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Abstract

Ground-based aircraft trajectory prediction is a critical and fundamental issue for air traffic
management decison support tool (DST). Moreover, regarding the safety constraints, it could be more
reasonable to predict intervals rather than precise aircraft positions. With the presence of uncertainties
in the trajectory prediction models and in order to have a meaningful trajectory prediction, a statistical
model, to estimate these uncertainties, is required. Obtain representative statistical measures of these
uncertainties is an intensive process that requires data collection and analysis of a large number
of aircraft trajectories. A kinematic stochastic model was used, associated with a probabilistic
performance model it captures the variability associated with the execution of a flight phase. Together
with the Monte Carlo method it was possible to reproduce the trajectory of an aircraft with multiple
possibilities and combinations for the desired time. The statistical performance model was developed
from real aircraft data, obtained from ADS-B receptors, and it is dependent on the type and flight
phase of the aircraft. Flight phases were identified using the Viterbi algorithm. The results were
promising, the most part of the trajectories were successfully predicted.
Keywords: Trajectory Prediction, DST, Monte Carlo Method, Viterbi Algorithm, ADS-B

1. Introduction

Predict aircraft trajectories with great accuracy is
central to most operational concepts and necessary
to the automated tools that are expected to improve
the air traffic management (ATM) in the near fu-
ture. On-board flight management systems predict
the aircraft trajectory using a point-mass model of
the forces applied to the center of gravity. This
model is formulated as a set of differential alge-
braic equations that must be integrated over a time
interval in order to predict the successive aircraft
positions in this interval. The point-mass model re-
quires knowledge of the aircraft state (mass, thrust,
etc), atmospheric conditions (wind, temperature),
and aircraft intent (target speed or climb rate, for
example). Many of this information is not available
to ground-based systems, and the available infor-
mation is not known with good accuracy.

There is a need to compute trajectory predic-
tions (TP) in ground systems, for all traffic in a
given airspace, with enough speed and accuracy to
allow a safe and efficient 4D-trajectory conflict de-
tection and resolution. In this paper, we present a
method that in addition to make the aircraft tra-
jectory prediction determines the variability asso-
ciated depending on the phase of flight and type
of aircraft. To achieve this, a stochastic kinematic
model, which represents the behavior of the air-

craft, will be defined. From the analysis of data,
that comes from real trajectories of commercial air-
crafts, a performance model is created and used in
the stochastic model. Together with a method that
generates random numbers, Monte Carlo Method
(MCM), we intend to study the possible trajectories
and infer the variability associated with the predic-
tion.

The literature on TP is fairly wide, and one may
refer [1], that provides an important literature sur-
vey of TP technology with 282 reviewed documents
and 20 selected for further studies. From the se-
lected set, many implement the point-mass model.
Also, [2] and [3] enumerate the principal difficulties
inherent to TP, i.e., the uncertainty on the input
data, the controller and pilot intents, and quantify
the errors accordingly. The input data mainly refers
to aircraft characteristics.

In statistical terms a model can be classified as
parametric or non-parametric. In the TP context,
a parametric approach refers to a model based on
flight equations and aircraft characteristics. The
BADA point-mass model is an example of a para-
metric approach, [4]. A common flaw in paramet-
ric approaches concerns the nominal values used for
every parameter. Moreover, the uncertainty associ-
ated to the TP is not available. To overcome this
inherent difficulties, non-parametric approaches are
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studied in order to obtain an aircraft model from
the past trajectories. The main drawback of non-
parametric approaches is that it requires lots of his-
torical data and the model is learned for a specific
context and may present problems in its general-
ization because of the airspace constraints, e.g. air-
craft following a Standard Instrument Departure.
The model proposed in this work follows a non-
parametric approach.

The remainder of this paper is organized as fol-
lows. In Section 2 is briefly addressed the Au-
tomatic Dependent Surveillance-Broadcast (ADS-
B) system and the information provided by the
database that will be used to create the performace
models. Section 3 presents the Viterbi algorithm
used to identify the phases of flight of the aircraft
required to create the performance models and the
results obtained. In Section 4 is presented the kine-
matic model and the performance model proposed
and its results. Section 5 provides the conclusions
and suggestions for future work.

2. Commercial aircraft database

Probabilistic performance models, which have gaus-
sian probability distributions for the speed of the
aircraft, were created from a database that con-
tains ADS-B data pertaining to various commercial
aircrafts. Probabilistic models, developed for the
execution of flight phases, requires real data for a
large number of commercial aircrafts. As the exe-
cution of flight phase has an associated variability,
it is important that the dataset is the most accurate
possible and in large quantities, thus the models can
translate the actual behavior of the aircrafts.

Surveillance systems include the primary and sec-
ondary surveillance radar and also the ADS-B sys-
tem. The dataset used in this work was obtained
from ADS-B receivers. The ADS system is basi-
cally a datalink system that transmits data from
the aircraft on-board navigation systems about its
position, altitude and intentions (projected flight
path) to the ground system. In this ADS-B system
the aircraft has a special transponder that “squit-
ters”, or broadcasts, similar information to that de-
scribed above. This information can be received
either by a ground station, for air traffic services
use, or by another aircraft. The benefits of ADS-B
only become available if substantially all the air-
craft participate. Closer spacing is only available if
all the aircraft have improved position reporting. A
very important point is that for all these benefits to
work, an aircraft only needs ADS-B “Out”. That
is, the aircraft must report position information to
ATC and to other aircraft. There is no requirement
for ADS-B “In” that will always be an optional fea-
ture. To support ADS-B “Out”, the aircraft must
have a GPS receiver as the position source, and

a datalink transmitter to actually send the ADS-
B data. The datalink transmitter that most air-
craft will use is a Mode S transponder, using a
feature called “Extended Squitter”. The Mode S
transponder with Extended Squitter is the interna-
tional standard for ADS-B output. Mode S/ADS-B
receivers on the ground collect data from aircrafts
when they “squit” and the information received was
used to construct the database used.

Seventeen parameters are available for each sig-
nal received by the ADS-B receivers. The most im-
portants are: date and time of reception, Mode S
address, flight ID, registration, altitude, latitude,
longitude, vertical rate, ground speed, track and
squawk code.

In addition to the data provided by the ADS-
B receivers, it was necessary to estimate, based on
latitude, longitude and altitude of the aircraft, the
cartesian coordinates for the equation of the kine-
matic distance of the model. Also, the performance
probabilistic models depend on the type of the air-
craft and so it was necessary to establish a proce-
dure that allowed to identify it.

The choosen referential to represent aircraft posi-
tion was the East-North-Up (ENU). The process to
covert geodesic coordinates in the Earth-Centered,
Earth-Fixed (ECEF) referential to cartesian coor-
denates in the ENU referential is very simple and
can been found in [5, 6].

To obtain the aircraft a “bot” was used, that is a
software application that runs automated tasks over
the Internet. The website used to obtain this infor-
mation was http://www.libhomeradar.org/ and the
only information provided was the Mode S address
of the aircraft.

3. Flight phases identification
To create a model that is able to predict an aircraft
trajectory it is necessary to know the flight phase
because the probabilistic performance model for the
speed of the aircraft depends on it. The variability
of a trajectory is different for the three phases of
flight (climb, cruise and descent), and for this rea-
son it is necessary to create a performance model in
accordance with these. The solution adopted to de-
terminate the different phases of flight is the use of
Hidden Markov Models (HMMs),more specifically,
the Viterbi algorithm.

A Hidden Markov Model (HMM) is a statisti-
cal Markov model in which the system being mod-
eled is assumed to be a Markov process with unob-
served/hidden states, and the challenge is to find
the hidden states from observable parameters. In
our problem, the hidden states are the flight phases
,namely, climb, cruise and descent. Observations
must somehow be related to the states, so the ver-
tical speed will be used as observations. A complete
specification of the HMM requires [7]: the number
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of hidden states (N), the number of distinct obser-
vation symbols per state (M), the observation sym-
bols (O) and the three probability measures, the
state transition probability distribution (A), the ob-
servation symbol probability distribution (B) and
the inicial state distribution (π). For convenience,
the compact notation λHMM = (A,B, π) was used
to indicate the complete parameter set of the model.

The correspondent values for each parameter
must be specified. The number of states, N , are
three. The number of possible symbols, M , de-
pends on the set of distinct observations. The initial
probability of the states, π, is the same for each one
because we do not know the initial state of the air-
craft, so πi is equal to one third. The transition
matrix, A, was intuitively defined, Eq. (1). In Sec-
tion 3.1 this choice is validated because the results
were not affected. Considering i and j the indi-
cator of row and column, respectively, i = j = 1
matches the climb state, i = j = 2 the cruise state
and i = j = 3 the descent state.

A =

 0.899 0.1 0.001
0.1 0.8 0.1

0.001 0.1 0.899

 (1)

The choice of the observation matrix, B, is not
intutive as the A matrix. To know which obser-
vations are more likely to be found in a particular
state a Kernel Density Estimation (KDE) function
was used. In statistics, a KDE is a non-parametric
way of estimating the probability density function
of a random variable, i.e., to estimate the shape of
this function about which there is no knowledge [8].

Given the observation sequence O =
{O1O2 . . . OT }, and the model λHMM , we
want to find the corresponding state sequence
Q = {Q1Q2 . . . QT } that best “explains” the
observations. A formal technique for finding this
single best state sequence exists and is called the
Viterbi algorithm. The complete procedure for
finding the single best state sequence, Q, for the
given observation sequence O, is stated in [9].

3.1. Viterbi results

The process to find the states of the aircrafts was
just described and in this section the results ob-
tained are analyzed. Firstly, KDE functions used
are illustrated, which are equivalent to the obser-
vation matrix, B, for each flight phase of the air-
craft. Secondly, some of the results obtained by the
Viterbi algorithm are illustrated. Finally, from a
set of 20 randomly selected commercial aircraft a
quantitative analysis of the quality of the classifi-
cation is made, known as ROC (Receiver Operating
Characteristic) graph.

To estimate the unknown KDE function, f , a set
of aircrafts of the same model (210 flights of the

A319 model) was used. Function f must be spec-
ified for each of the existing states. Observations
of the vertical speed are the samples. From the set
of samples, defined the kernel and the bandwidth,
bw, a probability density distribution that repre-
sents the probability of finding a given observation
for a given state is obtained. The gaussian kernel
has been selected and the bandwidth, which has a
greater influence on the determination of the func-
tion, was calculated automatically by Scott’s rule,
that estimates the optimal bandwidth. It should
be noted that once defined the f function it re-
mained the same for any type of aircraft, because
does not show significant changes in the results if it
is adapted accordingly, as we will find later. Fig. 1
illustrates the KDE function and a gaussian distri-
bution for the climb and descent phases. Similarly
in Fig. 2 for the cruise.

Figure 1: KDE funtion and gaussian distribution
for the climb and descent phases.

Figure 2: KDE funtion and gaussian distribution
for the cruise phase.
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The results, for the detection of the flight phases
are satisfactory. We can see, for two different types
of aircrafts, in Fig. 3 and 4, the detection of er-
rors in the ADS-B measurements when the state
is maintained, while the measure received seems to
indicate otherwise.

Figure 3: Flight phases classification by the Viterbi
algorithm for flight TAP213 and A320 model.

Figure 4: Flight phases classification by the Viterbi
algorithm for flight RYR2011 and B738 model.

In order to have a better perception of the Viterbi
algorithm performance, a ROC (Receiver Operating
Characteristic) technique was used. ROC graphs
have long been used in signal detection theory to
depict the tradeoff between hit rates and false alarm
rates of classifiers. The first step is to define the ex-
isting classes, which in this case are two, positive
and negative {P, N}. One of this two classes is
assigned to the instance analyzed. The Viterbi pre-
diction algorithm, classifies the instance according
to one of two classes, true or false {T, F}. Given
a classifier and an instance, there are four possi-

ble outcomes. If the instance is positive and it is
classified as positive, it is counted as a true positive
(TP ); if it is classified as negative, it is counted as
a false negative (FN). If the instance is negative
and it is classified as negative, it is counted as a
true negative (TN); if it is classified as positive, it
is counted as a false positive (FP ). These results
are presented in Tab. 1.

Real class P Real class N

Classified as P TP FP
Classified as N FN TN

Table 1: Four possible outcomes of the binary clas-
sification.

ROC graphs are two-dimensional graphs in which
the true positive rate (TPR) is plotted on the Y axis
and the false positive rate (FPR) is plotted on the
X axis. The TPR and the FPR is given by

TPR =
TP

TP + FN
(2)

FPR =
FP

FP + TN
(3)

Several points in ROC space are important to
note. The lower left point (0, 0) represents the
strategy of never issuing a positive classification;
such a classifier commits no false positive errors but
also gains no true positives. The opposite strategy,
of unconditionally issuing positive classifications, is
represented by the upper right point (1, 1). The
point (0, 1) represents perfect classification [10].

Ten A320 and ten B738 aircraft types were ran-
domly selected. Each dataset was classified manu-
ally according with the states and then the results
obtained by the Viterbi were observed and com-
pared. Then, the value of TPR and FPR for each
state and each aircraft was estimated. The results
for each state is shown in Tab. 2, where the average
value of all 20 aircraft is presented. As it can be
seen, the values are very close to a perfect classi-
fication, so we consider the results satisfactory, for
the defined HMM parameters (λHMM ).

State Climb Cruise Descent

TPR 0,999 0,998 0,998
FPR 0,003 0,001 0

Table 2: TPR and FPR results for the 3 flight
phases.

4. Kinematic and performace models
The kinematic model developed is stochastic.
Stochastic simulations are able to model the ran-
domness of the real system through probability
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distributions, which represent mathematically the
chances of occurrence of all possible values for a
given system process. These statistical distribu-
tions are obtained from the performance model.
Together with a system that generates random
numbers as the Monte Carlo Method (MCM), the
stochastic simulators reproduces the behavior of the
system with all the possibilities and combinations,
and no limit on the period of time desired by the
user [11]. To predict the aircraft position, through
the calculation of its altitude (h) and distance trav-
eled (s), the stochastic process can be viewed as
a family of individual particles whose coordinates
randomly change on each iteration.

Monte Carlo method starts with the creation of
the model that represents the real system, the air-
craft. From the point of view of ATC we are concern
in monitoring the aircraft in space, i.e., to know its
geographical position in terms of altitude, h, and
horizontal position xp and yp (or latitude and lon-
gitude). For the horizontal model it is assumed
that the aircraft does not execute turns, i.e., main-
tains its heading. Assuming that is known à priori
the heading of the aircraft, knowing the distance
traveled, s, the aircraft position over time in the
cartesian referential is obtained. To make altitude
and distance predictions, the discretized kinematic
equations are

hk = hk−1 + T (Vk + δhk
) (4)

sk = sk−1 + T (Gk + δsk) (5)

where h is the altitude, V the vertical speed, T
the time between measures, δh the perturbation in
vertical speed and δs the perturbation in ground
speed.

For the vertical and horizontal kinematic models
of the aircraft it is necessary probabilistic models
for the variables V , δh, G and δs. The creation of
the probabilistic models of δh and δs was based on
a simple method. With all aircrafts in the database
we proceeded to the calculation of δh and δs as in
Eqs. (4) and (5), respectively. A probability dis-
tribution commonly used, the gaussian distribution
was the choice. An approximately zero mean for
δh and δs and 5m/s standard deviation for δh and
50m/s for δs was obtained. For the probabilistic
models, for V and G, which are called the perfor-
mance models, it is necessary to identify: (1) the
aircraft type and (2) the flight phase of the aircraft
(with the Viterbi algorithm).

The performance model inputs are the altitude
and the previous vertical speed and ground speed
of the aircraft. The output is the current speed.
A gaussian distribution is used, to the vertical and
horizontal model we have

Vk|hk−1, Vk−1 ∼ N(µ(hk−1, Vk−1), σ(hk−1, Vk−1))
(6)

Gk|hk−1, Gk−1 ∼ N(µ(hk−1, Gk−1), σ(hk−1, Gk−1))
(7)

4.1. Kinematic model results
This section presents the final results for the pro-
posed probabilistic models. The results for the
A320 aircraft type are presented.

To make the TP, the kinematic model needs the
altitude, vertical speed, ground speed and also the
aircraft type and phase of flight. To quantify the
number of trajectories that were sucessfully pre-
dicted, indenpendently of the initial altitude and
speeds, the measures of h and s were normalized
according to the equation

ny = 2
y − ymin

ymax − ymin
− 1 (8)

where ny is the normalized value of the measure,
ymax and ymin are the extremes of the prediction
interval, for a given time instant, and y is the real
measure. If y is equal to ymax, ny is ‘+1’, if y is
equal to ymin, ny is ‘-1’. An example is illustrated,
in Figs. 5 and 6, where the measure is the altitude
and we 500 particles were used to the TP.

Figure 5: Real altitudes and prediction interval for
500 particles.

To obtain the results a set of train and test
aicrafts were selected, for climb and descent, that
corresponds to landings and take-off phases, allow-
ing a much longer time interval for TP, that will be
compared with the real measures.

The results for the descent phase of the A320 air-
crat type is shown in Fig. 7 for 500 particles. It is
possible to notice that there is a distinct trajectory
with a normalized value greater than ten; the corre-
spondent set of altitudes is illustrated in Fig. 11. In
Fig. 8 the result for the distance measure is shown.
In a similar way, for the climb phase we have Fig. 9
and 10, for the altitude and distance travelled by
the aircrafts.
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Figure 6: Normalized altitudes for 500 particles.

Figure 7: Real altitudes and prediction interval for
the A320 descent phase and with 500 particles.

Figure 8: Real distance travelled and prediction in-
terval for the A320 descent phase and with 500 par-
ticles.

Figure 9: Real altitudes and prediction interval for
the A320 climb phase and with 500 particles

Figure 10: Real distance travelled and prediction
interval for the A320 climb phase and with 500 par-
ticles.

In order to quantify the quality of the prediction,
the percentage of altitude measurements (h) and
distance (s) outside the interval [-1, +1] was calcu-
lated. Table 3 and 4 show the results according to
the phase of flight and number of particles for the
A320 aircraft type.

As can be seen, the percentage is low, most of
the measures that are outside the extremes result
or by unusual trajectories, as shown in Fig. 11 for
altitude and Fig. 12 for the distance; or inconsistent
measurements obtained from the ADS-B receivers,
exemplified in Fig. 13 and in Fig. 14 for altitude
and distance, respectively. For the prediction time
interval is possible to observe a larger number of
measures outside the prediction interval at the be-
ginning, because the distance between the extremes
of the interval is relatively small. As the time in-
creases the prediction interval captures the fluctua-
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Descent A320 500
parti-
cles

300
parti-
cles

Percentage of measures of
h out of [-1,+1]

1,67 2,44

Percentage of measures of
s out of [-1,+1]

4,38 6,07

Table 3: Percentage of measures out of the predic-
tion interval for the descent phase of the A320 with
diferent number of particles.

Climb A320 500
parti-
cles

300
parti-
cles

Percentage of measures of
h out of [-1,+1]

0,67 1,22

Percentage of measures of
s out of [-1,+1]

2,64 3,87

Table 4: Percentage of measures out of the predic-
tion interval for the climb phase of the A320 with
diferent number of particles.

tions of the measures. From these results it can be
stated that more accurately measures received by
the ADS-B receivers, can improve the results. For
the trajectories outside the normal, it is expected
that with the increase of the database is possible to
adjust the model to capture unusual aircraft per-
formances.

Figure 11: Real altitude measurements for a trajec-
tory outside the normal pattern for 500 particles.

It is known that with a greater number of par-
ticles, the number of trajectories within the pre-
diction interval increases, but the time required to
achieve the same also increases, that is, the compu-
tational complexity is proportional to the number of
particles in the model. DSTs calculations for pre-

Figure 12: Real distance measurements for a trajec-
tory outside the normal pattern for 500 particles.

Figure 13: Real altitude measurements with incon-
sistencies for 500 particles.

Figure 14: Real distance measurements with incon-
sistencies for 500 particles.
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dicting aircrafts trajectories are performed in real
time, the prediction is updated as new data are re-
ceived. With the use of 500 particles for a maximum
time instants of 1500 seconds, the prediction time
of trajectories was displayed approximately after 40
minutes and for 300 particles about 25 minutes. To
predict trajectories two ‘for’ cycles were used, one
to run the time steps (Nt) and one for the number
of particles (Np). Representing the time complexity
by the Big O notation we have O(Np.Nt), i.e., the
complexity is directly proportional to Nt and Np.
For the implementation of the proposed method in
real time, these intervals presented are not realistic,
so it would be necessary to improve the implementa-
tion of the TP algorithm, for example by removing
the ‘for’ cycles.

5. Conclusions

Decision support tools (DSTs) in air traffic man-
agement are being developed to assist air traffic
controllers to improve the capacity, efficiency and
safety in the airspace. Although a DST has sev-
eral applications, algorithms for predicting trajec-
tories are the basis of most of them. The proposed
method is stochastic and depends on the phase of
flight and type of aircraft. The method was im-
plemented in Python with the aid of a database
containing a large number of commercial aircrafts
data detected by ADS-B receivers. The combina-
tion of a stochastic model with the Monte Carlo
method allowed to predict the possible trajectories
of an aircraft given the initial state, that is, altitude,
ground speed and vertical speed, flight phase and
type of aircraft. From these initial conditions it was
possible to sample, the gaussian probability density
functions, for each time step of prediction. At these
set of probability density functions we called the
performance model. This performance model is the
basis of the proposed kinematic stochastic model
and was from the numerous trajectories available
in the ADS-B database that was created.

The proposed method results show that:

1. The percentage of measures outside the pre-
diction interval was low. There was some dis-
tinct trajectories that are inconsistent with the
model prediction. Measures of altitude and
distance traveled outside the prediction inter-
val, many have values that are not consistent
with the data from the entire trajectory, lead-
ing to the belief that if measures were more
accurate, i.e., with fewer errors, the results ob-
tained would be even more satisfactory.

2. Regarding the number of particles used in the
Monte Carlo method, the higher the number,
the better the results. We compared the results
with for 300 and 500 particles.

3. The time complexity of the algorithm imple-
mented is proportional to the number of parti-
cles and number of time steps used in the pre-
diction (O(Np.Nt)). The way the algorithm
was implemented the time interval of predic-
tion is too high, to apply in real time, being
justified by the use of “for” cycles. With the
replacement of “for” cycles, it is possible to sig-
nificantly increase the temporal performance of
the algorithm.

The quality of the results depends on the amount
of data and the amount of existing errors in the air-
craft trajectories, so the results can be improved
with the increase of data and reduction of mea-
surement errors. This increase in accuracy may be
achieved by the use of ADS-B data provinient of air
traffic control stations which are prepared to filtrate
“false” measures, rather than data from ADS-B am-
ateur receivers, who are inevitably subject to higher
errors.

Regarding the computational performance, for
the application of the method in real-time, the pre-
diction algorithm would have to be modified. An
alternative, as already mentioned, would be the re-
placement of “for” cycles.

Another aspect not implemented, is the trajec-
tory prediction segments of flight that are not
straight, i.e., when the aircraft perform turns. The
trajectory prediction of these segments is naturally
more complex because the aircraft speed depends
on the distance available for the turn. Furthermore,
the change of heading of an aircraft can be per-
formed in different ways, can be carried out gradu-
ally and slowly (over great-circles paths for exam-
ple) or on an arc of a curve with a fixed radius and
center. There are certainly more things to take into
account, compared to straight segments, for which
the probabilistic model was developed.

Finally, the non-parametric approach for the
model has to be validated in other contexts, outside
the region of data detection by ADS-B receivers, to
confirm the absence of overfitting, i.e., the perfor-
mance model can be generalized to other airspaces.
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