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Abstract 
 
This	
  research	
  had	
  as	
  objective	
  the	
  study	
  of	
  effects	
  on	
  seismic	
  resistance	
  of	
  a	
  lintel	
  of	
  reinforced	
  concrete	
  placed	
  on	
  top	
  of	
  a	
  masonry	
  building.	
  To	
  this	
  
end,	
  we	
  analyzed	
  the	
  structural	
  behavior	
  of	
  a	
  box	
  with	
  four	
  walls,	
   independent,	
  subject	
  to	
  a	
  forced	
  sine	
  wave	
  regime	
  through	
  a	
  model	
  of	
  discrete	
  
elements.	
   Having	
   the	
   numeric	
  model	
   defined,	
   it	
   was	
   also	
   studied	
   the	
   contribution	
   of	
   the	
   action	
   of	
   the	
  weight	
   and	
  mass	
   of	
   coverage	
   in	
   seismic	
  
resistance	
  of	
  the	
  structure.	
  
For	
   a	
   correct	
   modeling	
   of	
   the	
   structure	
   by	
   the	
  method	
   of	
   discrete	
   elements,	
   it	
   was	
   necessary,	
   in	
   particular,	
   to	
   calibrate	
   the	
   numerical	
   model,	
  
regarding	
  the	
  contacts	
  between	
  the	
  walls	
  and	
  the	
  foundation.	
  This	
  calibration	
  was	
  carried	
  out	
  by	
  adjusting	
  the	
  numerical	
  behavior	
  to	
  the	
  response	
  
obtained	
   in	
   analytical	
   studies	
   of	
  Housner	
   (1963),	
   corresponding	
   to	
   the	
  movement	
   of	
   the	
   rigid	
   block	
   to	
   oscillate	
   in	
   free	
   scheme.	
   To	
   calibrate	
   the	
  
contacts	
   it	
   was	
   also	
   used	
   a	
   methodology	
   described	
   in	
   the	
   studies	
   (numeric	
   and	
   experimental)	
   of	
   Peña	
   et	
   al.	
   (2005),	
   and	
   it	
   was	
   proposed	
   an	
  
alternative	
  methodology	
   for	
   calibration,	
   based	
   on	
   direct	
   adjustment	
   of	
   the	
   numeric	
   response	
   to	
   the	
   analytical	
   response,	
   by	
   interpolation	
   of	
   the	
  
parameters	
  of	
  the	
  constitutive	
  model	
  of	
  the	
  contact.	
  Both	
  the	
  calibration	
  methodologies	
  were	
  applied	
  in	
  numerical	
  models	
  of	
  a	
  isolated	
  rigid	
  block,	
  
by	
  which	
  its	
  applicability	
  to	
  the	
  model	
  of	
  the	
  box	
  was	
  also	
  examined.	
  
Successfully	
   applying	
   the	
  methodologies	
  of	
   calibration	
  parameters	
  which	
  define	
   the	
   contact	
   and	
  analyzed,	
  based	
  on	
   this	
  model,	
   the	
   various	
   load	
  
cases,	
  it	
  was	
  concluded	
  that	
  the	
  introduction	
  of	
  a	
  lintel	
  significantly	
  increases	
  the	
  resistance	
  of	
  the	
  seismic	
  box	
  of	
  four	
  walls.	
  It	
  is,	
  therefore,	
  proven	
  
the	
  beneficial	
  influence	
  of	
  this	
  structural	
  element	
  in	
  the	
  seismic	
  behavior	
  of	
  buildings	
  with	
  jolted	
  structure	
  based	
  on	
  its	
  peripheral	
  walls,	
  this	
  being	
  
the	
  case	
  of	
  old	
  buildings	
  in	
  masonry	
  structure.	
  
On	
  the	
  other	
  hand,	
  it	
  has	
  been	
  proved,	
  in	
  this	
  study,	
  that	
  the	
  adoption	
  of	
  calibrated	
  parameters	
  by	
  the	
  proposed	
  method	
  produces	
  similar	
  results	
  to	
  
those	
  obtained	
  by	
  the	
  methodology	
  of	
  Peña	
  et	
  al.	
   (2005),	
   in	
  any	
  case	
  load	
  numeric	
  model	
  of	
  the	
  box,	
  showing	
  that	
  the	
  proposed	
  method	
  is	
  valid.	
  
Despite	
  the	
  similarity	
  of	
  the	
  results	
  obtained	
  by	
  calibration	
  methods	
  presented,	
  the	
  proposed	
  method	
  has	
  the	
  advantage,	
  compared	
  to	
  the	
  method	
  
of	
  de	
  Peña	
  et	
  al.	
  (2005),	
  of	
  not	
  requiring	
  calibration	
  of	
  parameters	
  from	
  experimental	
  trials,	
  allowing	
  the	
  calibration	
  of	
  the	
  model	
  directly	
  with	
  the	
  
analytical	
  model.	
  The	
  proposed	
  method	
  also	
  allows	
  a	
  computational	
  implementation	
  more	
  expeditiously	
  than	
  the	
  method	
  of	
  Peña	
  et	
  al.	
  (2005).	
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1.  Introduction 

The purpose of this research was to study the dynamic behaviour of a building of masonry and its seismic reinforcement 
with a lintel of reinforced concrete placed on its top, connecting the peripheral walls. This technique of strengthening is 
often used, however, its effect on the mechanical behaviour of this structure is still to be characterized. The accounting 
of the weight and mass of cover on lintel was also analysed. 
Taking into account the purpose of simulating the behaviour of the structure, including all stages of the numerical 
answer, and the type of structure, it was considered that the method of discrete element was the most pared down by 
allowing the simulation of the movement since its initial phase until the its collapse. This study was done with the 
calculation program 3DEC of tridimensional discrete elements through the modeling of the problem. 
The study of reinforcement and accounting of the mass and weight of the coverage was carried out through the analysis 
of the response of the numerical model of the structure subjected to an excitation at the base of the sine wave type . To 
make this analysis possible to various cases of study, the mode of collapse of the structure was defined to finish off 
through one of the walls, through its rotation out of the plane of the structure. The mode of collapse of the wall and sine 
wave excitation which it derivates from, are the ones defined by Housner (1963). 
In the block´s wall numerical model calibration, we adjusted its mechanical behavior to the results of the analytical 
model of Housner (1963). This calibration was performed by means of two methodologies, the proposed one for the 
study of Pena et al. (2005) and another methodology proposed in this study. From these calibrations were obtained the 
parameters values that define the mechanical behavior of the contact between the block and the base of the numeric 
model, which produce a numeric response as close as possible to the analytical response of Housner (1963).  
For each calibration method, we defined the numerical models of the box with the calibrated values of the parameters 
applied to the constitutive model of the contacts between the blocks of the walls and the base. For these two numerical 
models that simulate the box,  we conducted analysis in forced sine wave regime getting through each one of them the 
collapse resistance of each load case. The load cases studied simulate the introduction of lintel on top of the walls of the 
structure and the magnitude of the weight and masses considered in the lintel. 
 
 

2.  Numerical models for the isolated rigid block 

The aim of this study was to analyze the dynamic behavior of a three-dimensional box subject to a sine wave 
acceleration at the base. For this purpose, the three-dimensional numerical model of the discrete elements had to be 
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analytically and experimentally calibrated, studying the simplified model of an isolated block resting on the massif. From 
these studies it was possible to calibrate the mechanical behavior of the contact between the block and the base, 
through two methodologies: the study of Peña et al. (2005), and a proposed methodology by the author. 
For the masonry box modeling through the method of discrete elements, it was adopted the calculation program of 
discrete elements 3DEC. The method of discrete elements is a discontinuous method that allows relating movements 
between elements, which may vary in position. For the case study, this method is advantageous, because it allows large 
displacements and rotations between elements, including the separation between them and, during the analysis it 
automatically updates the new geometry and defines the contacts between the elements. These characteristics are 
relevant to the study of the rigid block dynamics, allowing the simulation of the block movement and collapse. 
 

2.1  Housner (1963) numerical model for rigid block 

Housner´s study (1963) defined the equations that govern the dynamic behavior of the block for the free scheme, 
reducing the study of block to its vertical section (Figure 1a), that is, to the plan. To show that the dynamic 
characteristics of slender structures are significantly different from those obtained by linear-elastic static analysis, 
Housner (1963) also addressed the issue of the dynamics of a rigid block simply supported on a solid massif subject to 
horizontal actions arising from the movement of the ground. In this study we analyzed the free scheme and the sine 
wave forced scheme. 
 

    
a) b) c) d) 

Figure 1 -  Rigid block numerical models: a) Housner (1963) formulation; b) Oscillator of one degree of freedom.; c) proposed discrete 

elements; d) Peña et al. (2005) model of discrete elements.[adapted from Peña et al. (2005)] 

 

2.1.1  Free vibrations 

To perform the analysis in free scheme, Housner (1963) defined a system composed of a rigid rectangular block 
oscillating around the rotation centers situated in 𝑂 and 𝑂′ (Figure 1a), where ℎ is half the height of the block, 𝑏 is half 
the width of the block, 𝑅 is the length of one half of the block section bissectrix, 𝜃 is the smaller angle formed by the 
straight line that intersects the rotation center (𝑂 and 𝑂′) and the center of gravity (𝐶𝐺) and by the section´s vertical 
edge which intersects the corresponding rotation center  (𝑂 and 𝑂′), and 𝛼 is the smaller angle formed by the vertical 
axis that intersects the rotation center and by the section´s vertical edge which intersects the corresponding center of 
rotation (𝑂 and 𝑂′). In order to build the analytical model, based on a oscillator model of a one degree of freedom 
(Figure 1b), which describes the oscillation´s block movement, Housner (1963) adopted the following set of 
simplifications:  
Ø the block is considered rigid; 
Ø the coefficient of friction between the block and the massif is so high that does not allow slipping; 
Ø the angle 𝛼 is less than 20 degrees allowing the hypothesis of small displacements valid (𝑠𝑒𝑛(𝛼) ≈ 𝛼). 
These simplifications allowed the deduction of the analytical model to a particular free scheme oscillation mode. This 
mode of oscillation is described by a block starting it´s movement from the rest (𝜃 = 0) of an initial rotation (𝜃 = 𝜃!). 
After being dropped from rest, the block oscillates around the center of rotation 𝑂 until it reaches the vertical position 
(𝜃 = 0). The moment the block reaches the vertical position is designated as moment of impact. After the impact, the 
block oscillates around 𝑂′ until it reaches instantaneous rest (𝜃 = 0) in the position 𝜃 = −𝜃!, returning immediately to the 
vertical position (𝜃 = 0), and again, oscillating around 𝑂 until it reaches instantaneous rest in the initial position again 
(𝜃 = 𝜃!). The time interval corresponding to this movement´s occurrence is called oscilliation cycle period (𝑇). 
To obtain the equations that describe the motion of the rigid block, Housner (1963) established the equation of dynamic 
equilibrium of an oscillator of a degree of freedom defined by mass (𝑀), by viscous damping (𝐶) and by the stiffness (𝐾) 
of the system as a function of the initial conditions of displacement, velocity and acceleration of the mass. Through the 
equations of dynamic balance, Housner (1963) admitted that the viscous damping of this system is null (𝐶 = 0), 
disregarding the effect of impacts on the movement of the rigid block. Thus, it is possible to obtain the following equation 
for dynamic balance, undampened: 

 𝐼!
𝑑!𝜃
𝑑𝑡! −𝑊𝑅𝜃 = −𝑊𝑅𝛼 (1) 	
  

where 𝐼! is the moment of inertia of the plan block in relation to the perpendicular axis to its plane and which intersects 
𝑂 or 𝑂′, 𝑑!𝜃 𝑑𝑡! corresponds to the angular acceleration of the block and 𝑊 is the weight of the block. Having in 
consideration the initial conditions of the block rest (𝜃 𝑡 = 0 = 𝜃! e 𝜃 𝑡 = 0 = 0) you get the solution of the equation 
(1): 
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 𝜃 = 𝛼 − (𝛼 − 𝜃!)𝑐𝑜𝑠ℎ  (𝑝𝑡) (2) 	
  

As the effects of the impacts are not included in equation (1) the corresponding solution is only accurate for time 
intervals between successive impacts. The equation (2) describes, generically, the movement of oscillation between a 
state of rest (𝜃 = 0) and the moment before the impact that precedes it, corresponding to a quarter of the cycle period of 
oscillation (T 4). 
In an impact, the oscillation movement changes rotation center of 𝑂 to 𝑂′or from 𝑂′ to 𝑂, depending on the direction of 
rotation. In a real system the impact is responsible for a loss of mechanical energy of the block, which will affect its 
speed and, consequently, his movement after the impact. To reproduce this loss of energy, Housner (1963) introduced 
the concept of coefficient of energy balance (𝑟) in the analytical model. This is defined as the ratio between the kinetic 
energy at the moment immediately before impact (1 2 𝐼!𝜃!!) and the kinetic energy at the moment immediately after 
impact (1 2 𝐼!𝜃!!). For a rectangular cross section 𝑟 is calculated by the following equation3: 

 𝑟 = 𝜇 = 1 −
3
2 sin

! 𝛼  (3) 	
  

In a model of an oscillator of a degree of freedom, the loss of energy resulting from the impact is associated to the 
viscous damping. To count the damping in the instant of the impact in the system of an oscillator of a degree of 
freedom, Housner (1963) considered the impact as an inelastic shock, allowing the application of the Principle of 
Conservation of Quantity of Angular Movement to this model. When defining the normalized rotation concept (𝜑) as 
being the normalized oscillation angle in relation to the angle 𝛼 (𝜑 = 𝜃 𝛼) and applying it together with the 
simplifications and the hypotheses initially assumed to the Principle of Conservation of Quantity of Angular Movement, 
Housner (1963) obtained the equation for calculation of the pick width after the 𝑛-th to the default impact (𝜑!) in function 
of the initial (𝜑!) width and of the energy coefficient (𝑟): 

 𝜑! = 1 − 1 − 𝑟! 1 − 1 − 𝜑! !  (4) 	
  

From equations (2) and (4) it is possible to obtain the rotation value at any moment of the oscillating movement in free 
scheme. In order to obtain the response of this analytical model it was created a numeric model in Visual Basic 
language to be able to circumvent the complexity of calculation and to systematize the application to any dimension of a 
block of rectangular cross section. It is graphically displayed in Figure 2 the answer of this numeric model for the block 
with similar dimensions to those of the walls of the box for the free scheme of initial rotation of 0,05  𝑟𝑎𝑑. 

 
Figure 2 -  Rotation of the block in order to time. Analytical response and numeric response calibrated to the 

block with the maximum dimensions of the wall. 
 
By examining the equations (2) and (4) it was observed that the parameters 𝛼, 𝑝 and 𝜇 are the ones that determine the 
response of the analytical model of Housner (1963) for the free scheme. For a rectangular section block the parameter 
𝛼 is defined by: 

 𝛼 = tan!!
𝑏
ℎ  (5) 	
  

The frequency 𝑝 is defined as the natural frequency of contact between the block and the base, due to the similarity of 
their units (𝐻𝑧). For a rectangular cross section to be obtained as follows: 

 𝑝 =
𝑊𝑅
I!

=
3𝑔
4R (6) 	
  

 

2.1.2  Overturning by sinusoidal acceleration 

One of the ways of studying the effects of earthquakes is through the study of the effects of a sine wave acceleration. 
Thus, the forced regime approached in this study is of a sine wave acceleration and the question that arises is what the 
minimum amplitude is (𝑎!í!) and the period of a wave (𝑇!) sine function required to overthrow the block. To solve this 
problem it is necessary to define the collapse of the block oscillating on its own plan.  
Housner (1963) defined the criterion of collapse of the block from the static balance of its flat section in the rest position 
(𝜃 = 0). From this criterion it was established the angle 𝛼 as the minimum rotation angle of the block (𝜃 = 𝛼) that causes 
its collapse. Despite this necessary condition, it is not sufficient to establish the minimum value of the amplitude that 
causes the collapse, lacking in the relationship between the amplitude and the period of sine wave acceleration. To 

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
3	
  In	
  the	
  present	
  study	
  it	
  is	
  adopted	
  the	
  concept	
  of	
  coefficient	
  of	
  restitution	
  (𝜇)	
  to	
  simulate	
  the	
  loss	
  of	
  energy	
  corresponding	
  to	
  the	
  impact,	
  instead	
  of	
  

the	
  coefficient	
  of	
  energy	
  balance	
  (𝑟).	
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define this relationship, Housner (1963) established that the minimum value of the sine wave amplitude impulse that 
causes the collapse of the block has to check its condition and begin the oscillating movement at the moment of 
application of acceleration. There will be oscillating movement at the initial moment if the sine wave impulse strenght is 
sufficient to put the block oscillating. The initial moment (𝑡 = 0) of the impulse application is characterized by finding the 
block in a vertical position (𝜃! = 0). To ensure this condition, Housner (1963) introduced in the sine wave acceleration, 
the phase angle ψ. Thus, the sine wave acceleration applied to the model will be defined by: 

 𝑎! = −𝑎×𝑠𝑒𝑛(𝜔𝑡 + ψ) (7) 	
  

where 𝜔 is the angular frequency of excitation (𝜔 = 2𝜋 𝑇!), a is the sine wave acceleration amplitude (𝑎!) and 𝜓 is the 
angle value (a×𝑠𝑒𝑛 𝜓 = g×𝑠𝑒𝑛(𝛼)). From the sine wave speed annulment, we obtain the moment of time in which the 
minimum condition of collapse occurres (𝑐𝑜𝑠 𝜔𝑡 + 𝜓 = 0, 𝑎 ≠ 0), which is 𝑡 = (𝜋 − 𝜓) 𝜔. With all of these 
considerations associated to a minimum value of the amplitude of collapse, we define the concept of point of collapse. 
To obtain an expression for calculating the value of the amplitude of the point of collapse, Housner (1963) defined the 
equation of motion of the block in forced regime. For this purpose he adopted the simplifications and the rigid block 
model defined for the free scheme. Thus, we obtained the following differential equation of dynamic equilibrium for the 
sine wave force regime: 

 𝐼!𝜃 = −𝑊𝑅𝑠𝑒𝑛 𝛼 − 𝜃 +𝑊𝑅
𝑎
𝑔 𝑠𝑒𝑛(𝜔𝑡 + 𝜓) (8) 	
  

Applying the concept of collapse described above and the conditions of the initial border block movement for the forced 
sine wave regime (𝜃 = 0, 𝜃 = 0 and 𝑡 = 0) to the differential equation (8), Housner (1963) obtained the relationship that 
allows you to deduct the minimum value of necessary amplitude for the collapse (𝑎!í!) for a given period (𝑇!): 

 
𝑎!í!
𝑔𝛼 = 1 +

𝜔
𝑝

!
 (9) 	
  

The equation (9) represents the set of collapse points of a given block, being named as relation of collapse. The 
relationship of collapse can be seen, generically in the graph of Figure 3. In this study, the numeric model to obtain the 
response of the sine wave minimum acceleration which breaks down the block to a given 𝑇!  was obtained by direct 
application of equation (9). This is dependent on the parameters 𝛼 and 𝑝. 

 
Figure 3 -  Collapse of block relation. Analytical and numeric response calibrated to the block with the 

maximum dimensions of the wall. 

 

2.2  Numeric model of bidimensional discrete elements of a isolated rigid block from Peña et al. (2005) 

In a study of Peña et al. (2005) we experimentally and numerically investigated the oscillatory movement of four blocks 
of stone with different geometric characteristics in free scheme. The comparison between the experimental results and 
the numerical results in free scheme allowed the parameters calibration of the computational models. The numerical tool 
of discrete elements used was the commercial code UDEC, bidimensional version of the numerical tool used in this 
dissertation (3DEC). 
The blocks geometry of the experimental models was rectangular, with the exception of one model, in which it was 
made a cut to 45º of 43 millimeters in length, in order to study the response of blocks with irregular geometries. The 
dimensions of the experimental models were defined so as to vary the slenderness of the blocks (ℎ 𝑏). In order to 
minimize the tridimensional effects, the thickness (2𝑒) of each block was defined in order to obtain a thickness-width 
ratio (𝑒 𝑏) constant and equal 3. 
In a general way the experimental values of α, p and µμ don´t coincide with the theoretical, due to errors in measuring the 
the blocks of the experimental models, to the surface of rotation, that is not absolutely regular, and the tridimensional 
effects. To define the numeric model that best reproduce the experimental model, it was necessary to calibrate the 
parameters of the dynamic of rigid blocks (α, p and µμ), for such, it was adopted the calibration methodology of Prieto et 
al. (2005). From this methodology we obtained a good correspondence between the peaks of the experimental models 
and their respective numerical models with the adjusted values of parameters α, p and µμ. For the periods between 
successive impacts we didn´t found this correspondence, being necessary to define the parameters of the contact and 
the damping, so as to adjust the numerical answer to the free scheme experimental model. 
 

2.2.1  Definition of the constitutive model of the contact 

In the discrete elements formulation, a contact is defined by at least one point of contact. For each point of contact we 
must define a stiffness (𝐾) and a viscous damping (𝐶). The stiffness (𝐾) has two components: the normal (𝐾!) and 
tangential (𝐾!). The normal stiffness has a linear-elastic behavior to the compression, not showing resistance to traction, 



	
   5	
  

while the transverse rigidity has a behavior of type Mohr-Coulomb . Thus, the discrete element can be considered as a 
rigid block supported on an elastic foundation with two stiffnesses and two dampers (Figure 1c). According to Peña et 
al. (2005) the normal contact stiffness is obtained by the product of the mass (𝑀) and by the square of the natural 
oscillation frequency (𝑝!) system: 

 K = 𝑀𝑝! (10) 	
  

The value of the frequency 𝑝 affects the value of the stiffness, by which it is not indifferent to adopt his theoretical or 
adjusted value. The adjusted value of the normal contact stiffness was defined as the average of the values resulting 
from the two values of 𝑝, the theoretical4 and the adjusted (𝑝): 

 K! =
𝑀
2 𝑝! +

3𝑔
4𝑅  (11) 	
  

In the Peña et al. (2005) study, it was considered that the tangential contact stifness was equal to normal contact 
stifness (K! = K!). The constitutive model of contact is defined with the voltage of cohesion (C!) and angle of internal 
friction (ϕ). The voltage of cohesion will be zero, as is typical of dry joints, and the angle of internal friction adopted was 
30º. 
 

2.2.2  Viscous damping definition 

The viscous damping is defined in the method of discrete elements through the oscillation frequency of the system (f!í!) 
and by the critical damping coefficient (ξ!í!). In Peña et al. (2005) study, it was defined that f!í! = p.  
The numerical models responses were adjusted to the corresponding free scheme experimental curves, by changing 
coefficient value of critical damping (ξ!í!). From the introduction of the adjusted values of parameters α, p and µμ on the 
numeric model, the corresponding answers were also adjusted to the curves of the experimental models by the same 
method.  
To be able to apply, generically, the calibration methodology, it was developed a method for calculating the value of the 
coefficient of critical damping (ξ!í!) that best fits the numeric model response to the experimental response. For such, 
Peña et al. (2005) deduced an empirical formula for the calculation of ξ!í! in function of the natural frequency (𝑝) and the 
coefficient of restitution (µ). This formula was obtained through statistical regression performed to the space distribution 
of coefficient values of critical damping (ξ!í!) in function of the parameters α, p and µμ. To simplify the analysis of the 
results distribution of each calibration test, on the Peña et al. (2005) study, we condensed out the three parameters α, p 
and µμ of the Housner (1963) formulation in a single variable. The distribution of ξ!í!was, thus, related to the quotient 
between a factor Γ, called generalized damping factor and the coefficient of restitution (𝜇): 

 Γ = mRp! = 𝐾𝑅 = 0,75W (12) 	
  

If the p value is the adjusted value, then taking into account the equation (3.37), the generalized damping factor is 
defined by: 

 Γ =
𝑀
2 Rp! +

3
4𝑔  (13) 	
  

In each of the tests carried out for each experimental model, it was estimated that the value of the generalized damping 
factor (Γ) by the three forms submitted (equations (14) to (16)). Thus, it was possible to carry out the distribution of the 
critical damping coefficient (ξ!í!) by inverse adjustment, in each test, in function of Γ 𝜇!. The empirical formula 
proposed by Peña et al. (2005) for the value calculation of the critical damping coefficient (ξ!í! = 2πβp) to use in 
computational models of the method of discrete elements (UDEC) is the corresponding to given by: 

 ξ!í! = 2πp 0,0057𝑙𝑛
Γ
𝜇! − 0,0336

!

 (14) 	
  

In the results of calibration and the experimental tests comparison it was concluded that the methodology of Peña et al. 
(2005) produces a better adjustment of the numeric response to sections whose slenderness (ℎ 𝑏) is less than or equal 
to 6. 
 

2.2.3  Application of the Peña et al. (2005) method to the three-dimensional discrete elements models 

As such the Peña et al. (2005) methodology was developed for a bidimensional discrete elements model, it was 
necessary to make changes to its initial formulation in order to apply it to a tridimensional model, due to the definition of 
the stiffness of the contact. This is due to that in the bidimensional model exists only one point of contact, having Peña 
et al. (2005) defined the rigidity for this case, while in the tridimensional case there are always two points of contact. 
Thus, the applied stiffness to the tridimensional model is half the defined by Peña et al. (2005). 
Changing the rigidity leads to the coefficient of critical damping (ξ!í!) empirical formula not being applicable to a 
tridimensional model. This has led to the present study recur throughout the Peña et al. (2005) methodology via the 
calculation program 3DEC to obtain the empirical formula of the critical damping coefficient (ξ_min). As we didn´t had 
access to the experimental trials realization it was not possible to obtain the adjusted values of parameters α, p and µμ 
according to the methodology of Prieto et al. (2005), by which we obtained the empirical formula for the theoretical 
values of parameters α, p and µμ: 

 ξ!í! = 2πp 0,0045𝑙𝑛
Γ
𝜇! − 0,0238

!

 (15) 	
  

In Figure 4 it is shown the response of the numeric model in forced sine wave scheme calibrated by the Peña et al. 
(2005) methodology adapted to the three dimensional case. 

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
4 The theoretical value of the p frequency follows from equation (6) and has the value 0,75g 𝑅 in the case of the rectangular block. 



	
   6	
  

 
Figure 4 -  Collapse of block relation. Analytical Response and numeric response calibrated to the block with 

the maximum dimensions of the wall. 

 

2.3  Proposed of the calibration method for direct adjustment of the numeric response to the analytical 
response 

For the purpose of calibrating the numerical model with the analytical response of Housner (1963), it was proposed, in 
this study, a method that plays in the model of discrete elements the more handedly the assumptions made in the 
analysis model. As in the formulation of Housner (1963) damping is null, in this study it was found that the contact of the 
numeric model is only formed by two elastic springs. The loss of mechanical energy of the block due to impact, defined 
by Housner through the coefficient of restitution (𝜇), is simulated in the model of discrete elements continuously 
throughout the oscillating motion of the block, by the mechanical behavior of the contact. Being that the simulation of 
energy loss model made through the mechanical behavior of the contact, the adjustment between the numerical 
answer, with the loss of energy continues, and the analytical response, with loss of energy in the impact is carried out 
through the variation of the parameters of the constitutive model of the contact. The values of the parameters of the 
model of contact to calibrate are the normal stiffness (𝐾!), the tangential stiffness (𝐾!) and the angle of friction (∅). The 
proposed method for the calibration of these three parameters is based primarily on the following characteristics:  
Ø It is defined by iteration a value of the tangential stiffness of the contact, which does not allow the sliding of the block 

or the interpenetration with the base, in order to consider it fixed during the remaining calibration process;  
Ø From this value of tangential stiffness, it´s possible to iterate the value of the normal stiffness of the contact to higher 

values, until the answer comes close enough to the analytical response;  
Ø To improve the adjustment of the previous step, we iterate the value of the angle of friction to the rigidity values 

previously calibrated. In case this step does not improve the adjustment, we go back to the previous step by 
adopting a new value from the normal contact stiffness, and we proceed again to the new iteration of the angle of 
friction.  

While developing this calibration process it was observed that the increase of the stiffness of the contact is proportional 
to the decrease of peak amplitudes and to the decrease of the periods between successive impacts. Thus, the inertia 
force transmitted to the block, oscillating freely, is able to simulate the loss of energy of the block during the impacts. 
Nevertheless, it appears that the normal and tangential component of this stiffness influence, in different ways, the 
intensity of this inertia force, visible on the analytical response of values of parameters 𝜑! and 𝑇! 2. Thus, through the 
parameters 𝐾!, 𝐾! and ϕ calibrated, we are able to produce a good adjustment of the numeric model to the analytical 
model. By adopting this methodology to define the numeric model of discrete elements in free scheme (Figure 1d), the 
fundamental parameters are α, 𝐾!, 𝐾! and ϕ.  
In Figure 3, it is shown the graph that expresses the relationship of collapse for the numeric model calibrated by 
proposed methodology in this study. 
 
 

3.  Three-dimensional model of the masonry box 

The research performed and described in the previous chapters served as the basis for the definition of the model of the 
box, each wall being defined in a way to behave as the established in the analytical model of Housner (1963). To study 
the contribution of lintel in the seismic resistance of the box it was applied a sine wave acceleration (𝑎!) in the 
foundation massif of the box by analyzing the conditions of collapse for a set of load situations. 
 

3.1  Description of the geometry of the structure 

To the box model, we adopted the relations that in the study of Peña et al. (2005) were checked and that led to a better 
concordance between the numerical answers and the analytical response of Housner (1963). In the box walls case it 
was adopted a slenderness of the vertical section of the wall of 5. To ensure that the geometry of the walls of the box 
were similar to those of masonry, we opted for a thickness of 0,60  𝑚. From this value we were able to define the 
remaining dimensions of the box walls, in order to check all the geometric relationships described above. The 
dimensions of the structural elements of the model of discrete elements are presented in Table 1.  
The geometry of the walls of the box was also conditioned so that the contacts between the various walls, would 
simulate, in some way, the imbrication of real walls. It was adopted an oblique connection between the four blocks, thus 
resulting in four similar walls and in a symmetrical structure in the two horizontal directions. This option ensures the non-
existence of preferential collapses in any of the walls and minimizes the effect of the contact on the strength of the 
structure. The non-existence of a preferential direction of collapse lets you reduce the analysis of the collapse to a 
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direction, being sufficient to carry out the analysis only in one of the directions in plant. In Figure 5 it is presented the 
structure in cut and plant. 

Table 1 -  Structure elements dimensions. 

Element 
Width Height Thickness 

b (m) h (m) e (m) 

Wall 0,60 3,00 4,00 

Lintel 0,60 0,70 4,00 

Base 7,00 0,40 7,00 

 

  
a) b) 

Figure 5 -  Box dimensions in meters: a) plant view; e b) cut view. 

 
3.2  Load situations analysis  

To evaluate the effect of lintel in seismic resistance of the structure, we compared the dynamic behavior of the box with 
and without the presence of this structural element. Thus, in case 1 we simulated the collapse of the four walls box 
(Figure 7a) and in case 2, we introduced the lintel on top of the box in reinforced concrete (Figure 7b)). To assess the 
weight and mass influence of the coverage in the structure it was considered, still, two other cases (cases 3 and 4). In 
such cases, in which it was considered the mass and the weight of the coverage, it was also considered the mass and 
the weight of the lintel. Looking to evaluate the effect of the magnitude of the weight and mass of coverage in seismic 
resistance of the structure we considered two cases with different values of weight and mass of coverage. This mass 
and its respective weight were considered uniformly distributed in the length of the lintel, and it was considered in the 
case 4 a mass of coverage three times greater than considered in case 3 (Table 2). 

Table 2 -  Mass and weight of the elements of the box considered in the case study’s. 

Case Walls mass and 
weight 

Lintel mass and 
weight 

Roofing mass and 
weight 

m (Kg) 
ρ (Kg/m3) 

Lintel Roofing 

1 Yes No No 0,00 0,00 0,00 

2 Yes Yes No 14571,43 0,00 2551,02 

3 Yes Yes Yes 14571,43 4897,96 3408,51 

4 Yes Yes Yes 14571,43 14693,88 5123,48 

 

3.3  Numerical model definition 

In the blocks that simulate the walls, their geometry is modified relatively to the numerical models blocks defined for the 
studies of calibration. In order to establish the mode of collapse as an out of the plan rotation of one of the walls of the 
structure, we defined the blocks with the form of a trapezoidal prism. This amendment, from a parallelepiped geometry 
shape to a trapezoidal prism, does not affect the value definition of the parameter 𝛼 that defines in the numeric model 
the geometric relationships of the block that simulates the wall. Thus, this is obtained by the equation (5), whereas the 
largest vertical section of the block is the one that defines the value of the parameter 𝛼. The material of the blocks of the 
walls was considered as undeformable (rigid), as for the remaining elements of the structure.  
As the block material that simulates the lintel was also considered rigid, it allows for the structure collapse to occur 
always by the walls movement. Also, it was considered that the lintel is continuous, with rigid connections between its 
various sections. The section width of the lintel is equal to the width of the wall on which it supports, in order to 
standardize the distribution of its mass and the charge by the walls. For the height of the lintel it was considered a 
dimension a little larger than the width of the base, to resemble a common solution. Its volumetric weight will be defined 
depending on the case study considered (Table 3). 
The constitutive model adopted for any one of the existing contacts was the Mohr-Coulomb one, although with different 
values of the parameters that define it, appropriate for each situation. The simulation of the real conditions of contact 
between orthogonal walls should be made considering a constitutive model without the tensile strength. Since the effect 
of friction is little relevant in this contact (vertical surface with normal little significant effort), it was considered a null 
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cohesion and friction angle. The consideration of a null friction angle allows, on the other hand, that the collapse occurs 
in the walls perpendicular to the sine wave acceleration. Regarding the value adopted for the constants of normal and 
tangential stiffness in these contacts, were found to be significantly elevated values to avoid the interpenetration of the 
blocks (𝐾! = 50𝑀𝑃𝑎/𝑚 and 𝐾! = 50𝑀𝑃𝑎/𝑚). 

Table 3 -  Box constitutive model parameters values of the 
material elements. 

Element 
Angle Bisector Density 

α (rad) R (m) ρ (Kg/m3) 

Wall 0,197 1,530 1800 

Lintel 0,709 0,461 Consult Table 2 

Base 1,514 3,506 1800 

 
To model the contact between the lintel and the walls, it was assumed that the transmission of loads between these 
elements happens due to the effect of friction. Therefore, it was considered a constitutive model of Mohr-Coulomb with 
an friction angle of 30! and a zero cohesion tension. The normal and tangential stiffness of this contact were established 
with the minimum and necessary values in order to prevent interpenetration between the respective blocks (𝐾! =
1𝐺𝑃𝑎/𝑚 and 𝐾! = 1𝐺𝑃𝑎/𝑚), so that the hypothesis of rigid blocks remains valid.  
For the numeric model case of the contact between the walls and the base, it was necessary to do the parameter 
calibration of its constitutive model so as to adjust the numeric response to the analytical response of Housner (1963), 
which allows subsequently to apply the criterion of collapse of Housner (1963) to the numeric model of the box. In this 
study, it was proposed a methodology for the calibration of its constitutive model, and it was even considered another, 
second Peña et al. (2005). To facilitate the references to these methods, from now on they will be called Calibration 
Method 1 and Calibration Method 2, respectively. Adjusting the numeric response model from the wall to the analytical 
response model of Housner (1963) for the free scheme, corresponds to, for any of the methodologies of calibration of 
the contact between the wall and the base, to find the parameters of the contact that simulate the coefficient effect of 
restitution (𝜇), which in turn is the one that in the Housner model (1963) simulates the damping resulting from the 
impact.  
In the numeric model of the box, the blocks geometry of the walls is of trapezoidal prisms, therefore, different from the 
parallelepiped blocks defined to calibrate the contact (Figure 6). This approach was adopted in both calibration 
methodologies with the adjustment between the answers holding on. 

 
Figure 6 -  Illustrative diagram of the numerical model adopted in the case of calibrated values for calibration 

methods 1 and 2. 

 
From the geometry and the parameters for the constituent models defined above, we were able to build the discrete 
elements models to the various situations of load, in study, presented in Figure 7. 
 

4.  Analysis of seismic reinforcement of the box with a lintel 

4.1  Rupture mode box collapse analysis 

To be able to study the dynamic behavior of the box, it had to be established a criterion to define its collapse point and 
applicable to all load situations. Regarding the surface shapes of the contacts between the walls blocks, in any situation, 
the collapse starts in one of the four walls. On the other hand, the symmetrical characteristics of the box structure and of 
the contacts between their blocks, result in a dynamic behavior of the structure, he too symmetrical. This symmetry 
ensures that the value of the collapse will be equal for the two directions in plant. In Figure 8 shows the deformation of 
the box due to the sine wave acceleration, where it also indicates what wall collapses in the first place. 
Taking into account the relations of the box symmetry, the criterion for the occurrence of the wall overthrow is the 
collapse of one of the blocks. This results of the geometrical simplifications assumed. Thus, it was calculated the box 
deformation when in its massif acts a sine wave excitation. In this forced regime, the forced structure deforms by 
rotation of the walls as a rigid body, being that the collapse of the box is reached when the rotation in a wall reaches the 
value α. The wall to achieve this rotation first is defined as collapse wall (Figure 8). The walls positioned orthogonally to 
the collapse wall and to the direction of the application of acceleration at the base do not reach the collapse, because 
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the rotational inertia of these two blocks is much greater. The wall parallel to the wall of collapse on the other end, also 
does not reach a higher rotation, because the walls that are arranged orthogonally do not allow a higher rotation than 
the one of the collapsed wall. 

  

a) b) 

Figure 7 -  Box discrete element: a) without lintel e b) with lintel. 

 
To determine the collapse of the box when it is subjected to a sine wave acceleration at the base amounts to 
determining the minimum amplitude of excitation (𝑎, equation (3.20)), corresponding to a particular angular frequency 
(𝜔) which results in its collapse. The criterion to define the box collapse is similar to the one defined by Housner (1963), 
by which the point of collapse of the structure (Figure 8) is defined in the numeric model as the minimum sine wave 
acceleration amplitude (𝑎!í!), for a given angular frequency (𝜔), corresponding to the situation in which the wall reaches 
a rotation angle of value equal to 𝛼, at the moment in which the sine wave acceleration abrogates (𝑎! = 0). 

 
Figure 8 -  Box deformation due to the effect of the sinusoidal acceleration. 

 

4.2  Box collapsing relationship analysis 

For each study case, it was obtained a set of collapse points, each one associated to an angular frequency (𝜔). This 
procedure was repeated to a field of values of quotient 𝜔 𝑝 between 0 and 2, so as to build up a relationship of collapse 
in function of 𝑎!í! 𝑔𝛼. This set of collapse points graphically presented were named collapse relation. Thus, the 
collapse relationship can be defined as the graph that represents the sine wave acceleration amplitude imposed on the 
basis of the box that produces the collapse, depending on the angular frequency of the excitation (𝜔) and the 
geometrical and mechanical characteristics of the blocks (𝛼 and 𝑝, respectively). In Figure 9 and 10 are shown these 
relations of collapse which represent the minimum amplitudes that provoke the collapse in function of 𝜔 𝑝, for the 
calibration methodologies 1 and 2, respectively. In these graphs, it is also presentd the analytical response of Housner 
for the rigid block with the larger size of the wall and the geometric parallelepiped shape. 

 
Figure 9 -  Box collapse relationship. Box calibrated with the calibration method 1. 
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Comparing the collapse relation of the numerical answer from the situation of case 1 with the analytical response 
(Figure 5.13), it is observed that the curves formed by both relations have a similar trend and the respective values of 
the sine wave excitation amplitudes (𝑎!í!) are very close to a same angular frequency (𝜔). The similarity between these 
responses shows that the criterion adopted to define the box collapse (individual collapse of one of the walls) is well 
adjusted to this type of structure, given that the walls movements in the case 1, is well described by Housner´s model 
(1963). 

 
Figure 10 -  Box collapse relationship. Box calibrated with the calibration method 2. 

 
The numerical answers of the collapse relations, of the four load cases, follow approximately the trend of the curve 
collapse (equation (9)). However, for the cases of study 2 to 4, and both calibration methods (Figures 9 and 10), it is 
observed that these suffer from an translatory ascension in the vertical direction, that is, the seismic resistance of the 
box increases. This is due to the introduction of the lintel in the numeric model of these three study cases, which 
resulted in an increase of the minimum amplitude of collapse (𝑎!í!) for each 𝜔 𝑝, compared to case 1. Thus, it is 
observed that the lintel increases the seismic resistance of a masonry box.  
The accounting for the lintel´s coverage mass, represented in cases 3 and 4, did not have a large effect on the value of 
the minimum amplitude of collapse (𝑎!í!), in relation to the numeric response of the collapse relation of case 2 (Figure 9 
and 10). As the mass coverage varied significantly (between the cases 3 and 4) accounted for in the lintel, you can`t 
infer what effect the coverage mass and weight really has in the seismic resistance of the box, by which it can only be 
concluded that for this numerical model, the seismic resistance of the box does not change with the increase of mass of 
the lintel.  
It is evident that, because of the similarity between the responses obtained for the same load case of both methods of 
calibration, calibration method proposed in the present study (Calibration Method 1) fits well to the box and 
reinforcement problem, which represents a good alternative to the method proposed by Peña et al. (2005) when 
calibrated with theoretical values of parameters 𝛼, 𝑝 and !  (Calibration Method 2).  
Finally, it shows that for any of the calibrating methods the mode of collapse of the box set adjusts to study, as well as 
the approximations adopted to adjust the calibration methods studied in the case of the blocks with the geometry of a 
trapezoidal prism. 
 
 

5.  Conclusions 

Conclusions this research had the objective of studying the effect of a lintel in a building of masonry, for such it was 
used a calculation program of discrete element to simulate a box of masonry subject to several cases of study having 
achieved after you the calibration of the mechanical behavior of the contact between the walls and the foundation. As 
demonstrated in this study, the adopted modeling for the cabinet and its structural reinforcement was adequate to obtain 
an approximate simulation of its behavior.  
The mechanical behavior of the contact between the walls and the base was calibrated with success by two 
methodologies, according to Peña et al. (2005) and according to the calibration of the rigidity of contact and the angle of 
friction with the analytical model of Housner (1963).  
The calibration methodology proposed by Pena et al. (2005) adjusts the numerical answer to the real behavior of a rigid 
block through the adjustment of the values of the parameters ! , !  and 𝜇, from which we obtain the parameters that 
define the contact and the dampening of the numeric model (! ! , 𝐾! and 𝜉!í!). This methodology depends on the prior 
calibration parameters 𝛼, 𝑝 and 𝜇 method of Prieto et al. (2005), which was not performed in the present study, that 
leaded to the non-adjustment to the real behavior, but to an adjustment to analytical response of Housner (1963).  
The alternative methodology for calibration of the parameters of the constitutive model of mechanical contact between 
the walls and the base of the box, proposed in this study, by means of parameters 𝐾!, 𝐾! and 𝜙, tuned directly the 
answer of the numeric model to the analytical response of Housner (1963), with a good approximation, leading even to 
a higher efficiency of the execution of the computational time in relation to the method of Peña et al. (2005). 
Comparing the responses of these two methodologies we evidence that, by the similarity of the obtained results, the 
proposed methodology in this study (direct adjustment of the parameters 𝐾!, 𝐾! and 𝜙) is valid for the problem of the 
isolated rigid block as well as for the case of a masonry structure.  
For any one of these calibration methodologies, the simplifications adopted for the box walls geometry did not cause a 
significant change on the dynamic behavior of the blocks that represent them, by which the mode of rupture idealized for 
the structure under study is valid as the collapse point.  
As the interface of this program is guided by an own programming language, we also won routines and experience at 
the programming level. Subsequently, this valency allowed recourse to a more complex programming language such as 
Visual Basic, which was used to build the analytical model of Housner, allowing us to create a Macro that would 
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recalculate expeditiously the responses as a function of variables required. This language was also used to create a tool 
for analysing the 3DEC response.  
It proved the ability of the discrete elements method of quantitatively modeling the behavior of a masonry unit as well as 
the influence of a lintel connecting the four walls.  
It has been demonstrated by the discrete elements method, the importance of considering the load acting within the 
lintel as a mass. Taking into account lintel´s own weight and mass leads to a seismic resistance greater per part of the 
structure. 
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