and 

𝒙 ∈ ℝ4×1 is the unknown position and clock offset as stated previously. The measurements in z are 

pseudorange measurements and in the H matrix are the direction cosines that are also subject to 

discrepancies such as errors within the ephemerides data which the least squares method does not 

consider. The total least squares method is an alternative to the least squares approach to solve the 

position determination problem accounting for observation errors. The new navigation equation for the 

total least squares is presented below. 

 𝒛 + ∆𝒛 = (𝑯 + ∆𝑯)𝒙⇔ [𝑯 + ∆𝑯 𝒛 + ∆𝒛] � 𝒙−1� = 0 (3.10) 

   
The total least squares [14] pretends to minimize both errors, ∆𝑯 (observation error matrix) and ∆𝐳: 

 𝑚𝑖𝑛
∆𝑯,∆𝒛‖[∆𝑯 ∆𝒛]‖𝐹 (3.11) 
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where, ‖ ‖𝐹  represents the Frobenius norm. This problem is easily solved by decomposing the 

[𝑯 𝒛] augmented matrix to achieve its singular values. Let us then consider 𝑼𝜮𝑽𝑇 as the singular 

value decomposition of the augmented matrix that:  

 

[𝑯 𝒛] = 𝑼𝜮𝑽𝑇 = �𝑼1�
𝑛×4

𝒖5�
𝑛×1

� �
𝜮1�
4×4

0⏟
4×1

0⏟
4×1

𝜎5⏟
1×1

� �
𝑽11�
4×4

𝒚⏟
4×1

𝑽51�
4×1

𝛼⏟
1×1

�

𝑇

 (3.12) 

   
which 𝑼 ∈ ℝ𝑛×5 and 𝑽 ∈ ℝ5×5 are orthogonal matrices and 𝜮 ∈ ℝ5×5 is a diagonal matrix that contains 

the singular values 𝜎𝑘. The singular values appear decreasing in the diagonal of the 𝜮 matrix, so that 

𝜎1 ≥ ⋯ ≥ 𝜎𝑘 ≥ ⋯ > 𝜎5 . The solution of the equation (3.11) is found by setting 𝜎5  as zero on the 

following equation: 

 
[𝑯 + ∆𝑯 𝒛 + ∆𝒛] = [𝑼1 𝒖5] �𝜮1 0

0 0� �
𝑽11 𝒚
𝑽51 𝛼�

𝑇
 (3.13) 

   
so that based on equations (3.12) and (3.13) [14]: 

 
[∆𝑯 ∆𝒛] = −[𝑼1 𝒖5] �0 0

0 𝜎5
� �𝑽11 𝒚
𝑽51 𝛼�

𝑇
= −𝒖5𝜎5𝒗5𝑇 = −[𝑯 𝒛]𝒗5𝒗5𝑇 (3.14) 

   
where 𝒗5 is 5th column vector of the V matrix. The vector 𝒗5 is partitioned as 𝒗5 =  [𝒚𝑇 𝛼]𝑇 . This 

means that: 

 [𝑯 + ∆𝑯 𝒛 + ∆𝒛]𝒗5 = 0 (3.15) 

   
and so the estimated position and clock error are then obtained by multiplying 𝒗5 by −𝛼−1 to achieve 

equation (3.10) as: 

 [𝑯 + ∆𝑯 𝒛 + ∆𝒛] �−𝒚𝛼
−1

−𝛼𝛼−1
�  = 0 ⇔  [𝑯 + ∆𝑯 𝒛 + ∆𝒛] � 𝒙�−1�  = 0,

𝒙� = −
𝒚
𝛼

. 
(3.16) 

   
Equation (3.14) can also be rewritten to separate ∆𝑯 error matrix and ∆𝒛 error vector as: 

 [∆𝑯 ∆𝒛] = −𝑼𝜮𝑽𝑇𝒗5𝒗5𝑇 = −𝑼𝜮[0 ⋯ 0 1]𝑇[𝒚𝑇 𝛼] 

∆𝑯 = −𝜎5𝒖5𝒚𝑇 

∆𝒛 = −𝜎5𝒖5𝛼 

(3.17) 

   
where 𝒖5 is the last column of the U matrix. Both ∆𝑯 and ∆𝒛 are proportional to the minimum singular 

value (𝜎5). Once the [𝑯 𝒛] augmented matrix is solved as a system of linear equations, a solution 

cannot be achieved because the augmented matrix is not singular. This minimum singular value 

specifies the distance of the augmented matrix to singularity. Therefore if the augmented matrix was 

singular, the minimum singular value would be zero and a solution to the system 𝒛 = 𝑯𝒙  would 

actually exist. It can be understood that this singular value 𝜎5 characterizes the consistency between 
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the H observation matrix and the z measurement vector. However, it is also needed to weight the 

measurements and so the weighted total least squares is proposed which weights also the H in same 

way. 

3.4.2. Weighted Total Least Squares 

The weighted total least squares uses a different approach compared to the weighted least squares. 

In the previous section 3.3, the weighted least squares used the Q matrix to differentiate the 

importance of every pseudorange measurement in the position estimation. The total least squares 

problem is a matrix problem, therefore the augmented matrix that defines the system will be multiplied 

by the diagonal weight matrices 𝑪 ∈ ℝ𝑛×𝑛 and 𝑫 ∈ ℝ5×5. The first matrix works as the Q matrix in 

weighted least squares. The second matrix distinguishes the relevance of the satellite position (east, 

north and up), the receiver clock offset and the measurements errors. This matrix allows regulating 

this RAIM method by setting different weights to the vertical position or pseudoranges errors for 

example.  

The weighted total least squares problem is now to minimize the 𝑪[𝑯 𝒛]𝑫 = 𝑼𝜮𝑽𝑇 augmented matrix 

where the errors are given by [13],[15],[16]: 

 [∆𝑯 ∆𝒛] = −𝜎5𝑪−1𝒖5[𝒚𝑇 𝛼]𝑫−1 (3.18) 

   
in comparison with equation (3.14) and the new position estimate is given by [17]: 

 (𝑪[𝑯 + ∆𝑯 𝒛 + ∆𝒛]𝑫)𝑫−1 � 𝒙�−1� = 0 

𝒙� = −
𝑫1𝒚
𝛼𝑑5

 

𝑫 =  �𝑫1 0
0 𝑑5

� 

(3.19) 

   
where 𝑑5 is the fifth element of the 𝑫 diagonal matrix and 𝑫1 ∈ ℝ4×4 is a smaller diagonal matrix.  

This position estimation will not be used for positioning but a test statistic can be defined. The test 

statistic used in the least squares residuals method can be also applied in the total least squares. The 

total least squares range residual error vector can be computed by the same equation (3.3) and it is 

given by the following equation: 

 𝒓𝑇𝐿𝑆 = 𝒛 − 𝑯𝒙� = (𝑯 + ∆𝑯)𝒙� − ∆𝒛 − 𝑯𝒙� = ∆𝑯𝒙� − ∆𝒛 = [∆𝑯 ∆𝒛] � 𝒙�−1�

= −𝜎5𝑪−1𝒖5[𝒚𝑇 𝛼]𝑫−1 �−
𝑫1𝒚
𝛼𝑑5
−1

� =
𝜎5𝑪−1𝒖5
𝑑5𝛼

. 
(3.20) 

   
The sum of squared errors can be computed by the next equation and as in the least squares 

residuals method it follows a chi squared distribution with 𝑛 − 4 degrees of freedom. 

 𝑆𝑆𝐸′ = 𝒓𝑇𝐿𝑆 𝑇𝒓𝑇𝐿𝑆 (3.21) 
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Assuming that C is an identity matrix, the unweighted sum of squared errors is defined by: 

 
𝑈𝑆𝑆𝐸′ = �

𝜎5𝑰𝒖5
𝑑5𝛼

�
𝑇 𝜎5𝑰𝒖5
𝑑5𝛼

=
𝜎52

𝑑52𝛼2
 (3.22) 

   
The weighted sum of squared errors is given by: 

 
𝑊𝑆𝑆𝐸′ = 𝒓𝑇𝐿𝑆 𝑇𝑸𝒓𝑇𝐿𝑆 = �

𝜎5𝑪−1𝒖5
𝑑5𝛼

�
𝑇 𝜎5𝑪−1𝒖5

𝑑5𝛼
=

𝜎52

𝑑52𝛼2
𝒖5𝑇𝑪−1𝑸𝑪−1𝒖5 (3.23) 

   
The USSE’ and WSSE’ values are identical in a special case where the elements of the C matrix are 

equal to the square root of the Q matrix corresponding elements [13],[16]. Figure 3.4-I shows the 

values of WSSE’ for the same data gathered with the single frequency receiver as described on the 

section 2.3. These values are clearly similar to the values computed for the weighted least squares 

residuals corresponding sum of the squared errors and presented on the Figure 3.3-I. Thus, it is 

assumed for the following analysis that the C matrix is equivalent to the square root of the Q matrix 

and so that the WSSE’ value is used as test statistic for the weighted total least squares based 

algorithm. This test statistic can be used to set a fault detection threshold with the required probability 

of false alarm as in the weighted least squares residuals method which simplifies the process because 

it follows a distribution well known as discussed on section 3.3. 

 

Figure 3.4-I- Distribution of WSSE’ test statistic vs. vertical error 

Another test statistic that can be used for fault detection is related to the mismatch between the 

observations and the measurements. For the weighted total least squares, the ∆𝑯 matrix and ∆𝒛 

vector can be computed by the equation (3.18) and therefore the 𝑯/𝒛 test statistic is defined and 

determined by the equation: 
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𝐻 𝑧⁄ =

‖∆𝑯‖𝐹
‖∆𝒛‖

=
‖−𝜎5𝑪−1𝒖5𝒚𝑇𝑫1

−1‖𝐹
‖−𝜎5𝑪−1𝒖5𝛼𝑑5‖

=
‖𝑪−1𝒖5𝒚𝑇𝑫1

−1‖𝐹
‖𝑪−1𝒖5𝛼‖𝑑5

 (3.24) 

   
It is important to refer that the ‖∆𝑯‖𝐹  and ‖∆𝒛‖ values can be used as different axes for a fault 

detection plane which produces the two independent test statistics stated before. The WSSE’ test 

statistic can be interpreted as the distance between the point (‖∆𝒛‖, ‖∆𝑯‖𝐹) and the origin and the 

𝐻/𝑧 statistic is the ratio between the two coordinates of the point. Therefore the magnitude of the 

mismatch between the observations and the weighted least squares solution can be quantified by the 

WSSE’ value and on the other hand the 𝐻/𝑧 value expresses where the mismatches occurred. The 

two test statistics are uncorrelated since the 𝐻/𝑧 value is independent (equations (3.22) and (3.24)) of 

the minimum singular value (𝜎5)  characterizing the mismatch between observations and 

measurements. 

In order to set the proper threshold, the test statistic distribution needs to be known. The 𝐻/𝑧 test 

statistic distribution is highly correlated to the vertical position error by setting the “correct” values for 

the D matrix as shown in Figure 3.4-II. The test statistic seems to follow a half normal distribution in 

normal conditions which means a fault detection threshold is easy to implement. 

 

Figure 3.4-II- Distribution of H/z test statistic vs vertical error 

Figure 3.4-III shows the probability density relation between a half normal distribution and the test 

statistic distribution. The correlation between these two distributions is 0.98432 which reinforces the 

previous statement. 
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Figure 3.4-III- Half normal (in green) and test statistic (in blue) Probability Density 

3.4.3. Detection Thresholds 

After the test statistics being defined, the detection thresholds should be settled accordingly with the 

respective probability distributions and consequently the corresponding vertical protection. Regarding 

the WSSE’ test statistic, the method to compute the detection threshold is similar to the one described 

on the section 3.3 while for the 𝐻/𝑧 test statistic, the detection threshold the process is different. The 

final detection thresholds should be balanced as explained further in the current section.   

In order to set the 𝐻/𝑧 detection threshold, the standard deviation of the test statistic distribution must 

be computed for normal conditions (no biases present). In these conditions, the pseudorange 

measurements are modelled by normal distributions and so the 𝐻/𝑧  test statistic should also follow a 

normal distribution. For instance, if noise is present in all the measurements, the 𝐻/𝑧 test statistic 

should be approximately a sum of all the normal distributions. The sum of different independent 

normal distributions is also a normal distribution with a variance value equal to the sum of all normal 

distributions variances. In fact, considering that the pseudorange measurements are independent, the 

𝐻/𝑧 standard deviation is easily computed. If for each satellite, it is considered a bias value equal to its 

UERE and zero for the others, a 𝐻/𝑧  value can be reached representing the expected standard 

deviation of 𝐻/𝑧 for that satellite. The test statistic standard deviation can then be found by computing 

the norm of a vector containing all these 𝐻/𝑧 values. 

Setting the detection threshold in the weighted total least squares method is more complex since there 

are two test statistics that must be combined. The WSSE’ test statistic threshold is computed the 

same way as the weighted least squares residuals threshold based on the critical satellite 

characteristic. On the other hand, the critical satellite may not produce the highest 𝐻/𝑧 characteristic 

and so a threshold balance has to be implemented. Though a backstop threshold is set considering 

only the WSSE’ test statistic which provides an alarm if a fault occurs on any satellite regardless the 

value of the 𝐻/𝑧 test statistic. Thus a fault occurrence will set alarm, if the WSSE’ test statistic value 

exceed the backstop threshold or both the WSSE’ and 𝐻/𝑧 thresholds are exceeded. The combined 
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probability of either one of these two events occurs must not exceed the desired probability of false 

alarm (𝑃𝐹𝐴) which is given by: 

 𝑃𝐹𝐴 = �𝑃𝑠𝑢𝑏𝑊𝑆𝑆𝐸′ ∙ 𝑃𝐻 𝑧⁄ � + ��1 − 𝑃𝐻 𝑧⁄ � ∙ 𝑃𝐵𝑎𝑐𝑘𝑠𝑡𝑜𝑝� (3.25) 

   
where 𝑃𝑠𝑢𝑏𝑊𝑆𝑆𝐸′ ∙ 𝑃𝐻 𝑧⁄  represents the probability of WSSE’ threshold being exceeded (𝑃𝑠𝑢𝑏𝑊𝑆𝑆𝐸′) with 

the 𝐻/𝑧 threshold simultaneously being exceeded �𝑃𝐻 𝑧⁄ � and �1 − 𝑃𝐻 𝑧⁄ � ∙ 𝑃𝐵𝑎𝑐𝑘𝑠𝑡𝑜𝑝 is the probability of 

the backstop threshold being exceeded �𝑃𝐵𝑎𝑐𝑘𝑠𝑡𝑜𝑝�  without the 𝐻/𝑧  threshold being exceeded 

(otherwise the first event had already triggered an alarm). In the previous section 3.3 was defined the 

𝑉𝑠𝑙𝑜𝑝𝑒 (equation (3.7)) characteristic which gives the linear relationship between the vertical error and 

the weighted least squares residual test statistic. In the weighted total least squares method, this 

characteristic also gives the relationship between the vertical error and the WSSE’ test statistic value, 

defining the critical satellite as the one with the highest characteristic value. The 𝐻/𝑧 characteristic 

also defines a linear relationship between the vertical error and the 𝐻/𝑧 test statistic value, thus the 

two characteristic for the critical satellite are used for the threshold balance as: 

 𝑇WSSE’ ∙ 𝑉𝑠𝑙𝑜𝑝𝑒𝑚𝑎𝑥 = 𝑇𝐻 𝑧⁄ ∙ 𝐻 𝑧⁄ 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙
 (3.26) 

   
where 𝑇WSSE’ and 𝑇𝐻 𝑧⁄  are the WSSE’ and the 𝐻/𝑧 thresholds respectively and 𝐻 𝑧⁄ 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙

 is 

the 𝐻/𝑧 characteristic for the critical satellite. As stated before, the critical satellite may not have the 

highest  𝐻/𝑧  characteristic, so the backstop threshold is set for the satellite with the highest 𝐻/𝑧 

characteristic than the critical satellite. If the number of satellites with higher 𝐻/𝑧  characteristic than 

the critical satellite is bigger than one, it is selected the one between this group with the highest 

WSSE’ characteristic. This satellite is considered the backstop satellite. 

In order to establish the probabilities in equation (3.25) an iterative process is needed to guarantee 

that both constraints (equations (3.25) and (3.26)) are accomplished given that: 

 
𝑃𝐻 𝑧⁄ = 2 ∙ 𝑛𝑜𝑟𝑚𝑐𝑑𝑓 �

−𝑉𝑠𝑙𝑜𝑝𝑒𝑚𝑎𝑥 ∙ �𝑐ℎ𝑖2𝑖𝑛𝑣(1 − 𝑃𝑠𝑢𝑏𝑊𝑆𝑆𝐸′ ,𝑛 − 4)
𝜎𝐻 𝑧⁄ ∙ 𝐻 𝑧⁄ 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙

� (3.27) 

   
where 𝑛𝑜𝑟𝑚𝑐𝑑𝑓 is the cumulative density function of the normal distribution, 𝑐ℎ𝑖2𝑖𝑛𝑣 is the inverse of 

the chi squared distribution function, 𝑛 is the number of available satellites and 𝜎𝐻 𝑧⁄  is the 𝐻 𝑧⁄  test 

statistic standard deviation. The previous equation can be obtained considering the equation (3.26) 

and the detection thresholds equations given by: 

 𝑇𝑊𝑆𝑆𝐸′ = �𝑐ℎ𝑖2𝑖𝑛𝑣(1 − 𝑃𝑠𝑢𝑏𝑊𝑆𝑆𝐸′ ,𝑛 − 4) 

𝑇𝐻 𝑧⁄ = 𝜎𝐻 𝑧⁄ ∙ �𝑛𝑜𝑟𝑚𝑖𝑛𝑣 �
𝑃𝐻 𝑧⁄

2
�� 

𝑇𝐵𝑎𝑐𝑘𝑠𝑡𝑜𝑝 = �𝑐ℎ𝑖2𝑖𝑛𝑣�1 − 𝑃𝐵𝑎𝑐𝑘𝑠𝑡𝑜𝑝 ,𝑛 − 4� 

(3.28) 
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where 𝑛𝑜𝑟𝑚𝑖𝑛𝑣  represents the inverse of the normal distribution function. The iterative process 

computes the 𝑃𝑠𝑢𝑏𝑊𝑆𝑆𝐸′ probability that verifies the equation (3.25). The probability of the backstop 

threshold being exceeded is set considering the backstop satellite characteristic over the critical 

satellite characteristic. 

 

Figure 3.4-IV- WSSE’ test statistic values and thresholds in normal conditions 

Figure 3.4-IV shows the WSSE’ fault detection thresholds and test statistic value in normal conditions 

(fault free) where it can be observed that the backstop threshold is more conservative than the WSSE’ 

threshold. In Figure 3.4-V, the 𝐻/𝑧 threshold is also less conservative than the backstop threshold 

meaning that the weighted total least square based algorithm is more sensitive to faults and more 

likely to detect smaller bias than the weighted least squares residuals. 

 

Figure 3.4-V- H/z test statistic values and threshold in normal conditions 
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3.4.4. Vertical Protection Limit 

Based on detection thresholds, the vertical protection limit for the weighted total least squares 

algorithm can be achieved. Two vertical protection limits can be found: one based on the backstop 

threshold and the second based on the two other thresholds.  

The vertical protection limit arising from the backstop threshold is set as in the weighted least squares 

residuals method defined in equation (3.8) on section 3.3. 

In order to set the vertical protection limit regarding the other two thresholds, the worst case bias must 

be found which will be applied on the critical satellite. The probability of missed detection must be 

equal to the one which will be generated by the worst case. Another iterative process is needed to 

compute the worst case bias so that the vertical protection limit is maximized.  

The iterative process to set the vertical protection limit considers a bias on the critical satellite as 

previously stated, this bias will induce the WSSE’ test statistic as: 

 𝑏𝑖𝑎𝑠 × 𝐾3𝑖
𝑉𝑠𝑙𝑜𝑝𝑒𝑚𝑎𝑥

 (3.29) 

   
where 𝐾3𝑖 is defined in equation (3.3). If the WSSE’ test statistic follows a chi squared distribution and 

a bias is applied, the new distribution will be a non-central chi squared distribution. The non-centrality 

parameter of this new distribution will be equal to the equation (3.29) squared value. In this case, the 

probability of a random sample to have a test statistic value less than WSSE’ threshold is computed 

by the cumulative density function of the non-central chi squared distribution with 𝑛 − 4 degrees of 

freedom. The probability of exceeding the vertical protection limit is set to be the probability of missed 

detection over the probability mentioned before. The number of standard deviations specified by the 

probability of exceeding the vertical protection limit is then computed by the inverse of the normal 

distribution function as the vertical error is assumed to follow a normal distribution. The vertical 

protection limit is finally calculated by: 

 𝑉𝑃𝐿 =  𝑏𝑖𝑎𝑠 × 𝐾3𝑖 + 𝜎𝑉 × 𝑘 (3.30) 

   
where 𝑘 is the number of standard deviations and 𝜎𝑉 is standard deviation of the vertical error. This 

vertical protection limit computation process is then maximized achieving the worst case bias with the 

associated maximum vertical protection limit associated.  

Since the vertical protection limit stands for the maximum value, the value achieved with WSSE’ 

threshold is then compared with the value related to the backstop threshold and the largest value of 

the these two is set as the vertical protection limit for the weighted total least squares method. 

Figure 3.4-VI shows the vertical protection limits for the weighted least squares residuals and total 

least squares methods. It is important to notice, that most of the time the weighted total least squares 

algorithm has a lower vertical protection limit. In fact, this is explained by the influence of the backstop 

component on the vertical protection limit. The backstop component can be defined by the backstop 
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threshold multiplied by the backstop satellite characteristic or vertical slope. Once the maximum 

characteristic is close enough to the backstop characteristic, the vertical protection limit arising from 

the backstop component is the biggest. In these cases, the vertical protection limit is higher than the 

one from the weighted least squares residuals method, since the backstop threshold is always greater 

than the WSSE’ threshold as seen in Figure 3.4-IV. 

 

Figure 3.4-VI- Vertical error in normal conditions and vertical protection limits for the two RAIM 

algorithms 

It can be seen in Figure 3.4-VII and Figure 3.4-VIII when the two vertical slopes (maximum and 

backstop satellite) are close to the same value, the vertical protection limit arising from the backstop 

component is higher than the one from the WSSE’ component (first 500 seconds). The bigger jumps 

(approximately on second 400 and 500), present in the backstop vertical slope, can be explained by 

changes in the selected backstop satellite. The zero values on the vertical protection limit from the 

backstop component happen when the backstop component is less than the WSSE’ component. 

While the small jumps (approximately second 1800) match a jump on the vertical standard deviation. 

As the backstop satellite vertical slope is close to the maximum vertical slope, the probability of the 

backstop threshold being exceeded is close as well to the probability of false alarm. 
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Figure 3.4-VII- Vertical protection limits from the WSSE’ and backstop conditions 

 

Figure 3.4-VIII- Maximum and backstop satellite characteristics 

3.4.5. Setting the D Matrix 

It is important to understand the impact of the D matrix on the [𝑯 𝒛] augmented matrix columns [13] 

before setting its diagonal values. The first three values of its diagonal will change the first three 

columns of the augmented matrix which contains the components of the unit vector that indicates the 

direction from the receiver to a specific satellite. This means that a change made in these columns will 

heavily affect the position of the satellite since the distances between the satellite and the receiver are 

of millions of meters. 

35 
 



The fourth value will induce changes in the fourth column of the augmented matrix which is related to 

the receiver clock. This column is filled with ones meaning a change in the clock value will equally 

change the pseudorange measurements vector value. In other words, if a change of one meter occurs 

in the receiver clock value, a change of one meter in the pseudorange value will happen. Changing 

the fourth value will then affect the relationship between time and travelled distance. 

The fifth and final value of the D matrix will produce changes in the column holding the measurement 

errors, the difference between the predicted pseudoranges and the measured ones. If a change 

happens in this column it will not scale as the previous ones and it will probably be mistaken for 

measurement noise. 

The physical meaning of these changes will not be taken into account because the values in the D 

matrix will only be used to achieve a linear relationship between an induced bias and the test 

statistics. The first values must then be the same and equal to the unity for changes made to the unit 

vector components to be inhibited. This is very important because a change in the up component in a 

satellite that is right above the receiver will have a different effect compared with a change in the north 

or east component. Thus, the values chosen for the D matrix will provide a linear relationship between 

an induced bias and its reaction on the test statistic. 

As stated before, the D matrix must be tuned in order to achieve linear relationships necessary to 

easily computed detection thresholds and satellite characteristics. Since the RAIM algorithm focus 

was the vertical position component, the first and second values of the D matrix diagonal were fixed as 

one. Also the clock component was not changed as changing this value caused the characteristics 

becoming non-linear consistent with the relationship of time/distance travelled. There are three key 

aspects considered during the D matrix tune: the 𝜎5 satellite characteristics linearity, the 𝐻 𝑧⁄  satellite 

characteristics linearity and the 𝐻 𝑧⁄  test statistic distribution. The 𝐻 𝑧⁄  test statistic distribution must be 

close to the well known half normal distribution for threshold computation and this is the main goal in 

the D matrix tunning, as the distribution requirement is not achieved. The 𝜎5 value had already a linear 

relationship with a induced bias, as the 𝜎5 is directly proportional to the WSSE’ test statistic, and so 

the goal is to maintain it. The 𝐻 𝑧⁄  characteristic must be become linear.  

The first step to meet these requirements is to set fifth value of the D matrix diagonal which is the one 

that must be smaller, so that the total least squares solution can be maintain [14]. This value was then 

decreased until 0.0006 when the 𝐻 𝑧⁄  test statistic distribution became close to a half normal 

distribution. As the 𝐻 𝑧⁄  characteristic was not yet linear, the third value of the D matrix diagonal was 

reduced until the 0.3 value was reached. Then in order to establish the best correlation between the 

𝐻 𝑧⁄  test statistic and a half normal distributions the value of the fifth component was raised until 

0.0008. The diagonal of the D matrix was finally set to [1 1 0.3 1 0.0008] achieving the best correlation 

and the linearity requirements for the characteristic which can be seen in Figure 3.4-III, Figure 3.4-IX 

and Figure 3.4-X. 
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Figure 3.4-IX- Sigma 5 characteristic for each satellite 

 

Figure 3.4-X- H/z characteristic for each satellite 

3.5. Carrier Phase Based Algorithm 
This RAIM algorithm additionally uses the carrier phase measurements being more precise and 

improving the position estimation accuracy, consequently reducing the detection thresholds and 

protection limits. The algorithm proposed is based on the algorithm of the previous section 3.4, but 

with some changes concerning the carrier phase measurements inclusion. The positioning algorithm is 

now based on the one presented in section 2.5 where the carrier phase measurements were included 

and also it was implemented the cycle slip detection and correction algorithm to guarantee better 

performance on the position estimation. After the positioning, three set of measurements are available 
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for integrity monitoring and since the focus of the RAIM algorithm is to detect the faulty satellite, these 

sets must be combined. The three sets are pseudorange measurements, carrier phase measurements 

and the ambiguities number. Those sets are in equal number corresponding to the number of 

available satellites. So the measurements sets were combined by the weighted mean as in equation 

(2.22): 

 𝒛𝑡𝑜𝑡𝑎𝑙 = 𝑪𝑡𝑜𝑡𝑎𝑙 �𝑪𝑛−1𝒛 + �𝑪𝑁 + 𝑪𝑁�𝑘−1�
−1(𝒛𝑐 − 𝑵)� 

𝑪𝑡𝑜𝑡𝑎𝑙−1 = 𝑪𝑛−1 + (𝑪𝑁 + 𝑪𝑁�)−1 
(3.31) 

   
where 𝒛𝑡𝑜𝑡𝑎𝑙 is the measurements vector that will be added in the RAIM algorithm. Since the phase 

measurements are more precise the vertical protection limit will be lower as it can be seen in Figure 

3.5-I. 

The carrier phase measurements insertion produced better and less conservative results. Since this 

algorithm provides a lower vertical protection limit, the higher RAIM requirements are achieved. The 

fault detection is showed in the next section and also a comparison between all the presented RAIM 

algorithms in a fault environment. In normal conditions the last algorithm (using carrier phase 

measurements) was proved to have the better performance. 

 

Figure 3.5-I- Vertical error in normal conditions and vertical protection limits for the two RAIM 
algorithms (with and without carrier phase measurements inclusion) 

It is important to notice that a bias on a pseudorange measurement is directly a bias on the 

measurements vector which is clear in equation (2.13), but, for the combined vector in equation (3.31), 

the bias can be reduced as the carrier phase measurements are more accurate. This means that an 

error in pseudorange is now less relevant than an error present in both carrier phase and 

pseudorange measurements. This is accounted by the weighting matrix, as in the previous algorithms 
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a pseudorange measurement of a given satellite was less relevant to the algorithm than a less noisier 

measurement.  
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4. Results 

4.1. Introduction 
In this chapter the reader is presented with the simulation results obtained by the Matlab tools. First, 

the two position estimation algorithms are compared qualitatively and a brief analysis is made. Then 

the results for cycle slips occurrence are shown as well as the results of the posterior correction. 

Finally the RAIM algorithms results are described including fault detection and performance. 

It was used only the real data described in the section 2.3 and since there was no fault occurrence 

during the data collection, the faults were inserted directly on the measurements instead. This was 

necessary to be able to test the RAIM algorithms performance. 

The RAIM algorithms used to create the simulation results were based on the Matlab functions and 

software tools, which basically used the real data gathered to compute the results. The simulation was 

made in every gathered epoch, second by second, which allows the algorithms to work in real time by 

connecting the receiver directly to the computer. The antenna of the receiver was static and on the top 

of a building decreasing the impact of multipath. 

4.2. Using Carrier Phase Measurements 
In the position estimation process, it was compared two algorithms: the weighted least squares using 

only pseudorange measurements and the phase-adjusted pseudorange algorithm which incorporates 

also the carrier phase measurements on the weighted least squares. This last algorithm produces 

improved results on the position accuracy. Figure 4.2-I represents the vertical error for the two 

alternatives and it can be seen that the carrier phase usage reduces the standard deviation of the 

position error. 

 

Figure 4.2-I- Vertical error in normal conditions for the weighed least squares and the phase-

adjusted pseudorange estimation 
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An accuracy increase is expected since the phase-adjusted pseudorange algorithm is provided with 

twice the number of the weighted least squares measurements, the pseudorange measurements and  

the carrier phase measurements. Table 4.2-I shows the standard deviations for both algorithms in the 

east, north and up components and the improvement percentage achieved with carrier phase usage. 

Table 4.2-I- Standard deviatons for the two algorithms and improvement percentage 

Position 
components 

Weighted least squares position 
error standard deviation 

(meters) 

Phase-adjusted 
pseudorange position error 
standard deviation (meters) 

Improvement 
percentage (%) 

East 0.5110 0.3074 39.85 

North 0.5484 0.2895 47.20 

Up 1.3146 0.8342 36.54 

 

Subsequently if the position estimation is more precise the RAIM algorithm will produce lower 

protection limits as well as stricter thresholds, thus achieving better performance requirements. 

4.3. Cycle Slips 
The cycle slip detection/correction allows the ambiguity number to be corrected when a cycle slip 

occurs, instead of the ambiguity value be just updated, it is also subtracted or added the cycle slip 

value. Figure 4.3-I shows a cycle slip occurrence in the satellite pair 13-17 residual where 17 is the 

reference satellite. 

 

Figure 4.3-I- Residual for the satellite pair 13-17 

It can be seen that the cycle slip value is aproximatedly 0.59 meters, a value significantly larger than 

the detection threshold of 0.0721 meters. Since the cycle slip can happen either on the reference 

satellite or simply on the other satellite, the correction is always made on the non-reference satellite so 

41 
 



that the other residuals do not be affected. Also a cycle slip can occur on both satellites at the same 

time and in this case the correction is made on the non-reference satellite based on the difference of 

the two cycle slips values (reference and non-reference satellites). If simultaneous cycle slips occur 

with the equal value, the algorithm will not detect but the position determination will not be affected. 

 

Figure 4.3-II- Ambiguity value without correction 

 

Figure 4.3-III- Ambiguity value after correction 

Figure 4.3-II illustrates the ambiguity value without correction and Figure 4.3-III illustrates the 

ambiguity value with the cycle slip correction. As it can be seen at the cycle slip occurrence instant the 

ambiguity value jumps to the corrected value. The jump value is equal to the integer value of the cycle 

slip detected. The detection and correction of the cycle slips allows the carrier phase measurements 
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usage without degradation of the position accuracy. It is important to mention that the cycle slip 

correction/detection algorithm is reinitialized after a cycle slip occurrence, thus the algorithm will be 

vulnerable to cycle slips for three consecutive epochs (time needed for the initialization). In the case of 

occurring two or more successive cycle slips, the algorithm cannot be used and should be switched to 

the algorithm without carrier phase measurements or the satellite where the cycle slip are present 

should be simply discarded. 

4.4. RAIM Results 

4.4.1. Fault Simulation and Detection 

In this section, it will be described the RAIM algorithms response to a fault occurrence, whether it is on 

the satellite position or on the satellite measurement. Since all the data received was fault free and the 

probability of fault occurrence is extremely low, a bias was applied on the necessary measurements in 

order to simulate a fault existence environment. The bias was then added directly in the 

measurements. 

This chapter will do a performance analysis to the different algorithms considering the different 

measures of RAIM performance and distinguishing the algorithms with simulations results. Three 

RAIM algorithms were considered: the weighted least squares residuals and the weighted total least 

squares with and without the carrier phase measurements. 

Four scenarios were considered in the simulations: normal conditions, missed detection, false alarm 

and correct detection. The normal conditions are present when a fault is not detected and the vertical 

error is below the vertical protection limit. The missed detection happens when a fault is not detected, 

but the vertical error exceeds the vertical protection limit. The false alarm situation is the opposite of 

the missed detection which means that a fault is detected, but the vertical error does not exceed the 

vertical protection limit. Finally the correct detection happens when a fault is detected and the vertical 

error exceeds the vertical protection limit. 

4.4.2. Detection Capability 

Step Bias 

The first simulation was based on the first thousand seconds of gathered data with a induced step bias 

of 20 meters on the critical satellite at the 500 to 800 seconds. Once more, this satellite is the one that 

produces the largest error or the one that has the highest characterist. In the Figure 4.4-I is possible to 

observe the WSSE test statistic value during the simulation and the related weighted least squares 

residuals threshold. It can be seen that the fault is detected since the test statistic exceeds the 

threshold value only when the fault is present. Also for the total least squares algorithm is possible to 

see in Figure 4.4-II and Figure 4.4-III that the fault is detected. Although there is a value exceeding the 

𝐻 𝑧⁄  threshold in fault free conditions, the fault is only detected when both thresholds are exceeded 

and thereby it is considered correctly as normal conditions. Another important issue is the fact that the 

backstop threshold does not detect the fault by itself as seen in Figure 4.4-II and that the WSSE’ 
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threshold for this algorithm is relatively lower than the one for the weighted least squares residuals by 

comparing Figure 4.4-I with Figure 4.4-II.  

 

Figure 4.4-I- WSSE test statistic and threshold for the weighted least squares residuals 

algorithm with a step bias between 500 and 800 seconds of 20 meters 

 

Figure 4.4-II- WSSE test statistic and thresholds for the total least squares algorithm with a 

step bias between 500 and 800 seconds of 20 meters 
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Figure 4.4-III- H/z test statistic and threshold for the total least squares algorithm with a step 

bias between 500 and 800 seconds of 20 meters 

 

Figure 4.4-IV- Vertical protection limit and error for the weighted least squares residuals and 

total least squares algorithms with a step bias between 500 and 800 seconds of 20 meters 

In Figure 4.4-IV, it can be verified when the fault is present that both algorithms have an increased 

error exceeding the vertical protection limits. Also it is possbile to observe the relation between the 

vertical error and the 𝐻 𝑧⁄  test statistic. Both algorithms proved to correctly detect the induced bias. 

The second simulation considered a smaller bias of 10 meters on the critical satellite during the same 

period of time for the total least squares algorithm using carrier phase measurements. The Figure 

4.4-V and Figure 4.4-VI show WSSE’ and 𝐻 𝑧⁄  test statistic respectively as well as the respective 

thresholds. It is clear that the bias is properly detected and that there is a convergence of the 

thresholds due to the phase-adjusted pseudorange algortihm. It is important to notice that the 
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backstop threshold itself cannot detect such smaller biases and that the detection is improved with the 

carrier phase measurements usage. 

 

Figure 4.4-V- WSSE test statistic and thresholds for the total least squares algorithm using 

carrier phase measurements with a step bias between 500 and 800 seconds of 10 meters 

 

Figure 4.4-VI- H/z test statistic and threshold for the total least squares algorithm using carrier 

phase measurements with a step bias between 500 and 800 seconds of 10 meters 

In the next Figure 4.4-VII, it is seen the vertical protection limit for the same algorithm and the vertical 

error. The convergence of the protection limit is also visible in the figure. During the fault presence, the 

vertical error does not completely exceed the vertical protection limit, but the fault is detected which 

highlights the improvements of using the carrier phase measurements. Even though the bias is 
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smaller than the one in the first simulation, the enhancements are noticeable. In order to understand 

better the detection capability a ramp bias was also considered on the next section. 

 

Figure 4.4-VII- Vertical protection limit and error for the total least squares algorithm using 

carrier phase measurements with a step bias between 500 and 800 seconds of 10 meters 

Ramp Bias 

Other simulations were considered where a ramp bias was added on the critical satellite during the 

same time interval between 500 and 800 seconds. The ramp bias used increases the error on the 

satellite by 10 centimeters per second which means that after 300 seconds will be an error of 30 

meters. This kind of bias can be helpful do identify the detectable error magnitude for the different 

algorithms. 

The next three figures show respectively the ramp bias simulation for the WSSE test statistic on the 

weighted least squares residuals, on the total least squares and the 𝐻 𝑧⁄  test statistic also on the total 

least squares algorithms. From the pictures, it can be noticed that the 𝐻 𝑧⁄  threshold is the first to be 

exceeded (Figure 4.4-X), after approximately 50 seconds of the ramp bias implementation. 

Nevertheless the fault is only detected when both WSSE’ and 𝐻 𝑧⁄  threshold are exceeded. For the 

total least squares based algorithm, the fault is then detected around 100 seconds when both 

threshold are exceeded (Figure 4.4-IX) which means a bias of 10 meters. On the other hand, the 

weighted total least squares residuals algorithm can only identify the fault after more than 150 

seconds (Figure 4.4-VIII) meaning a 15 meters, 5 meters higher error than the one detected by the 

total least squares algorihtm.  
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Figure 4.4-VIII- WSSE test statistic and threshold for the weighted least squares residuals 

algorithm with a ramp bias between 500 and 800 seconds of 10 centimeters per second 

 

Figure 4.4-IX- WSSE test statistic and threshold for the total least squares algorithm with a 

ramp bias between 500 and 800 seconds of 10 centimeters per second 

48 
 



 
 

 

Figure 4.4-X- H/z test statistic and threshold for the total least squares algorithm with a ramp 
bias between 500 and 800 seconds of 10 centimeters per second 

In the following Figure 4.4-XI, it can be seen that both vertical protection limits are exceeded when the 

fault has been already detected proving once more the correct working of the algorithms. 

 

Figure 4.4-XI- Vertical protection limit and error for the weighted least squares residuals and 
total least squares algorithms with a ramp bias between 500 and 800 seconds of 10 centimeters 

per second 

The next two figures display the WSSE’ and 𝐻 𝑧⁄  test statistics respectively and its thresholds during 

the simulation of the same ramp bias for the total least squares algorithm using carrier phase 

measurements. For the second time, the 𝐻 𝑧⁄  threshold was exceeded first and the fault detected 

when the WSSE’ threshold was exceeded at approximately 80 seconds or in other words a bias of 8 
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meters. The vertical protection limit was also exceeded sooner around the 100 seconds after the ramp 

bias start as seen in Figure 4.4-XIV. It is noticeable that both test statistics and vertical errors are less 

dispersed than on the previous algorithms without the carrier phase measurements. Also, in this case, 

it is evident that an induced bias produces a larger error which means the critical satellite having 

higher characteristics when using carrier phase measurements and so the algorithm is more sensitive 

than the previous ones. 

 

Figure 4.4-XII- WSSE test statistic and threshold for the total least squares algorithm using 
carrier phase measurements with a ramp bias between 500 and 800 seconds of 10 centimeters 

per second 

 

Figure 4.4-XIII- H/z test statistic and threshold for the total least squares algorithm using carrier 
phase measurements with a ramp bias between 500 and 800 seconds of 10 centimeters per 

second 
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Figure 4.4-XIV- Vertical protection limit and error for the total least squares algorithm using 
carrier phase measurements with a ramp bias between 500 and 800 seconds of 10 centimeters 

per second 

4.4.3. Performance 

The four parameters, accuracy, integrity, continuity and availability need to be met so that a RAIM 

algorihtm can be used for aviation where the Table 4.4-I summarizes the values needed. It were 

presented three RAIM algorithms which show different performance conditions.  

The accuracy relies only on the positioning algorithm and since both weighted least squares residuals 

and total least squares use the same process, the accuracy is only improved when the carrier phase 

measurements were included on the last algorithm proposed. 

The integrity and continuity risk were accessed considering both probabilities of false alarm and 

missed detection guaranteeing the performance required for the RAIM algorithms. 

The availability was considered to be 100% during the whole simulation since there were eight 

available satellites and the requirements were maintained. Also, it was shown that for a zero degree 

mask is possible to achieve 100% availability worldwide. Although the zero degree mask can be only 

considered during the flight, on the landing and take off, it will be possible to achieve a 100% 

availability by using a multi GNSS constellation receiver achieving the minimum 6 available satellites 

on any location. This approach creates another type of problems regarding the addition of another 

constellation and it will not be discussed since it is not the scope of this thesis. 

The next table summarizes the different parameters for the three algorithms where only the one using 

carrier phase measurements can accomplish a more restrict operation mode. 
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Table 4.4-I- RAIM requirements for the different algorithms vs. operation mode  

RAIM Algorithm 
Accuracy (95%) 

(meters) 
Vertical Alert 
Limit (meters) 

Time to 
alert 

Operation Mode 
Allowed 

Weighted Least Squares 
Residuals 

2.5766* 13-22 1s APV-I 

Total Least Squares 2.5766* 12-21 1s APV-I 

Total Least Squares Using 
Carrier Phase Measurements 

1.6352* 9-15 1-3s CAT I 

* approximately half a meter must be added to this value to match the bias from the real position 

4.4.4. Discussion 

The results have proven that using carrier phase measurements can improve considerably the 

position accuracy meaning also a lower vertical protection limit. The RAIM algorithm proposed, based 

on the total least squares and combined pseudorange and carrier phase measurements, has shown 

better results. The total least squares approach can lower the thresholds without compromising the 

detection capability, but on the contrary increasing it. The addition of the carrier phase measurements 

to the position determination and RAIM algorithm enhanced the accuracy and the detection capability. 

The drawback was the increasing of the time to alert due to the cycle slip detection/correction 

algorithm implemented as shown in the previous table. These 3 seconds needed for the algorithm to 

reinitilize can be avoided if the RAIM algorithm used switches to the one without carrier phase 

measurements during this time. 

There were some aspects during the simulations that need to be considered. In the step bias 

simulations for the total least squares algorithm using carrier phase measurements (Figure 4.4-VII) is 

possible to see that the fault detection is mostly not correct and considered as a false alarm. This 

means that the vertical protection limit can still be lowered. This assumption is supported by the ramp 

bias simulation for the same algorithm (Figure 4.4-XIV) where the fault detection occurs earlier than 

the vertical error exceeding the vertical protection limit, aproximately 20 seconds earlier or 2 meters. 

The probability of false alarm could be relaxed but it would comprimise the requirements. Also for the 

same algorithm without using the carrier phase measurements, the detection arises even earlier which 

reinforces the idea of a research on the vertical protection limit setting. For the standard weighted 

least squares residuals, the fault detection is according to the vertical protection limit as seen when 

comparing Figure 4.4-VIII to Figure 4.4-X.  

The RAIM algorithms studied and the one proposed were tested with real data which strengthens the 

results. On the other hand, there are some issues that need to be considered. The total least squares 

approach demands that the linearization point (receiver position) should be the closest to the real 

position and this is a problem in a dynamic receiver. Although in a static receiver, it can be used the 

previous position, during the simulations, it was used the real position. The solution can be to 

incorporate a parallel Kalman filter to the RAIM algorithm which will produce the linearization point 
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attending to the previous position, velocity and acceleration. It can also be useful, the addition of 

sensors and barometry, but this means an extended RAIM algorithm. 

Although  the credibility of a RAIM algorithm can be challenged by its real capability of detecting faults, 

it is a necessary tool to use GNSS information for navigation purposes. There are always constraints 

to this capability, as the faults for instance coming from wrong satellite broadcast messages. This is 

considered on the total least squares, but also on the Advanced RAIM (ARAIM). 
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5. Conclusion 

5.1. Introduction 
This dissertation started with a brief introduction on the position determination topic discussing the 

supporting models and algorithms implemented on section 2. It followed with section 3 describing the 

main algorithms studied such as weight least squares, weighted total least squares and the new 

proposed one. After the theory was presented, the results were shown on section 4 demonstrating the 

performance of the several algorithms used on this thesis. The results showed the improvement got 

with the use of the proposed RAIM algorithm which includes code and carrier phase measurements on 

a weighted total least squares providing two test statistics for fault detection. 

5.2. Details 
First of all, in section 2.2.1, there were errors that were disregarded such as multipath and some were 

simplified for instance the ionosphere interference. The real data acquired was obtained by an 

antenna on the top of one tall building which provides cleaner multipath measurements. Anyway, this 

error should be addressed in a future research as well as a more complex model for the ionosphere 

interference. 

The ARAIM is one of the few algorithms considering errors on the broadcasted message as explained 

in section 1.2.2, but it was showed in section 3.4.1 that the total least squares approach contemplates 

as well as the presence of these errors. This is an important assumption because even if the 

probability of the event happen is almost null, it will produce large errors on the position solution and 

endanger the safety of the user. 

As a final point, the thesis makes only use of streamed data from a commercial receiver and 

disregards the methods of signal processing to create the measurements and demodulate the 

broadcasted message. The RAIM could be integrated on the design of the receiver which could help 

to develop a better algorithm.  

5.3. Achievements 
The carrier phase ambiguities problem was solved successfully by using the phase-adjusted 

pseudorange in section 2.5. Using the carrier measurements created another problem on the integrity 

of the position solution, the cycle slip event. A cycle slip detection and correction was implemented in 

section 2.6 to manage the problem decreasing the continuity, but guaranteeing the RAIM integrity.   

A new weighted total least squares RAIM algorithm based on carrier phase measurements was 

proposed in section 3.5. It was shown that the use of carrier phase measurements leads to a better 

performance in terms of position accuracy and vertical alert limit prevailing over the conventional 

approach in section 4.4. The results were based on real data which supports the algorithms studied. 
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Finally, this thesis comprehensive study allowed the writer to better understand the raw 

measurements given by the GNSS receivers as well as to increase the knowledge on the RAIM 

subject which has an important role on the future of GNSS navigation. 

5.4. Future Work and Development 
It would be interesting to improve the total least squares algorithm in order to be able to compare to 

the Advanced RAIM scheme which is the top algorithm nowadays guaranteeing LPV-200 operation 

worldwide [18]. This improvement should then consider double frequency measurements allowing to 

neglect the ionosphere interference and to use the precise orbits available by the International GNSS 

Service (IGS) as detailed in [6]. Also, the addition of multi GNSS constellations could improve greatly 

the worldwide availability of the RAIM. 

The study of the kinematic scenario could improve the tuning of the algorithm as well as providing 

more results regarding different kind of conditions. This would increase the algorithm complexity, but 

should also bring the algorithm to a more real approach. 

In section 3.4.5, the D matrix tuning needs a mathematical analysis with probably powerful tools to 

better understand the influence of each element of its diagonal. The inclusion of other measurements 

such as the second frequency should change the setting of this matrix. 
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Abstract—This paper proposes a weighted total least squares 
approach based on both pseudorange and carrier phase 
measurements. The paper makes use of the weighted total least 
squares solution to solve the global positioning system (GPS) 
navigation equation determining the user position. The total least 
squares estimation considers both measurements vector and 
observable data matrix errors which common least squares 
approach not. This means that the total least squares approach 
provides a value that evaluates the “magnitude” of the mismatch 
between the observable ephemerides data and the measurements. 
This value can be used as a measure for fault detection in a 
receiver autonomous integrity monitoring (RAIM) algorithm. 
Another output given by the total least squares, uncorrelated 
with the first one, provides another test statistic to the RAIM 
algorithm. The RAIM algorithm focus was the position vertical 
component that is actually the critical component on the position 
estimation as well as for navigation purposes, since it produces 
the highest error in the overall error budget. The minimum 
requirements, for the Global Navigation Satellite System (GNSS) 
guide in aviation, will be the performance metrics of the RAIM 
algorithm proposed. A comparison between the receiver 
autonomous integrity monitoring algorithm based on the total 
least squares and the proposed one that considers also the carrier 
phase measurements was made, proving a better precision on the 
positioning accuracy and higher performance concerning the 
receiver autonomous integrity monitoring of the combined 
measurements (code and carrier). 

Keywords-weighted total least squares, receiver autonomous 
integrity monitoring. 

I.  INTRODUCTION  
The GPS is already being used for aviation providing the 

aircraft coordinates in a three dimensions space. The solution 
to the navigation equation is well known and can be 
implemented by the least squares method. The least squares 
solves a linear equation problem in navigation systems as, 

zzHx Δ+= where H is the observation matrix, z is the vector 
containing the raw measurements minus the expected ones, 

zΔ is the measurements error vector and x is the position 
estimation vector with three coordinates and the receiver clock 
offset. The observation matrix is built with the information 
received by the GPS broadcast ephemerides, the measurements 
vector with pseudoranges measurements from the receiver and 

the measurements error vector contains the errors such as 
troposphere and ionosphere delays, multipath, clock bias, 
receiver noise and others. 

The least squares method assumes that the observation 
matrix is known with certainty which is not true since is 
broadcasted and subjected to errors as well. The total least 
squares approach  incorporates these errors in the equation, 
( ) zzxHH Δ+=Δ+ where HΔ is the observations error matrix. 
This approach is mostly used for integrity monitoring and is 
solved by a single value decomposition. On the other hand the 
weighted version of the method can improve fault detection as 
well as reduce the protection limits. 

The requirements for aviation are very strict so is necessary 
to guarantee the precision of the position determination within 
the vertical and horizontal protection limits. It will be shown 
that the use of carrier phase measurements in the position 
estimation process leads to an improved accuracy and 
consequently a lower protection limit. The use of  the carrier 
phase measurements creates a problem related to the unknown 
integer ambiguity number for each measurement. Thus the 
phase-adjusted pseudorange was implemented in order to 
combine the carrier phase with pseudoranges solving the 
ambiguities problem. Also a cycle slip detection and correction 
algorithm was applied for robustness.  

II. WEIGHTED TOTAL LEAST SQUARES METHOD 

A. Position Determination 
The satellite ephemerides provides the required information 

to compute the satellite positions at a given time and are 
broadcasted by the satellites in view. The receiver provides 
also each pseudorange measurement which is a pseudo distance 
between a satellite and the GNSS receiver. Each satellite 
position is computed in Earth-Centered, Earth-Fixed (ECEF) 
coordinates and then converted to east, north and up (ENU) 
coordinates, a local Cartesian coordinate system based on the 
initial estimate of the user position. The transformation of 
coordinates is given by: 

( ) ( )βα xz
i
ECEF

i
ENU RRdd ××=  
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ϕπβπλα −=+= 2,2  

where i
ENUd denotes the vector which goes from the receiver to 

a satellite, i
ECEFs is the position of the satellite i , 0

ECEFx is the 
initial user position estimate, ϕ and λ are latitude and 
longitude of the initial estimate, respectively. xR and zR are 
rotation matrices defined by: 
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Each column of the H is then computed with the direction 
cosines in ENU coordinates given by: 
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where the fourth column of the H matrix is related to the 
receiver clock bias and filled with ones. The measurements 
vector contain the difference between the corrected raw 
pseudoranges and his estimate plus the receiver clock bias 
estimate. The next equation summarizes the process: 

 ( ) tdTItsvz Ti
ENU

i
i Δ−×−Δ−Δ−Δ+= 3:1Hρ  (4) 

where iρ  is the raw pseudorange, tsvΔ  is the satellite clock 
error plus the group delay correction [1], IΔ  is the ionosphere 
delay [2], TΔ  is the troposphere delay [1], 

( )Ti
ENUd×3:1H denotes the estimated distance between the 

satellite and user and tΔ is the estimate of the receiver clock 
offset. 

It is important to understand that the position estimation in 
ENU coordinates gives the error between the initial estimate 
and the actual estimate of the position. Therefore the objective 
of the weighted least squares problem is to solve the equation: 

 [ ]
F

DzHC ΔΔmin  (5) 

where the augmented matrix [ ]zH ΔΔ holds both 
observations and measurements errors, C and D are weight 
matrices and 

F
denotes the Frobernius norm. The problem of 

minimizing the augmented matrix is solved by performing 
single value decomposition to the matrix [ ]DzHC . In this 
case the solution is [3],[4]: 
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where Σ is a diagonal matrix containing the singular values 
from the maximum value to the minimum value 5σ and n is 
the number of available measurements (satellites in view). 
Setting the weight matrices will be explained in a posterior 
part. The position estimate from the weight total least squares 
is given by: 

 ( )( ) 1
555151ˆ −−= dvVDx  (7) 

which can give the position error compared to the initial 
estimate. In the static case, taking the initial position estimate 
as the previous estimate from the least squares solution [5], if a 
fault occurs, it will induce a larger error and can be detected by 
setting specific thresholds. On the kinematic case, in order to 
get an initial position estimate, Kalman filtering might be 
needed with velocity and acceleration components. The 
mismatch vectors for the weight total least squares can be 
computed by the following equation [5-7]: 

 [ ] [ ] 1
55155

1
5

−−−=ΔΔ DVUCzH vTσ  (8) 



B. Test Statistics 
The difference between the predicted measurements and the 

actual measurements produces a range residual error vector by 
[4]: 

 ( )555vdzr Δ−=  (9) 

which is directly related to the measurements. The weighted 
sum of the squared errors (WSSE) is given by: 

 Crr T=WSSE . (10) 

If a fault occurs in a specific satellite the norm of the range 
residual vector will be higher than in normal conditions and so 
the weighted sum of the squared errors too. Thus this value can 
be used for integrity monitoring. The WSSE distribution 
follows a chi squared distribution with 4−n degrees of 
freedom as stated in [6],[7] which simplifies the calculation of 
a threshold for fault detection and gives the first test statistic as: 

 
4

WSSE
−n

. (11) 

This value represents the “magnitude” of the mismatch 
between the observations and the measurements and can be 
seen as the distance to the origin of a fault detection plane 
where the axes are the two mismatch quantities 

F
HΔ and 

zΔ . This provides another test statistic that shows where the 
fault occurs, either on the observation data or on the 
measurements. The second statistic is then defined by: 

 zHzH ΔΔ=
F

 (12) 

and is extremely sensitive to the values present on the D 
matrix. The next step is find how this test statistics react to 
different values of the two weighting matrices. In order to 
easily compute the fault detection thresholds and protection 
limits, the weighting matrices must be tuned so that these test 
statistics behave in a known way.  

III. INTEGRITY MONITORING ALGORITHM 

A. Setting the weighting matrices 
The C matrix attends to weight the different satellite 

measurements in the total least squares and works as the 
weighting matrix on the weighted least squares. In fact is 
shown in [6],[7] that setting the C matrix as the squares root of 
the weighting matrix W makes the WSSE test statistic identical 
to the one used in the weighted least squares residuals 
described in [8-10]. The weighting matrix should be the inverse 
of the covariance measurements matrix and so each term 
related to satellite i of the W matrix was set to the inverse of 
an estimated value of the measurements covariance. Therefore 

an intensive estimation of the satellites user equivalent range 
error (UERE) was made using 24 hours of sets of 
measurements. In every epoch, each satellite error was 
computed by the difference between the corrected pseudorange 
measurement and the true distance of the satellite to the 
receiver. It was also subtracted the receiver clock offset and 
since each satellite have a different user range accuracy (URA) 
value, the satellite measurement error was normalized by its 
URA value. These computed values give a estimation of the 
UERE according to the elevation angle of the satellite. 

The D matrix is also diagonal and will induce changes to 
the columns of the augmented matrix [ ]zH which are east, 
north, up, receiver clock offset and measurement components. 
This matrix is tuned in order to ease the computation of the 
detection thresholds and satellite characteristics defined in 
[6],[7]. On the other hand the first, second and fourth 
components were not changed and fixed as one. This was set 
considering that the focus of the RAIM algorithm was the 
vertical component (up) and changing the fourth component 
turned to achieve non-linear results for the characteristics. 
There were three key aspects considered when settled the D 
matrix: the  WSSE characteristics linearity, the H/z satellite 
characteristics linearity and the H/z test statistic distribution. 
This distribution must be close to a half normal distribution 
which without the weighting matrix is not achieved. For each 
satellite there are two characteristics that are defined by the 
relationship between the vertical error and the two test statistic 
value. This relationship must be linear and can be computed by 
inducing an increasing bias on each satellite. The D matrix 
tuning provided the required linearity meaning that the test 
statistics are highly correlated to the vertical error. 

B. Detection Thresholds 
The setting of the detection thresholds is based on the 

probability of false alarm established by the minimum 
requirements for GNSS guidance. Since there are two test 
statistics, a balance is needed between the two thresholds to 
guarantee the required probability of false alarm. The WSSE 
test statistic threshold is based on the critical satellite 
characteristic being the satellite which produces the highest 
vertical error to an induced bias. On the other hand, the critical 
satellite may not produce the highest H/z characteristic and so 
the balance is necessary. Though a backstop threshold is also 
set considering only the WSSE test statistic which provides an 
alarm if a fault occurs on any satellite regardless the value of 
the other test statistic. Thus a fault detection is made, if the 
WSSE test statistic value exceed the backstop threshold or both 
test statistics exceed the respective thresholds. The combined 
probability of either event occurs must not exceed the desired 
probability of false alarm which is given by: 

 ( ) ( )( )BackstopzHzHWSSEFA PPPPP ×−+×= // 1  (13) 

where zHWSSE PP /×  represents the probability of WSSE 
threshold being exceeded with the H/z threshold 
simultaneously being exceeded and ( ) BackstopzH PP ×− /1  is the 
probability of the backstop threshold being exceeded without 



the H/z threshold being exceeded. Then the threshold balance, 
based on the critical satellite characteristics, is given by: 

 zHzHWSSEWSSE sticcharacteriTsticcharacteriT // ×=× . (14) 

As previously stated the critical satellite may not have the 
highest H/z characteristic and so the backstop threshold is 
associated to the satellite with the H/z highest characteristic. 
Then an iterative process is used to compute the probabilities 
of (13) with the two constraints defined in (13) and (14) and 
provided that the thresholds are computed by: 

( )4,12 −−= nPinvchiT WSSEWSSE  

 ( )2/// zHzHzH PinvnormT ×= σ  (15) 

( )4,12 −−= nPinvchiT BackstopBackstop  

where invchi2  is the inverse of the chi squared distribution 
function, invnorm  is the inverse of the normal distribution and 

zH /σ  is the H/z test statistic standard deviation. The probability 
of the backstop threshold being exceeded is set considering 
both backstop and critical satellite characteristics and the 
standard deviation of the test statistic is computed for each 
instant of the RAIM algorithm [6].   

C. Vertical Protection Limit 
The vertical protection limit is the maximum value in the 

vertical component which is guaranteed fault detection 
attending to the requirements. This limit has two components: 
the first one is based on the threshold detection limit 
concerning the critical satellite and defined by the probability 
of false alarm; the second one is based on the vertical standard 
deviation limit defined by the probability of missed detection. 
The computation of this limit considered the worst case bias 
which applied to the critical satellite would generate a 
probability of missed detection equal to the required one. Since 
there are three thresholds, with two of them connected to the 
same probability, the vertical protection limit is settled by the 
WSSE test statistic. Thus, this limit is computed concerning the 
WSSE and backstop thresholds and established by the 
maximum value of the two.  

In order to define the worst case bias, an iterative process 
was needed which considers a non-central chi squared 
distribution. In normal conditions, since the WSSE test statistic 
follows a chi squared distribution, when a bias is induced on 
the critical satellite, the distribution can be assumed to be a 
non-central chi squared with the test statistic value induced by 
the bias as the non-centrality parameter. Then the probability of 
a random sample have a test statistic value less than the WSSE 
detection threshold is computed and given the required 
probability of missed detection, the vertical protection limit 
should be set according with the probability of exceeding the 

limit with this bias applied. The iterative process consists in 
finding the bias which produces the maximum vertical 
protection limit and the method can be found in detail in 
[6],[7]. 

IV. USING CARRIER PHASE MEASUREMENTS 
The receiver outputs also the carrier phase measurements 

which are measurements more accurate than the pseudorange 
ones providing that the noise is relatively smaller. The use of 
these measurements in the position determination as well as in 
the RAIM algorithm leads to a better accuracy, lower 
thresholds and protection limits. 

A. Position Determination 
In order to include the carrier phase measurements on 

position estimation, the integer carrier phase ambiguities must 
be known. This value is constant along the epochs providing 
that no cycle slips occur. The phase-adjusted pseudorange 
algorithm [11],[12] was used to combine pseudorange and 
carrier phase measurements while solving the integer 
ambiguities in a recursive least squares. There are other 
methods of incorporating the carrier phase measurements such 
as the pseudoranges smoothing and the phase connected 
algorithms [12], but the phase-adjusted algorithm provided 
better accuracy. 

This recursive least squares was implemented and 
supported by a cycle slip detection and correction algorithm to 
prevent the presence of cycle. These algorithms also allow the 
continued use of the recursive least squares avoiding a possible 
reset otherwise. The position accuracy was improved lowering 
the vertical standard deviation which is expected to reduce the 
vertical protection limit. 

B. RAIM Algorithm 
After the positioning, three set of values are available for 

integrity monitoring and since the focus of the RAIM 
algorithm is to detect the faulty satellite, these sets must be 
combined. The sets of values are the pseudorange 
measurements, the carrier phase measurements and the carrier 
phase ambiguities. Those sets have equal number according to 
the quantity of available satellites. Since the phase-adjusted 
pseudorange algorithm is already based on a combination of 
these measurements attending different importance to the 
different measurements based on the covariance matrices, the 
combination purposed is the weighted mean coming directly 
from the algorithm and given by the following equation: 

 ( ) ( )( )NzQQQzQz −++= −−−−
cNccombinedcombined

1111   (16) 

( ) 111 −−− ++= Nccombined QQQQ  

where combinedz  is the measurements vector that will be used in 
the RAIM algorithm, combinedQ  is the matrix containing the sum 
of the inverse of covariance measurements matrices, Q is the 



inverse of the pseudoranges covariance matrix, 1−
cQ is the 

carrier phase covariance matrix, 1−
NQ  is the ambiguities 

covariance matrix, cz is the carrier phase measurements vector 
and N the ambiguities number in meters. The combinedQ  matrix is 
no longer diagonal since the ambiguities number are correlated 
to the other measurements due to the phase-adjusted 
pseudorange algorithm. The square root of this matrix will now 
replace the diagonal C matrix on the previous RAIM algorithm 
providing the required linearity of the WSSE and H/z 
characteristics. 

It is important to notice that a bias on a pseudorange 
measurement is directly a bias on the measurements vector 
which is clear in (4), but this is not valid for the combined 
vector in (16). This means that an error in a pseudorange 
measurement is now less relevant than an error present in both 
carrier phase and pseudorange measurement. This is accounted 
by the weighting matrix, as in the previous algorithm a 
pseudorange measurement of a satellite was less relevant to the 
algorithm than a less noisier measurement. 

V. SIMULATION RESULTS 
The real data presented in this paper was acquired in 

December 14th of 2011 in the laboratory of Instituto de 
Telecomunicações for the eight available satellites during the 
execution time. The data gathered consists on the broadcasted 
ephemerides, ionosphere corrections and on the pseudorange 
and carrier phase measurements which were available every 
second and concerning only the L1 frequency. 

A bias is simulated by entering a bias directly on the 
measurement vector in (4) and (16). 

A. Position Accuracy 
The phase-adjusted pseudorange algorithm for the position 

estimation process is provided with twice the number of 
measurements than in the common least squares approach due 
to the use of carrier phase measurements. The improvement in 
the accuracy of the vertical position can be seen in fig. 1. This 
is the main contribution for the improvements on the RAIM 
performance based on the combined measurements. 

 

Figure 1.  Vertical error with and without the carrier phase measurements 
inclusion on the position estimation. 

B. RAIM Performance 
The vertical protection limit agrees with the vertical alert 

limit in the GNSS guidance requirements. The different 
operation modes have different values for the required 
navigation performance specifications that need to be met in 
order to be acceptable the use of a GNSS for guidance. The use 
of carrier phase measurements has the purpose of lowering the 
vertical protection limit in order to meet more easily the 
requirements. The fig.2 shows the improvement on the vertical 
protection limit of the carrier phase usage during the time that 
the data was gathered. The real vertical error is also shown in 
fig. 2. 

 

Figure 2.  Vertical protection limits for two RAIM algorithms and the 
vertical error in normal conditions. 

The detection capability was also improved as shown in fig. 
3 and fig. 4 where is present the same increasing bias of 0.01 
meters per second on the critical satellite from the 500 to 800 
seconds of simulation. It can be seen that thresholds have 
almost the same value during the simulation, but the detection 
is faster on the RAIM algorithm that uses the carrier phase 
measurements. This means that the measurements have less 
covariance in this algorithm, so a induced bias will produce a 
larger test statistic value and the detection will be faster. Also it 
can be noticed that the RAIM algorithm with carrier phase 
inclusion has more conservative thresholds in this specific case. 

 

Figure 3.  WSSE and backstop thresholds and test statistic for the RAIM 
algorithm with carrier phase measurements. Ramp bias of 0.01 meters per 

second on the critical satellite is present from 500 to 800 seconds of 
simulation. 



 

Figure 4.  WSSE and backstop thresholds and test statistic for the weighted 
total least squares RAIM algorithm. Ramp bias of 0.01 meters per second on 

the critical satellite is present from 500 to 800 seconds of simulation. 

VI. CONCLUSION AND FUTURE WORK 
A new weighted total least squares RAIM algorithm based 

on carrier phase measurements was proposed here. It was 
shown that the use of carrier phase measurements leads to a 
better performance in terms of accuracy and vertical alert limit. 
The results are based on real data and are positive considering 
the receiver limitations of the implementation.  

Future work should include access to double frequency as 
well as using the International GNSS Service (IGS) to provide 
an enhancement on the position accuracy as detailed in [13]. 
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